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PREFACE. 


It  may  be  truly  asseited  that  the  rapid  progress  of 
the  physical  sciences  during  the  last  three  centuries  haa 
not  been  accompanied  by  a  corresponding  advance  in 
the  theory  of  reasoning.  Physicists  speak  familiarly  of 
Scientific  Method,  but  they  could  not  readily  describe 
what  they  mean  by  that  expression.  Profoundly  engaged 
in  the  study  of  particular  classes  of  natural  phenomena, 
they  are  usually  too  much  engrossed  in  the  immense  and 
ever-axx5umulating  details  of  their  special  sciences,  to 
generalize  upon  the  methods  of  reasoning  which  they 
unconsciously  employ.  Yet  few  will  deny  that  these 
methods  of  reasoning  ought  to  be  studied,  especially  by 
those  who  endeavour  to  introduce  scientific  order  into  less 
successful  and  methodical  branches  of  knowledge. 

The  application  of  Scientific  Method  cannot  be  re- 
stricted to  the  sphere  of  lifeless  objects.  We  must  sooner 
or  later  have  strict  sciences  of  those  mental  and  social 
phenomena,  which,  if  comparison  be  possible,  are  of 
more  interest  to  us  than  purely  material  phenomena. 
But  it  is  the  proper  course  of  reasoning  to  proceed  from 
the  known  to  the  unknown— from  the  evident  to  the 
obscmre — from  the  material  and  palpable  to  the  subtle 
and  refined.  The  physical  sciences  may  therefore  be 
properly    made    the    practice-ground    of   the    reasoning 
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powers,  because  they  fiimish  us  with  a  great  body  of 
precise  and  Buccessful  invest ig;d ions.  In  these  sciences 
we  meet  with  bappy  iiiBtances  of  unquestionable  deductive 
reasoning,  of  extensive  generalization,  of  happy  prediction* 
of  satisfactory  verification,  of  nice  calculation  of  proba- 
bilities, We  can  note  how  the  slightest  analogical  clue 
has  been  followed  up  to  a  glorious  discovery,  how  a  rash 
generalization  has  at  length  been  exposed,  or  a  conclusive 
expeinmentiwi  einicis  has  decided  the  long-continued  strife 
between  two  rival  theories. 

In  following  out  my  design  of  detecting  the  general 
methods  bf  inductive  investigation,  I  have  found  that  the 
more  elaborate  and  interesting  processes  of  quantitative 
induction  have  their  necessary  foundation  in  tlie  simpler 
science  of  Formal  Logic.  The  earlier,  and  probably  by 
far  the  least  attractive  part  of  this  work,  consists,  there- 
fore, in  a  statement  of  tlie  so*callcd  Fundamental  Laws  of 
Thought,  and  of  the  all-important  Principle  of  Substi- 
tution, of  which,  as  I  think,  all  reasoning  is  a  develop^ 
ment.  The  whole  procedure  of  inductivo  inquiry,  in  its 
most  complex  cases,  is  foreshadowed  in  the  combinational 
view  of  Logic,  which  arises  directly  from  these  fundamental 
principles.  Incidentally  I  have  described  the  mechanical 
aiTangements  by  which  the  use  of  the  important  form 
called  the  Logical  Abecedaiiurn,  and  the  whole  working 
of  the  combinational  system  of  Formal  Logic,  may  be  ren- 
dered evident  to  the  eye,  and  easy  to  the  mind  and 
hand. 

The  study  both  of  Formal  Logic  and  of  the  Theory  of 
Probabilities,  has  led  me  to  adopt  the  opinion  that  there 
is  no  such  thing  as  a  distinct  method  of  induction  as  con 
trasted  with  deductioUj  but  that  induction  is  simply  aj 
inverse  employment  of  deduction.     Within  the  last  cen 
tury  a  reaction  has  been  setting  in  against  the  purel 
empirical  procedure  of  Francis  Bacon,  and  physicista  hw 
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learnt  to  advocate  the  use  of  hypotheses.  I  take  the 
extreme  view  of  holding  that  Francis  Bacon,  although  he 
correctly  insisted  upon  constant  reference  to  experience^ 
had  no  correct  notions  as  to  the  logical  method  by  which, 
from  particular  facts,  we  educe  laws  of  nature.  I  en- 
deavour to  show  tliat  hypothetical  anticipation  of  nature 
is  an  essential  part  of  inductive  inquirj^  and  that  it  is  the 
Newtonian  method  of  deductive  reasoning  combined  with 
elaborate  experimental  verification,  which  has  led  t^  all 
the  great  triumphs  of  scientific  research. 

In  attempting  to  give  an  expkuiatioo  of  this  view  of 
Scientific  Method,  I  have  fir&?t  to  show  that  the  sciences  of 
number  and  quantity  repose  upon  and  spring  from  the 
simpler  and  more  general  science  of  Logic.  The  Theory  of 
Prolmbility,  which  enables  us  to  estimate  and  calculate 
quantities  of  knowledge,  is  then  described,  and  especial 
attention  is  drawn  to  the  Inverse  Method  of  Proba- 
bilities, which  involves,  as  I  conceive,  the  true  principle 
of  inductive  procedure.  No  inductive  conclusions  are  more 
than  probable,  and  I  adopt  the  opinion  tliat  the  theory  of 
probability  is  an  essential  part  of  logical  method,  so  that 
the  logical  value  of  every  inductive  result  must  be  deter- 
mined consciously  or  unconsciouBly,  according  to  the 
principles  of  the  inverse  method  of  probability. 

The  phenomena  of  nature  are  commonly  manifested  in 
quantities  of  time,  space,  force,  energy,  &c.,  and  the  ob- 
servation, measurement,  and  analysis  of  the  various  quan- 
titative conditions  or  results  involved,  even  in  a  simple 
experiment,  demand  much  employment  of  systematic  pro- 
cedure. I  devote  a  book,  therefore,  to  a  simple  and 
general  description  of  the  devices  by  which  exact  measure- 
ment is  efiected,  errors  eliminated,  a  probable  mean  result 
attaineil,  and  the  probable  error  of  that  mean  ascertained. 
I  then  proceed  to  the  principal,  and  probably  the  most 
iteresting,  subject  of  the  book,  illustrating  successively 
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the  conditions  and  precautions  requisite  for  accurate  ob- 
servation,  fur   successful   experiment,    and   for   the   sure 
detection  of  tlie  quantitative  laws  of  nature.     As   it  is 
impoBsible  to  comprehend  aright  the  value  of  quantitative 
laws  without  constantly  liearing  in  mind  the   degree  of  ^ 
quantitative  approximation  to  thelnitli  probably  attained,  J 
I  have  devoted  a  special  chapter  to  tlie  Theory  of  Ap-| 
proximation,  and  however  imperfectly  I  may  have  treated 
this  subject,  I  must  look  upon  it  as  a  very  essential  partj 
of  a  w^orl^  on  Scientific  Method.  " 

It  tlien  remains  to  illustrate  the  sound  use  of  hypo- 
thesis, to  distinguish  between  the  portions  of  knowledge 
which  we  owe  to  empirical  observation,  to  aocidental 
discoveiy,  or  to  8cientiiic  prediction.  Interesting  questions 
arise  concerning  the  accordance  of  quantitative  theories 
and  experiments,  and  I  point  out  how  the  successive  veri- 
fication of  an  hypothesis  by  distinct  methods  of  experi- 
ment yields  conclusions  approximating  to  l.)ut  never 
attaining  certainty.  Additional  iUustrations  of  the  general 
procedure  of  inductive  investigations  are  given  in  a 
chapiter  on  the  Character  of  the  Experimentalist,  in  which 
I  endeavour  to  show,  moreover,  that  the  inverse  use  of 
deduction  was  really  the  logical  method  of  such  gi^at 
masters  of  experimental  luquby  as  Newton,  Huyghens, 
and  Faraday. 

In  treating  GeneraUzation  and  Analogy,  I  consider  the 
precautions  requisite  in  inferriug  from  one  case  to  another, 
or  from  one  part  of  tlie  universe  to  another  part,   the 
validity  of  all  such  inferences  resting  ultimately  upon  tin 
inverse  method  of  probabilities.     The  treatment  of  Ex 
ceptional  Phenomena  api}eared   to  afford  an   interestio 
subject  for  a  further  chapter  illustrating  the  various  mod 
in  which  an  outstanding  tact  may  eventually  be  explaine 
The  formal  part  of  the  book  closes  with  the  sulyect 

ctssification,  which  is,  l^iaiiltthaBm  inadequately  treat 
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I  have,  in  fact,  almost  restricted  myself  to  showing  that 
all  classification  is  fundamentally  carried  out  upon  the 
principles  of  Formal  Logic  and  the  Logical  Abecedarium 
described  at  the  outset. 

In  certain  concluding  remarks  I  have  expressed  the 
conviction  which  the  study  of  Logic  has  by  degrees  forced 
upon  my  mind,  that  serious  misconceptions  are  entertained 
by  some  scientific  men  as  to  the  logical  value  of  our  know- 
ledge of  nature.  We  have  heard  much  of  what  has  been 
aptly  called  the  Reign  of  Law,  and  the  necessity  and  imi- 
formity  of  natural  forces  has  been  not  uncommonly  inter- 
preted as  involving  the  non-existence  of  an  intelligent  and 
benevolent  Power,  capable  of  interfering  with  the  course 
of  natural  events.  Fears  have  been  expressed  that  the 
progress  of  Scientific  Method  must  therefore  result  in  dis- 
sipating the  fondest  beliefs  of  the  human  heart.  Even  the 
'  Utility  of  Religion '  is  seriously  proposed  as  a  subject  of 
discussion.  It  seemed  to  be  not  out  of  place  in  a  work  on 
Scientific  Method  to  allude  to  the  ultimate  results  and 
limits  of  that  method.  I  fear  that  I  have  very  imper- 
fectly succeeded  in  expressing  my  strong  conviction  that 
before  a  rigorous  logical  scrutiny  the  Reign  of  Law  will 
prove  to  be  an  unverified  hypothesis,  the  Uniformity  of 
Nature  an  ambiguous  expression,  the  certainty  of  our 
scientific  inferences  to  a  great  extent  a  delusion.  The 
value  of  science  is  of  course  very  high,  while  the  con- 
clusions are  kept  well  within  the  limits  of  the  data  on 
which  they  are  founded,  but  it  is  pointed  out  that  our 
experience  is  of  the  most  limited  character  compared  with 
what  there  is  to  learn,  while  our  mental  powers  seem  to 
fall  infinitely  short  of  the  task  of  comprehending  and 
explaining  fully  the  nature  of  any  one  object.  I  draw  the 
conclusion  that  we  must  interpret  the  results  of  Scientific 
Method  in  an  affirmative  sense  only.  Ours  must  be  a 
truly  positive  philosophy,  not  that  false  .  negative  philo- 
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sophy  which,  building  on  a  few  material  facts,  presumes 
to  assert  that  it  has  compassed  the  bounds  of  existence, 
while  it  nevertheless  ignores  the  most  unquestionable 
phenomena  of  the  human  mind  and  feelings. 

I  have  to  thank  my  colleague,  Professor  Barker,  for 
carefully  revising  several  of  the  sheets  most  abounding  in 
mathematical  considerations.  It  is  approximately  certain 
that  in  freely  employing  illustrations  drawn  from  many 
different  sciences,  I  have  frequently  fallen  into  errors  of 
detail.  In  this  respect  I  must  throw  myself  upon  the 
indulgence  of  the  reader,  who  will  bear  in  mind,  as  I  hope, 
that  the  scientific  facts  are  generally  mentioned  purely  for 
the  purpose  of  illustration,  so  that  inaccuracies  of  detail 
wiU  not  in  the  majority  of  cases  affect  the  truth  of  the 
general  principles  illustrated. 


December  i6th,  1873. 
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THE  PRINCIPLES  OF  SCIENCE. 


CHAPTER  I. 

INTRODUCTION. 

Science  arises  from  the  discovery  of  Identity  amid 
Diversity.  The  process  may  be  described  in  many  dif- 
ferent words,  but  our  language  must  always  imply  the 
presence  of  one  common  and  necessary  element.  In 
every  act  of  inference  or  scientific  method  we  are  engaged 
about  a  certain  identity,  sameness,  similarity,  likeness, 
resemblance,  analogy,  equivalence  or  equality  apparent 
between  two  objects.  It  is  doubtful  whether  an  entirely 
isolated  phenomenon  could  present  itself  to  our  notice, 
since  there  must  always  be  a  contrast  between  object 
and  object  to  awaken  our  consciousness.  But  in  any 
case  an  isolated  phenomenon  could  be  studied  to  no 
C  useful  purpose.  The  whole  value  of  science  consists  in 
the  power  which  it  confers  upon  us  of  applying  to  one 
object  the  knowledge  acquired  from  like  objects ;  and  it 
is  only  so  far,  therefore,  as  we  can. discover  and  register 
resemblances  or  differences  that  we  can  turn  our  obser- 
vations to  account. 

Nature  is  a  spectacle  continually  exhibited  to  our 
senses,  in  which  phenomena  are  mingled  in  combina- 
tions of  endless  variety  and  novelty.  Wonder  fixes  the 
mind's  attention ;   memory  stores  up  a  record  of  each 
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distinct  impression ;  tbe  powers  of  association  bring  forth 
the  record  when  the  like  is  felt  again.  By  the  higher 
faculties  of  judgment  and  reasoning  the  mind  compares 
the  new  with  the  old,  recognises  essential  identity,  even 
when  disguised  by  diverse  circumstances,  and  expects  to 
find  again  what  was  before  experienced.  It  must  be  the 
ground  of  all  reasoning  and  inference  that  what  is  true 
of  one  thing  vnll  he  true  of  its  equivalent,  and  that  under 
carefully  ascertained  conditions  J^atiire  repeats  herself 

Were  tliis  indeed  a  Chaotic  Universe,  the  powers  of 
mind  employed  in  science  would  be  useless  to  us.  Did 
Cliance  wholly  take  the  place  of  order,  and  did  all  phe- 
nomena cc»me  out,  not  of  one  same  Injinite  Lottery ^  to 
use  Condorcots  expresBion,  but  out  of  lotteries  ever 
changing  in  their  conditions,  there  could  be  no  reason  to 
expect  the  like  result  in  like  circumstances.  It  is  possible 
to  conceive  a  world  in  which  no  two  things  should  be 
associated  more  often,  in  the  long  run,  than  any  other 
two  things.  The  frequent  conjunction  of  any  two  events 
would  then  be  purely  fortuitous,  and  if  we  expected 
conjunctions  to  recur  continually  we  should  be  disap- 
pointed, lu  Hucli  »  world  we  might  recognise  the  same 
phenomenon  m  it  appeared  from  time  to  time,  just  as  we 
might  recogniN^  a  marked  l»ull  tm  it  was  occasionally 
drawn  from  a  ballot-box  ;  but  the  approach  of  any  one 
phenomeucm  would  be  in  W)  way  indicated  by  what  had 
gone  before,  nor  would  it  be  at  all  a  sign  of  what  was  to 
come  after.  In  such  a  world  knowledge  would  be  no 
more  than  the  mcrrnury  of  pft^t  Cfiincndenc^s,  and  the  / 
L«afloiung  powem,  if  thoy  exiHtcMl  at  all,  woidd  give  no  J 
%ihie  to  the  nature  of  tlio  immtmi,  an<l  uo  presage  of  the  ' 
fixtare. 

Happily  the  Univeme  in  which  wn  dwell  is  not  tht 
I  ranU  of  chaaWi  and  whom  ehation  Mtmis  to  work  it  if 
lnur  uwn  deficient  fiiouliifjii  whtiih  prtnrent  us  from  recckf 


nisiiig  the  operation  of  Law  and  of  Design,  In  the 
material  framework  of  this  world,  substances  and  forces 
present  themselves  in  definite  and  stable  combinations. 
All  things  are  not  in  perpetual  flux^  as  ancient  pliiloso- 
phers  held*  Element  remains  element ;  iron  changes  not 
into  gold,  nor  oxygen  into  hydrogen.  With  suitable  pre- 
cautions we  can  calculate  upon  finding  the  same  thing 
gain  endowed  with  the  same  properties.  The  con- 
Btituents  of  the  globe,  indeed,  appear  in  almost  endless 
combinati<>ns  ;  but  each  combination  bears  its  fixed  cha- 
racter, and  when  resolved  is  found  to  be  the  compound  of 
definite  substances.  Misapprehensions  must  continually 
occur,  owing  to  the  limited  extent  of  our  experience. 
We  can  never  have  examined  and  registered  possible  ex- 
istences so  thoroughly  as  to  be  sure  that  no  new  ones  will 
occur  and  frustrate  our  calculations.  The  same  outward 
appearances  may  cover  any  amount  of  hidden  differences 
which  we  have  not  yet  suspected.  To  the  variety  of 
substances  and  powers  difiiised  through  nature  at  its 
creation,  we  must  not  suppose  that  our  brief  experience 
can  assign  a  limit ;  and  the  necessary  imperfection  of  our 
knowledge  should  be  ever  borne  in  mind. 

Yet  there  is  much  to  give  us  confidence  in  science^ 
The  wider  our  experience,  the  more  minute  our  examina- 
tion of  the  globe,  the  greater  the  accumulation  of  well- 
reasoned  knowledge, — the  fewer  must  become  the  failures 
of  inference  compared  with  the  successes.  Exceptions  to 
the  prevalence  of  Law  are  gradually  reduced  to  Law 
themselves.  Certain  deep  similarities  have  been  detected 
among  the  objects  aroimd  us,  and  have  never  yet  been 
found  wanting.  As  the  means  of  examining  distant  parts 
of  the  imiverse  have  been  acquired,  those  similarities  have 
been  traced  there  as  here.  Other  worlds  and  stellar 
systems  may  be  almost  incomprehensively  different  from 
ours  in  magnitude,  condition  and  disposition  of  parts,  and 
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yet  we  detect  there  the  same  elements  of  which  uur 
own  limbs  are  composed.  The  Biime  natural  laws  can  be 
detected  in  operation  in  every  part  of  the  universe  within 
the  ecope  of  our  instruments  ;  and  doubtless  these  laws  are 
obeyed  irrespective  of  distance,  time  and  circumstance. 

It  is  the  prerogative  of  Intellect  to  discover  what  is 
uniform  and  unchanging  in  the  phenomena  around  us. 
So  far  as  object  is  different  from  object,  knowledge  is 
useless  and  inference  impossible.  But  so  far  as  object 
resembles  object,  we  can  pass  from  one  to  the  other.  In 
proportion  as  resemblance  is  deeper  and  more  general,  the 
commanding  powers  of  knowledge  become  more  wonder- 
ful. Identity  in  one  or  other  of  its  phases  is  thus  always 
the  bridge  by  which  we  pass  in  mference  from  case  to 
case  ;  and  it  is  my  purpose  in  this  treatise  to  trace  out  the 
various  forms  in  which  the  one  same  process  of  reasoning 
presents  itseH*  in  tlie  ever-growing  achievements  of 
Scientilic  Method. 

The  Powers  of  Mind  concerned  in  the  Creation  oj 

Science. 

It  is  no  part  of  the  purpose  of  this  work  to  investigate 
tlie  nature  of  mind,  except  so  far  as  its  powers  are 
requisite  to  tlie  formation  of  Science.  In  this  place  I 
need  only  point  out  that  the  mental  powers  engaged  in 
knowledge  are  probably  three  in  number.  They  aro 
eubstantially  as  Mr.  Bain  has  stated  them*  : — 
I  *  The  Power  of  Discrimination. 

2.  The  Power  of  Detecting  Identity. 

3.  The  Power  of  Retention. 

We  exert  the  first  power  in  every  act  of  perception. 
Hardly  can  we  have  a  sensation  or  feeling  unless  we 
discrimmate    it    from    something    else   which    preceded. 

•  *Tlie  SenscB  ami  tbe  Intellect/  Scct^nd  Ed,,  pp.  5*  3^6,  &c. 
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Consciousness  would  almost  seem  to  consist  in  the  break 
between  one  state  of  mind  and  the  next,  just  as  an 
induced  current  of  electricity  arises  from  the  beginning 
or  the  ending  of  the  primary  current.  We  are  always 
engaged  in  discrimination  ;  and  the  rudiment  of  thought 
which  exists  in  the  lower  animals  probably  consists  in 
their  power  of  feeling  difference  and  being  agitated  by 
its  occurrence. 

But  had  we  power  of  disciimination  only,  Science  could 
not  be  created.  To  know  that  one  feeling  differs  from 
another  gives  purely  negative  information.  It  cannot  teach 
us  what  will  happen.  Each  sensation  would  stand  out  dis- 
tinct from  any  other,  and  there  would  be  no  tie,  no  bridge 
of  aflSnity  between  them.  We  want  a  imifying  power  by 
which  the  present  and  the  fixture  may  be  linked  to  the 
past;  and  this  seems  to  be  accomplished  by  a  different 
power  of  mind.  Francis  Bacon  has  pointed  out  that  dif- 
ferent men  possess  in  very  different  degrees  the  powers  of 
discrimination  and  identification.  It  may  be  said  indeed 
that  discrimination  necessarily  implies  the  opposite  process 
of  identification ;  and  so  it  doubtless  does  in  superficial 
points.  But  there  is  a  rare  property  of  mind  which 
consists  in  penetrating  the  disguise  of  variety  and  seizing 
the  common  elements  of  sameness ;  and  it  is  this  pro- 
perty which  furnishes  the  true  measrure  of  intellect.  The 
very  name  of  intellect  {interligo)  expresses  the  action,  not 
of  separating,  but  of  uniting  and  binding  together  the 
particular  and  various  into  the  general  and  like.  Logic 
is  but  another  name  for  the  same  process  \  the  peculiar 
work  of  reason ;  and  Plato  said  of  this  unifying  power, 
that  if  he  met  the  man  who  could  detect  the  one  in  ike 
.  many,  he  would  follow  him  as  a  god. 

b  Max  Miiller,  *  Lectures  on  Language/  Second  Series,  vol.  ii.  p.  63. 
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Lmvs  of  Identity  and  Difference. 

At  the  basis  of  all  thought  and  »cieiice  must  lie  the 
laws  which  express  the  very  nature  and  conditions  of  the 
discriminating  and  identifying  powers  of  mind.  These 
are  the  so-called  Fundamental  Laws  of  Thought,  usually 
stated  as  follows  : — 

I  •  The  Law  of  Identity,      miatever  is,  is, 

2,  The  Law  of  Contradiction.     A  thing  carmot  both  be 
and  not  be, 

;.  The   Law  of  Duality,     A  thing  mitst  either  be  or 
not  be. 

The  first  of  these  statements  may  perhaps  be  regarded 
as  a  description  of  identity  itself*,  if  so  fundamental  a 
notion  can  admit  of  description.  A  thing  at  any  moment 
is  perfectly  identical  with  itself,  and  if  any  person  were 
unaware  of  the  meaning  of  the  word  '  identity'  we  could 
not  better  describe  it  than  by  such  an  example. 

The  second  law  points  out  that  contradictory  attri- 
butes can  never  be  joined  together.  The  same  object  may 
vary  in  its  different  parts ;  here  it  may  be  black,  and 
there  white  ;  at  one  time  it  may  be  hard  and  at  another 
time  soft :  but  at  the  same  time  and  place  an  attribute 
cannot  be  both  present  and  absent.  Aristotle  truly 
described  this  law  as  the  first  of  all  axioms*^ — -one  of 
which  we  need  not  seek  for  any  demonstration.  All 
truths  cannot  be  proved,  otherwise  there  would  be  an 
endless  chain  of  demonstration ;  and  it  is  in  self-evident 
truths  like  this  that  we  find  the  fittest  foundation. 

The  third  of  these  laws  completes  the  other  two.  It 
asserts  that  at  every  step  there  are  two  possible  alter- 
natives— presence  or  absence,  aflSrmation  or  negation. 
Hence  I  propose  to  name  this  law  the  Law  of  Duality, 

c  '  MetapbyBic&j'  Bk.  Ill,  chap,  iii,  9-1 2» 
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for  it  gives  to  all  the  formulaB  of  reaeomng  a  dual 
character.  It  asserts  also  that  between  presence  or 
absence,  existence  or  non-existence,  affirmation  or  ne- 
gation, there  is  no  third  alternative.  As  Aristotle  said, 
there  can  be  no  mean  between  opposite  assertions  :  we 
must  either  affirm  or  deny.  Hence  the  somewhat  incon- 
venient name  by  which  it  has  been  generally  known— 
^^he  Law  of  Exchided  Middle. 

^m    It  may  be  held  that  these  laws  are  not  three  inde- 
B^K^ndent   and    distinct   laws,  they  rather    express   three 
different  aspects  of  the  same  truth,  and  each  law  doubt- 
less presupposes  and  implies  the  other  two.     But  it  has 
not  hitherto  been  found  possible  to  state  these  characters 

I  of  identity  and  diflerence  in  less  than  the  three-fold 
formula.  The  reader  may  perhaps  desire  some  infor- 
pation  as  to  the  mode  in  which  these  laws  have  been 
itated,  or  the  way  in  which  they  have  been  regarded, 
by  philosophers  in  different  ages  of  the  world.  Abundant 
information  on  this  and  many  other  points  of  logical 
history  will  be  found  in  TJeberweg's  *  System  of  Logic/ 
of  which  an  excellent  translation  has  been  published  by 
L^{r.  T*  M.  Lindsay**.  I  must  confess  however  that  the 
^Hiistory  of  logical  doctrines  has  seemed  to  me  one  of  the 
most  confufeing  and  least  beneficial  studies  in  which  a 
person  can  engage ;  and  over-abundant  attention  perhaps 
has   been   paid   to   it   by  Hamilton,  Mansel,   and   many 

E German   logicians. 
The  Nature  and  Authority  of  the  Laws  of  Identity 
I  and  Difference. 

I  I  must   at  least    allude   to  the    profoundly   difficult 
question  concerning  the  nature   and  authority  of  these 

d  XTeberweg's  *  System  of  Logic,'  tranBl.  by  Lindsay,  LondoD,  187 1, 
338^381* 


Laws  of  Identity  or  Difierence.  Are  they  Laws  of  Thought 
or  Laws  of  Things  ?  Do  they  belong  to  mind  or  to 
material  nature  ?  On  the  one  hand  it  may  be  said 
that  science  is  a  purely  mental  existence,  and  must 
therefore  conform  to  the  laws  of  that  which  formed  it. 
Science  is  in  the  mind  and  not  in  the  things,  and  the 
properties  of  mind  are  therefore  all  important.  It  is  true 
that  these  laws  are  verified  in  the  observation  of  the 
exterior  world ;  and  it  would  seem  that  they  might  liave 
been  gathered  and  proved  by  generalisation,  had  they 
not  already  been  in  our  possession-  But  on  the  other 
band,  it  may  well  be  urged  tliat  we  cannot  prove  these 
laws  by  any  process  of  reasoning  or  obsei'vation,  be- 
cause the  laws  themselves  are  presupposedj  as  Leibnitz 
acutely  remarked,  in  the  very  notion  of  a  proof  They 
are  the  prior  conditions  of  all  thought  and  all  know- 
ledge, and  even  to  question  their  truth  is  to  allow 
them  true.  Hartley  ingeniously  refined  upon  this  argu- 
ment, remarking  that  if  the  funtlamenttd  laws  of  logic 
be  not  certain,  there  must  exist  a  logic  of  a  second 
order  whereby  we  may  determine  the  degree  of  uncer- 
tainty :  if  the  second  logic  be  not  certain,  there  must 
be  a  third,  and  so  on  ad  infmitum.  Thus  we  must  sup- 
pose either  that  absolutely  certain  laws  of  thought  exist, 
or  that  there  is  no  such  tiling  as  certainty  whatever®. 

Logicians,  indeed,  appear  to  me  to  have  paid  insuf- 
fieiont  attention  to  the  fact  that  mistakes  in  retisoning 
are  always  likely  to  occur.  The  Laws  of  Thought  are 
nfton  willed  necessary  laws,  that  is,  laws  whicli  cannot 
lUh  bo  r>beyed.     Yet  as  a  matter  of  tact  who   is  there 

ftt  duen  !i<»t  often   fiiil  to   obey  them  ?   They  are  the 

llii^^  which   tlio  niind  ought  to  obey  rather  than  what 

ill    diwvmi    dot^rt    olx»y.      Our    thoughts    catmot    be    the 

OI^ImMMI  of  truth,    for   we   often    have   to  acknowledge 

•    Hftrtl*^y  on  Man,  voL  I  p.  359- 
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mistakes  in  arguments  of  very  moderate  complexity,  and 
we  sometimes  only  discover  our  mistakes  by  a  collision 
between  our  mental  expectations  and  the  events  of  ob- 
jective nature. 

Mr.  Herbert  Spencer  holds  that  the  laws  of  logic  are 
objective  laws^,  and  he  regards  the  mind  as  being  in 
a  state  of  constant  education,  each  act  of  false  reasoning 
or  miscalculation  leading  to  results  which  are  likely  to 
prevent  similar  mistakes  from  being  again  committed. 
I  am  quite  inclined  to  accept  such  ingenious  views ;  but 
at  the  same  time  it  is  necessary  to  distinguish  between 
the  accumulation  of  knowledge  and  experience,  and  the 
constitution  of  the  mind  which  allows  of  the  acquisition 
of  knowledge.  Before  the  mind  can  perceive  or  reason 
at  all  it  must  have  the  conditions  of  thought  impressed 
upon  it.  Before  a  mistake  can  be  committed,  the  mind 
must  clearly  distinguish  the  mistaken  conclusion  from  all 
other  assertions.  Are  not  the  Laws  of  Identity  and 
Difference  the  prior  conditions  of  all  consciousness  and 
all  existence  ?  Must  they  not  hold  true,  alike  of  things 
material  and  immaterial?  and  if  so,  can  we  say  that 
they  are  only  subjectively  true  or  objectively  true?  I 
am  inclined,  in  short,  to  regard  them  as  true  both  *in 
the  nature  of  thought  and  things,'  as  T  expressed  it  in 
my  first  logical  essays,  and  I  hold  that  they  belong  to 
the  common  basis  of  all  existence.  But  this  is  one  of 
the  most  profound  and  diflScult  questions  of  psychology 
and  metaphysics  which  can  be  raised,  and  it  is  hardly 
one  for  the  logician  to  decide.  As  the  mathematician  does 
not  inquire  into  the  nature  of  unity  and  plurality,  but 
developes  the  formal  laws  of  plurality,  so  the  logician, 
as  I  conceive,  must  assume   the  truth   of  the   Laws  of 

f  *  Principles  of  Psychology/  Second  Ed.,  vol.  ii.  p.  86. 
«  *  Pure  Logic,  or  the  Logic  of  Quality  apart  from  Quantity,'  London 
(Stanford),  1864,  pp.  10,  16,  22,  29,  36,  &c. 


Identity  and  Difference,  and  occupy  hiuiaelf  in  developing 
the  variety  of  forms  of  reasoning  in  wbich  their  truth  may 
be  manifested. 

Again,  I  need  hardly  dwell  upon  the  question  whether 
logic  treats  of  language,  notions,  or  things.  As  reasonably 
might  we  debate  whether  a  mathematician  treats  of 
symbols,  quantities,  or  things.  A  mathematician  certainly 
does  treat  of  symbols,  but  only  as  the  instrumentB 
whereby  to  facilitate  his  reasoning  concerning  quantities  i 
and  as  the  axioms  and  rules  of  mathematical  science  must 
be  verified  in  concrete  objects  in  order  that  the  calcu- 
lations founded  upon  them  may  have  any  validity  or 
utility,  it  follows  that  the  ultimate  objects  of  mathe- 
matical science  are  the  things  themselves.  In  like  man- 
ner I  conceive  that  the  logician  treats  of  language  so  far 
as  it  is  essential  for  the  embodiment  and  exhibition  of 
thought.  Even  if  reasoning  can  take  place  in  the  inner 
consciousness  of  man  without  the  use  of  any  signs,  at 
any  rate  it  cannot  become  the  subject  of  discussion  until 
by  some  system  of  material  signs  it  is  manifested  to  other 
persons.  The  logician  then  uses  words  and  symbols  as 
instruments  of  reasoning,  and  leaves  the  nature  and  pe- 
culiarities of  existing  language  to  the  grammarian.  But 
signs  again  must  correspond  to  the  thoughts  and  things 
expressed,  in  order  that  they  shall  serve  their  intended 
purpose.  We  may  therefore  say  that  logic  treats  idti- 
mately  of  thoughts  and  things,  and  immediately  of  the 
signs  which  stand  for  them.  Signs,  thoughts  and  ex- 
terior objects  may  be  regarded  as  parallel  and  analogous 
series  of  phenomena,  and  to  treat  one  series  is  equivident 
to  treating  either  of  the  other  series  ^. 


{ 


^  See  alflo  *  Elementary  Lesaons  io  Logic/  Second  Ed.,  p.  lo. 


The  Process  of  Inference. 


L     inj 

"pi 

to 

'     foi 


The  fundamental  action  of  our  reasoning  faculties 
conBists  in  inferring  or  carrying  to  a  new  in^stance  of  a 
phenomenon  whatever  we  have  previously  known  of  ita 
like,  analogue,  equivalent  or  equal.  Sameness  or  identity 
pi'esents  itself  in  all  degrees,  and  is  known  under  various 
names ;  but  the  great  rule  of  inference  embraces  all 
degrees,  and  affirms  that  so  far  as  there  exists  sameness, 
idefitity  or  likeness,  what  is  true  of  one  thing  will  be  true 
of  the  other.  The  great  difficulty  of  reasoning  doubtlees 
consists  in  ascertaining  that  there  does  exist  a  sufficient 
degree  of  likeness  or  sameness  to  waiTant  an  intended 
inference  ;  and  it  will  be  our  main  task  to  investigate  tlie 
nditions  under  which  the  inference  is  valid*  In  this 
place  I  wish  to  point  out  that  there  is  something  common 
to  all  acta  of  inference  however  different  their  apparent 
forms.  The  one  same  rule  lends  itself  to  the  most  diverse 
applications. 

The  simplest  possible  case  of  inference,  perhaps,  occurs 
the  use  of  a  pattern,  example,  or,  as  it  is  commonly 
called,  a  sample.  To  prove  the  exact  similarity  of  two 
portions  of  commodity,  we  need  not  bring  one  portion 
beside  the  other.  It  is  sufficient  that  we  cut  a  sample 
which  exactly  represents  the  textiu'c,  appearance,  and 
general  nature  of  one  portion,  and  according  as  this 
sample  agrees  or  not  with  the  other,  so  wUl  the  two 
portions  of  commodity  agree  or  differ.  Whatever  is  true 
regards  the  colour,  texture,  density,  material  of  the 
pie  will  be  true  of  the  goods  themselves.  In  such 
cases  likeness  of  quality  is  the  condition  of  inference. 

Exactly  the  same  mode  of  reasoning  holds  true  of 
magnitude  and  figure*  To  compare  the  size  of  two 
objects,  we  need  not  lay  them  alongside  each  other.     A 
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Btaff,  string,  or  other  kind  of  measure  may  be  employed 
to  represent  the  length  of  one  object,  and  according  as  it 
agrees  or  not  with  the  other,  so  mnet  the  two  objects 
agree  or  differ.  lu  this  Cc^ibo  the  proxy  or  sample  repre- 
sents length  ;  but  the  fact  that  lengths  can  be  added  and 
muhiplied  renders  it  unnecessary  that  the  proxy  should 
always  be  as  large  as  the  object.  Any  sttindMrd  of  con- 
venient lengthy  such  as  a  common  foot-rule,  may  be  made 
the  medium  of  comparison.  The  height  of  a  church  in 
one  town  may  be  carried  to  that  in  another,  and  objects 
existing  immoveably  at  opposite  sides  of  the  earth  may  be 
vicariously  measured  against  each  other.  We  obviously 
employ  the  ride  that  whatever  is  true  of  a  thing  ^i 
regards  its  length,  \b  true  of  ita  equal.  ^^H 

To  every  other  simple  phenomenon  in  natiure  the  same  ^ 
principle  of  substitution  is  applicable.  We  may  compare 
weights  or  densities  or  degrees  of  hardness,  and  all  other 
qualities,  in  like  manner.  To  ascertain  whether  two 
sounds  are  in  unison  we  need  not  compare  them  directly, 
but  a  third  sound  may  be  the  go-between.  If  a  tuning- 
fork  is  in  unison  with  the  middle  C  of  York  Minster 
organ,  and  we  afterwards  find  it  to  be  in  unison  with  the 
same  note  of  the  organ  in  Westminster  Abbey,  then  it 
follows  that  the  two  organs  are  tuned  in  urdson.  Tlie 
rule  of  inference  now  is  that  what  is  true,  as  regards 
pitch,  of  the  timing-fork,  is  true  of  any  sound  in  unison 
with  It. 

The  skilful  employment  of  this  substitutive  process 
enables  us  to  make  measurements  beyond  the  powers  of 
our  senses.  No  one  can  count  the  vibrations,  for  instance, 
of  an  organ  pipe.  But  we  can  construct  an  mstrument 
called  the  syren,  so  that  while  producing  a  sound  of  any 
pitch  it  shall  register  the  number  of  vibrationa  consti- 
tuting the  sound.  Adjusting  the  sound  of  the  syren  in 
unison  with  an  organ  pipe,  we   measure  indirectly  the 
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number  of  vibrations  belonging  to  a  sound  of  that  pitch. 
To  measure  a  sound  of  the  same  pitch  is  as  good  as  to 
measure  the  sound  itself. 

Sir  David  Brewster,  in  a  somewhat  similar  manner, 
succeeded  in  measuring  the  refractive  index  of  irregular 
fragments  of  transparent  minerals.  It  was  a  troublesome, 
and  sometimes  impracticable  work  to  grind  the  minerals 
into  prisms,  so  that  their  powers  of  refracting  light  could 
be  directly  observed ;  but  he  fell  upon  the  ingenious  device 
of  forming  a  liquid  possessing  exactly  the  same  refractive 
power  as  the  transparent  fragment  under  examination. 
The  moment  when  this  equality  was  attained  could  be 
known  by  the  fragments  ceasing  to  reflect  or  refract  light 
when  immersed  in  the  liquid,  so  that  they  became  almost 
invisible  in  it.  The  refractive  power  of  the  liquid  being 
then  measured  gives  that  of  the  solid  ;  and  a  more  beau- 
tiftil  instance  of  representative  measurement,  depending 
immediately  upon  the  principle  of  inference,  could  not 
be  found  *.  . 

Throughout  the  various  logical  processes  which  we  are 
about  to  consider — Deduction,  Induction,  Generalisation, 
Analogy,  Classification,  Quantitative  Reasoning — we  shall 
find  the  one  same  principle  operating  in  a  more  or  less 
disguised  form. 

Deduction  and  Induction. 

The  processes  of  inference  always  depend  on  the  one 
same  method  of  substitution  ;  but  they  may  nevertheless 
be  distinguished  according  as  the  results  are  inductive  or 
deductive.      As   generally  stated,  deduction   consists   in 

i  Brewster,  'Treatise  on  New  Philosophical  Instruments,*  p.  273. 
See  also  Whewell,  *  Philosophy  of  the  Inductive  Sciences,*  vol.  ii.  p.  355  ; 
Tomlinson,  *  Philosophical  Magazine,*  Fourth  Series,  vol.  xl.  p.  328 ; 
Tyndall,  in  Youman's  *  Modem  Culture,'  p.  1 6. 
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passing  from  more  geneiul  to  less  general  truths ;  induc- 
tion is  the  contrary  process  from  less  to  more  general 
truths*  We  may  however  describe  the  difference  in 
anotber  manner.  In  deduction  we  are  engaged  in  develop- 
ing the  consequences  of  a  law  or  identity.  We  learn 
the  meaning,  contents,  results  or  mfereuces,  which  attach 
to  any  given  proposition*  Induction  is  the  exactly  inverse 
process.  Given  certain  result  or  consequences,  we  are  re- 
quired to  discover  the  general  law  from  which  they  flow. 

In  a  certoin  sense  all  knowledge  is  inductive.  We  ran 
only  learn  the  Laws  and  relations  of  things  in  nature  by 
observing  those  things.  But  the  knowledge  gained  from 
the  senses  is  knowledge  only  of  particular  facts,  and  w^e 
require  some  process  of  reasoning  by  which  we  may  con- 
stnict  out  of  the  facts  the  laws  obeyed  by  them.  Expe- 
rience gives  us  the  materials  of  knowledge  :  induction 
digests  those  mateiials,  and  yields  us  general  knowledge. 
Only  when  we  possess  such  knowledge,  in  the  form  of 
general  propositions  and  natural  laws,  can  we  usefully 
apply  the  reverse  process  of  deduction  to  ascertain  the 
exact  infVjrmation  required  at  any  moment  In  its  ultimate 
origin  or  foundation,  then,  all  knowledge  is  inductive — m 
the  sense  that  it  is  derived  by  a  certain  inductive 
reafioning  from  the  facts  of  experience. 

But  it  is  nevertheless  true^— and  this  is  a  point  to 
which  insufficient  attention  has  been  paid, — that  all  reason- 
ing is  founded  on  the  principles  of  deduction.  I  call  in 
question  the  existence  of  any  method  of  reasoning  which 
can  be  carried  on  without  a  knowledge  of  deductive  pro- 
cesses, I  bhall  endeavour  to  show  tliat  induction  is  really 
the  inverm  process  of  dednctio7i.  There  is  no  mode  of 
ascerlahiing  the  laws  which  are  obeyed  in  certain  pheno- 
mena»  except  we  previously  have  the  power  of  determining 
what  resxdtii  would  follow  from  a  given  law;  Just  fis  the 
process  of  division  necessitates  a  prior  knowledge  of  multi- 
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plication,  or  the  integral  calculus  rests  upcm  the  obser- 
vation and  remembrance  of  the  results  of  the  difierential 
calculus,  so  induction  requires  a  pri(»r  knowledge  of 
deduction.  An  inverse  process  is  the  undoing  of  the 
direct  process.  A  person  wlio  entei^s  a  maze  must  either 
tiiist  to  chance  to  lead  him  out  again,  or  he  must  carefully 
notice  the  road  by  which  he  entered.  The  facts  furnished 
to  us  by  experience  are  a  miize  of  particular  results  ;  we 
might  by  chance  observe  in  theni  the  fulfilment  of  a  law, 
but  this  is  scarcely  possible,  unless  we  tlioroughly  leam 
the  effects  which  would  attach  to  any  particular  law. 

Accordingly,  the  importance  of  deductive  reasoning  is 
doubly  supreme.  Even  when  we  gain  tlie  results  of  in- 
duction they  w^ould  be  of  little  or  no  use  without  we 
could  deductively  apply  them.  But  before  we  can  gain 
them  at  all  we  must  understand  deduction,  since  it  is  the 
inversion  of  deduction  which  constitutes  induction.  Our 
first  task  then,  in  this  work,  must  be  to  trace  out  fully  the 
nature  of  identity  in  all  its  forms  of  occurrence.  Having 
given  any  series  of  propositions  we  must  be  prepared  to 
develop  the  whole  meaning  embodied  in  them,  and  the 
whole  of  the  consequences  w^liich  flow  from  them. 


Symbolic  Expression  of  Logical  Inference. 

In  developing  the  results  of  the  Principle  of  Inference 
we  require  to  use  an  appropriate  knguage  of  signs.  It 
would  indeed  be  quite  possible  to  exphiin  the  processes  of ' 
reasonhig  merely  by  the  use  of  words  found  in  the  ordinary 
grammar  and  dictionary.  Special  examples  of  reasoning, 
too,  may  seem  U.>  be  more  readily  apprehended  than  general 
and  symbolic  forms.  But  it  has  been  abundantly  proved 
in  the  mathematical  sciences  that  the  attainment  of  tiiith 
depends  greatly  upon  the  invention  of  a  clear,  brief,  and 
appropriate    system    of  symbols.      Not   only   is   such   a 
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language  convenient,  but  it  is  essential  to  the  expression 
of  tliose  genend  triitlis  which  are  the  very  soul  of  science. 
To  apprehend  the  truth  of  Bpecial  aises  of  inference  doesi 
not  constitute  logic  •  we  must  appreliend  them  as  cases  ol 
more  general  tniths.  The  object  of  all  science  is  the 
separation  of  what  is  common  and  general  from  what  la 
accidental  and  different.  In  a  system  of  logic,  if  anywhere^ 
we  should  esteem  this  generality,  and  strive  to  exhibit 
clearly  what  is  similar  in  very  diverse  cases.  Hence  tlis 
great  value  of  general  symbols  by  which  we  can  represent 
the  form  and  character  of  a  reaisoning  process,  disentangled 
from  any  consideration  of  the  special  subject  to  which  it  is 
applied. 

The  signs  requu'ed  in  logic  are  of  a  very  simple  kind. 
As  every  sameness  or  difference  must  exist  between  two 
tilings  or  notions,  we  need  signs  or  terms  to  indicate  the 
things  or  notions  compared,  and  other  signs  to  denote  the 
relation  between  them*  We  shall  need,  then,  (i)'8ymbols 
for  terms,  (2)  a  symbol  for  sameness,  (3)  a  symbol  for  differ- 
ence, and  (4)  one  or  two  sjrmbols  to  take  the  place  of 
conjunctions. 

Ordinary  nouns  substantive,  such  as  Iron,  Metal,  Elec- 
tricity^ Undnlatioih  might  serve  as  terms,  but  for  the 
reasons  explained  above  it  is  better  to  adopt  blank  letters, 
devoid  of  special  signification,  such  as  A,  B,  C,  D,  E,  &c. 
Each  letter  must  be  understood  to  represent  a  noun,  and, 
80  far  as  the  conditions  of  the  argument  allow,  any  noun^ 
Just  as  in  Algebra,  x,  ?/,  s,  p,  q,  r,  &c.  are  used  for  any^ 
quantities,  undetermined  or  unknown,  except  when  the 
special  conditions  of  the  problem  are  taken  int43  account, 
so  will  our  letters  stantl  for  undetermined  or  unknown 
things. 

These  letter-terms  will  be  used  indifferently  for  nouns 
substantive  and  adjective.  Between  these  two  kinds  of 
nouns  there  may  be  important  diHerences  in  a  metaphyseal 
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or  grammatical  point  of  view.     But  grammatical  usage 

readily  sanctions  the  free  conversion  of  adjectives   into 

UBobstantives,  and  vice  versd ;  we  may  avail  oureelves  of 

p  this  latitude  without  in  any  way  prejudging  the  meta- 

I     physical    difficulties  which    may   be  involved.     Here,  as 

throughout   this  work,   I  shall    devote  my  attention   to 

truths  wliich  I  can  exhibit  in  a  clear  and  formal  manner, 

believing  that,  in  the  present  condition  of  logical  science, 

*     tliis  will  lead  to  much  greater  advantage  than  discussion 

upon  the  metaphytdail  questions  which  may  tmderlie  any 

part  of  the  subject. 

Every  noun  or  term  denotes  an  object,  and  usually  im- 
plies the  possession  by  that  object  of  certain  qualities  or 
circumstances  common  to  all  the  objects  denoted.  There 
are  certain  terms,  however,  which  imply  the  absence  of 
qualities  or  circumstances  attaching  to  other  objects.  It 
will  be  convenient  to  employ  a  special  mode  of  indicating 
these  negative  terms,  as  they  are  called.  If  the  general 
name  A  denotes  an  object  or  class  of  objects  possessing 
certain  defined  qualities,  then  the  term  Not-A  will  denote 
any  object  which  does  not  possess  the  whole  of  those 
qualities  ;  in  short,  Not-A  is  the  sign  for  anything  which 
differs  from  A  in  regard  to  any  one  or  more  of  the  assigned 
qualities.  If  A  denote  '  transparent  object/  Not-A  wUl 
denote  'not  transparent  object/  Brevity  and  facihty  of 
writing  and  readhig  are  of  no  elight  importance  in  a  system 
of  notation,  and  it  will  therefore  be  desirable  to  substitute 
for  the  negative  term  Not-A  a  briefer  mode  of  expression. 
The  late  Prof  de  Morgan  represented  negative  terms  by 
small  Roman  letters,  or  sometimes  by  small  italic  letters*^, 
and  as  the  latter  seem  to  be  highly  convenient,  I  shall  use 
a,  6,  c,  d,  e,  ,  .  .  |),  q,  r,  &c.,  as  the  negative  terms  corre- 
spondmg  to  A,  B,  C,  D,  E,  .  .  .  P.  Q,  R.  &c.  Thus  if  A 
eans  '  fluid/  a  will  mean  *  not-fluid/  and  so  on. 

k  •  Formal  Logic,'  p.  38. 
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Expression  of  Identity  and  Difference. 

To  denote  the  relation  of  sameness  or  identity  I  unhesi- 
tatingly iidoj>t  the  sign  = ,  so  long  used  by  mathematicians 
to  denote  equality.  This  eyrabol  was  originally  appropri- 
ated bv  Robert  Reeorde  in  his  'Whetstone  of  Wit/  to 
avoid  the  tedious  repetition  of  the  words  *is  eqnal  to*; 
and  he  chose  a  pair  of  parallel  lines,  because  no  two  things 
cjan  be  more  equal  *.  The  meaning  of  the  sign  has  how- 
ever been  gradually  extended  beyond  that  of  common 
equality ;  mathematicians  liave  themselves  used  it  to 
indicate  equivalency  of  operations.  The  force  of  analogy 
has  been  so  great  that  writers  in  all  other  branches  of 
science  have  more  or  less  employed  the  same  sign.  The 
philologist  indicates  by  it  equivalency  of  meaning  of  words : 
chenusts  adopt  it  to  signify  the  identity  in  kind  and 
equality  in  weight  of  the  elements  which  form  two  different 
compounds.  Not  a  few  logicians,  for  instance  Ploucquet, 
Condillac^",  George  Bentbam^,  Boole,  have  employed  it 
as  the  copula  of  propositions.  Prof,  de  Morgan  declined 
to  use  it  for  this  piu^ose,  but  still  further  extended  its 
meaning  so  as  to  include  the  equivalencyof  a  proposition 
with  the  premises  from  wliich  it  can  be  inferred  ^\  and 
Herbert  Spencer  has  applied  it  in  a  like  manner  P. 

Many  persons  may  think  that  the  choice  of  a  symbol  is 
a  matter  of  slight  importance  or  of  mere  convenience,  but 
I  hold  that  the  common  use  of  this  sign  =  in  so  many 
different  meanings  is  really  founded  upon  a  generalisation 

I  HaOam'a  ^Literature  of  Europe,'  First  Ed.  vol  ii.  p.  444, 
^  CondilW,  'Langue  des  Calciils,'  p.  157, 

»  *  Oiitlme  of  a  New  85-816111  of  Logic/  Loudon,  1837,  pp.  133,  &c. 
o  <  Formal  Logic,*  pp.  82,  106,     In  his  kter  work,  *The  Syllabus  of  a 
New  System  of  Logic/  he  diecontiuued  the  use  of  the  sign, 
p  ^Prindples  of  Peychology/  Second  Ed.,  vol.  ii.  pp.  54,  55. 


INTRODUCTION, 


19 


of  the  widest  cliaracter  tind  of  tbe  greatest  importance — 
I      one  indeed  wHch  it  is  a  principal  object  of  this  work  to 
endeavour  to  explain.     The  emploj^uent  of  the  eame  sign 
in  different  cases  would  be  wliolly  unjihilosophical  unless 
^^  there  were  some  real  analogy  between  ita  diverse  meaoinga 
^Hf  such  analogy  exist,  it  is  not  only  allowable,  but  highly 
^  desirable  and  even  imperative,  to  use  the  symbol  of  equi- 
valency with  a  geuerjdity  of  meaning  corresponding  to  the 
genendity  of  the  principles  involved.     Accordingly  Prof, 
de  Morgan's  refusal  to  use  the  symbol  in  logical  proposi- 
tions indicated  his  opinion  that  there  was  a  want  of  analogy 
between  logical  propoHiti<ins  and  matheuuitical  c<[uations, 
^_I  use  the  sign  because  I  hold  the  contrary  opinion. 
^P'    I  conceive  that  the  sign  —  always  denotes  some  form 
^por  degree  of  sameness  or  equivalency,  and  the  particular 
form  is  usually  indicated  by  the  nature  of  the  terms  joined 
by  it.     Thus  '6720  pounds    =    3  tons'  is  evidently  an 
equation  of  quantities.     The  formula  —  x  ^ —  =  +   ex- 
presses the  eqiiivalency  of  operations.      *  Exogens  —  Dico- 
tyledons'  is  a  logical   identity   expressing   a    profound 
truth  concerning  the  character  of  vegetables. 

We  have  great  need  in  logic  of  a  distinct  sign  for  the 
I  copula,  because  the  little  verb  is,  hitherto  used  both  in 
logic  and  ordinary  discoiu^e,  is  thoroughly  ambiguous. 
It  sometimes  denotes  identity,  as  in  *  St.  Paul's  is  the 
chef-d'oeuvre  of  Sir  Christoplier  Wren/  but  it  more 
commonly  indicates  Lnclusion  of  class  within  class,  or 
partial  identity,  as  in  'Bishops  are  members  of  the  House 
of  Lords/  This  latter  relation  involves  identity,  but  re- 
quires careful  discrimination  from  simple  identity,  as  will 
,  be  shown  further  on* 

Wlien  with  this  sign  of  equality  we  join  two  nouns  or 
logical  terms,  as  in 

Hydrogen^  The  least  dense  element, 
re  signily  that  the  object  or  group  of  objects  denoted  by 
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one  tenn  is  identical  witli  that  denoted  by  the  other  in 
everything  except  the  names.     The  general  formula 

A  =  B 
must  be  taken  to  mean  that  A  and  B  are  symbols  for  the 
same  object  or  group  of  objects.  This  identity  may  some- 
times arise  from  the  mere  imposition  of  names,  but  it 
may  also  arise  from  the  deepest  laws  of  the  constitution 
of  nature  ;  as  when  we  say 

Gravitating  matter  =  Matter  possessing  inertia. 
Exogenous  plants  =  Dicotyledonous  plants, 
Plagihedral  quartz  crystals  =  Quartz  crystals  rotating 
the  plane  of  polarisation  of  light. 
We  shall  need  carefully  to  distinguish  between  relations 
of  terms  which  can  be  modified  at  our  own  will  and  those 
which  are  fixed  as  expressing  the  laws  of  nature ;  but  at 
present  we  are  considering  only  the  mode  of  expression. 

We  may  sometimes,  but  much  less  frequently,  require  a 
symbol  to  indicate  difference  or  the  absence  of  complete 
sameness.  For  this  purpose  we  may  generalise  in  like 
manner  the  symbol  -^ ,  wMch  w^as  introduced  by  Wallis  to 
signify  dMTerence  between  two  numbers  or  quantitieSp 
The  general  formula 

B  -  C 
denotes  that  B  and  C  are  the  names  of  some  two  objects 
or  groups  of  objects  which    are  nut  identical  with  each 
other.     Thus  we  may  say 

Acrogens  -^  Flowering  plants. 

Snowdon  '^  The  highest  mountain  in  Great  Britain. 
I  shall  also  occasionally  uee  the  sigii  •^  to  signify  in  the 
most  general  maimer  the  existence  of  any  relation  between 
the  two  terms  connected  by  it.  Thus  ^o*  might  mean  not 
only  the  relations  of  equality  or  inequality,  sameness  or 
difference,  but  any  special  relation  of  time,  place,  size, 
causation^  &c.  in  whicli  one  thing  may  stand  to  another. 
By  A  «<>•  B  I  mean,  then,  any  two  objects  of  thought  re- 
late to  each  other  in  any  matter  whatsoever. 
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General  Formula  of  Logical  Inference. 

The  one  supreme  rule  of  inference  consists,  as  I  have 
said,  in  the  direction  to  affirm  of  anything  whatever  is 
known  of  ita  like,  equal  or  equivalent.  The  Suhstitution 
of  Similars  is  a  phrase  which  seems  aptly  to  express  the 
power  of  mutual  replacement  existing  between  any  two 
objects  which  are  to  a  sufficient  degree  like  or  equivalent. 
It  is  a  matter  for  further  investigation  to  point  out  when 
and  for  what  purposes  a  degree  of  similarity  less  than 
complete  identity  Is  sufficient  to  warrant  substitution. 
Tor  the  present  we  think  only  of  the  exact  sameness 
"expressed  in  the  form 

Now  if  we  take  the  letter  C  to  denote  any  third  con- 
ceivable object,  and  use  the  sign  m>  in  its  stated  meaning 
of  indefinite  relation,    then   the  general   formula  of  all 
ference  may  be  tlius  exhibited  : — 
From  A  =:  B  ««r.  C 

we  may  infer  A  •««  C 

or,  in  words — In  whatever  rekilion  a  thing  staiids  to  a 
econd  thing,  in  the  same  relation  it  stands  to  the  like  or 
(uivalent  of  that  second  thing.  The  identity  between  A 
id  B  allows  us  indifierently  to  place  A  where  B  was  or 
where  A  was,  and  there  is  no  limit  to  the  variety  of 
"special  meanings  which  we  can  bestow  upon  the  signs 
used  in  this  formula  consistently  with  its  truth.  Thus  if 
we  first  specify  only  the  meaning  of  the  sign  *^^  we  may 
say  that  if  C  is  the  weight  of  jB,  then  C  is  also  the  weight 
of  A,     Similarly 

If  C  is  the  father  of  B,  C  is  the  father  of  A  ; 
If  C  is  a  fragment  of  B,  C  is  a  fragment  of  A  ; 
If  C  is  a  quality  of  B,  C  is  a  quality  of  A  ; 
If  C  is  a  species  of  B,  C  is  a  species  of  A  ; 
If  C  is  the  equal  of  B,  C  is  the  equal  of  A  ; 
id  so  on  ad  injinitum. 


We  may  also  endow  with  special  meanings  the  letter- 
terms  A,  B  and  C,  and  the  process  of  inference  will  never 
be  false,  Tliits  let  the  sign  -o'  mean  *is  height  of/  and 
let 

A  =  Snowdon, 

B  =  Highest  mountain  in  England  or  Wales, 
C^3590  feet; 

then  it  obviously  fallows  that  since  ^3590  feet  is  the 
height  of  Snowdon/  and  *  Snowdon  —  the  highest  mountain 
in  England  or  Wales/  then  *  3590  feet  is  the  height  of  the 
highest  mountain  In  England  or  Wales/ 

One  result  of  tliis  general  process  of  inference  is  that 
we  may  in  any  aggregate  or  complex  whole  replace  any 
part  by  its  equivalent  without  altering  the  whole.  To 
alter  is  to  make  a  difference,  but  if  in  replacing  a  part  I 
make  no  difference,  there  is  no  alteration  of  the  whole. 
Many  inferences  which  have  been  very  imperfectly  in- 
cluded in  logical  formulae  at  once  follow.  I  remember  the 
late  Prof  de  Morgan  remarking  that  all  Aristotle's  logic 
could  not  prove  that  *  Because  a  horse  is  an  animal,  the 
head  of  a  horse  is  the  head  of  an  animal'  I  conceive  that 
this  amounts  merely  to  replacing  in  the  complete  notion 
head  of  a  horse,  the  term  *  horse*  by  its  equivalent  some 
animal  or  an  animal.     Similarly,  since 

Tlie  Lord  Chancellor  =  The  Speaker  of  the  House  of 
Lords, 
it  fallows  that 

The  death  of  the  Lord  Chancellor  =  The  death  of  the 
Speaker  of  the  House  of  Lords  ; 
and  any  event,  circumstance  or  thing  which  stands  in  a 
certain  relation  to  the  one  will  stand  in  like  relation  to 
the  other.  Milton  reasons  in  this  way  when  he  says,  in 
his  Areopagltica,  *  Who  kills  a  man,  kills  a  reasonable  crea- 
ture, God  s  image/     If  we  may  suppose  him  to  mean 

God^s  image  =  man  =  some  reasonable  creature, 
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follows  that '  The  killer  of  a  man  is  the  killer  of  8ome 
reasonable  creature/  and  also  *  The  killer  of  God  s  image/ 

This  replacement  of  eqmvalenis  may  be  repeated  over 
and  over  again  to  any  extent.  Thns  if  j:>e?'50?i  is  identical 
in  meaning  with  individual^  it  follows  that 

Meeting  of  persons  =  meeting  of  individuals  ; 
and  if  assemblages^ meeting ^  we  may  make  a  new  replace- 
ent  and  show  that 

Meeting  of  persons  =  assemblage  of  individuals. 
We  may  in  fact  found  u|x>n  this  priuciple  of  substitution 
^fc  most  general  axiom  in  the  following  terms  ^  : — 
^^  Same  parts  same!}/  related  make  same  ivfmles, 
}  If,  for  instance,  exactly  similar  bricks  be  used  to  buUd 
two  Louses,  and  they  be  similarly  placed  in  each  house,  the 
two  houses  must  be  similar.  There  are  millions  of  cells 
in  a  human  body,  but  if  eacli  cell  of  one  person  were 
represented  by  an  exactly  similar  cell  Biniilarly  placed  in 
another  body,  the  two  persona  would  be  nndistinguishable, 
and  would  l>e  only  nnmerically  different.  It  is  upon  this 
principle,  as  we  shall  see,  that  all  accurate  processes  of 
measurement  depend.  If  for  a  weight  in  a  scale  of 
a  balance  we  substitute  another  weight,  and  the  equUi- 
brium  remains  entirely  unchanged,  then  the  weights  must 
be  exactly  equal  The  general  test  of  equality  is  substi- 
tution. Objects  are  equally  bright  when  on  replacing  one 
by  the  other  the  eye  perceives  no  difference.  Two  objects 
are  equal  in  dimensions  when  tested  by  the  same  gauge 
they  fit  in  the  same  manner.  Generally  speaking,  two 
objects  are  alike  so  far  as  when  substituted  one  for  another 
no  alteration  is  produced,  and  vice  versd  when  alike  no 
alteration  is  produced  by  the  substitution* 
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The  Propagating  Power  of  Identity, 

The  relation  of  identity  or  sameness  in  all  its  degrees 
is  reciprocal.  So  far  as  things  are  alike,  either  may  be 
substituted  for  the  other ;  and  this  may  perhaps  beacon- 
ddered  the  very  meaning  of  the  relation.  But  it  is  well 
worth  notice  that  there  is  in  identity  a  peculiar  power  of 
extending  itself  among  all  the  tilings  Avhich  are  identical. 
To  render  a  number  of  things  similar  to  each  other  we 
need  only  render  tliem  simihir  to  one  standard  object. 
Each  coin  struck  from  a  pair  of  dies  not  only  exactly 
resembles  the  matrix  or  original  pattern  from  which  the 
dies  were  struck,  but  exactly  resembles  every  other  coin 
manufactured  from  the  same  original  pattern.  Among  a 
milUon  such  coins  there  are  not  less  than  499,999, 500,ocx> 
of  pairs  of  coins  exactly  resembling  each  other.  Similars 
to  the  same  are  similars  to  all.  It  is  one  great  advantiige 
of  printing  that  all  copies  of  a  document  taken  from  the 
same  type  are  necessarily  identical  each  with  each,  and 
whatever  is  true  of  one  copy  will  be  true  of  every  copy- 
Similarly,  if  fifty  rows  of  pipes  in  an  organ  be  tuned  in 
perfect  unison  with  one  row^,  usually  tlte  Principal,  they 
must  be  in  unison  wdth  each  other.  Identity  can  also 
reproduce  or  propagate  itself  ad  injhiitum ;  for  if  a 
number  of  tuning-forks  be  adjusted  in  perfect  unison 
with  one  standard  fork,  all  instruments  timed  to  any  one 
fork  will  agree  with  any  instrument  tuned  to  any  other 
fork.  Standard  measures  of  length,  capacity,  or  weight, 
or  any  other  measureable  quality,  are  propagated  in  the 
same  manner.  So  far  as  copies  of  the  original  standard, 
or  copies  of  copies,  or  copies  again  of  those  copies,  are 
accurately  executed,  they  mtist  all  agree  each  with  every 
other. 

It  is   the   power  of  mutual  substitution  which  gives 
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such  great  value  to  the  modern  methods  of  mechanical 
construction,  accordiBg  to  which  all  the  parts  of  a 
machine  are  exact  facsimiles  of  a  fixed  pattern.  All 
the  rifles  used  in  the  British  army  are  constructed  on 
the  interchangeable  system,  so  that  any  one  part  of  any 
one  rifle  can  be  substituted  indiflTerently  for  the  same 
part  of  another.  A  bullet  fitting  one  rifle  will  fit  all 
others  of  the  same  bore.  Sir  J,  Whitworth  has  extended 
the  same  system  to  the  screws  and  screw-bolts  used  in 
connecting  together  the  parts  of  machines,  by  establidiing 
a  series  of  standard  screws. 

^B       Anticipaiions  of  tJie  Principle  of  Substitution. 

^^  In  such  a  subject  as  logic  it  is  hardly  possible  to  put 
iforth  any  opinions  or  principles  which  have  not  been 
^Kn  some  degree  previously  entertained.  Tlie  germ  at 
^■east  of  every  doctrine  will  be  found  in  earlier  writers, 
"and  novelty  must  arise  chiefly  in  the  mode  of  hai'monising 
and  developing  ideas.  When  I  first  proposed  to  employ 
^  the  process  and  name  of  suhisiitutfon  in  logic  ^  I  believe 
that  I  was  led  to  do  so  firom  analogy  with  the  familiar 
mathematical  process  of  substituting  for  a  symbol  its  value 
as  given  in  an  equation.  In  writing  my  first  logical  essay 
I  had  a  most  imperfect  conception  of  the  importance 
and  generality  of  the  process,  and  I  described,  as  if  they 
were  of  equal  importance,  a  number  of  other  laws  which 
now  seem  to  be  but  particular  cases  of  the  one  general 
rule  of  substitution. 

My  second  essay,  the  Substitution  of  Similars,  was 
written  shortly  after  I  had  become  aware  of  the  gi'eat 
simplification  which  may  be  effected  by  a  proper  appli- 
cation of  the  principle  of  substitution.  I  was  not  then 
acquainted    with    the    fact    that    the   German    logician 

f  *Fure  Logic/  pp,  18-19. 


Beneke  had  employed  the  principle  of  Bubstitution,  and 
had  used  the  word  itself  in  forming  a  theory  of  the 
Byllogisra.  My  imperfect  acquaintance  with  the  German 
language  had  prevented  me  from  acquiring  a  complete 
knowledge  of  Beneke's  \4ews,  but  there  is  no  doubt 
that  Mr,  Lindsay  is  right  in  saying  that  he,  and  probably 
other  previous  logicians,  were  in  some  degree  familiar 
with  the  principle ».  Even  Aristotle's  dictum  may  be 
regarded  as  an  imperfect  statement  of  the  principle  of 
BubstitutioD ;  and,  as  I  have  pointed  out,  we  have  only 
to  modify  that  dictum  in  accordance  with  the  quantifi- 
cation of  the  predicate  in  order  to  arrive  at  the  complete 
process  of  substitution  ^  The  Port-Royal  logicians  appear 
to  have  entertained  nearly  equivalent  views,  for  they 
considered  that  all  moods  of  the  syllogism  might  be 
reduced  under  one  general  principle^.  Of  two  premises 
they  regard  one  as  the  containing  proposition  (propositio 
contmens),  and  the  other  as  the  ajyplicatlve  proposition. 
The  latter  proposition  must  always  be  affirmative,  and 
represents  that  by  which  a  substitution  is  made ;  the 
former  may  or  may  not  be  negative,  and  is  that  in 
which  a  substitution  is  effected.  They  also  show  that 
this  method  wil\  embrace  certain  cases  of  complex  reason- 
ing which  had  no  place  in  the  Aristotelian  syllogism, 
Tlieir  views  probably  constitute  the  greatest  improvement 
in  logical  doctrine  made  up  to  that  time  since  the  days 
of  Aristotle.  But  a  true  reform  in  logic  must  consist, 
nut  in  explaining  the  syllogism  in  one  way  or  another, 
lint  in  doing  away  with  all  the  narrow  restrictions  of 
till*  Arintotelian  system,  and  in  showing  tliat  there  exists 
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an  indefinite  extant  of  logical  arguments  immediately 
deducible  from  tlie  principle  of  substitution  of  which 
the  ancient  syllogism  forms  but  a  small  and  not  even 
the  most  impoitant  part. 


The  Logic  of  Relatives. 

There  is  a  difficult  and  impoilaDt  branch  of  logic 
which  may  be  called  the  Logic  of  Relatives.  If  I  argue, 
for  instance,  that  because  Daniel  Bernoidli  was  the  son 
of  John,  and  John  the  brother  of  James,  therefore  Daniel 
was  tlie  nephew  of  James,  it  is  not  possible  to  prove 
this  conchisiou  by  any  simple  logical  process.  We  re- 
quire at  any  rate  to  assume  that  the  son  of  a  brother  is 
a  nephew.  A  simple  logical  relation  is  that  which  exists 
betw^een  properties  and  circumstances  of  the  same  olyect 
or  class.  But  objects  and  classes  of  objects  may  also  be 
related  according  to  all  the  properties  of  time  and  space, 
I  believe  it  may  be  shown,  indeed,  that  where  an  inference 
concerning  such  relations  is  draw^n,  a  process  of  substi- 
tution is  really  employed  and  an  identity  must  exist ; 
but  I  will  not  undertake  to  prove  the  assertion  in  this 
work.  The  relations  of  time  and  sjjace  are  logical 
relations  of  a  complicated  character  demanding  much 
abstract  and  difficult  investigation.  The  subject  has  been 
treated  with  such  great  ability  by  Professors  Peirce^, 
De  Morgan  y,  Ellis  ^  and  Harley,  that  I  will  not  in  the 

»  *  Description  of  a  Notation  for  the  Logic  of  Relatives,  resulting  from 
an  Amplification  of  the  Conceptions  of  Boole's  CalculuB  of  Logic,'  By 
C.  S,  Peirce*  '  Memoirs  of  the  American  Academy/  voL  ix,  Cam- 
bridge, U.S.,  1870. 

y  *0n  the  Syllogism,  No.  IV,  and  on  the  Logic  of  Relations/  By 
Augustus  De  Morgan.  'Transactions  of  the  Cambridge  Philosophical 
Society/  voL  x.  part  ii.  i860. 

^  *  Ohservations  on  Boole's  Laws  of  Tlionght.'  By  the  late  R. 
Leslie  Ellis;   oommunicated  by  tbe  Rev.  Robert  Harley,  F.R.S.    'Report 
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present  work  attempt  any  review  of  their  writings,  but 
merely  refer  to  the  publications  in  which  they  are  to 
be  found. 


of  the  British  ABSOciation/  1870.  'Beport  of  SectionB,'  p.  la.  Also, 
'On  Boole's  Laws  of  Thought/  By  the  Bey.  Bobert  Harlej,  F.B.S., 
ibid.  p.  14. 
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Every  proposition  expresses  the  resemblaDce  or  differ- 
ence of  the  things  denoted  by  its  terms.  As  reasoning 
or  inference  treats  of  the  relation  between  two  or  more 
propositions^  so  a  proposition  consists  in  a  relation 
between  two  or  more  terms.  In  the  portion  of  this 
work  which  treats  of  deduction  it  will  be  convenient 
to  follow  the  usual  order  of  exposition,  and  consider  in 
euocession  the  various  kinds  of  terms,  propositions,  and 
arguments,  and  we  commence  in  this  chapter  with  terms. 

The  simplest  and  most  palpable  meaning  which  can 
belong  to  a  term  consists  of  some  single  material  object, 
such  as  Westminster  Abbey,  the  Sun,  Sirius,  Stonehenge, 
&C.  It  is  probable  that  in  the  earliest  stages  of  intellect 
only  concrete  and  palpable  things  are  the  objects  of 
thought.  The  youngest  child  knows  the  difference 
between  a  hot  and  a  cold  body.  The  dog  can  recognise 
his  master  among  a  hundred  other  persons,  and  animals 
of  much  lower  intelligence  know  and  discriminate  their 
haimts.  In  all  such  acts  there  is  judgment  concerning 
the  likeness  or  unlikeness  of  physical  objects,  but  there 
is  little  or  no  power  of  analysing  each  object  and  re- 
garding it  as  a  group  of  qualities  or  circumstances. 

The  dignity  of  intellect  begins  with  the  power  of 
separating  points  of  agreement  from  those  of  difference. 
Comparison  of  two  objects  may  lead  us  to  perceive  that 
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they  are  at  once  like  and  unlike.  Two  fragments  of] 
rock  may  differ  entirely  in  outward  form,  yet  they  may  1 
have  the  same  colour,  harthiess,  and  texture.  Flowers 
which  agree  in  colour  may  differ  in  odour.  The  mind 
learns  to  regard  each  olijeet  ae  an  aggregate  of  qualities, 
and  acquu^es  the  power  of  dwelling  at  will  upon  one  or  fl 
other  of  those  quaUties  to  the  exclusion  of  the  rest. 
Logical  abstraction,  in  short,  comes  into  play,  and  the 
mind  becomes  capable  of  reasoning,  not  merely  about 
objects  which  are  pliysically  complete  and  concrete,  but 
about  things  which  may  be  thought  of  separately  in 
the  mind  though  they  exist  not  separately  in  nature. 
We  can  think  of  the  hardness  of  a  rock,  or  the  colour 
of  a  flower,  and  thus  produce  abstract  notions,  denoted 
by  abstract  terms  which  will  form  a  subject  for  further 
consideration. 

At  the  same  time  arise  general  notions  and  classes  of 
objects.  We  cannot  fail  to  observe  that  the  quality 
hardness  exists  in  many  objects,  for  instance  in  many 
fragments  of  rock  ;  and  mentally  joining  these  we  create 
the  class  hard  object,  which  will  include,  not  only  the 
actual  objects  examined,  but  all  others  which  may 
happen  to  agree  with  them  as  they  agree  with  each 
other.  As  our  senses  cannot  possibly  report  to  us  all 
the  contents  of  space,  we  cannot  usually  set  any  limita 
to  the  nimiher  of  objects  which  may  fall  into  any  such 
class.  At  this  point  we  begin  to  perceive  the  power  and 
generality  of  thought  which  enables  us  at  once  to  treat 
of  indefinitely  or  even  infinitely  numerous  objects.  We 
can  safely  assert  that  whatever  is  true  of  any  one  object 
coming  imder  a  general  notion  or  class  is  true  of  any  of 
the  other  objects  so  far  as  they  possess  the  common 
qualities  implied  in  their  belonging  to  the  elaas.  We 
must  not  place  an  individual  tiling  in  a  class  unless  we 
are  prepared  to  Ijelieve  of  it  all  that  is  believed  of  the 
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class  in  general ;  but  it  remains  as  a  nmtter  of  important 
consideration  how  far  and  in  what  manner  we  can  safely 
undertake  thus  to  assign  the  place  of  objecta  in  tliat 
general  system  of  classification  which  constitutes  the 
whole  body  of  science. 


Twofold  Meuning  of  General  Names. 

Etymologically  the  meaning  of  a  name  is  what  we  are 
caused  to  think  of  when  the  name  is  need*  Now  every 
genei^  name  causes  us  to  think  of  some  one  or  more  of 
the  objects  belonging  to  a  class ;  it  may  also  cause  ua  to 
think  of  the  common  qualities  possessed  by  those  objects. 
A  name  is  said  to  denote  the  distinct  object  of  thought 
to  which  it  may  be  applied ;  it  implies  at  the  same  time 
the  possession  of  certain  qualities  or  circumstances.  The 
niunber  of  objects  denoted  forms  the  extent  of  meaning 
of  the  term ;  the  number  of  qualities  implied  forms 
the  ifdent  of  meaning.  Crystal  is  the  name  of  any  sub- 
stance of  which  the  molecules  are  arranged  in  a  regular 
geometrical  manner.  The  substances  or  objecta  in  ques- 
tion form  the  extent  of  meaning ;  the  circiunstance  of 
having  the  molecules  so  arranged  forms  the  intent  of 
meaning. 

Wlien  we  compare  a  variety  of  general  terms  it  may 
often  be  found  that  the  meaning  of  one  is  included  in 
the  meaning  of  another*  Thus  all  crystals  are  included 
among  material  substances,  and  all  opaque  crystals  are  in- 
cluded among  erysiah:  here  the  inclusion  is  in  extension. 
We  may  also  have  inclusion  of  meaning  in  regard  to 
intension.  For  as  all  crystals  are  materiid  substances, 
the  qualities  implied  by  the  term  material  substance 
must  be  among  those  implied  by  cryBtaL  Again,  it  is 
obvious  that  while  in  extension  of  meaning  opaque 
crystals  are  but  a  part  of  crystals,  in  intension  of  meaning 


crystal  is  but  part  of  opaque  crystal.  Wc  increase  the 
intent  of  meaning  of  a  term  by  joining  adjectives,  or 
phrases  equivalent  to  adjectives,  to  it,  and  the  removal 
of  such  adjectives  of  course  decreases  the  intensive 
meaning.  Now  concerning  such  changes  of  meaning 
the  following  all-irapoi*tant  law  holds  universally  true. 
When  the  intent  of  meaning  of  aMnn  is  increased  the 
extent  is  decreased;  and  vice  versi,  when  the  eMent  is 
increased  the  irUent  is  deei^eased.  In  short,  as  one  is 
increased  the  other  is  decreased. 

This  law  refers  only  to  logical  changes.  The  number 
of  steiun  engines  in  the  world  may  be  undergoing  a 
rapid  increase  without  the  intensive  meaning  of  the 
name  being  altered,  Tlie  law  will  only  be  verified  again 
when  there  is  a  real  change  in  the  intensive  meaning, 
and  an  adjective  miiy  often  be  joined  to  a  noun  without 
making  a  change,  Elemwntary  metal  is  identical  with 
metal ;  mo^rtal  man  with  man ;  it  being  a  property  of  all 
metals  to  be  elements,  and  all  men  to  be  mortals. 

There  is  no  limit  to  the  amount  of  meaning  which 
a  term  may  have,  A  temi  may  denote  one  object,  or 
many,  or  an  infinite  number;  it  may  imply  a  single 
quality,  if  such  there  be,  or  a  group  of  any  number  of 
quaUties,  and  yet  the  law  connecting  the  extension  and 
inteusion  will  kifallibly  apply.  Taking  the  general 
name  ]}kvnet,  we  increase  its  intension  and  decrease  its 
extension  by  prefixing  the  adjective  exterior;  and  if  we 
further  add  nearest  to  the  earthy  there  remains  but  one 
planet  Mars,  to  which  the  name  can  then  be  applied. 
Singidar  terms,  which  denote  a  single  individual  only, 
come  under  the  same  law  of  meaniog  as  general  names. 
They  may  be  regarded  as  general  names  of  which  the 
meaning  in  extension  is  reduced  to  a  minimum.  Logi- 
cians have  erroneously  asserted,  as  it  seems  to  me,  that 
smgular  terms  are  devoid  of  meaning  in  intension,  the 
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iact  being  that  they  exceed  all  other  terms  in  tliat  kind 
of  meaning,  as  I  have  elsewhere  tried  to  show  ». 

Abstract  Tei^is. 

Comparison  of  different  objects,  and  analysis  of  the 
complex  resemblances  and  differences  which  they  present, 
lead  us  to  the  conception  of  abstract  qualities.  We  learn 
to  think  of  one  object  as  not  only  different  from  another, 
but  as  differing  i^i  some  particular  point,  such  as  colour, 
or  weighty  or  size.  We  may  then  convert  points  of 
agreement  or  difference  into  separate  objects  of  thought 
called  qualities^  and  denoted  by  abstract  terms.  Thus 
the  term  redness  means  something  in  which  a  number 
of  objects  agree  as  to  colour,  and  in  virtue  of  which  they 
are  called  red.  Redness  forms,  in  fact,  the  intensive 
meaning  of  the  term  red. 

Abstract  terms  are  strongly  distinguished  from  general 
terms  by  possessing  only  one  kind  of  meaning ;  for  as 
they  denote  qualities  there  is  nothing  which  they  can  in 
addition  imply.  The  adjective  *  red '  is  the  name  of  red 
objects,  but  it  implies  the  possession  by  them  of  the 
quality  redness',  but  this  latter  term  has  one  single 
meaning — the  quality  alone.  Thus  it  arises  that  abstract 
terms  are  incapable  of  number  or  plurality.  Red  objects 
are  numerically  distinct  each  from  each,  and  there  are  a 
multitude  of  such  ol)jects ;  but  redness  is  a  single  exis- 
tence which  runs  through  all  those  objects,  and  is  the 
same  in  one  as  it  is  in  another.  It  is  true  that  we  may 
speak  of  rednesses,  meaning  different  kinds  or  tints  of 
redness,  just  as  we  may  speak  of  colours,  meaning  dif- 
ferent kinds  of  colours.     But   in   distinguishing   kuids, 

•  J.  S.  Mill,  *  System  of  Logic/  Book  I.  chap,  il  section  5.  Jevons' 
'Elementary  Lessons  in  Logic/  pp.  4^-43  ^  *Pure  Logic/  p.  6.  See 
also  Shedden's  *  Elements  of  Logic/  London,  1864,  pp.  14,  &c. 
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degrees,  or  otlicr  Jiflerences,  we  render  the  terms  su  far 
conerete.  In  that  tliey  are  merely  red  there  is  but  a  fl 
emgle  nature  in  red  objects^  and  so  far  as  things  are  ~ 
merely  coloured,  colour  is  a  single  indivisible  quality. 
KeJnesB,  su  far  as  it  is  rednet^s  merely,  is  one  and  the 
same  eveiy  where,  and  pussesses  absolute  oneness  or  unity. 
In  virtue  of  this  unity  we  acquire  the  power  of  treating 
all  instances  of  such  quality  as  we  may  treat  any  one. 
We  possess,  in  short,  general  knowledge. 


Substctntial  Terms. 

Logicians  appear  to  have  taken  very  little  notice  of  a 
large  chxss  of  terms  which  partake  in  certain  respects  of 
the  character  of  abstract  terms  and  yet  are  undoubtedly 
the  names  of  concrete  existing  things.  These  terms  are 
tlie  names  of  substances^  such  as  gold,  ciirbonate  of  lime, 
nitrogen,  &c.  We  cannot  speak  of  two  gokls,  twenty 
carbonates  of  lime,  or  a  hundred  nitrogens.  There  is  no 
such  distinction  between  the  parts  of  a  uniform  sub- 
stance its  will  allow  of  a  discrimination  of  numerous 
individuals.  The  qualities  of  colour,  lustre,  malleability, 
density,  &c*,  by  which  we  recognise  gold,  extend  through 
its  substance  irrespective  of  particular  size  or  shape.  So  ^ 
far  Jis  a  substance  is  gold,  it  is  one  and  the  same  every- 
wliere  ;  so  that  terms  of  this  kind,  whicli  I  propose  to  call 
sahstantial  terms^  possess  the  peculiar  unity  of  abstract  ^ 
terras*  Yet  they  are  not  abstract ;  for  gold  is  of  course  ^ 
a  tangible  visible  body,  entirely  concrete,  and  existing 
physically  independent  «:*f  utlier  bodies. 

It   is  only  when   we   break    up,  by  actual  mechanical 
division,  the  uniform  whole  which  forms   the  meaning  of 
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from  each  other,  either  by  tlieir  various  wlijipes  and  sizes, 
or,  in  the  absence  of  sucli  marks,  by  occupying  simul- 
taneously different  parts  of  space.  In  substance  Ihey  are 
one ;  as  regards  the  i>ropertie8  of  space  they  are  many. 
We  need  not  further  pursue  this  distinction  between 
unity  and  plurality  until  we  come  to  consider  the  prin- 
ciples of  number  in  a  subsequent  chaj)ter. 

Collective  Terms, 

We  must  clearly  distinguish  between  the  collective  and 
the  general  meaning  of  terms.  The  same  name  may  l>e 
used  to  denote  the  whole  body  of  existing  objects  of  a 
certain  kind,  or  any  one  of  those  objects  taken  separately. 
'  Man '  may  mean  the  aggregate  of  existing  men,  whicli  we 
sometimes  describe  as  mankind ;  it  is  also  the  general 
nanie  applying  to  any  man.  The  vegetable  kingdom  is 
the  name  of  the  whole  aggregate  of  j^)Z<ni/.y,  but  'plant' 
itself  is  a  general  name  aj)plying  to  any  one  or  other 
plant  Every  material  object  may  l>e  conceived  aa  divi- 
sible into  jiarts,  and  is  therefore  collective  as  regards 
those  parts.  The  animal  body  is  made  up  of  cells  and 
fibres,  a  crystal  of  molecules  ;  wherever  physical  division, 
or  as  it  has  been  called  jyaHition,  is  possible,  there  we 
deal  in  reality  with  a  collective  whole.  Thus  the  gieater 
number  of  general  terins  {ire  at  the  same  time  collective 
as  regards  each  individual  whole  which  they  denote. 

It  need  hardly  be  pointed  out  that  we  must  not  infer 
of  a  collective  whole  what  we  know  of  the  parts,  nor  of 
the  parts  what  we  know  only  of  the  whole.  The  relation 
of  whole  and  part  is  not  one  of  identity,  and  docs  not 
allow  of  substitution.  There  may  nevertheless  be  qualities 
or  circumstances  which  are  true  alike  of  the  whole  and  its 
parts.  Thus  a  number  of  organ  pipes  tuned  in  unison 
produce  an  aggregate  of  sound  which  is  of  exactly  the  simie 

D    2 


pitch  as  each  separate  sound.  In  the  case  of  substantial 
terms,  certain  qualities  may  be  present  equally  in  each 
minutest  part  els  in  the  whole.  The  chemiciii  nature  uf 
the  largest  mass  of  pure  carbonate  of  lime  in  existence  is 
the  same  as  the  nature  of  the  smallest  particle.  In  the 
case  of  abstract  terms,  again,  we  cannot  di"aw  a  distinction 
between  whole  and  part ;  what  is  true  of  redness  in  any 
case  is  always  true  of  redness,  so  far  as  it  is  merely  red. 


Synthesis  of  Terms, 

We  continually  combine  simple  terms  together  so  as  to 
form  new  terms  of  more  complex  meaning,  Tluis,  to 
increase  tlie  intension  of  meaning  of  a  terra  we  write  it 
with  an  adjective  or  a  phrase  of  adjectival  nature.  By 
joining  *  brittle'  to  *  metal/  we  obtain  a  combined  term, 
'brittle  metal,'  which  denotes  a  certain  portion  of  the 
metals,  namely  such  as  are  y elected  on  account  of  pos- 
sessing the  quality  of  hrittkiiess.  As  we  have  already  seen, 
'brittle  metal'  possesses  less  extension  and  greater  in- 
tensiun  than  metal.  Nouns,  prepositional  i)lira8es,  parti- 
cipial phraHCs  and  subordinate  propositions  may  also  be 
added  to  terms  so  as  to  increase  their  intension  and 
decrease  their  extension. 

In  our  symbolic  language  we  need  some  mode  of 
indicatmg  this  junction  of  terms,  and  the  most  convenient 
device  will  be  the  simple  juxtaposition  of  the  distinct 
letter-terma  Thus  if  A  mean  brittle,  and  B  mean  metal, 
then  AB  will  mean  brittle  metal.  Nor  need  there  be  any 
Emit  to  the  number  of  let  tern  thus  joined  together,  or  the 
complexity  of  the  notions  which  tliey  may  represent. 

Thus  if  we  take  the  letters 
P  =  metal, 
Q  =  white, 
R  =  monovalent, 
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S  =  of  specific  gravity  10*5, 

T  =  melting  above  lOooT, 

V  =  good  conductor  of  heat  and  electricity, 
then  we  can  form  a  combined  term  PQRSTV,  which  will 
denote  *a  white  monovalent   metal,  of  specific   gravity 
io'5,  melting  above  lOoo^'C,  and  a  good  conductor  of  heat 
and  electricity/ 

There  are  many  grammatical  rules  or  usages  concerning 
the  junction  of  words  and  phrases  to  which  we  need  pay 
no  attention  in  logic.  We  can  never  say  in  ordinary 
language  *of  wood  table,'  meaning  'a  table  of  wood/ 
but  we  may  consider  *of  wood'  as  logically  an  exact 
equivalent  of  *  wooden  * ;  so  that  if 

X  =  of  wood, 
Y  =  table, 
there  is  no  reason  why,  in  our  Ryml)ol8,  XY  shoul J  not  be 
the  correct  term  for  *  table  of  wood/  In  this  case  indeed 
we  might  substitute  the  corresj>onding  adjective  *  wooden,' 
but  we  should  often  fail  to  find  any  adjective  answering 
exactly  to  a  phrase.  There  is  no  single  word  which  could 
express  the  notion  *  of  specific  gravity  10*5  ' :  but  loj^ically 
we  may  consider  these  words  as  forming  an  adjective  ;  and 
denoting  this  by  S  and  metal  by  P,  we  may  say  that  SP 
means  *  metal  of  specific  gravity  10*5/  It  is  one  of  many 
advantages  in  these  blank  letter-symbols  that  they  enable 
us  completely  to  abstract  all  grammatical  peculiarities  and 
fix  our  attention  solely  on  the  purely  logical  relations 
involved.  Investigation  will  probably  show  that  the  rules 
of  grammar  are  mainly  founded  upon  traditional  usage 
and  have  little  logical  signification.  This  indeed  is  suffi- 
ciently proved  by  the  wide  grammatiail  differences  which 
exist  between  languages  where  the  logical  foundation  must 
be  the  same. 


Symbolic  Expression  of  the  Law  of  Contradiction, 


The  syntlie-sis  of  terms  is  subject  to  the  all-iDiportani 
Law  of  Tlitnight,  described  in  a  previous  section  {p.  6) 
and  called  the  Law  of  Contradiction.  It  is  self-evident 
that  no  quality  or  circunisfcance  can  be  both  present  and 
absent  at  the  same  time  and  place.  This  fundamental 
condition  of  all  thought  and  all  existence  is  expressed 
symbolically  by  a  rule  tliat  a  term  and  its  negative  shall 
never  be  allowed  to  come  into  combination.  Such  com- 
bined terras  as  Aa,  B&,  Cc,  &c,  are  self-contradictory  and 
devoid  of  all  meaning.  If  they  represented  any  tiling,  it 
would  l>e  what  cannot  exiftt,  and  cannot  even  be  imagined 
in  the  mind.  They  can  tlierefore  only  enter  into  our  con- 
sideration to  Bufter  immediate  exclusion.  The  criterion- 
of  ftilse  reasoning,  as  we  shall  find,  is  thnt  it  involves 
self-contradiction,  the  affirming  and  denying  of  the  same 
statement.  Thus  we  might  represent  the  object  of  all 
reasoning  as  the  separation  of  the  consistent  and  possible 
from  the  inconsistent  and  impossible  ;  and  we  cannot  make 
any  inference  without  bnplying  that  certain  combinations 
of  terms  are  contradictory  and  excluded  from  thought. 
To  conclude  that  'all  A's  are  Bs*  is  equivalent  to  the 
assertion  that  '  A*s  which  are  not  Bs  cannot  exist.' 

It  will  be  convenient  to  have  the  means  of  indicating 
this  exclusion  of  the  self-contradictory ;  and  we  may  use 
the  familiar  sign  for  nothing,  the  cipher  o.  Tims  the 
second  law  of  tliought  may  be  symbolised  in  the  forma 

Aa  ^  o        ABh  =  o        ABCa  —  o. 
We  may  variously  describe  the  meaning  of  o  in  logic  as 
the  non-existent y  the  impossible^  the  Sidf  inconsistent^  tlie 
inconceivahh'.     Close  analogy  exists  between  this  meaning 
and  its  mathematical  siifuifieation, 
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Certain  Special  Conditions  of  Logical  Symbols. 

In  order  that  we  may  argiio  and  infer  truly  we  must 
treat  our  logical  symbols  according  to  the  fimdamental 
laws  of  Identity  and  Difference.  But  in  thus  using  our 
symbols  we  shall  frequently  meet  with  combinations  of 
which  the  meaning  will  not  at  first  be  apparent.  In  some 
cafies,  for  instance,  we  may  learn  that  an  object  is  *  yellow 
and  round/  in  other  cases  that  it  is  *  round  and  vcUow ' : 
there  arises  the  question  whether  these  two  descrii>tion8 
are  identical  in  meaning  or  not.  Or  again,  if  we  proved 
that  an  object  was  *  roimd  round '  the  meaning  of  such  an 
expression  would  be  open  to  doubt.  Accordingly  we  must 
take  notice,  before  proceeding  further,  of  certain  special 
laws  which  govern  the  combination  of  logical  terms. 

In  the  first  place  the  combination  of  a  logiail  term 
with  itself  is  without  effect,  just  as  the  repetition  of  a 
statement  does  not  alter  the  meaning  of  the  statement : 
'  a  round  round  object '  is  sim])ly  *  a  round  object.'  What 
is  yellow  yellow  is  merely  yellow  ;  metallic  metals  cannot 
differ  from  metals,  nor  elementary  elements  from  elements. 
In  our  symbolic  language  we  may  similarly  hold  that  AA 
is  identical  with  A,  or 

A  =  AA  =  AAA  =  &c. 

The  late  Professor  Boole  Ls  the  only  logician  in  modern 
times  who  has  drawn  attention  to  this  remarkable  property 
of  logical  terms ^> ;  but  in  place  of  the  name  which  he  gave 
to  the  law,  I  liave  proposed  to  call  it  The  Law  of  Sim- 
plicity^. Its  high  importance  will  only  become  apparent 
when  we  attempt  to  determine  the  relaticms  of  logical  and 
niathematieal  science.    Two  symbols  of  quantity,  and  only 

^  *  Mathematical  Analysis  of  Logic,'  Cnnibridge,   1847,  P*   '7-     * -Aji 
Investigation  of  the  Ijuwb  of  Tliought/  Tx)n(lon,  1854,  p.  29. 
<^  *  Pure  Logic/  p.  1 5. 


two,  seem  to  obey  this  law  ;  we  may  say  that  i.i  =  i,  and 

o.o  =  o  (taking  o  to  mean  absolute  zero  or  i  —  i) ;  there 
is  apparently  no  otiier  number  which  cornbined  with  itself 
gives  an  unchanged  result,  I  shall  point  out,  however,  in 
the  chapter  upon  Number,  that  in  reaHty  all  numerical 
symbols  obey  this  logical  principle. 

It  is  curious  that  this  Law"  of  Simplicity,  though  almost 
unnoticed  m  modern  times,  was  kuowai  to  Boethiua,  who 
makes  a  singular  remark  in  liis  treatise  'De  Trinitate 
et  Unitate  Dei'  (p.  959).  He  says,  '  If  I  should  say  sun, 
sun,  sun,  I  should  not  have  made  three  suns,  but  I  should 
have  named  one  sun  so  many  times  ^^/  Ancient  discussions 
concerning  the  doctrine  of  the  Trinity  drew  more  atten- 
tion to  subtle  questions  concerning  the  nature  of  unity 
and  plurality  than  has  ever  since  been  given  to  them. 

It  is  a  second  law  of  logical  syml>ols  that  order  of 
combination  is  a  matter  of  indifference,  *  Rich  and  rare 
gems '  are  the  same  as  *  rare  and  ricli  gems,'  or  even  as 
'gems,  rich  and  rare/  Grammatical,  rhetorical  or  poetic 
usage  may  give  considerable  significance  to  order  of  ex- 
pression. The  limited  powder  of  our  minds  prevents  our 
grasping  many  ideas  at  once,  and  thus  the  order  of 
statement  may  produce  some  effect,  but  not  in  a  strictly 
logical  rnanncn  All  life  proceeds  in  the  succeasion  of 
lime,  and  we  are  obliged  to  wTite,  speak,  or  even  think  of 
tliingrt  tmt\  their  qualities  one  after  the  other ;  but  be- 
iwef n  ill*:  lliingH  and  their  qualities  there  need  be  no  such 
ll4al  inn  of  onhir  in  time  or  space.  The  sweetness  of  sugar 
{g  liMilluT  iH^loro  nor  sifter  its  w^eight  and  solubility.  The 
I^Anhi^w  f»r  II  MM'tal,  its  colour,  w-eight,  opax^ity,  mallea- 
^f^:^r  ^'•rit\o  Hud  (Jiifinical  properties,  are  all  coexistent 
^,  ,  »vii,  [MM  vridinjf  the  metal  and  every  part  of  it 
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in  perfect  community,  none  before  nor  after  the  others. 
In  our  words  and  symbols  we  ciinnot  obscTve  this  natural 
condition ;  we  must  name  one  quality  first  and  another 
second,  just  as  some  one  must  be  the  first  to  sign  a  petition, 
or  to  walk  foremost  in  a  procession.  In  nature  there  is 
no  such  precedence. 

A  little  reflection  will  show  that  knowledge  in  the 
higbest  perfection  would  consist  in  the  simultaueous 
possession  of  a  multitude  of  facts.  To  comprehend  a 
science  perfectly  we  should  have  every  fact  preHent  with 
every  other  fact.  We  must  write  a  book  and  we  must 
read  it  successively  word  by  word,  but  how  infinitely 
higher  would  be  our  powere  of  thouglit  if  we  could 
grasp  the  whole  in  one  collective  act  of  confK^iousness. 
Compared  with  the  brutes  we  do  possess  some  slight 
approximation  to  such  power,  and  it  is  just  conceivable 
that  in  the  indefinite  future  mind  may  acquire  a  vast 
increase  of  capacity,  and  be  less  restricted  to  the  piece- 
meal examination  of  a  subject.  But  I  wish  here  to 
make  plain  that  there  is  no  logical  foundation  for  the 
successive  character  of  thought  and  reasoning  imavoidable 
under  our  present  mental  conditions.  The  fact  that  we 
must  think  of  one  thing  first,  and  another  second,  is  a 
logical  weakness  and  imperfection.  We  must  describe 
metal  as  *  hard  and  opaque,'  or  '  opaque  and  hard,'  but 
in  the  metal  itself  there  is  no  such  difference  of  order ; 
the  properties  are  simultaneous  and  coextensive  in 
existence. 

Setting  aside  all  grammaticiil  peculiarities  which  render 
a  substantive  less  moveable  than  an  adjective,  and  dis- 
regarding any  meaning  indicated  by  emphasis  or  marked 
order  of  words,  we  may  state,  as  a  general  law  of  logic, 
that  AB  is  identical  with  BA. 

AB  =  BA 
ABC  =  ACB  =  BCA  =  &c. 


The  late  PTOfessor  Boole  first  drew  attention,  so  far  as 
I  know,  to  this  property  of  logical  terras,  and  he  called 
it  the  property  of  Commiitativeness^.  He  not  only  stated 
the  law  with  the  utmost  clearness,  but  pointed  out  that 
it  is  a  Law  of  Thought  luther  than  a  Law  of  Things, 
I  shall  have  in  various  parts  of  the  following  pages  to 
show  how  the  necessary  imperfection  of  our  symbols 
expressed  in  this  law  clings  to  our  modes  of  expression, 
and  introduces  coraplicfition  into  tlie  whole  body  of 
mathematical  formulae,  which  are  really  founded  on  a 
logical  basis. 

It  is  of  course  apparent  that  the  power  of  commutation 
belongs  oidy  t<j  terms  related  in  the  simple  logical  mode 
of  syrithesb?.  No  one  oin  confuse  *a  house  of  bricks/ 
with  •  bricks  of  a  house/  *  twelve  square  feet'  with  '  twelve 
feet  square,'  *the  water  of  crystallization*  with  'the 
cry«taUization  of  water/  All  relations  which  involve 
diiTerencea  of  time  and  space  are  inconvertible ;  the 
higher  must  not  be  made  to  change  place  with  the 
lower,  or  the  first  mth  the  last.  For  the  parties  con- 
mnied  there  is  all  the  difference  in  the  world  between  A 
killing  B  and  B  killing  A.  The  law  of  commutativeness 
mifiply  siEfmrtM  tliat  di  (Terence  of  order  does  not  attacli  to 
th<?  €5firiried.i<ju  between  the  prtjperties  and  circumstances 
of  E  tUiiig — to  wliat  I  shall  call  simple  logical  relations. 


*'  '  Liiws  uf  Thought/  p.  29, 


CHAPTER   III. 

PROPOSITIONS. 

We  now  proceed  to  consider  tlie  variety  of  forms  of 
propositions  in  whicli  the  tniths  of  science  must  be 
expressed.  I  shall  endeavour  to  show  that,  ho\vc»ver 
diverse  these  forms  may  be,  tliey  all  admit  the  aj)j>lication 
of  the  one  same  principle  of  influence,  that  what  is  true 
of  one  thing  or  circumstance  is  true  of  the  like  or  siune. 
This  principle  holds  true  whatever  be  the  kind  or  manner 
of  the  likeness,  jirovided  j)roper  regard  hv  had  to  its 
degree.  Propositions  may  assert  an  identity  of  time, 
space,  manner,  quantity,  degree,  or  any  other  circumstiince 
in  which  things  may  agree  or  differ. 

We  find  an  instance  of  a  proposition  concerning  time 
in  the  following  : — '  The  year  in  which  Newton  was  l)oni, 
was  the  year  in  which  Galileo  died.'  This  proposition 
expresses  an  approximate  identity  of  tune  l)etween  two 
events;  hence  whatever  is  true  of  the  year  in  which 
Galileo  died  is  true  of  that  in  which  Newton  wiis  born, 
and  vice  versd.  *  Tower  Hill  is  the  place  where  Tlaleigh 
was  executed'  expresses  an  identity  of  jJace  ;  and  what- 
ever is  true  of  the  one  spot  is  true  of  the  spot  otherwise 
defined,  but  in  reality  the  same.  In  ordinary  language 
we  have  many  propositions  obscurely  expressing  identities 
of  number,  quantity,  or  degree.  '  So  many  men,  so  many 
minds,'  is  a  proposition  ameer ning  number  or  an  equa- 
tion ;  whatever  is  true  of  the  number  of  men  is  true  of 
the  number  of  minds,  and  vice  vr.rsd.  '  The  density  of 
Mars  is  (nearly)  the  same  as  that  of  the  Earth,'  *  The  force 


of  gravity  is  directly  its  tlie  product  of  the  masses,  and 
inversely  as  the  square  of  the  distance/  are  propositions 
conceniing  magnitude  or  degree.  Lfjgicians  have  not  paid 
ade<:|uate  attention  to  the  great  variety  of  propositions 
wliich  can  be  stated  by  the  use  of  the  little  conjunction 
05,  together  with  so,  *  As  the  home  so  the  [>eopIe/  is  a 
proposition  expressing  identity  of  manner ;  and  a  great 
number  of  similar  propositions  all  indicating  some  kind  of 
resemblance  might  be  quoted.  Whatever  be  the  special 
kind  or  fonn  of  identity,  all  such  expressions  of  identity 
are  subject  to  the  great  principle  of  inference ;  but  as  we 
shall  in  later  parts  of  this  work  treat  more  partlcidarly 
of  inference  iu  cases  of  number  and  rangnitude,  we  will 
here  confine  our  attention  to  the  logical  propositions 
which  involve  only  notions  of  qiudity. 


Simjyle  Identities, 

ilie  most   important  class  of  propositions   consists   of 
thofks  wliich  fall  under  the  formula 

A  =  B, 

and  rn/iy  Ijc  called  .stjiip/e  tdfmtities.  I  may  iiiBtancc,  in 
tint  iirHi  place,  those  most  elementary  propositions  which 
eXUP'MH  tlie  lixact  similarity  of  a  quidity  encountered  in 
t^if  or  more  objects,  I  may  compare  by  memory  or 
|0||l4lfWM^^  the  colnur  nf  the  Pacific  ocean  with  that  of 
tJhfi  AiUliti*',  **nd  declare  them  identical.  I  may  assert 
ifmi  'Mm^  mmll  of  a  rotten  egg  is  that  of  hydrogen 
miil^iUW  Hli«  timto  of  silver  hyposulphite  is  that  of 
^,  r/ '  till)  Piound  of  an  eurtliquake  is  that  of  distant 

j^/'  Hw^U  nn^  prufiositions    stating,  acciurately  or 

^/^i  iU*^  hUiuihy  f*r  noii-ith?ritity  of  simple  physical 

i$ki  JwiffinittiiM  of  this  kind  aie  necessarily  pre- 

mimm^ii  }H  H¥*fni^nf\\Aif%  judgmi^ntH.      If  1  declare  that 
fflilljf/gi/^l^  i#;i^H/^i<i('((old/  I  iniiHt  Urn*  tlic^  judgment  upon 
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tiie  exact  likeness  of  the  substance  in  several  qualitios  to 
other  pieces  of  substance  which  are  imdoubtedly  of  gi>ld. 
I  must  make  a  judgment  of  the  colour,  the  sjxvitic 
gravity,  the  hardness,  soimd,  and  chemical  projierties; 
and  each  of  these  judgments  might  be  expre^i^'d  in  an 
elementary  proposition,  'the  colour  of  this  win  is  the 
colour  of  gold,'  and  so  on.  Even  when  wo  establish 
the  identity  of  a  thing  with  itself  under  a  differiMit 
name  or  aspect,  it  is  by  distinct  judgments  oonc^erning 
single  circumstancea  To  prove  that  the  Honierio  ^"^'^"V 
is  copper  we  must  show  the  identity  of  each  quality 
recorded  of  xa^<>*  with  a  quality  of  copper.  To  establisli 
Deal  as  the  landing-place  of  Caesar,  every  oircum^^tanoe 
must  be  shown  to  agree.  If  the  modern  \Vn>xotor  is 
the  ancient  Uriconium,  there  must  be  the  like  agrei^mont 
of  all  features  of  the  country  not  subject  to  alteration  by 
tima 

All  such  identities  may  be  expressed  in  the  form  A  =  B. 
We  may  say 

Colour  of  Pacific  Ocean  =  Colour  of  Atlantic  Ocean. 
Smell  of  rotten  egg  =  Smell  of  hydrogen  sidphido. 
In  these  and  similar  propositions  we  assert  identity  of 
single  qualities  or  sensations.     But  in  the  same  fonn 
we  may  express  identity  of  any  group  of  qualities,  as  in 

)^aXjco9  =  Copper. 

Deal  =  Landing-place  of  Coesar. 
A  multitude  of  propositions  involving  singular  terms  fall 
into  the  same  form,  as  in 

The  Pole  star  =  The  slowest-moving  star. 

Jupiter  =  The  greatest  of  the  planets. 

The  ringed  planet  =  The  planet  having  seven  satel- 
lites. 

The  Queen  of  England  =  The  Queen  of  India. 

The  number  two  =  The  even  piime  ninnber. 

Honesty  =  The  best  policy. 


Iti 


THE   PRINCIPLES  OF  SCIENCE, 


In  mEitbematicd  and  scientific  theories  we  often  i 
vnXh  simple  identities  capable  of  expression  in  the  same 
foiin.  Thus  in  mechanical  science  '  The  process  fur  finding 
the  resultant  of  forces  =  the  process  for  finding  the  re* 
siiltant  of  siinultaneons  velocities  ^^/  Theorems  in  geometry 
often  give  results  in  this  form,  as — 

Equilateral  triangles  =  Equiangular  triangles. 

Circle  =  Finite  plane  curve  of  constant  curvature. 

Circle  =  Curve  of  least  perimeter, 
Tlie  more  profound  and  important  laws  of  nature  are 
often  expressible  in  the  form  of  identities;  m  addition  to 
some   instances  which  have  already  been  given  I  may 
suggest— 

Ciystals   of  cubical  system  =  Crystals   incapable    of 
double  refraction. 
All  definitions  are  necessiuily  of  this  form  of  simple 
identity,  whether  the  objects  defined  be  many,  few,  or  sin- 
gular.    Thus  w^e  may  say — 

Commnn  salt  =  Sodium  chloride. 

Chlorophyl  — Green  colouring  matter  of  leaves. 

Square  =  Equal-sided  rectangle. 
It  is  an  extraordinary  fact  that  propositions  of  this 
elementary  form,  all-important  and  very  numerous  as 
tliey  are,  had  no  recognised  place  in  Aristotles  system  of 
Logic.  Accordingly  their  import<ince  wiis  overlooked  until 
very  recent  times,  and  logic  was  the  most  deformed  of 
sciences.  But  it  is  quite  impossible  that  Aristotle  or  any 
other  person  should  avoid  constantly  using  them  ;  not  a 
term  could  be  defined  without  theii*  use.  In  one  place  at 
least  Aristotle  actually  notices  a  proposition  of  the  kind. 
He  olisei'ves: — *  We  sometimes  say  that  that  white  thing 
is  Socrates,  or  that  the  object  approaching  is  Calhas**/ 
Hei'e  w^e  certainly  have  simple  identity  c4*  terms  ;  but  he 
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ft  Tljornsoo  nml  Tait»  •Tretitiiso  on  Natural  Philusophy/  vol.  i.  p.  182. 
Prior  AjuilyticSr'  L  cap.  xxvii.  3. 
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oonfiidered  such  propositions  purely  acculeiital,  and  canio 
to  the  extraordinary  conclusion,  that '  Singulars  aiiinot  bo 
predicated  of  other  terms/ 

Propositions  may  also  express  the  identity  of  extenHiv<5 
groups  of  objects  taken  collectively  or  in  one  connected 
whole  ;  as  when  we  say — 

'The  Queen,  Lords,  and  Commons  =  The  Legislature 
of  the  United  Kingdom/ 
When  Blackstone  asserts,  *The  only  true  and  natural 
foundation  of  society  are  the  wants  and  fears  of  iii<li- 
viduals/  we  must  interpret  him  as  meaning  that  the  whole 
of  the  wants  and  fears  of  individuals  in  the  iiggregate  form 
the  foundation  of  society.  But  many  proj)OsitionH  which 
might  seem  to  be  collective  are  but  groups  of  singular  j)ro- 
positions  or  identities.  When  we  say  '  Potassium  andsodium 
are  the  metallic  bases  of  pofcish  and  soda,'  we  obviously 
mean — 

Potassium  =  Metallic  base  of  potash  ; 

Sodium  =  Metallic  l>ase  of  soda. 
It  is  the  work  of  grammatical  analysis  to  separate  the 
various  propositions  often  combined  in  a  single  sentence. 
Logic  cannot  be  properly  required  to  interpret  the  forms 
and  devices  of  language,  but  to  treat  the  meaning  or 
information  when  clearly  exhilnted. 

Partial  Identities. 

However  numerous  and  important  may  l^e  propositions 
expressing  simple  identity  of  one  term  or  class  with 
another,  there  is  an  almost  equally  important  kind  of 
proposition  which  I  propose  to  call  a  partial  identity. 
When  we  say  that  *  All  mammalia  are  vertebrata/  we  do 
not  mean  that  mammalian  animals  are  identical  with 
vertebrate  animals,  but  only  that  the  mammalian  form  a 
part  of  the  class  vertebrata.  Such  a  proposition  was 
regarded  in  the  old  logic  as  asserting  the  indusion  of  one 
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class  in  another,  or  of  an  object  in  a  ckss.  It  was  called 
a  universal  affirmative  propasitioia,  because  the  attribute 
vertebrate  was  affirmed  of  the  whole  subject  unammalia ; 
but  the  attribute  was  said  to  be  iindutrihuied^  because 
not  all  vertebrata  were  of  necessity  involved  in  the  propo- 
sition. Aristotle,  overlooking  the  importance  of  simple 
identities,  and  indeed  almost  denying  their  existence,  un- 
fortunately founded  his  system  upon  the  notion  of  inclusion 
in  a  class,  in  place  of  identity.  He  regarded  inference  as 
resting  upon  the  rule  that  what  is  true  of  the  containing 

class  is  true  of  the  containedj  instead  of  the  vastlv  more 

»■' 

general  rule  that  what  is  true  of  a  class  or  thing  is  true 
of  the  like.  Thus  he  not  only  rednced  logic  to  a  fragment 
of  its  proper  self,  but  destroyed  the  deep  analogies  which 
bind  together  logical  and  mathematiad  reasoning.  Hence 
a  crowd  of  defects,  difficulties  and  errors  which  will  long 
distigure  the  fii'st  and  simplest  of  the  sciences. 

It  is  surely  evident  that  the  relation  of  inclusion  rests 
upon  a  relation  of  identity.  Mammalian  animals  cannot 
be  included  among  vertebrates  unless  they  be  identical 
with  part  of  the  vertebrates.  Cabinet  Ministers  are  in- 
cluded almost  always  in  the  class  Members  of  Parlia- 
ment, because  they  are  identical  with  some  who  sit  in 
Parliament.  We  may  indicate  tliis  identity  with  a  part 
of  the  larger  class  in  various  ways ;  as  for  instance^ — 

ManimaHa  =  part  of  the  vertebrata 

Diatoms  =  species  of  plants, 

Cabiiiet  Ministers  =  some  Members  of  Parliament* 

Iron  =  a  metal 
In  ordinary  language  the  verbs  is  or  are  express  mere 
inclusion  more  often  than  not.  Men  are  mortah,  means 
that  men  form  a  part  of  the  class  inoHal,  but  great  con- 
fusion exists  between  this  sense  of  the  verb  and  that  in 
which  it  expresses  identity,  as  bi '  The  sun  is  the  centre  of 
the  planetary  system/     The  introduction  of  the  indefinite 
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article  a  often  seems  to  express  partiality,  as  when  we  say 
*  Iron  is  a  metal '  we  clearly  mean  one  only  of  several 
metals. 

Certain  eminent  recent  logicians  have  proposed  to  avoid 
the  indefiniteness  in  question  by  what  is  called  the  Quan- 
tification of  the  Predicate,  and  they  have  generally  used 
the  little  word  some  to  show  that  only  a  part  of  the 
predicate  is  identical  with  the  subject^.  Some  is  an  in- 
determinate  adjective;  it  implies  unknown  qualities  by 
which  we  might  select  the  part  in  question  if  they  were 
known,  but  it  gives  no  hint  as  to  their  nature.  I  might 
make  extensive  use  of  such  an  indeterminate  sign  to 
express  partial  identities  in  this  work.  Thus,  taking  the 
special  symbol  y=some,  the  general  form  of  a  partial 
identity  would  be  A  =  VB,  and  in  Boole's  Logic  expres- 
sions of  the  kind  were  freely  used.  But  I  find  that 
indeterminate  symbols  only  introduce  complexity,  and 
destroy  the  beauty  and  simple  universality  of  the  system 
which  may  be  created  without  their  use.  A  vague  word 
like  8oms  is  only  used  in  ordinary  language  by  ellipsis, 
and  to  avoid  the  trouble  of  attaining  accuracy.  We  can 
always  substitute  for  it  more  definite  expressions  if  we 
like  ;  but  when  once  the  indefinite  some  is  introduced  we 
cannot  replace  it  by  the  special  description.  We  do  not 
know  whether  some  colour  is  red,  yellow,  blue,  or  what  it 
is ;  but  on  the  other  hand  red  colour  is  certainly  some 
colour ;  as  is  also  yellow,  blue,  &c. 

Throughout  this  system  of  logic  I  shall  usually  dispense 
with  all  such  indefinite  expressions ;  and  this  can  readily 
be  done  by  substituting  one  of  the  other  terms.  To 
express  the  proposition  '  All  As  are  some  B's '  I  shall  not 
use  the  form  A  =  VB,  but 

A  =  AB. 

c  'Elementary  Lessons  in  Logic,' p.  183.     ' Substitution  of  Similan/ 
p.  7 
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Tliis  formula  expresses  that  the  class  A  is  identical 
with  the  class  AB ;  and  as  the  latter  must  be  a  part  at 
least  of  the  class  B,.  it  implies  the  iiichision  of  the  class  A 
in  that  of  B.  Thus  we  might  represent  our  former  ex- 
ample thus — 

Mammalia  =  Mammahan  vertebrata. 

This  proposition  asserts  identity  between  a  part  of  the 
vertebrata  and  the  mammalia.  If  it  is  asked  What  part  ? 
the  propoBition  affords  no  answer  except  tliat  it  is  the 
part  which  is  manunalian  ;  but  the  assertion  *  mammalia  = 
s*jme  vertebrata'  tells  us  no  more. 

It  is  quite  likely  that  some  readers  may  think  this 
mode  of  representing  the  universal  affirmative  proposition 
of  the  old  logic  artificial  eind  complicated,  I  will  not 
undertake  to  convince  them  of  the  opposite  at  this  point 
of  the  system.  My  justification  for  it  will  be  found,  not 
in  the  immediate  treatment  of  this  proposition,  but  in 
Ae  general  harmony  which  it  enables  us  U^  discover 
between  all  parta  of  reasoning.  I  have  no  doubt  that 
thiH  is  the  point  of  critical  difficulty  in  the  relation  of 
lojpcal  to  other  forms  of  reasoning.  Grant  this  mode 
of  denoting  that  '  all  A's  are  B  s/  and  I  fear  no  further 
di/TimUties  ;  refuse  it,  and  we  find  want  of  analogy  and 
0lidlf!HH  complication  in  every  direction.  For  instance 
•^AriMt^itle,  in  accepting  inclusion  of  class  in  class  as 
ttui  fuiidiunental  relation  of  logic  j  was  at  once  obliged 
to  ijfnofe  the  exiBtenf^e  of  the  very  extensive  and  all- 
irnp/rtiuit  clann  of  propositions  denoting  the  similarity 
id  mm  UiiiJg  with  another.  It  is  on  general  grounds 
tliAt  1  hope  Ut  whow  overwhelming  reasons  for  seeking 
t/i  ViMUxm  fjvery  kind  of  jtroposition   to  the  form  of  an 

i  mny  uiUl  that  n'A  u  few  previous  logicians  have 
aceiilitAMJ  thin  viitw  of  the  univerHu!  afhrmative  proposition. 
liiMAc    ufUiJi    iTiijiloyed    thiH    mode    of   expression,    and 
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Spalding <1  distinctly  says  that  the  proponition  *}ill  nu'tulK 
are  minerals'  might  be  descril>ed  as  an  uPHertion  o\* paHud 
identity  between  the  two  clasRCH.  Heuco  the  name  which 
I  have  adopted  for  the  proposition. 

Limited  Identities. 

A  highly  important  class  of  propositionH  tiavo  thr 
general  form 

AB  =  AC. 
expressing  the  identity  of  the  clui^H  AB  with  the  v\\\hh  A(  \ 
In  other  words,  '  Within  the  sphere  of  the  cIiish  of  thingH 
A,  all  the  B's  are  all  the  C  s/  or  •  The  B'h  and  C  s,  which 
are  A's,  are  identical/  But  it  will  l)e  obncrved  that  nothing 
is  asserted  concerning  thingH  which  are  outHido  of  the 
class  A ;  and  thus  the  identity  is  of  limited  extent.  It  iH 
the  proposition  B  =  C  limited  to  the  sphere  of  the  cIuhh  A. 
Thus  if  we  say 'Plants  are  devoid  of  locomotive  pow(jr/ 
we  must  limit  the  statement  to  large  plantH,  since  minui<; 
microscopic  plants  often  have  very  remarkal)le  powerH  of 
motion.  When  we  say  'Metals  possess  metallic  lustre/  wc^ 
mean  in  their  uncombined  state. 

A  barrister  may  make  numlxirs  of  most  general  state- 
ments concerning  the  relations  of  persons  an<l  things  in 
the  course  of  an  arginnent,  but  it  is  of  course  to  be  under- 
stood that  he  speaks  only  of  persons  and  things  undcir  the 
English  Law.  Even  mathematicians  make  sfcitcments 
which  are  not  true  with  absolute  generality.  They  say 
that  imaginary  roots  enter  into  equations  by  pairs  ;  but 
this  is  only  true  under  the  tacit  condition  that  the 
equations  in  question  shall  not  have  imaginary  coefficients.*' 

d  *  EncyclopaBdia   Britannica/  Eighth  Ed.  art.   Logic,  sect.  37,  note. 
8vo  reprint,  p.  79. 

«  De  Morgan  *  On  the  Root  of  any  Function.*  Cambridge  Philosophical 
Transactions,  1867,  vol.xi.  p.  25. 
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Tlie  universe,  in  short,  witliin  which  they  habitually  dis- 
courwe,  is  that  of  equations  with  real  coefficients.  These 
tm plied  limitations  form  part  of  that  great  mass  of  tacit 
knowledge  which  accompanies  all  special  arguments. 

It  is  worthy  of  inquiry  whether  almost  all  identities 
are  not  really  limited  to  an  implied  sphere  of  meaning. 
When  we  make  such  a  plain  statement  as  '  Gold  is  mal- 
leable '  we  obviously  epeak  of  gold  only  in  its  sohd  state  ; 
when  we  say  that  '  Mercury  is  a  liquid  metal '  we  must 
be  understood  to  exclude  the  frozen  condition  to  which  it 
may  be  reduced  in  the  Arctic  regions.  Even  when  we 
take  such  a  fundamental  law  of  nature  as  *  All  substances 
gravitate/  we  must  mean  by  substance,  material  sub- 
Htance,  not  including  that  basis  of  heat,  Hght  and  electrical 
undulations  which  occupiee  space  and  popsesses  many 
mechanical  properties,  but  not  gravity.  The  proposition 
thim  m  really  of  the  form 

Material  substance  =  Material  gravitating  substance. 

To  De  Morgan  is  due  the  remark,  that  we  do  usually 
\knnk  Jiriid  argue  in  a  limited  universe  or  sphere  of  notions 
§^m  when  it  is  not  expressly  stated  *'. 

Negative  Propositions. 

ttl  9f^  wt  of  intellect,  as  we  have  seen,  we  are  en- 
wJtl*   a  certain   degi^ee  of  identily  or  difference 
iAtriHin  things  or  sensations  compared  together. 
^i  I     Imve    treated    only   of  identities  ;    and  yet 

)^  MAwin   UiJit  the  relation  of  difference  must  be 

};  ;    mtpf^    cr/mnion    than    that  of   likeness.      One 

M/M^  **^*^y  rmiUihh  a  great  many  other  things,  but 
Mm'I^  '  ' '*  ^'  ?H  all  remaining  tilings  in  the  world. 
|ijif»  >  I  My  umy  almost  be  said  to  constitute 

j^  II  Ui  tboiight  wimt  motion  is  to  a  river.     The 

f  *HfU§hm  Mf  #  Vmimiid  Hyui^m  yf  Logic,'  ^  122,  123. 


very  perception  of  an  object  involves  its  (llBcriminallou 
I  from  all  other  objects*  But  we  may  nevertheless  be  said  \ 
to  detect  resemblance  as  often  as  we  detect  difference. 
We  cannot,  in  fact,  assert  the  existence  of  a  difference, 
without  at  the  same  time  implying  the  existence  of  an 
agreement 

If  I  compare  mercurj%  for  instance,  with  other  metals^ 
and  decide  that  it  is  not  solid,  here  is  a  difference  between 
mercurj^  and  solid  things,  expressed  in  a  negative  propo- 
sition ;  but  there  must  be  implied,  at  the  same  time,  an 
agreement  between  mercury  and  the  other  substances 
whicli  are  not  solid.  As  it  is  imptissible  in  the  alphabet 
to  separate  the  vowels  from  the  consonants  without  at 
the  same  time  separating  the  consonants  from  the  vowels, 
so  I  cannot  select  as  the  object  of  thought  solid  things, 
without  thereby  throwing  together  into  another  class  all 
things  which  are  not  solid.  The  very  fact  of  not  possess- 
ing a  quality,  constitutes  a  new  quality  or  circumstance 
which  may  equally  be  the  ground  of  judgment  and  classi- 
fication. In  this  point  of  view,  agreement  and  difference 
lare  ever  the  two  sides  of  the  same  ;ict  of  intellect,  and  it 
f becomes  equally  possible  to  express  the  same  judgment  in 
the  one  or  other  aspect 

Between  affirmation  and  negation  there  is  accordingly 
a  perfect  balance  or  equilibrium.  Every  affirmative  propo- 
.sition  implies  a  negative  one,  and  vice  vei^sd.  It  is  even 
.matter  of  indifference,  in  a  logic^il  point  of  view,  whether 
a  positive  or  negative  term  be  used  to  denote  a  given 
juality  and  the  class  of  things  possessing  it.  If  the 
ordinary  stfite  of  mans  body  be  called  good  health,  then  in 
rther  circumstances  he  is  said  not  to  he  in  good  health  ; 
but  we  might  equally  describe  him  in  the  latter  state  as 
sickly,  and  in  his  normal  condition  he  would  be  not  sickly. 
lAnimal  and  vegetable  substances  are  now  called  organic, 
that  the  other  siibstances,  forming  an  immensely  greater 


^mfi  tf(  iUe  globe,  are  descrilied  negatively  as  inorganic. 
Hut  wc  luiglit^  with  at  least  equal  logical  correctness^ 
iillV#  dmonhed  the  preponderating  class  of  substances  as 
rndfymdi  aiid  then  vegetable  and  animal  substances  would 
hav0  been  nonrmineraL 

It  in  plain  that  any  positive  term,  and  its  corresponding 
negative  divide  between  them  the  whole  universe  of 
thought :  whatever  does  not  fall  into  one  must  fall  into 
the  other,  by  the  third  fundamental  Law  of  Thought, 
tlie  Law  of  Duality.  It  follows  at  once  that  there  are 
two  modee  of  representing  a  difference.  Suppose  that 
the  tilings  or  classes  represented  by  A  and  B  are  found 
to  difler,  we  may  indicate  the  result  of  the  judgment  by 
the  notation  (see  p.  20) 

A-B. 

But  we  may  now  represent  the  same  judgment  by  the 
awertion  that  A  agrees  with  those  things  whicli  differ  from 
B,  or  that  A  agrees  with  the  not-B's.  Using  our  notation 
for  negative  terms  (see  p.  !/),  we  obtain 

A  =  A6 
rtiB  th<i  pxfireHHion  of  the  ordinary  negative   proposition. 
*tUm  If  Wf*  take  A  to  mean  quicksilver,  and  B  solid,  then 
W^  h«ri>  ihp  follMwing  proposition:  — 

QumkniWev  =  Quicksilver  not-solid. 

*ttiltfl»  iUHf  '•'l*^  ^  several  other  classes   of  negative 

,^  ,ff  whiHi  no  notice  was  taken  in  the  old  logic, 

IV  •  whore  all  As  are  not-Bs,  and  at  the 

^, ,  r/n  ft  re  A's;  there  may,  in  short,  be  a 

f^t  hrtu'iTi   A   and   not-B,  which   may  be 

A  ^  //. 
.-..!,. .1   *.r  liA,*  foffri  would  l>e 

t,r  lAfHlrkiiy  =  non-electrioB. 
^  ,  (>H(iMM»tly    liave   to   deal  as  results  of 
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deduction,  with  fiimple,  partial,  or  limited  identities  be- 
tween negatiye  terms,  in  the  forms 

a  =  6,  a=:ab,  aC  =  6C. 

It  would  be  equally  possible  to  represent  affirmative 
propositions  in  the  negative  form.  Thus  '  Iron  is  solid,' 
might  be  expressed  as  *  Iron  is  not  not-solid,'  or '  Iron  is  not 
fluid';  or,  taking  A  and  b  for  the  terms  'iron,'  and  'not -solid,' 
the  form  would  be 

A-6. 

But  there  are  very  strong  reasons  why  we  should  em- 
ploy all  propositions  in  their  affirmative  form.  All  infer- 
ence proceeds  by  the  substitution  of  equivalents,  and  a 
proposition  expressed  in  the  form  of  an  identity  is  ready 
to  yield  all  its  consequences  in  the  most  direct  manner. 
As  will  be  more  fully  shown,  we  can  infer  in  a  negative 
proposition,  but  not  by  it.  Difference  is  incapable  of 
becoming  the  ground  of  inference  ;  it  is  only  the  implied 
agreement  with  other  differing  objects,  which  admits  of 
deduction ;  and  it  will  always  be  found  advantageous  to 
employ  propositions  in  the  form  which  exhibits  clearly  all 
the  implied  agreements. 

Conversion  of  Propositions. 

The  old  books  of  logic  contain  many  rules  concerning 
the  conversion  of  propositions,  that  is,  the  transposition 
of  the  subject  and  predicate  in  such  a  way  as  to  obtain 
a  new  proposition  which  will  be  equally  true  with  the 
original.  The  reduction  of  every  proposition  to  the 
form  of  an  identity  renders  all  such  rules  and  processes 
needless.  Identity  is  essentially  reciprocal.  If  the  colour 
of  the  Atlantic  Ocean  is  the  same  as  that  of  the  Pacific 
Ocean,  that  of  the  Pacific  must  be  the  same  as  that  of 
the  Atlantic.  Sodium  chloride  being  identical  with 
common  salt,  common  salt  must  be  identical  with  sodium 


chloride.  If  the  number  of  windows  in  Salisbury 
Cathedral  equals  the  number  of  days  in  the  year,  the 
number  of  days  in  the  year  must  equal  the  number  of 
the  windows.  Lord  Chesterfield  was  not  wrong  when 
he  said,  'I  will  give  anybody  their  choice  of  these  two 
truths,  which  amount  to  the  same  thing ;  He  who  loves 
himself  best  is  the  honestest  man ;  or,  The  honestest  man 
loves  himself  best  ^  /  Scotus  Erigena  exactly  expresses  this 
reciprocal  character  of  identity  in  saying,  'There  are  not 
two  studies,  one  of  philoBophy  and  the  other  of  religion ; 
true  philosophy  is  true  religion,  and  true  religion  is  true 
philosophy.' 

A  mathematician  would  not  think  it  worth  mention 
that  if  x  =  y  then  also  ij:^x.  He  would  not  consider 
these  to  be  two  equations  at  all,  but  one  same  equation 
accidentally  written  in  two  different  manners.  In  written 
symbols  one  of  two  names  must  come  fimt,  and  the  other 
second,  and  a  like  succession  must  perhaps  be  observed  in 
our  thoughts :  but  in  the  relation  of  identity  there  is  no 
need  for  succession  in  order  :  each  is  simultaneously  equal 
and  identical  to  the  other.  These  remarks  will  hold  true 
equdly  of  logical  and  mathematical  identity;  so  that  I 
shall  consider  the  two  forms 

A=;B  and  B^A 
to  express  exactly  the  same  identity  differently  written* 
All  need  for  rules  of  conversion  disappears,  and  there 
will  be  no  single  proposition  in  the  system  which  may 
not  be  written  with  either  terra  foremost.  Thus  A  =  AB 
is  the  same  as  AB  =  A,  AB  =  AC  as  AC  =  AB,  and  so  on. 

The  same  remarks  are  partially  true  of  differences  or 
inequalities,  which  are  also  reciprocal  to  the  extent  that 
one  thing  cannot  differ  from  a  second  without  the  second 
differing   from    the   first.      Mara   differs    in  colour   from 
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Venus,  and  Venus  must  differ  from  Mars.     The  Earth 
differs  from  Jupiter  in  density;  therefore  Jupiter  must 
differ  from  the  Earth.     Speaking  generally,  if  A  ^  B  we  i 
shall  also  have  B  ^  A,  and  these  two  fonns  may  be  con- 
sidered   expressions   of   the    same   difference.      But   the 
reader  will  notice  that  the  relation  of  difiering  things  1 
is  not  wholly  reciprocaL     The  density  of  Jupiter  does 
not  differ  from  that  of  the  Earth  in  the  same  way  that 
that  of  the  Earth  differs  from  that  of  Jupiter,    The  change 
of  sensation  which  we  experience  in  passing  from  Venua  | 
to  Mars  is  not  the  same  as  what  we  experience  in  passing  I 
back   to   Venus,  but  just   the  opposite    in  nature.     The] 
colour  of  the  sky  is   lighter   than   that  of  the   ocean ; 
therefore  that  of  the  ocean  cannot  be  lighter  than  tliat 
of  the  sky,  but  darker.     In  these  and  all  similar  cases 
we   gain  a  notion   of  direction  or  character  of  change, 
and  results  of  immense   importance  may   be   shown   to 
rest    on    this    notion.      For   the    present   we    shall   he 
concerned   with   the   mere   fact   of  identity  existing  or 
not  existing. 


b 


Twofold  Interpretation  of  Propositions. 


Terms,  as  we  have  seen  (p.  31),  may  have  a  meaning 
either  in  extension  or  intension ;  and  according  as  one 
or  the  otlier  meaning  is  attributed  to  the  terms  of  a 
proposition,  so  may  a  different  interpretation  be  assigned 
to  the  proposition  itself.  When  the  terms  are  abstract 
we  must  read  them  in  intension,  and  a  proposition  con- 
necting such  terms  must  denote  the  identity  or  non- 
identity  of  the  qualities  respectively  denoted  by  the 
term&     Thus  if  we  say 

Equality  =  Identity  of  magnitude, 
Lthe  assertion  means  that  the  circumstance  of  being  equal 
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exactly  corresponds  with  the  circumstance  of  being  iden- 
tical in  magnitude.     Similarly  in 

Opacity  —  Incapability  of  transmitting  ligbt, 
the  quiJity  of  being  incapable  of  transmitting  light  is 
declared  to  be  the  same  as  the  intended  meaning  of  the 
word  opacity. 

When  general  names  form  the  terms  of  a  proposition 
we  may  apply  a  double  interpretation.     Thus 

Exogens  =  Dicotyledons 
means  either  that  the  qualities  which  belong  to  all  exo- 
gens are  the  same  as  those  which  belong  to  all  dicotyle- 
dons, or  else  that  every  individual  falling  under  one  name 
falls  equally  under  the  other.  Hence  it  may  be  said  that 
there  are  two  distinct  fields  of  logical  thought.  We  may 
argue  either  by  the  qualitative  meaning  of  names  or 
by  the  quantitative,  that  is,  the  extensive  meaning. 
Every  argument  involving  concrete  plural  terms  might 
be  converted  into  one  involving  only  abstract  singular 
terms,  and  vice  versd.  But  there  are  many  reasons  for 
Ijelieving  that  the  intensive  or  qualitative  form  of  reason- 
ing is  the  primary  and  fimdamenttd  one.  It  is  sufficient 
to  point  out  that  we  may  use  abstract  terms  which  contain 
no  reference  to  an  extensive  meaning ;  and  when  there 
is  a  mode  which  we  nuist  sometimes  and  may  always 
adopt,  it  is  higher  in  importance  than  a  mode  which  we 
never  need  adopt  necessarily. 
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CHAPTER  IV. 


DEDUCTIVE   REASONING. 


The  general  principle  of  inference  having  been  ex- 
plained in  the  previous  chapters,  and  a  suitable  system 
of  symbols  provided,  we  have  now  before  us  the  com- 
paratively easy  task  of  tracing  out  the  most  common  and 
important  forms  of  deductive  reasoning.  The  general 
problem  of  deduction  is  as  follows : — From  one  or  more 
propositions  called  premises  to  draw  such  other  proposi- 
tions as  will  necessarily  he  true  when  the  premises  are 
true.  By  deduction  we  investigate  and  unfold  the  in- 
formation contained  in  the  premises ;  and  this  we  can  do 
by  one  single  rule — For  any  term  occurring  in  any  j^ro- 
position  or  expression  substitute  the  expression  which  is 
asserted  in  any  premise  to  be  identical  with  it.  To  obtain 
certain  deductions,  especially  those  involving  negative 
conclusions,  we  shall  require  to  bring  into  use  the 
second  and  third  Laws  of  Thought,  and  the  process  of 
reasoning  will  then  be  called  Indirect  Deduction,  In  the 
present  chapter,  however,  I  shall  confine  my  attention  to 
those  results  which  can  be  obtained  by  the.  process  of 
Direct  Deduction^  that  is,  by  applying  to  the  premises 
themselves  the  rule  of  substitution.  It  will  be  foimd 
that  we  can  combine  in  one  harmonious  system,  not  only 
the  various  moods  of  the  ancient  syllogism,  but  a  great 
number  of  equally  important  forms  of  reasoning,  which  had 
no  distinct  place  in  the  old  logic.  We  can  at  the  same 
time  dispense  entirely  with  the  elaborate  apparatus  of 
logical  rules  and  mnemonic  lines,  which  were  requisite 
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80  long  as  the  vital  principle  of  reasoning  was  not  clearly 
expressed* 

Immediate  Inference. 

Probably  the  simplest  of  all  forms  of  inference  is  that 
which  haa  been  called  Immediate  Inference^  because  it 
can  be  performed  upon  a  single  proposition.  It  consists 
in  joining  an  adjective,  or  other  qualifying  clause  of  the 
same  nature,  to  both  sides  of  an  identity,  and  asserting 
the  equivalence  of  the  terms  thus  produced.  For  instance, 
since 

Conductors  of  electricity  =  Non-electrics, 
it  follows  that 

Liquid  conductors  of  electricity  =  Liquid  non-electrics. 
If  we  suppose  that 

Plants  —  Bodies  decomposing  carbonic  acid, 

it  follows  that 

Microscopic  plants  =  Microscopic  bodies  decomposing 
carbonic  acid. 
In  general  symbols,  from  the  identity 

A  =  B 
we  can  infer  the  identity 

AC=.Ba 
This  is  but  a  case  of  plain  substitution ;  for  by  the  first 
Law  of  Thought  it  must  be  admitted  that 

AC^AC, 
and  if  in  the  second  side  of  this  identity  we  substitute 
for  A  its  equivalent  B,  we  obtain 

AC^Ba 
In  like  manner  from  the  partial  identity 

A  =  AB 

we  may  obtain 

AC -ABC 

by  an  exactly  similar  form  of  substitution  ;  and  in  every 
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other  case  the  rule  will  be  foimd  capable  of  verificatiou  by 
the  principle  of  inference.  The  process  when  performed  as 
here  described  will  be  found  free  from  the  liability  to 
error  which  T  have  shown  ^  tu  exist  in  Immediate  Inference 
by  added  Determinants,  as  described  by  Dr,  Thomson*', 


Inference  with  Two  Simple  Ideniitiea^ 

One  of  the  most  common  formB  of  inference,  and  one  to 
which  I  shall  especially  direct  attention,  is  practised  with 
two  simple  identities.  From  the  two  statements  that 
*  London  is  the  capital  of  England'  and  'London  is  the 
most  populous  city  in  the  world,*  we  instantaneously  draw 
the  conclusion  that  *  The  capital  of  England  is  the  most 
populous  city  in  the  world.'  Similarly,  from  the  identities 
Hydrogen  —  Substance  of  least  density 
Hydrogen  =  Substance  of  least  atomic  weight, 

we  infer 

Substance  of  least  density  =  Substance  of  least  atomic 
weight 
The  general  form  of  the  argument  is  exhibited  in  tlje 
symbols 

B  =  A  (I) 

B=C  (2) 

hence  A  =  C.  (3) 

We  may  describe  the  result  by  saying  that  terms 
identical  with  the  same  term  are  identical  with  each 
other ;  and  it  is  impossible  to  overlook  the  analogy  to  the 
first  axiom  of  Euclid  that  '  things  equal  to  the  same  thing 
are  equal  to  eiicli  other/  It  lias  been  very  commonly  sup- 
posed that  this  was  a  fundamental  principle  of  thought 
incapable  of  reduction  to  anything  simpler.  But  I  enter- 
tain no  doubt  that  this  form  of  reasoning  is  only  one  case 

*  *  Elementiiry  Leeaons  id  Logic/  p.  %6, 
^  '  Outline  of  the  Laws  of  Thought/  §  87, 


I 


of  the  general  rule  of  inference.  We  have  two  propo- 
Bitions,  A  =  B  and  B  =  Cj  and  we  may  for  a  raoment  con- 
sider the  second  one  as  affirming  a  truth  concerning  B 
while  the  former  one  mforms  us  that  B  is  identical  mth 
A  ;  hence  by  substitution  we  may  affirm  the  same  trutli 
H  of  A.  It  happens  in  tins  particular  form  that  the  truth 
affirmed  is  identity  to  C,  and  we  might,  if  we  had  preferred, 

I  have  coneidered  the  substitution  as  made  by  means  of  the 
second  identity  in  the  first.  Having  two  identities  we 
have  a  choice  of  the  mode  in  which  we  wnll  make  the 
fiubetitution,  though  the  result  is  exactly  the  same  in 
either  case* 

Now  compare  the  tlu'ee  following  formulae 
(i)         A^B^C  hence  A-C 
(a)         A  =  B-C  hence  A -C 
(3)         A  -^  B  ^  C,  no  inference » 
lu  the  second  formula  we  have  an  identity  and  a  difier- 
ence,  and  we  are  able  to  infer  a  difference ;  in  the  third 
wc   have  two  differences   and  are  unable  to  make  any 
ifif«;rence  at  all*     Because  A  and  C  both  differ  from  B,  we 
r-annot  tell  whether  they  will  or  will  not  differ  fixjm  each  ^J 
i/ther.     The  flowers  and  leaves  of  a  plant  may  both  differ ^^ 
in  colour  from  the  earth  in  which  the  plant  grows,  and       " 
[  yet  they  may  difier  from  each  other  ;  in  other  cases  the 
I  and  stem  may  both  differ  from  the  soil  and  yet  agree 
jh  other.     Where  we  have  difference  only  we  can 
iimlu!  no  mference  ;  where  we  have  identity  we  can  infer. 
Thin  jWrt  gives  great  countenance  to  my  assertio!i  that 
iufr  prrn^eeds  always  through  an  identity,  but  may 

\ft  .:. :td\y  eftected  in  a  difference  or  an  identity. 

Ihif^mUig  a  more  complete  discussion  of  this  point,  I 

will    Mlily   rnifntion    now   that    argiunents    from   double 

idiiUilty   tHV'Ht  very  frc(piently,   and    are  usually  taken 

f^y   .M'it.ii.4  rawing  to  their  extreme  simphcity.     In  the 

j|.i  y  iff  Wfirdn  it  muwt  be  constantly  employed.     ^^ 
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the  ancient  Greek  -j^oKko^  is  our  copper ^  then  it  must  be 
the  French  cuivre^  the  German  kupfer,  the  Latin  cuprum^ 
because  ^these  are  words,  in  one  sense  at  least,  equivalent 
to  copper.  Whenever  we  can  give  two  definitions  or 
expressions  for  the  same  term,  the  formula  applies  ;  thus 
Senior  defined  wealth  as  '  whatever  is  transferable,  limited 
in  supply,  and  productive  of  pleasure  or  preventive  of 
pain;'  it  is  also  equivalent  to  'whatever  has  value  in 
exchange ;'  hence  obviously  *  Whatever  has  value  in  ex- 
change* =' Whatever  is  transferable,  limited  in  supply,  and 
productive  of  pleasure  or  preventive  of  pain/  Two  ex- 
pressions for  the  same  term  are  often  given  in  the  same 
sentence,  and  their  equivalency  implied.  Thus  Thomson 
and  Tait  say^  '  The  naturalist  may  be  content  to  know 
matter  as  that  which  can  be  perceived  by  the  senses,  or  as 
that  which  can  be  acted  upon  by  or  can  exert  force.'  I 
take  this  to  mean — 

Matter = what  can  be  perceived  by  the  senses ; 

Matter  =:  what  can  be  acted  upon  by  or  can  exert  force. 
For  the  term  *  matter*  in  either  of  these  identities  we 
may  substitute  its  equivalent  given  in  the  other  definition. 
Elsewhere  they  often  employ  sentences  of  the  form  exem- 
plifiedjin  the  following*^;  *  The  integral  curvature,  or  whole 
change  of  direction  of  an  arc  of  a  plane  curve,  is  the  angle 
through  which  the  tangent  has  turned  as  we  pass  from 
one  extremity  to  the  other.'  This  sentence  is  certainly  of 
the  form— 

The  integral  curvature  =  the  whole  change  of  direction, 

&c.  =  the  angle  through  which  the  tangent  has 

turned,  &c. 

Disguised  cases  of  the  same  kind  of  inference  occur 

throughout   all   sciences,    and   a  remarkable   instance   is 

found    in    algebraic   geometry.     Mathematicians   readily 

c  *  Treatise  on  Natural  Philosophy,'  vol.  i.  p.  i6i. 
*l  Ibid.  vol.  i.  p.  6. 


tiiat  every  equation  of  the  form  y  =  mx  +  c  is  ^ 
a^ldnleiit  to  or  represented  by  a  straight  line  ;  it  is  also 
tttSj  proved  that  the  same  equation  is  equivalent  to  one 
of  tiie  fonn  Asc  +  By-i- C  =  o,  and  vice  versd.  Hence  it 
followB  that  every  equation  of  the  first  degree  is  equivalent 
to  or  represents  a  straight  line  ^. 

Inference  with  a  Simple  and  a  Partial  Identity. 

A  form  of  reasoning  somewhat  different  from  tliat  last 
ooBflidered  consists  in  inference  between  a  simple  and  a 
partial  identity.  If  we  have  two  propositions  of  the 
form 

I,  A-B, 

'  B  =  BC, 

we  may  then  substitute  fur  B  in  either  proposition  its 
equivalent  in  the  other,  getting  in  botli  cases  A  =:  BC ; 
in  this  we  may  if  we  like  make  a  second  substitution  for 

B,  getting 

A  =  AC. 

f  Thus,  since  *Mont  Blanc  'm  the  highest  mountain  in 
Europe,  mucI  Mont  Bhmc  is  deeply  covered  with  snow/  we 
infer  by  an  obviouH  substitution  that  *  The  highest  moun- 
tain in  Europe  is  deeply  covered  with  snow/  These  pro- 
positions when  rigorously  stated  fall  into  the  form  above 
exhibited. 

^     Tliis  form  of  inference  is  constantly  employed  when  for 

'a  term  wo  substitute  its  definition,  or  vice  versd.  The 
very  purpose  of  a  defiidtion  is  in  fact  to  allow  a  single 
term  to  be  employed  in  place  of  a  long  descriptive  phrase. 
Thus  wdien  we  say  *  Circles  are  ciu^ves  of  the  second 
degree/  we  may  substitute  the  definition  of  a  circle, 
getting  '  A  plane  cm^ve,  all  points  of  whose  perimeter  are 
at  equal  distances  from  a  certain  fixed  point,  is  a  curve  of 

B       «  Todbuiiter'0  *  Plane  Co-ordiuate  Geometry/  chap.  ii*  pp.  1 1-14. 
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the  second  degree/  The  real  forms  of  the  propositions 
here  given  axe  exactly  those  shown  in  the  symbolic  state- 
ment, but  in  this  and  many  other  cases  it  will  be  sufficient 
to  state  them  in  ordinary  elliptical  language  for  sake  of 
brevity.  In  scientific  treatises  a  term  and  its  definition 
are  often  both  given  in  the  same  sentence,  as  in  'The 
weight  of  a  body  in  any  given  locality,  or  the  force  with 
which  the  earth  attracts  it,  is  proportional  to  its  mass.* 
The  conjunction  or  in  this  statement  gives  the  force  of 
equivalence  to  the  parenthetic  definition,  so  that  the 
propositions  really  are 

Weight  of  a  body  =  force  with  which  the  earth  at- 
tracts it. 

Weight  of  a  body  =  weight,  &c.  proportional  to  its 
mass* 

A  slightly  different  case  of  inference  consists  in  sub- 
stituting in  a  proposition  of  the  form  A  =  AB  a  defi- 
nition of  the  term  B.  Thus  from  A  =  AB  and  B  =  C 
we  get  A  =  AC.  For  instance,  we  may  say  that  *  Metals 
are  elements'  and  *  Elements  are  incapable  of  decompo- 
sition.' 

Metal  =  metal  element. 

Element  =  what  is  incapable  of  decomposition. 

Hence 

Metal  =  metal  incapable  of  decomposition. 
It  is  almost  needless  to  point  out  that  the  form  of  these 
arguments  would  not  sufier  any  real  modification  if  some 
of  the  terms  happened  to  be  negative ;  indeed  in  the  last 
example  *  incapable  of  decomposition  *  may  be  treated  as 
a  negative  term.     Taking 

A  =  metal 

B  =  element 

C  =  what  is  capable  of  decomposition 

c  =  what  is  incapable  of  decomposition  (p.  17); 
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tiie  propositions  are  of  the  form 

A  =  AB 
B  =  c: 

whence,  by  substitution, 

A  =  Ac- 


Inference  of  a  Partial  from  Turn  Partial  Identities, 

However  common  be  the  cases  of  inference  already 
noticed,  there  is  a  form  occurring  ahnost  more  frequently, 
and  which  deserves  much  attention  because  it  occupied  a 
prominent  place  in  the  ancient  syllogistic  system.  That 
system  strangely  overlooked  all  the  kinds  of  argument  we 
have  as  yet  considered,  and  selected  as  the  type  of  all 
reasoning  one  which  employs  two  partial  identities  as 
premises.     Thus  from  the  propositions 

Sodium  is  a  metal  (i) 

Metals  conduct  electricity,  (a) 

we  may  conclude  that 

Sodium  conducts  electricity.  (3) ' 

Taking  A,  B,  C,  respectively  to  represent  the  three  terms, 

the  premises  are  of  the  form 

A  =  AB  (I) 

B  =  BC.  (2) 

Now  for  B  in  (i)  w^e  can  substitute  its  description  as 

given  in  (2),  obtaining 

A  =  ABa  (3) 

or.  in  words,  from 

Sodium  =  sodium  metal  (i) 

Metal  =  metal  conducting  electricity,  (2) 

we  infer 

Sodium  =  sodium  metal  conducting  electricity,  (3) 
which  in  the  elliptical  language  of  common  life  becomes 

•  Sodium  conducts  electricity/ 
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The  above  is  a  syllogism  in  the  mood  called  Barbara  ^ 
in  the  truly  barbarous  language  of  ancient  logicians ;  and 
the  first  figure  of  the  syllogism  alone  contained  three  other 
moods  which  were  esteemed  distinct  forms  of  argument. 
But  it  is  worthy  of  notice  that  without  any  real  change 
in  our  form  of  inference  we  readily  include  these  three 
other  moods  under  it.  The  negative  mood  Celarent  will 
be  represented  by  the  example 

Neptune  is  a  planet  (i) 

No  planet  has  retrograde  motion,  (2) 

hence        Neptune  has  not  retrograde  motion.         (3) 

If  we  put  A  for  Neptune,  B  for  planet,and  C  for  *  having 
retrograde  motion,'  then  by  the  corresponding  negative 
term  c,  we  denote  '  not  having  retrograde  motion.'  The 
premises  now  fall  into  the  form 

A  =  AB  (i) 

B  =  Be,  (2) 

and  by  substitution  for  B,  exactly  as  before,  we  obtain 

A  =  ABc.  (3) 

What  is  called  in  the  old  logic  a  particular  conclusion 
may  be  deduced  without  any  real  variation  in  the  sym- 
bols. Particular  quantity  is  indicated,  as  before  mentioned 
(p.  49),  by  joining  to  the  term  an  indefinite  adjective  of 
quantity,  such  as  some^  a  party  certain^  &c.,  meaning  that 
an  unknown  part  of  the  term  enters  into  the  proposition 
as  subject.  Considerable  doubt  and  ambiguity  arise  out 
of  the  question  whether  the  part  may  not  in  some  cases 
be  the  whole,  and  in  the  syllogism  at  least  it  must  be 
imderstood  in  this  sense  ^.  Now  if  we  take  a  letter  to 
represent  this  indefinite  part,  we  need  make  no  change  in 

f  An  explanation  of  this  and  other  technical  terms  of  the  old  logic 
will  be  found  in  my  'Elementary  Lessons  in  Logic/  Second  Ed.  1871. 
Macmillan  &  Co. 

»  *  Elementary  Lessons  in  Logic/  pp.  67,  79. 
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our  formulse  to  express  either  of  the  syllogisms  Darii  or 
Ferio.     Consider  the  example- 
Some  metals  are  of  less  density  than  water  (i) 
All  bodies  of  less  density  than  water  will  float 

upon  its  surface  (2) 

Some  metals  will  float  upon  its  surface-  (3) 

Let      A  =  some  metals 

B  =  hody  of  less  density  than  water 
C  =  floating  on  the  surface  of  water ; 
then  the  propositions  are  evidently  as  before, 
A  =  AB 

B  =  EC  ;  (2) 

hence  A  =  ABC.  (3) 

Thus  the  syllogism  Darii  does  not  really  diSer  from  Bar- 
bara<     If  the  reader  prefer  it,  we  can  readily  employ  a 
distinct  symbol  fur  the  indefinite  sign  of  quantity. 
Let  P  —  some 

Q  =  metal, 

B  and  C  having  the  same  meanings  as  before.     Then  the 
premises  become 

PQ  -  PQB  (i) 

B  ^  BC  ;  (2) 

hence,  by  substitution,  as  before, 

PQ  =  PQBC.  (3) 

Except  that  the  formula?  look  a  little  more  complicated 
til  ere  is  no  diffei-ence  whatever. 

The  mood  Ferio  is  of  exactly  the  same  character  as 
Darii  or  Barbara,  except  that  it  involves  the  use  of  a 
negative  term.     Take  the  example- 
Bodies  which  are  equally  elastic  in  all  directions  do 

not  doubly  refract  light, 
Some  crystals  are  bodies  equally  elaBtic  in  all  direc- 
tions;  therefore  some   crystals   do  not  doubly 
refract  light. 
Assigning  the  letters  as  follows — 


DEDUCTIVE  REASONING.  69 

A  =  some  crystals. 

B  =  bodies  equally  elastic  in  all  directions 

C  =  doubly  refracting  light 

c  =  not  doubly  refracting  light. 

Our  argument  is  of  the  same  form  as  before,  and  may 
be  concisely  stated  in  one  line 

A  =  AB  =  ABc. 
If  we  take  PQ  for  the  indefinite  some  crystals,  we  have 

PQ  =  PQB  =  PQBc. 
The  only  difference  is  that  the  negative  term  c  occurs 
instead  of  C  in  the  mood  Darii  (p.  68). 

On  the  Elli2)sis  of  Terms  in  Partial  Identities*. 

The  reader  will  probably  have  noticed  that  the  conclu- 
sion which  we  obtain  from  premises  is  oft^n  more  full 
than  that  drawn  by  the  old  Aristotelian  processes.  Thus 
from  *  Sodium  is  a  metal/  and  '  Metals  conduct  electricity/ 
we  inferred  (p.  66)  that  *  Sodium  =  sodium  metal,  con- 
ducting electricity/  whereas  the  old  logic  simply  concludles 
that  'Sodium  conducts  electricity.*  Symbolically,  from 
A  =  AB,  and  B  =  BC,  we  get  A  =  ABC,  whereas  the  old 
logic  gets  at  the  most  A  =  AC.  It  is  therefore  well  to 
show  that  without  employing  any  other  principles  of 
inference  than  those  already  described,  we  may  infer 
A  =  AC  from  A  =  ABO,  though  we  cannot  infer  the 
latter  more  full  and  accurate  result  from  the  former. 
We  may  show  this  most  simply  as  follows  : — 

By  the  first  law  of  thought  it  is  evident  that 
AA  =  AA  ; 
and  if  we  have  given  the  proposition  A  =  ABO,  we  may 
substitute  for  both  the  A^s  in  the  second  side  of  the  above, 
obtaining 

AA  =  ABO  .  ABC. 
But  from  the  property  of  logical  symbols  expressed  in  the 


Law  of  Simplicity  (p.  39)  some  of  the  repeated  letters  may 
be  made  to  coalesce^  and  we  have 

A  =  ABC  .  C. 
SubstitutiDg  again  for  ABC  its  eqtiivalent  A,  we  obtain 

A  =  AC, 

tlie  desired  residt. 

By  a  similar  process  of  reasoning  it  may  be  shown  that 
we  can  always  drop  out  any  term  appearing  in  one  member 
of  a  proposition,  provided  that  we  substitute  for  it  the 
whole  of  the  other  member.  This  process  was  described 
in  my  first  logical  Essay h,  as  Irdrinsio  Mwii nation,  but  it 
might  perhaps  be  better  entitled  the  ElUpsis  of  Terms. 
It  enables  us  to  get  rid  of  needless  terms  by  strict  sub- 
stitutive reasoning,  I 

Inference  of  a  Simple  from  Two  Partial  Identities. 

Two  terms  may  be  connected  together  by  two  partial 
identities  in  yet  another  manner,  and  a  case  of  inference 
tlien  arises  which  is  of  the  highest  importance.  In  the 
two  premises 

A  ^  AB  (i) 

B  =  AB,  (2) 

the  second  member  of  each  is  the  same ;  so  that  we  can 
by  obvious  substitution  obtain  1 

A  =  B. 
Thus  in  plain  geometry  we  readily  prove  that  '  Every 
equilateral  triangle  is  also  an  equiangular  triangle/  and 
we  can  with  equal  ease  prove  that  '  Every  equiangular 
triangle  is  an  equilateral  triangle/  Thence  by  substitu- 
tion, as  explained  above,  we  pass  to  the  simple  identity^ 

Equilateral  triangle  =  equiangular  triangle. 
We  thus  prove  that  one  class   of  triangles   is   entirely 
identical  with  another  class;   that  is  to  say,  they  differ 
only  in  our  way  of  naming  and  regarding  them, 
li  *  pure  Logic/  j>.  19. 
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The  great  importance  of  this  process  of  inference  arises 
from  the  fact  that  the  conclusion  is  more  simple  and 
general  than  either  of  the  premises,  and  contains  aa  much 
information  as  both  of  them  put  together.  It  is  on  this 
account  constantly  employed  in  inductive  investigation, 
as  will  afterwards  be  more  fully  explained,  and  it  is  the 
natural  mode  by  which  we  arrive  at  a  conviction  of  the 
truth  of  simple  identities  as  existing  between  classes  of 
numerous  objects. 

Inference  of  a  Limited  from  Tivo  PaHicd  Identities. 

We  have  just  considered  arguments  which  are  of  the 
type  treated  by  Aristotle  in  the  first  figure  of  the 
syllogism.  But  there  are  two  other  types  of  argument 
which  employ  a  pair  of  partial  identities.  If  our  premises 
are,  as  shown  in  these  symbols, 

B  =  AB  (i) 

B  =  CB,  (2) 

we  may  substitute  for  B  either  by  (i)  in  (2)  or  by  (2)  in 
(i),  and  by  both  modes  we  obtain  the  conclusion 

AB  =  CB,  (3) 

a  proposition  of  the  kind  which  we  have  called  a  limited 
identity  (p.  51).     Thus,  for  example, 

Potassium  =  potassium  metal  (i) 

Potassium  =  potassium  floating  on  water ;  (2) 

hence 

Potassium  metal  =  potassium  floating  on  water.  (3) 
Now  this  is  really  a  syllogism  of  the  mood  Darapti  in  the 
third  figure,  except  that  we  obtain  a  conclusion  of  a  much 
more  exact  character  than  the  old  syllogism  gives.  From 
the  premises  *  Potassium  is  a  metal '  and  *  Potassium  floats 
on  water,'  Aristotle  would  have  inferred  that  *Some 
metals  float  on  water.'  But  if  inquiry  were  made  what 
the  some  metals  are,  the  answer  would  certainly  be  '  Metal 
which  is  potassium.'     Hence  Aristotle's  conclusion  simply 
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aroi  out  Bome  of  the  information  afforded  in  the  premises; 
k  even  leaves  xis  open  to  interpret  the  some  metals  m  a 
wider  dense  than  we  are  warranted  in  doing.  From  these 
tinct  defects  of  the  syllogism  the  process  of  substitntion 
free,  and  it  only  incnre  tlie  possible  objection  of  being 
liously  minute  and  accurate. 


Miscellaneous  Forms  of  Deductive  Inference, 

The    more    simple    and   common   forms   of   deductive 

f reasoning  having   been   exhibited   and   demonstrated  on 

I     the  principle  of  Hubstitution^  there  remain  many,  in  fact 

Han  indefinite  number,  which  may  be  explained  with  neaiiy 

Bequal  ease.    Such  a8  involve  the  use  of  diBJunctive  propo- 

"mtions  wall  be  deferred  to  a  later  chapter,  and  several  of 

the  syllogistic  moods  which  include  negative  terms  will  be 

,     more  conveniently  treated  after  we  have  introduced  the 

Haymbolic  use  of  the  second  and  third  laws  of  thought. 

"      We  sometimes  meet  with  a  chain  of  propositions  which 

allow  of  repeated  substitution  and  form  an  argument  called 

in  the  old  logic  a  Sorites.    Take,  for  instance,  the  premises 

I         Iron  is  a  metal  (i) 

Metals  are  good  conductors  of  electricity  (2) 

Good  conductors  of  electricity  are  useful  for 
telegi*aphic  purposes.  (3) 

It  obviously  follows  that 
Iron  is  usefijl  for  telegraphic  purposes.  (4) 

Now  if  we  take  our  letters  thus— 
H         A  —  Iron,        B  ^  metal,       C  =  good   conductor    of 
^^  electricity,    D  —  useful  for  telegraphic  purposes, 

^  the  premises  will  assiune  the  ftrm  — 
K  A^AB  (i) 

^h  B  =.  6C  (2) 

^^  C  =  CD  (3) 

For  B  in  (i)  we  can  substiiute  it^  equivalent  iu  (2),  and 
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for  0  in  (2)  we  can  substitute  its  equivalent  in  (3).     We 
shall  obtain  as  an  intermediate  result, 

A  =  ABC, 
and  from  this  the  complete  conclusion 

A  =  ABCD.  (4) 

The  fiill  interpretation  is  that  Iron  is  iron,  metal,  good 
conductor  of  electricity,  use/id  for  telegraphic  purposes, 
which  is  abridged  in  common  language  by  the  ellipsis  of 
the  circumstances  which  are  not  of  immediate  importance. 
Instead  of  all  the  propositions  being  of  one  type,  as  in 
the  last  example,  we  may  have  a  series  of  premises  of 
various  character  ;  for  instance 

Common  salt  is  sodium  chloride  (i) 

Sodiimi  chloride  crystallizes  in  a  cubical  form      (2) 
What  crystallizes  in  a  cubical  form  does  not 

possess  the  power  of  double  refraction  ;        (3) 
it  will  follow  that 

Common  salt  does  not  possess  the  power  of 
double  refraction.  (4) 

Taking  our  letter-terms  thus — 
A  =  Common  salt, 
B  =  Sodium  chloride, 
C  =  Crystallizing  in  a  cubical  form, 
D  =  Possessing  the  power  of  double  refraction, 
we  may  state  the  premises  in  the  form 

A  =  B,  (I) 

B  =  BC,  (2) 

C  =  Cd.  (3) 

Substituting  by  (2)  in  (i)  and  by  (3)  in  (2)  we  obtain 

A  =  BCd,  (4) 

which  is  a  more  precise  version  of  the  common  conclusion. 
We  often  meet  with  a  series  of  propositions  describing 
the  qualities  or  circumstances  of  one  same  thing,  and  we 
may  if  we  like  combine  them  all  into  one  proposition 
by  the  process  of  substitution.     This  case   is,   in    fact, 


that  which  Archbishop  Thomson  has  called  '  immediate 
inference  by  the  sum  of  several  predic^ites/  and  his 
example  will  gerve  ray  purpose  welP*.  He  describes 
copper  as  *A  metal,  of  a  red  colour,  and  disagreeable 
smell  and  taste,  all  the  preparations  of  which  are 
poisonous,  which  is  highly  malleable,  ductile,  and  tena- 
cious, with  a  specific  gravity  of  about  8.83.'  If  we 
assign  the  letter  A  to  copper,  and  the  succeeding  letters 
of  the  alphabet  in  succession  to  the  series  of  predicates, 
we  have  nine  distinct  statements,  of  the  form 

A  =  AB{i)     A  =  AC  (2)     A:^AD(3) ,  A  =  AK(9). 

We  can  readily  combine  these  propositions  into  one  by 
substituting  for  A  in  the  second  side  of  (i)  its  expression 
in  (2).     We  thus  get 

A  -  ABC, 
and  by  repeating  the  process  over  and  over  again  we 
obtain  the  single  proposition 

A  =  ABCDEFGHIJK 
But  Dr,  Thomson  is  mistaken  in  supposing  that  we  can 
obtain  in  this  manner  a  definition  of  copper.  Strictly 
speaking,  the  above  proposition  is  only  a  description  of 
copper,  and  all  the  ordinary  descriptions  of  substances 
in  scientific  works  may  be  summed  up  in  this  form. 
Thus  we  may  assert  of  the  organic  substances  called 
Paraffins  tliat  they  are  all  saturated  hydrocarbons,  in- 
capable of  uniting  with  other  substances,  produced  by 
heating  the  alcoholic  iodides  with  zinc,  and  so  on.  It 
may  be  shown  that  no  am 0101 1  of  ordinary  description 
can  be  equivalent  to  definition. 


Falkicies, 

I  have  hitherto  been  engaged  in  showing  that  all  the 
forms  of  reasoning  of  the  old  syllogistic  logic,  and  an 
indefinite   number  of  other   forms 


additir 


may 
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readily  and  clearly  explained  on  the  single  principle  of 
eubstitutioB.  It  is  now  desirable  to  show  that  the  same 
pi^nciple  would  prevent  us  falling  into  fallacies.  So  long 
as  we  exactly  observe  the  one  rule  of  substitution  of 
equivalents  it  will  be  inipOHBible  to  commit  a  paralogism, 
or  to  break  any  one  of  the  elaborate  rules  of  the  ancient 
system.  One  rule  is  thus  proved  to  be  as  powerful  as 
the  six,  eight,  or  more  rules  by  which  the  correctness  of 
syllogistic  reasoning  was  guarded. 

It  was  a  fundamental  rule,  for  instance,  that  two  nega- 
tive premises  could  give  no  conclusion.  If  we  take  the 
propositions — 

Granite  is  not  a  sedimentary  rock,  (i) 

Basalt  is  not  a  sedimentary  rock,  (2) 

we  ought  not  to  be  able  to  draw  any  inference  concerning 
the  relation  of  granite  and  basalt.  Taking  our  letter- 
terms  thus 

A  =  granite 
B  =  sedimentary  rock 
C  =  basalt, 
the  premises  may  be  expressed  in  the  form 

A  -  B  (i) 

C  -  B.  (2) 

We  have  in  this  form  two  statements  of  difference  ;  but 
the  principle  of  inference  can  only  work  with  a  statement 
of  agreement  or  identity  (p.  62),  Thus  our  nde  gives 
us  no  power  whatever  of  drawing  any  inference. 

It  is  to  be  remembered,  indeed,  that  we  claim  the 
power  of  always  turning  a  negative  proposition  into  an 
affirmative  one  ;  and  it  might  seem  that  the  old  rule  of 
negative  premises  would  be  thus  circumvented.  Let  us 
try.  The  premises  (i)  and  (2)  when  aflii-matively  stated 
(see  p.  54),  will  take  the  form 

A-A6  (1) 

C  =  GO.  (2) 
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The  reader  will  find  it  irnpossible  by  the  rule  of  substitu- 
tion to  discover  a  relation  between  A  and  C.  Tliree  terms 
occur  in  these  premises,  namely  A,  b,  and  C  ;  but  they 
are  so  combined  that  no  term  occurring  in  one  has  its 
exact  equivalent  stated  in  the  other.  No  substitution 
can  therefore  be  made,  and  the  principle  holds  true. 
Fallacy  is  impossible. 

It   would    be   a   mistfike    to    suppose   that   the   mere 
occurrence   of  negative   terms   in   both   premises  render 
them  incapable  of  yielding  a  conclusion.     The  old  rules 
of  logic  informed  us  that  from  two  negative  premises  no 
conclusion  could  be  drawn,  but  it  is  a  fact  that  the  nde 
in  this  bare  form  does  not  hold  universally  true  ;  and  I 
am   not  aware   that   any  precise   explanation   has   been 
given   of   the   conditions   under   which   it  is   or   is   not 
imperative.     Consider  the  following  example — 
Whatever  is  not  metallic  is  not  capable  of  power- 
ful magnetic  influence,  (i) 
Carbon  is  not  metallic,  (2) 
Therefore,  carbon  is  not  capable  of  powerful  mag- 
netic influence.                                                     (3) 
Here  we  have  two  distinctly  negative  premises  (i)  and 
(2),  and  yet  they  yield  a  perfectly  valid  negative  con- 
clusion (3).      The  syllogistic  rule  is  actually  falsified  in 
its  bare  and  general  statement.     In  this  and  many  other 
cases  we   can   convert   the  propositions  into  affirmative 
ones  which  yield  a  conclusion.     To  show  this  let 
A  =  carbon,                         B  =  metallic, 
C  =s,  capable  of  powerful  magnetic  influence. 
The  premises  readily  take  the  form 

h   =  be  (i) 

A  -  A6,  (2) 

substitution  for  h  in  (2)  by  meMi&  of  (i),  gives  the 


conclusion 


A  =  Aic 


(3) 
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Our  principle  of  inference  then  includes  the  rule  of  negar 
tive  premises  whenever  it  is  true,  and  discriminates  correctly 
between  the  cases  where  it  does  and  does  not  apply. 

The  paralogism,  anciently  called  Undistributed  Middle^ 
is  also  easily  exhibited  and  in&Uibly  avoided  by  our 
system.     Let  the  premises  be 

Hydrogen  is  an  element,  (i) 

All  metals  are  elements.  (2) 

According  to  the  syllogistic  rules  the  middle  term  element 
is  here  undistributed,  and  no  conclusion  can  be  obtained  ; 
we   cannot   tell   then  whether  hydrogen   is  or  is  not  a 
metal.     Eepresent  the  terms  as  follows — 
A  =  hydrogen 
B  =  element 
C  =  metal 
The  premises  then  become 

A  =  AB  (i) 

C  =  CB.  <2) 

The  reader  will  here,  as  in  a  former  page  (p.  75),  find 
it  impossible  to  make  any  substitution.  The  only  term 
which  occurs  in  both  premises  is  B,  but  it  is  combined 
with  different  letters.  For  CB  we  cannot  substitute  the 
equivalent  of  AB.  We  have  no  right  to  decompose 
combinations ;  and  if  we  adhere  rigidly  to  the  rule  given, 
that  if  two  terms  are  stated  to  be  equivalent  we  may 
substitute  one  for  the  other,  we  cannot  commit  the 
fallacy.  It  is  apparent  that  the  form  of  premises  given 
above  is  the  same  as  that  which  we  obtained  by  trans- 
lating two  negative  premises  into  the  afl&rmative  form. 

The  old  fallacy,  technically  called  the  Illicit  Process  of 
the  Major  Term,  is  more  easy  to  commit  and  more  diffi- 
cult to  detect  than  any  other  breach  of  the  syllogistic  rules. 
In  our  system  it  could  hardly  occur.    From  the  premises 
All  planets  are  subject  to  gravity,  (i) 

Fixed  stars  are  not  planets,  (2) 
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we  might  inadvertently  but  fallaciously  infer  that,  '  Fixed 
stars  are  not  subject  to  gravity/  To  reduce  the  premises 
to  symbolic  foim,  let 

A  =  planet 

B  =  fixed  star 

C  =  subject  to  gravity  ; 
then  we  have  the  propositions 

A  =  AC  (i) 

B  =  Ba.  (2) 

The  reader  will  try  in  vain  to  produce  from  these 
premises  by  legitimate  substitution  any  relation  between 
B  and  C ;  he  could  not  then  commit  the  fallacy  of 
asserting  that  B  is  not  C. 

There  remain  two  other  kinds  of  paralogism,  com- 
monly known  as  the  fallacy  of  Four  Terms  and  the  Illicit 
Process  of  the  Minor  term.  They  are  so  evidently  impos- 
sible while  we  obey  the  rule  of  the  substitution  of  equi- 
valents, that  it  is  not  necessary  to  give  any  illustrations. 
When  there  are  four  distinct  terms  in  two  propositions 
there  could  be  no  opening  for  a  substitution.  As  to  the 
Illicit  Process  of  the  Minor  it  consists  in  a  flagrant  sub- 
stitution for  a  term  of  another  wider  term  which  is  not 
known  to  be  equivalent  to  it,  and  which  is  therefore 
forbidden  by  our  rule  to  be  substituted  for  it. 


CHAPTER  V. 

DIS.TUNCTTVE    PROPOSITIONS. 

In  the  previous  chapter  I  have  exhibited  various  forms 
of  deductive  reasoning  by  the  process  of  substitution,  so 
far  as  they  can  be  treated  without  the  use  of  disjunctive 
propositions  ;  but  we  cannot  long  defer  the  consideration 
of  this  more  complex  class  of  identities.  General  terms 
arise,  as  we  have  seen  (p.  29),  from  classifying  or  men- 
tally uniting  together  all  objects  which  agree  in  certain 
qualities,  the  value  of  this  union  consisting  in  the  fact 
that  the  power  of  knowledge  is  multiplied  thereby.  In 
forming  such  classes  or  general  notions,  we  overlook  or 
abstract  the  points  of  difference  which  exist  between  the 
objects  joined  together,  and  fix  our  attention  only  on  the 
points  of  agreement.  But  every  process  of  thought  may 
be  said  to  have  its  inverse  process,  which  consists  in 
undoing  the  effects  of  the  direct  process.  Just  as  division 
undoes  multiplication,  and  evolution  undoes  involution, 
80  we  must  have  a  process  which  undoes  abstraction,  or 
the  operation  of  forming  general  notions.  This  inverse 
process  will  consist  in  distinguishing  the  separate  objects 
or  minor  classes  which  are  the  constituent  parts  of  any 
wider  class.  When  we  mentally  unite  together  certain 
objects  visible  in  the  sky  and  call  them  planets,  we  shall 
afterwards  need  to  distinguish  the  contents  of  this  general 
notion,  which  we  do  in  the  disjunctive  proposition  — 

A  planet  is  either  Mercury  or  Venus  or  the  Earth  or 

or  Neptune. 

Having  formed  the  very  wide  class  *  vertebrate  animal/ 
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wf.  m?iy  9Kfffs4]fy  itn  sniWrlinate  clasBes  thus: — *A  verte- 
\frhU\  $uiiwfi\  \h  (Jitfier  a  mammalian,  bird,  reptile,  or 
fiwii.'  }i(fr  i«  iJif'Tfj  any  limit  to  the  number  of  possible 
aU'^Tfijitivf^fi.  'An  fjxogenons  plant  is  either  a  ranun- 
culus, n  (»o[»[»y,  a  (Tiiriifcr,  a  rose,  or  it  belongs  to  some 
nuh  of  (lin  n\hl^r  w^vcriiy  natural  orders  of  exogens  at 
jfM'Honf  MWMijruinnd  by  botariiHts.'  A  cathedral  church  in 
Kiii^lniid  uhipI.  bo  rilJH^r  that  of  London,  Canterbury, 
\Vifi('lii»wli»i',  Miiliphnry.  MiuiclicHtor,  or  of  one  of  about 
lirr'iilv  Immi*  rilit^H  |M»MHPHHinji;  Hucli  cliurches.  And  if  we 
tvfip  \n  jHlpinpl  In  R|Mvifv  (iio  meaning  of  the  term 
•mIjm,'  wv  phi»uld  hMpiiro  to  on\uuomte  as  alternatives, 
\u\\  o\\\\  {\\v  \\u\n\  \\\\^\\m\\\\s  of  Mixvs  recorded  in  cata- 
iMjiUr^.    ImH    \\\o   u\{\\\y   inillions  yet  unnamed. 

\\lu'n»«\p»  \\\^  \\\\\ti  dinlinitrniMh  the  jKirt«  of  a  general 
M»*H.»n  \\\*  \\\\\A\^\  t\  ilinjunrtivf  proposition,  in  at  least 
Mhi»  "'iitp  1*1  ^^l»i^•h  «ui^  ppvoI'iiI  alti»niHtivc»H  joiutnl  by  the 
")^  »..^ll»il  »lls|Mn*'liv»^  »nM\itnuMii»n  or,  a  contracted  form  of 
rr),'  Tlui«i-i  niMPI  lin  noino  it'liitlon  between  the  part^ 
lloM  tithnpii(iMl  III  otto  propoMitlon;  we  may  call  it  the 
v/»^*4vr'tv 7M'.'  Ml  iilhritiidvt'  rt^lation,  and  we  must  carefully 
hoihht'  ItilM  Ht3  iifihiro  iiihI  results.  This  relation  is  that 
hI  ilniilil  ?ni»l  luniiniiir»\  K*^"^g  ^^se  to  choice  or  uncer- 
Itilnl  \  Wlii'Movitr  vv»»  (daHsify  and  abstract  we  must  open 
|||i.  Hii.\  III  r^iM'li  niuTrtiiinty.  By  fixing  our  attention  on 
hhiliilii  iillriliuli*H  to  the  exclusion  of  others  we  necessarily 
Inivr.  it  ilouhMul  what  those  other  attributes  are.  Tlie 
li:Mii  '  nioliU"  tooth '  bears  upon  the  face  of  it  that  it  is  a 
pill  I  til'  tlio  wider  torm  '  tooth.'  But  if  we  meet  with  the 
hiiiipio  litnn  'tooth'  there  is  nothing  to  indicate  whether  it 
IH  an  iiH'iKor,  a  canine,  or  a  molar  tooth.  This  doubt, 
liowevcr,  may  be  resolved  by  other  information,  and  we 
have  to  connider  what  are  the  appropriate  logical  pro- 
cusses  for  treating  disjunctive  propositions  in  connection 
with  other  propositions  disjunctive  or  otherwise. 
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Expression  of  the  Alternative  Relation. 

In  order  to  represent  disjunctive  propositions  with 
convenience  we  require  a  sign  of  the  alternative  or  dis- 
junctive relation,  equivalent  to  one  meaning  at  least  of 
the  little  conjunction  or  so  frequently  used  in  common 
language.  I  propose  to  use  for  this  purpose  the  sym- 
bol +  .  In  my  first  logical  Essay  I  followed  the  example 
of  Dr.  Boole  and  adopted  the  common  sign  +  ;  but  this  sign 
should  not  be  employed  unless  there  exists  exact  analogy 
between  mathematical  addition  and  logical  alternation. 
We  shaU  find  that  the  analogy  is  of  a  very  partial  cha- 
racter, and  that  there  is  such  profound  diflference  between 
a  logical  and  a  mathematical  term  as  should  prevent  our 
uniting  them  by  the  same  symbol.  Accordingly  I  have 
chosen  a  sign  I ,  which  seems  aptly  to  suggest  whatever 
degree  of  analogy  may  exist  without  implying  mqre. 
The  exact  meaning  of  the  symbol  we  will  now  proceed  to 
investigate  and  determine. 

Nature  of  the  Alternative  Relation. 

Before  treating  disjunctive  propositions  it  is  indis- 
pensable to  decide  whether  the  alternatives  shall  be 
considered  exclusive  or  unexclusive.  By  exclusive  alter-' 
natives  we  mean  those  which  cannot  contain  the  same 
things.     Thus 

Matter  is  solid,  or  liquid,  or  gaseous ; 
but  the  same  portion  of  matter  cannot  be  at  once  solid  and 
liquid,  properly  speaking ;  still  less  can  we  suppose  it  to 
be  solid  and  gaseous,  or  solid,  liquid  and  gaseous  all  at 
the  same  time.  Many  examples  on  the  other  hand  can 
readily  be  suggested  in  which  two  or  more  alternatives 
may  hold  true  of  the  same  object.     Thus 

Luminous  bodies  are  self-luminous  or  luminous  by 
reflection. 
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It  is  undoubtedly  possible  by  the  laws  of  optics,  that  tlie 
same  surface  may  at  one  and  tlie  same  moment  give  off 
light  of  its  own  and  reflect  the  light  from  other  bodies. 
We  speak  familiarly  of  deaf  or  dumh  persons,  knowing 
that  the  majority  of  those  wlio  are  deaf  from  bhth  are 
also  dumb. 

There  can  be  no  doubt  that  in  a  great  many  case9| 
perhaps  tlie  greater  number  of  cases,  alternatives  aro 
exclusive  as  a  matter  of  fitct.  Any  one  number  is  incom- 
patible w^ith  any  other;  one  point  of  time  or  place  is 
exckisive  of  all  others.  Roger  Bacon  died  either  in  1284 
or  1292 ;  it  is  certain  that  he  could  not  die  in  both  years, 
Henr}^  Fielding  was  born  either  in  Dublin  or  Soniersetr 
shire  ;  he  coidd  not  be  born  in  both  places.  There  is  so 
much  more  precision  and  clearness  in  the  use  of  exclusive 
alternatives  that  we  ought  doubtless  to  select  them 
w4ien  possible.  Old  w^orks  00  logic  accordingly  contained 
a,  rule  directing  that  the  Membra  dityidentia^  the  parts  of 

division  or  the  constituent  species  of  a  genus  should  be 
exclusive  of  each  other. 

It  is  no  doubt  owing  to  the  great  prevalence  and 
convenience  of  exclusive  divisions  that  the  majority  of 
logicians  have  held  it  necessary  to  make  every  alternative 
in  a  disjunctive  pi'oposition  exclusive  of  every  other  one. 
Aquinas  considered  that  when  this  was  not  tlie  case  the 
proposition  w^as  actually  ya/^'t*,  and  Kant  adopted  the  same 
opijiion  *.  A  multitude  of  statements  to  the  same  eifect 
might  readily  be  quoted,  and  if  the  question  were  to  be 
determined  by  the  weight  of  historical  evidence,  it  w^ould 
certainly  go  against  my  view.  Among  recent  logicians 
Sir  W.  Hamilton,  as  w^ell  as  Dr.  Boole,  took  the  exclusive 
side.  But  there  are  authorities  to  the  opposite  effect. 
Whately,  Mansel,  and  J,  S.  Mill,  have  all  pointed  out  that 
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we  may  often  treat  alternatives  as  Compossible,  or  true  at 
the  same  time.  Whately  gives  as  an  example  ^\  '  Virtue 
tends  to  procure  us  either  the  esteem  of  mankind,  or  the 
favour  of  God/  and  he  adds,  'Here  both  members  are 
true,  and  consequently  from  one  being  affirmed  we  are  not 
authorized  to  deny  the  other.  Of  course  we  are  left  to 
conjecture  in  each  case,  from  the  context,  whether  it  is 
meant  to  be  implied  that  the  members  are  or  are  not 
exclusive.'  Mansel  says  ^  *  We  may  happen  to  know  that 
two  alternatives  cannot  be  true  together,  so  that  the 
affirmation  of  the  second  necessitates  the  denial  of  the  first ; 
but  this,  as  Boethius  observes,  is  a  material,  not  n.  formal 
consequence.'  Mr.  J.  S.  Mill  has  also  pointed  out  the 
absurdities  which  would  arise  from  always  interpreting 
alternatives  as  exclusive.  '  If  we  assert,'  he  says  ^ ,  *  that 
a  man  who  has  acted  in  some  particular  way  must  be 
either  a  knave  or  a  fool,  we  by  no  means  assert,  or  intend 
to  assert,  that  he  cannot  be  both/  Again,  *to  make  an 
entirely  unselfish  use  of  despotic  power,  a  man  must  be 
either  a  saint  or  a  philosopher Does  the  dis- 
junctive premise  necessarily  imply,  or  must  it  be  construed 
as  supposing,  that  the  same  person  cannot  be  both  a 
saint  and  a  philosopher  ?  Such  a  construction  would  be 
ridiculous/ 

I  discuss  this  subject  fully  because  it  is  really  the  point 
which  separates  my  logical  system  from  that  of  the  late 
Dr.  Boole.  In  his  *Laws  of  Thought'  (p.  32)  he  expressly 
says,  'In  strictness,  the  words  "and,"  "or,"  interposed 
between  the  terms  descriptive  of  two  or  more  classes  of 
objects,  imply  that  those  classes  are  quite  distinct,  so  that 
no  member  of  one  is  found  in  another/     This  I  altogether 

^  *  Elements  of  Logic/  Book  II.  chap.  iv.  sect.  4. 
c  Aldrich,  *Arti8  Logicae  Rudiinenta,'  p.  104. 
d  *  Examination  of  Sir  W.  Hamilton's  Philosophy,'  pp.  452-454- 
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dispute.  In  the  ordinary  use  of  these  conjunctions  we  do 
not  necessarily  join  distinct  terms  only  ;  and  when  terms 
so  joined  do  prove  to  be  logically  distinct,  it  is  by  virtue 
of  a  tacit  premise,  something  hi  the  meaning  of  the  names 
and  our  knowledge  of  them,  which  teaches  us  they  are 
distinct.  And  when  our  knowledge  of  the  meanings  of  tlie 
words  joined  is  defective  it  will  often  be  impossible  to 
decide  whether  terms  joined  by  conjunctions  are  exclusive 
or  not. 

Take,  for  instance,  the  proposition  *A  peer  is  either 
a  duke,  or  a  marquis,  or  an  earl,  or  a  viscount,  or  a  baron/ 
If  expressed  in  Professor  Booles  symbols,  it  would  be 
implied  that  a  peer  cannot  be  at  once  a  duke  and  maiquis, 
or  marquis  and  earl.  Yet  many  peei^a  do  possess  two  or 
more  titles,  and  the  Prince  of  Wales  is  Duke  of  Cornvvalh 
Earl  of  Dublin,  and  Baron  Renfrew,  If  it  were  enacted  by 
parliament  that  no  peer  sliould  have  more  tlian  one  title, 
this  would  be  the  tacit  premise  which  Professor  Boole 
aasumes  to  exist.  Nor  is  the  restriction  true  of  more 
common  terms. 

In  the  sentence  '  Bepentance  is  not  a  single  act,  but  a 
habit  or  virtne,'  it  cannot  be  implied  that  a  virtue  is  not  a 
habit ;  by  Aristotle  s  definition  it  ia 

Milton  has  the  expression  in  one  of  his  sonnets, 
'  Unstain'd  by  gold  or  fee,'  where  it  is  obvious  that  if 
the  fee  is  not  always  gold,  the  gold  is  meant  to  be  a  fee 
or  bribe. 

Tennyson  has  the  expression  *  wreath  or  anadem;'  Most 
readers  would  be  quite  uncertain  whether  a  wreath  may 
be  an  anadem,  or  an  anadem  a  wreath,  or  whether  they 
are  quite  distinct  or  quite  the  same. 

From  Darwin  s  '  Origin,'  I  take  the  expression,  *  When 
we  see  any  part  or  organ  developed  in  a  remarkalJe 
degree  or  manner.'  In  this,  or  is  used  twice,  and  neither 
time   disjunctively.     For    if   jxiti   and    organ    are    not 
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synonymous,  at  any  rate  an  organ  is  a  part.  And  it  is 
obvious  that  a  part  may  be  developed  at  the  same  time 
both  in  an  extraordinary  degree  and  manner^  although 
such  cases  may  be  comparatively  very  rare. 

From  a  careful  examination  of  ordinary  writings,  it 
will  thus  be  found  that  the  meanings  of  terms  joined  by 
'and'  *or'  vary  from  absolute  identity  up  to  absolute 
contrariety.  There  is  no  logical  condition  of  distinctness 
at  all,  and  when  we  do  choose  exclusive  expressions,  it  is 
because  our  subject  demands  it.  The  matter,  not  the  form 
of  an  expression,  points  out  whether  terms  are  exclusive®. 

The  question,  as  we  shall  afterwards  see,  is  one  of  the 
greatest  theoretical  importance,  because  it  furnishes  the 
true  distinction  between  the  sciences  of  Logic  and  Ma- 
thematics. It  is  the  very  foundation  of  number  that  every 
unit  shaU  be  distinct  from  every  other  unit ;  but  Dr.  Boole 
imported  the  conditions  of  number  into  the  science  of 
Logic,  and  produced  a  system  which,  though  wonderfid  in 
its  results,  was  not  a  system  of  logic  at  all. 

Laws  of  the  Disjunctive  Relation. 

In  considering  the  combination  or  synthesis  of  terms 
(p.  39),  we  found  that  certain  laws,  those  of  Simplicity  and 
Commutativeness,  must  be  observed.  In  uniting  terms  by 
the  disjunctive  symbol  we  shall  find  that  the  same  or 
closely  similar  laws  hold  true.  The  alternatives  of  either 
member  of  a  disjunctive  proposition  are  certainly  commu- 
tative. Just  as  we  cannot  properly  distinguish  between 
rich  and  rare  gems  and  rare  and  rich  gems,  so  we  must 
consider  as  identical  the  expression  rich  or  rare  gem^y  and 
rare  or  rich  gems.    In  our  symbolic  language  we  may  say 

generally 

A  I  B  =  B  I  A. 

•  'Pure  Logic/  pp.  76,  77. 


The  order  uf  statement,  in  short,  has  no  effect  upon  the 
meaning  of  an  aggregate  of  alternatives,  so  that  the  Law 
of  Commutativeness  holds  true  of  the  disjunctive  symbol 

As  we  have  admitted  the  possibihty  uf  joining  as  alter- 
natives terms  which  are  nut  really  diflerent,  the  ques- 
*tion  arises.  How  shall  we  treat  two  or  more  alternatives 
when  they  are  clearly  shown  to  be  the  same  ?  If  we 
have  it  asserted  that  P  is  Q  or  R,  and  it  is  afterwards 
proved  that  Q  in  but  another  name  for  R,  the  result  is 
that  P  is  eitlier  R  or  R.  How  shall  we  uiterpret  such  a 
statement  ?  What  would  be  the  meaning,  for  instance,  of 
'wreath  or  anadem'  if,  on  leferring  to  a  dictionary,  ^ve 
found  anadem  described  as  a  wreath  ?  I  take  it  to  be 
self-evident  that  the  meaning  would  then  become  simply 
*  wreath/     Accordingly  we  may  affiiTu  the  general  law 

A  j  A  L  A. 
Any  number^  of  identical  alteniatives  may  always  be 
reduced  to,  and  are  logically  equivcdent  to,  any  one  of 
those  alternatives.  Tliis  is  a  law  which  distinnfuishes 
matliematical  terms  from  logical  terms,  because  it  ob- 
viously does  not  applj^  to  the  former.  I  propose  to  call 
it  the  Law  of  Unity,  because  it  must  really  be  involved 
in  any  definition  of  a  mathematical  unit.  This  law  is 
closely  analogous  tu  the  Law  of  Simplicity,  A  A  =  A  ;  and 
the  nature  of  the  connection  is  worthy  of  attention, 

I  am  not  aware  that  logicians  have  in  any  adequate  way 
noticed  the  close  relation  between  combined  and  dis- 
junctive terms,  namely  that  every  disjunctive  term  is  the 
negative  of  a  corresponding  comV)ined  term,  and  vice  vcrsit 
Consider  the  term 

Malleable  dense  metaL 

How  shall  we  describe  the  class  uf  tilings  which  are  not 
malleable-dense-met^de  t  Whatever  is  included  under  that 
temi  must  have  all  the  qualities  of  malleability,  denseness, 
and  met^dlic  nature.     Wher*  ne  or  mom  of  tlie 
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qualities  is  wanting,  the  combined  tomi  will  not  apply. 
Hence  the  negative  of  the  whole  term  is 

Not-malleable  or  not-dense  or  not-metallic. 
In  the  above  the  conjunction  or  must  clearly  be  inter- 
preted as  unexclui^ive ;  for  there  may  readily  be  objects 
which  are  both  not-malleable,  and  not-dense,  and  perhaps 
notrmetallic  at  the  same  time.  If  in  fact  we  were  required 
to  use  or  in  a  strictly  exclusive  manner,  it  would  be 
requisite  to  specify  seven  distinct  alternatives  in  order  to 
describe  the  negative  of  a  combination  of  three  single 
terms.  The  negatives  of  foiur  or  five  terms  would  consist 
of  fifteen  or  thirty-one  alternatives.  This  consideration 
alone  is  sufficient  to  prove  that  the  meaning  of  or  can- 
not be  always  exclusive  in  common  language. 

Expressed  symbolically,  we  may  say  that  the  negative 
of 

ABC 
is  not-A  or  not-B  or  uot-C  ; 

that  is,  a  \  h  \  c. 

Reciprocally  the  negative  of 

P  +  Q  +  R 

is  pqr. 

Every   disjunctive   term,    then,    is   the  negative  of  a 
combined  term,  and  vice  versa. 

Apply  this  result  to  the  combined  term  AAA,  and  its 
negative  is 

a  '[  a  '[   a. 

Now  since  AAA  is  by  the  Law  of  Simplicity  equivalent  to 
A,  so  a  +  a  I-  a  must  be  by  the  Law  of  Unity  equivalent 
to  a.     Each  law  thus  necessarily  presupposes  the  other. 

Symbolic  expression  of  the  Lciw  of  Duality. 

We  may  now  employ  our  symbol  of  alternation  to  express 
in  a  clear  and  fonnal  manner  the  third  Fundamental  Law 
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of  Thought^  which  I  have  called  the  Law  of  Duality- 
Taking  A  to  represent  any  class  or  object  or  quality,  and 
B  any  other  class,  object  or  quality,  we  may  always 
assert  that  A  either  agrees  witli  B,  or  does  not  agree. 
Thus  we  may  say 

A  =  AB  \  Ak 

This  is  a  foi'mula  which  will  henceforth    be   constantlj 
employed,  and  it  lies  at  the  basis  of  reasoning. 

The  reader  may  perhaps  wish  to  know  why  A  is  inserted 
in  both  alternatives  of  the  second  member  of  the  identity, 
and  why  the  law  is  not  stated  in  the  form 

A  =  B|  6. 
But  if  he  will  consider  the  contents  of  the  last  section 
(p.  87),  he  will  see  that  the  latter  expression  cannot  be 
correct,  otlierwise  no  term  woidd  have  any  negative. 
For  the  negative  of  Bib  is  hB,  or  a  self-contradictory 
tenn  ;  so  that  if  A  were  identical  with  B  |  b,  its  nega- 
tive a  woidd  be  non-existent.  This  result  would  generally 
be  an  absurd  one,  and  I  see  much  reason  to  think  that  in 
a  strictly  logical  point  of  view  it  would  always  be  absurd. 
In  all  probability  we  ought  to  assume  as  a  flindamental 
logical  axiom  that  everf/  term  has  its  negative  in  thought. 
We  cannot  think  at  aU  without  separating  what  we  think 
about  from  other  diflFerent  things,  and  these  things  neces- 
sarily form  the  negative  notion^.  If  so,  it  follows  that 
any  term  of  tlie  form  B  I-  h  is  just  as  self-contradictory 
as  one  of  the  form  Bh. 

It  will  be  convenient  to  recapitidate  in  this  place  the 
three  gi*eat  Laws  of  Thought  in  their  symbolic  form,  thus 

Law  of  Identity  A  =  A. 

Law  of  Contradiction        Aa  =  o. 

Law  of  Duality  A  =.  AB  |-  Kb, 


^  'Pure  Logic,'  p.   65,     Sec  ttlso  the  critidsm  of  this  point  hj  Do 
Mtirg&n  in  the  *  AthensBuro/ No.  1^92,  30th  Januftry,  i86|  ;  p.  T55. 
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Various  Forms  of  the  Disjunctive  Proposition. 

Disjunctive  propositions  may  occur  in  a  great  variety  of 
forms,  of  which  the  old  logicians  took  very  insufficient 
notice.  There  may  be  any  number  of  alternatives  each  of 
which  may  be  a  combination  of  any  number  of  simple 
terms.  A  proposition,  again,  may  be  disjunctive  in  one 
or  both  members.     The  proposition 

Solids  or  liquids  or  gases  are  electrics  or  conductors  of 
electricity 
is  an  example  of  the  doubly  disjunctive  form.  The  mean- 
ing of  any  such  proposition  is  that  whatever  falls  under 
any  one  or  more  alternatives  on  one  side  must  fall  under 
one  or  more  alternatives  on  the  other  side.  From  what 
has  been  said  before,  it  is  apparent  that  the  proposition 

A+B=:C+D 
will  correspond  to 

a6'=  cd, 
each   member   of  the   latter  being    the    negative    of   a 
member  of  the  former  proposition. 

As  an  instance  of  a  complex  disjimctive  proposition 
I  may  give  Senior's  definition  of  wealth,  namely  *  Wealth 
is   what   is   transferable,   limited   in   supply,  and   either 
productive  of  pleasure  or  preventive  of  pain  &.' 
Let  A  =  wealth 

B  =  transferable 
C  =  limited  in  supply 
D  =  productive  of  pleasure 
E  =  preventive  of  pain. 
The  definition  takes  the  form 

A  =  BC(D|.E); 
but  if  we  develop  the   alternatives   by  a  method  to  be 
afterwards  more  fully  considered,  it  becomes 
A  =  BCDE  I  BCDei  BCcZE. 

K  Boole's  'Laws  of  Thought/  p.  io6.     Jevous'  'Pure  Logic/  p.  69. 
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An  example  of  a  still  more  complex  proposition  may 
be  found  in  De  Morgan's  writings^,  and  is  as  follows : — • 
*  He  must  have  been  rich,  and  if  not  absolutely  mad  was 
weakness  itself,  subjected  either  to  bad  advice  or  to  most 
unfavourable  circumstances.' 

If  we  assign  the  letters  of  the  alphabet  in  succession, 
thus, 

A  =  he 
B  =  rich 

C  =  absolutely  mad 
D  =  weakness  itself 
E  =  subjected  to  bad  advice 
F  =  subjected  to  most  unfavourable  circumstances, 
the  proposition  will  take  the  form 

A  =  AB{C+D(E.|F)}, 
and  if  we  develop  the  alternatives,  expressing  some  of 
the  different  cases  which  may  happen,  we  obtain 
A  =  ABC  +  ABcDEF  i-  ABcDE/l-  ABcDeF. 

Inference  by  Disjunctive  Propositions. 

Before  we  can  make  a  free  use  of  disjunctive  propositions 
in  the  processes  of  inference  we  must  consider  how  dis- 
junctive terms  can  be  combined  together  or  with  simple 
terms.  In  the  first  place,  to  combine  a  simple  term  with 
a  disjunctive  one,  we  must  combine  it  with  every  alter- 
njitive  of  the  disjunctive  term.  A  vegetable,  for  instance, 
is  either  a  herb,  a  shrub,  or  a  tree.  Hence  an  exogenous 
vegetable  is  either  an  exogenous  herb,  or  an  exogenous 
shrub,  or  an  exogenous  tree.  Symbolically  stated  this 
process  of  combination  is  as  follows — 

A(B  I  C)  =  AB|  AC. 

Secondly,  to  combine  two  disjunctive  terms  with  each 
other,  combine  each  alternative  of  one  separately  with  each 

^  'On  the  Syllogism,'  No.  iii.  p.  12.  Camb.  Phil.  Trans.,  vol.  x. 
part  i. 
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alternative  of  the  other.  Since  flowering  plants  are 
either  exogens  or  endogens,  and  are  at  the  same  time  either 
herbs,  shrubs  or  trees,  it  follows  that  there  are  altogether 
six  alternatives — namely,  exogenous  herbs,  exogenous 
shrubs,  exogenous  trees,  endogenous  herbs,  endogenous 
shrubs,  endogenous  trees.  This  process  of  combination  is 
shown  in  the  general  form 

(A  +  B)  (C  +  D)  =  AC  +  AD  +  BO  +  BD. 
It  is  hardly  necessary  to  point  out  that,  however  numerous 
the  terms  combined,  or  the  alternatives  in  those  terms,  we 
may  effect  the  combination  provided  each  alternative  is 
combined  with  each  alternative  of  the  other  terms,  as  in 
the  algebraic  process  of  multiplication. 

Some  processes  of  deduction  may  at  once  be  exhibited. 
We  may  always,  for  instance,  unite  the  same  qualifying 
term  to  each  side  of  an  identity  even  though  one  or  both 
members  of  the  identity  be  disjunctive.     Thus  let 

A  =  B+C. 
Now  it  is  self-evident  that 

AD  =  AD, 
and  in  one  side  of  this  identity  we  may  for  A  substitute 
its  equivalent  B  I-  C  obtaining 

AD  =  BD|  CD. 

Since  *  a  gaseous  element  is  either  hydrogen,  or  oxygen, 
or  nitrogen,  or  chlorine,  or  fluorine,'  it  follows  that  *  a  free 
gaseous  element  is  either  free  hydrogen,  or  free  oxygen, 
or  free  nitrogen,  or  free  chlorine,  or  free  fluorine.' 

This  process  of  combination  will  lead  to  most  useful 
inferences  when  the  qualifying  adjective  combined  with 
both  sides  of  the  proposition  is  a  negative  of  one  or  more 
alternatives.  Since  chlorine  is  a  coloured  gas,  we  may 
infer  that  *  a  colourless  gaseous  element  is  either  (colour- 
less) hydrogen,  oxygen,  nitrogen,  or  fluorine.'  The  alter- 
native chlorine  disappears  because  colourless  chlorine  does 
not   exist.     Again,  since  *a   tooth   is   either   an   incisor, 


canijie,  bicuspid,  or  molar/  it  follows  that  'a  not-incisor 
tooth  is  either  cauine,  bicuspid,  or  molar/  The  general 
rule  h  that  from  the  denial  of  any  of  the  alternatives  the 
affirmation  of  the  remainder  can  be  inferred.  Now  this 
lesidt  clearly  follows  from  our  process  of  substitution  ;  for 
if  we  have  the  proposition 

A  =  B.|  C.|D, 
and  insert  this  expression  for  A  on  one  side  of  the  self- 
evident  identity 

Ab  =  Ai, 
we  obtain  Ab  =  ABb    I  AhC  [  AbJ)  ; 

and,  as  the  first  of  the  three  alternatives  is  self-contra- 
dictory,  we  strike  it  out  according  to  the  law  of  contra- 
diction :  there  remains 

A6  =  A6C  I-  AhJy, 
Tlius  our  system  fully  includes  and  explains  that  mood  of 
the   Disjunctive  Syllogism   technically  called  the  ^jiodtis 
toUendo  ponens. 

But  the  reader  must  carefully  observe  that  the  Dis- 
junctive SyUogism  of  the  mood  pojiendo  tol/ens^  which  af- 
firms one  alteniative,  and  thence  infers  the  denial  of  the  rest, 
cannot  be  held  true  in  this  system.     If  I  say,  indeed,  that 

Water  is  either  salt  or  fresh  witter, 
it  seemB  evident  that  *  water  which  is  salt  is  not  fresh/ 
But  this  inference  really  proceeds  from  our  knowledge 
that  water  cannot  be  at  once  salt  and  fresh,  Tliis  incon- 
sistency oT  the  alternatives,  as  I  have  fully  shown,  will 
not  always  hold.     Thus,  if  I  say 

Gems  are  either  rare  stones  or  beaiitiful  stones,      ( i ) 
it  will  obviously  not  follow  that 

A  rare  gem  is  not  a  beautiful  stone,  {2) 

nor  that 

A  beautiful  gem  is  not  a  rare  stone.  (3) 

Our  symbolic  method  gives  only  true  conclusions  :  for  if 
we  take 
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A  =  gem 
B  =  rare  stone 
C  =  beautiful  stone, 
the  proposition  (i)  is  of  the  form 

A  =  B  +  C 
hence  AB  =  B  +  BC 

and  AC  =  BC  +  C  ; 

but  these  inferences  are  not  equivalent  to  the  false  ones 
(2)  and  (3). 

We  can  readily  represent  such  disjunctive  reasoning,  when 
it  is  valid,  by  expressing  the  inconsistency  of  the  alterna- 
tives explicitly.     Thus  if  we  resort  to  our  instance  of 

Water  is  either  salt  or  fresh, 
and  take  A  =  Water 

B  =  salt 
C  =  fresh, 
then  the  premise  is  apparently  of  the  form 

A  =  AB  +  AC  ; 
but  in  reality  there  are  the  unexpressed  conditions  that 
*  what  is  salt  is  not  fresh/  and  '  what  is  fresh  is  not  salt ; ' 
or,  in  letter-terms, 

B  =  Be 

C  =  6C. 
Now,  if  we  substitute  these  descriptions  in  the  original 
proposition,  we  obtain 

A  =  ABc  .|.  A6C  ; 
uniting  B  to  each  side  we  infer 

AB  =  ABc  I  AB6C 
or  AB  =  ABc ; 

that  is. 

Water  which  is  salt  is  water  salt  and  not  fresh. 

I  should  weary  the  reader  if  I  attempted  to  illustrate 

the  multitude  of  forms  which  disjunctive  reasoning  may 

take  ;  and  as  in  the  next  chapter  w^e  shall  be  constantly 

treating  the  subject,  T  must  here  restrict  myself  to  a  single 
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instance.  A  very  common  process  of  reasoning  consists  in 
the  determination  of  the  name  of  a  thing  by  the  successive 
exclusion  of  alternatives,  a  process  called  by  the  old  name 
ahscissio  infiniti.     Take  the  case: — 

Red-coloured  metal  is  either  copper  or  gold      (i) 
Copper  is  dissolved  by  nitric  acid  (2) 

This  specimen  is  red-coloured  metal  (3) 

This  specimen  is  not  dissolved  by  nitric  acid    (4) 
•  Therefore  this  specimen  consists  of  gold.  (5) 

Assigning  our  letter-symbols  thus  — 
A  =  this  specimen 
B  =  red-coloured  metal 
C  =  copper 
D  =  gold 

E  =  dissolved  by  nitric  acid, 
the  premises  may  be  stated  in  the  form 

B  =  BCc^  +  BcD  (i) 

C  =  CE  (2) 

A  =  AB  (3) 

A  =  Ae.  (4) 

Substituting  for  C  in  (1)  by  means  of  (2)  we  get 

B  =  BCc^E  I  BcD. 
From  (3)  and  (4)  we  may  infer  likewise 

A  =  ABe, 
and   if  in  this  we  substitute  for  B  its  equivalent  just 
stated,  it  follows  that 

A  =  ABCcZEe  +  ABcDe. 
The  first  of  the  alternatives  being  contradictory,  the  result 
is  A  =  ABcDe 

which  contains  a  full  description  of  *  this  specimen,'  as 
furnished  in  the  premises,  but  by  ellipsis  indicates  that 
it  is  gold.  It  wilL  be  observed  that  in  the  symbolic 
expression  (i)  I  have  explicitly  stated  what  is  certainly 
implied,  that  copper  is  not  gold,  and  gold  not  copper, 
without  which  condition  the  inference  would  not  hold  good. 


CHAPTER  VI. 

THE   INDIRECT   METHOD   OF   INFERENCE. 

The  forms  of  deductive  reasoning  as  yet  considered,  are 
mostly  cases  of  Direct  Deduction  as  distinguished  from 
those  which  we  are  now  about  to  treat.  The  method  of 
Indirect  Deduction  may  be  described  as  that  which  points 
out  what  a  thing  is,  by  showing  that  it  cannot  be  anything 
else.  We  can  define  a  certain  space  upon  a  map,  either  by 
colouring  that  space,  or  by  colouring  all  except  the  space  ; 
the  first  mode  is  positive,  the  second  negative.  The  dif- 
ference, it  will  be  readily  seen,  is  exactly  analogous  to  that 
between  the  direct  and  indirect  proof  in  geometry.  Euclid 
often  shows  that  two  lines  are  equal,  by  showing  that  they 
cannot  be  unequal,  and  the  proof  rests  upon  the  known  num- 
ber of  alternatives,  greater,  equal  or  less,  which  are  alone 
conceivabla  In  other  cases,  as  for  instance  in  the  seventh 
proposition  of  the  first  book,  he  shows  that  two  lines  must 
meet  in  a  particular  point,  by  showing  that  they  cannot 
meet  elsewhere. 

In  logic  we  can  always  define  with  certainty  the  utmost 
number  of  alternatives  which  are  conceivable.  The  Law 
of  Duality  (pp.  6,  88)  enables  us  always  to  assert'  that  any 
quality  or  circumstance  whatsoever  is  either  present  or 
absent  in  anything.  Whatever  may  be  the  meaning  and 
nature  of  the  terms  A  and  B  it  is  certainly  true  that 

A  =  AB  I  A6 
B  =  AB  h  aB. 

These  are  universal  though  tacit  premises  which  may 
be  employed  in  the  solution  of  every  problem,  and  which 
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are  such  invariable  and  necessary  conditions  of  all  tliought, 
that  they  need  not  be  specially  laid  down.  The  Law  of 
Contradiction  is  a  further  condition  uf  all  thouf^ht  and  of 
all  logical  symbols  ;  it  enables,  and  in  fact  obliges,  ns  to 
reject  from  further  considei-ation  all  terms  which  imply 
the  presence  and  absence  of  the  same  quality.  Now, 
whenever  w^e  bring  both  these  Laws  of  Thought  into  ex- 
plicit aetinn  by  the  metliod  of  substitution,  we  employ  the 
Indirect  Method  of  Inference.  It  will  be  found  that  we 
can  treat  not  only  those  arguments  already  exhibited 
accordincf  to  the  direct  method,  but  we  can  also  include  an 
infinite  multitude  of  other  arguments  which  are  incapable 
of  solution  by  any  other  means. 

Some  philosophers,  especially  those  of  France,  have 
held  that  the  Indirect  Method  of  Proof  has  a  certain  infe- 
riority to  a  direct  method,  w^hcIi  should  prevent  oiu*  using 
it  except  when  obliged.  But  there  arc  an  unlimited 
number  of  truths  wdiich  we  can  prove  only  indirectly. 
We  can  prove  that  a  number  is  a  prime  only  by  the 
purely  indirect  method  of  showing  that  it  is  not  any  of  the 
numbei's  wdiich  have  divisors,  and  the  remarkable  process 
known  as  Eratosthenes'  Sieve  is  the  only  mode  by  which 
we  can  select  the  prime  numbers  *\  It  bears  a  strong 
analogy  to  the  indirect  metliod  here  to  be  described.  We 
can  also  prove  that  the  side  and  diameter  of  a  square  are 
incommensurable,  but  only  in  the  negative  or  indirect 
maimer,  by  showing  that  the  contrary  supposition  con- 
stantly and  inevitably  leads  to  contradiction^.  Many  other 
demonstrations  in  various  branches  of  the  mathematical 
sciences  rest  upon  a  like  method.  Now  if  there  is  only 
one  impoitant   truth  wiiich  must  be,  and  can  only  be 

•  S«c  Hoi'sley,  '  Philosophical  TraTn^ttctions/  1772;  vol,  bdi.  p.  327, 
Moutucia,  *  Histoire  dcs  MatUeniatiques/  vol.  i,  p,  239,  *  Penny 
Cyclopredifl/  article  Eratosthenes, 

^  Euclid,  Book  X,  Prop,  ri;. 
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proved  indirectly,  we  may  say  that  the  process  is  a 
necessary  and  sufficient  one,  and  the  question  of  its  com- 
parative excellence  or  usefulness  is  not  worth  discussion. 
As  a  matter  of  fact  I  believe  that  nearly  half  our  logical 
conclusions  rest  upon  its  employment. 

Simple  Illustrations. 

In  tracing  out  the  powers  and  results  of  this  method,  we 
will  begin  with  the  simplest  possible  instance.  Let  us  take 
a  proposition  of  the  very  common  form,  A  =  AB,  say, 

A  Metal  is  an  Element^ 
and  let  us  investigate  its  full  meaning.     Any  person  who 
has  had  the  least  logical  training,  is  aware  that  we  can 
draw  from  the  above  proposition  an  apparently  different 
one,  namely, 

A  Not-element  is  a  Not-metal. 
While  some  logicians,  as  for  instance  De  Morgan,^'  have 
considered  the  relation  of  these  two  propositions  to  be 
purely  self-evident,  and  neither  needing  nor  allowing 
analysis,  a  great  many  more  persons,  as  I  have  observed 
while  teaching  logic,  are  at  first  unable  to  perceive  the 
dose  connection  between  them.  I  believe  that  a  true  and 
complete  system  of  logic  will  furnish  a  clear  analysis  of 
this  process  which  has  been  called  Contrapositive  Con- 
version ;  the  full  process  is  as  follows  : — 

Firstly,  by  the  Law  of  Duality  we  know  that 
Not-element  is  either  Metal  or  Not-metal. 
Now  if  it  be  metal,  we  know  that  it  is  by  the  premise 
an  element ;  we  should  thus  be  supposing  that  the  very 
same  thing  is  an  element  and  a  not-element,  which  is 
in  opposition  to  the  Law  of  Contradiction.  According  to 
the  only  other  alternative,  then,  the  not-element  must  be 
a  not-metal. 

c  <  Philosophical  Magazine/  December  1852,  Fourth  Series,  vol.   iv. 
P'  436>  '  On  Indirect  Demonstration/ 
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To  reprenent  this  process  of  inference  Bymbolically  we 

UUke  the  premise  in  the  form 

A  =  AB.  (i) 

We  observe  that  by  the  Law  cif  Duality  the  term  not-B  u 

thtii*  tl-»cribed 

6  =  A6  I  ak  (2) 

For  A   in  this  proposition  we  substitute  its  description 

given  in  (i)»  obtaining 

6  =  AB6  +  ab. 

But  according  to  the  Law  of  Contradiction  the  term 
ABi  must  be  excluded  from  thought  or 

AB6  =  o. 
Hence  it  results  that  6  is  either  notliing  at  all,  or  it  is 
a6 ;  and  the  conclusion  is 

6  —  ah. 

As  it  will  often  be  necessaiy  to  refer  to  a  conclusion 
of  this  kind  I  shall  call  it,  as  is  usual,  the  ContrajJosiiive 
Proposition  of  the  original  The  reader  need  hardly  be 
cautioned  to  observe  that  from  all  As  are  B s  it  does  not 
follow  tliat  all  not-A*8  are  not-B's.  For  by  the  Law 
of  Duahty  we  have 

a  =  a  B  I  ab, 
and  it  will  not  be  found  possible  to  make  any  siibstitu- 
tiun  in  this  by  our  original    premise  A  =  AB.     It  still 
reiiuiifiH  doubtftil,  therefore,  whether  not-metal  is  element 
or  iiot-element, 

'11  li?  proof  of  the  Contrapositive  Proposition  given  above 
IN  tsxactly  the  same  as  that  which  Euclid  applies  in  the 
tnwo  of  gcumctrical  notions,  De  Morgan  describes  Euclid's 
[irowiH  nH  fc^llows*^ : — '  From  every  not-B  is  not-A  he  pro- 
{\\Wim  ovory  A  is  B,  thus — If  it  be  possible,  let  this  A  be 
iiul-B*  lint  evt>ry  not-B  is  not-A,  therefore  this  A  is  not-A, 
wliii^h  \h  nljHUrd:  whence  every  A  is  B/  Now  De  Morgan 
Ihinkn  tltnt  this  proof  is  entirely  needless,  because  common 

'*  *  Philonopliictil  Magazine/  Dec,  1852  ;   p.  437. 
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logic  gives  the  inference  without  the  use  of  any  geo- 
metrical reasoning.  I  conceive  however  that  logic  gives 
the  inference  only  by  an  indirect  process.  De  Morgan 
claims  *to  see  identity  in  every  A  is  B  and  every  not-B 
is  not-A,  by  a  process  of  thought  prior  to  syllogism/ 
But  whether  prior  to  syllogism  or  not,  I  claim  that  it 
is  not  prior  to  the  laws  of  thought  and  the  process  of 
substitutive  inference  by  which  it  may  be  undoubtedly 
demonstrated.  ' 

Employment  of  the  Contrapositive  Proposition. 

We  can  frequently  employ  the  contrapositive  form  of 
a  proposition  by  the  method  of  substitution ;  and  certain 
moods  of  the  ancient  syllogism,  which  we  have  hitherto 
passed  over,  may  thus  be  satisfactorily  comprehended 
in  our  system.  Take  for  instance  the  following  syllogism 
in  the  mood  Camestres  : — 

*  Whales  are  not  true  fish :  for  they  do  not  respire 
water,  whereas  true  fish  do  respire  water.' 
Let  us  take 

A  =  whales, 
B  =  true  fish, 
C  =  respiring  water. 
The  premises  are  of  the  form 

A  =  Ac,  (i) 

B  =  BC.  (2) 

Now,  by  the  process  of  contraposition  we  obtain  from  (2) 
c  =  6c, 
and  we  can  substitute  this  expression  for  c  in  (i),  ob- 
taining 

A  =  A6c, 
or  *  Whales  are  not  true  fish,  not  respiring  water.' 

The  mood  Cesare  does  not  really  difier  from  Camestres 
except  in  the  order  of  the  premises,  and  it  could  be 
exhibited  in  an  exactly  similar  manner. 

H  2 


The  mood  Baroko  gave  much  trouble  to  the  old  lo- 
gicians who  could  not  reduce  it  to  the  first  figure  in 
the  same  manner  as  the  other  moods,  and  were  obliged 
to  invent,  specially  for  it  and  for  Bokardo,  a  method  of 
Indirect  Reduction  closely  analogous  to  the  Indirect  proof 
of  Euclid,  Now  these  moods  require  no  exceptional 
processes  in  this  syst-em.  Let  us  take  as  an  instance  of 
Baroko,  tlie  argument 

All  heated  solids  give  continuous  spectra,  (i) 

Some  nebidae  do  not  give  continuous  spectra  ;     {2) 

Therefore  some  nebulae  are  not  heated  solids.      (3) 

Treating   the   little   word   some  as   an   indeterminate 

adjective  of  selection,  to  which  we  assign  a  symbol  like 

any  other  adjective,  let 

A  =  some 
B  =  nebulae 

C  =  giving  continuous  spectra 
D  =  heated  solid. 
The  premises  then  become 

D  =  DC  (I) 

AB  =  ABa  (2) 

Now   from   (i)   we   obtain  by  the   Indirect  method  the 
Contrapositive 

c  =  cd, 
and  if  we  substitute  this  expression  for  c  in  (2)  we  have - 

AB  -  ABcrf; 

the  fidl  meaning  of  which  is  that  '  some  nebulae  do  not 
give  continuous  spectra  and  are  not  solids/ 

We  might  similarly  apply  the  contrapositive  In  many 
other  instances*  Take  the  argimient^ — *  All  fi^ed  stars 
are  self-luminous  ;  but  some  of  the  heavenly  bodies  are 
not  self-luminous,  and  are  therefore  not  fixed  stars.' 
Taking  our  terms 

A  —  fixed  stars 
B  =  self-luminouB 
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C  =  some 

D  =  heavenly  bodies, 
we  have  the  premises 

A  =  AB,  (i) 

CD  =  6CD.  (2) 

Now  from  (i)  we  can  draw  the  Contrapositive 

h  =  a6, 
and  substituting  this  expression  for  h  in  (2)  we  obtain 

CD  =  a6CD, 
which    expresses  the  conclusion  of  the   argument    that 
'  some  heavenly  bodies  are  not  fixed  stars/ 

Contrapositive  of  a  Simple  Identity. 

The  reader  should  carefully  note  that  when  we  apply 
the  process  of  Indirect  Inference  to  a  simple  identity 
of  the  form 

A  =  B, 
we  may  obtain  further  results.     If  we  wish  to  know 
what  is  the  term  not-B,  we  have  as  before,  by  the  Law  of 
Duality, 

6  =±  A6  +  ah, 
and  substituting  for  A  we  obtain 

6  =  B6  +  a6  =  ah. 
But  we  may  now  also  draw  a  second  Contrapositive ;  for 
we  have 

a  =  aB  +  a6, 
and  substituting  for  B  its  equivalent  A  we  have 
a  =  aA  I-  ah  =  ah. 
Hence  from  the  single  identity  A  =  B  we  can  draw 
the  two  propositions 

a  =^  ah 
h  =  a6, 
and  observing  that  these  propositions  have  a  common 
term  we  can  make  a  new  substitution,  getting 

a  =  6. 
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This  result  is  in,  Btrict  accordance  with  the  ftindameotal 
principlefi  of  inference,  and  it  may  be  a  question  whether 
it  is  not  a  Belf-evideiit  result,  independent  of  the  steps  of 
deduction  by  which  we  have  reached  it  For  where  two 
classes  are  coincident  like  A  and  B,  whatever  is  true 
of  the  one  is  true  of  the  other  ;  what  is  excluded  from 
the  one  must  be  excluded  from  the  other  similarly. 
Now  as  a  bears  to  A  exactly  the  same  relation  that  h 
bears  to  B,  the  identity  of  either  pair  follow^s  from  the 
identity  of  the  other  pair.  In  every  identity,  equality, 
or  similarity,  we  may  argue  from  the  negative  of  the 
one  side  to  the  negative  of  the  other.  Thus  at  ordinary 
temperatures 

Mercury  ^  Hquid-metal, 
hence  obviously 

Not-mercury  =  not-liquid-metal ; 
or  since 

Sirius  -  brightest  fixed  star, 

it  follows  that  whatever  star  is  not  the  brightest  is  not 
Sirius,  and  vice  versd.  Every  correct  definition  is  of  the 
form  A  =  B,  and  may  oft^n  require  to  be  apphed  in  the 
equivalent  negative  form. 

Let  us  take  as  an  illustration  of  the  mode  of  using  this 
result  the  argument  following : — 

Vowels  are  letters  which  can  be  sounded  alone,  (i) 
Tlie  letter  w  cannot  be  sounded  alone  ;  (2) 

Therefore  the  letter  to  is  not  a  vowel.  (3) 

Here  we  have  a  definition  (i),  and  a  comparison  of  a" 
thing  with  that  definition  (2),  leading  to  exclusion  of  the 
thing  from  the  class  defined. 
Taking  the  terms 
A  —  vowel, 

B  =  letter  which  can  be  sounded  alone, 
C  —  letter  w, 
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the  premises  are  plainly  of  the  form 

A  =  B,  (I)   , 

C  =  6C.  (2) 

Now  by  the   Indirect  method  we   obtain   from   (i)  the 
Contrapositiye 

6  =  a, 
and  inserting  in  (2)  the  equivalent  for  6  we  have 

C  =  aC.  (3) 

or  'the  letter  w  is  not  a  vowel/ 


Miscellaneous  Examples  of  the  Method. 

We  can  apply  the  Indirect  Method  of  Inference  how- 
ever many  may  be  the  terms  involved  or  the  premiees 
containing  those  terms.  As  the  working  of  the  method 
is  best  learnt  from  examples,  I  will  take  a  case  of  two 
premises  forming  the  syllogism  Barbara  :  thus 

Iron  is  a  metaJ  ( 1 ) 

Metal  is  element.  (2) 

If  we  want  to  ascertain  what  inference  is  possible  con- 
cerning the  term  Iron,  wje  develop  the  term  by  the  Law 
of  Duality.  Iron  must  be  either  metal  or  not-metal ;  iron 
which  is  metal  must  be  either  element  or  not-element ; 
and  similarly  iron  which  is  not-metal  must  be  either 
element  or  not-element.  There  are  then  altogether  four 
alternatives  among  which  the  description  of  iron  must  be 
contained ;  thus 

Iron,  metal,  element,  (a) 

Iron,  metal,  not-element,  (/S) 

Iron,  not-metal,  element,  (7) 

Iron,  not-metal,  not-element.  {S) 

Our  first  premise  informs  us  that  iron  is  a  metal,  and  if 
we  substitute  this  description  in  (7)  and  {S)  we  shall  have 
self- contradictory    combinations.      Our    second    premise 


likewise  informs  us  that  raetal  is  element,  and  applying 
this  description  to  (fi)  we  again  have  self-contradiction, 
BO  that  there  remains  only  (a)  as  a  description  of  iron — 
our  inference  is 

Iron  =  iron,  metal,  element. 
To    represent    this    process    of    reasoning    in    general 
symhols,  let 

A  =  iron 
B  =  metal 
C  —  element. 
The  premises  of  the  problem  take  the  form 

A  =  AB  (i) 

B  =  BC.  (2)  _ 

By  the  Law  of  Duality  we  have 

A  -  AB  I  A6  (3) 

A  =  AC  I  Ac.  (4) 

Now,  if  we  insert  for  A  in  the  second  side  of  (3)  its 
description  in  (4),  we  obtain  what  I  shall  call  the 
development  of  A 

A  =  ABO  |.  ABc  f  A6C  I  Abe.  (5) 

Wherever  the  letters  A  or  B  appear  in  the  second  side 
of  (5)  substitute  their  equivalents  given  in  (1)  and  {2)  and 
the  results  at  full  length  are 

A  =  ABC  I  ABCc  t  AB6C  |  ABbCc, 
The  last  tlu-ee  alternatives  break  the  Law  of  Contradic- 
tion, so  that  ,         .  _^ 

A  =  ABC  I-  o  •!•  o  I  o 

A  =  ABC. 

This  conclusion  is,  indeed,  no  more  than  we  could  obtain  by 
the  direct  process  of  substitution  ;  it  is  the  chai*acteristic 
of  the  Indirect  process  that  it  gives  all  possible  logical 
conclusions,  both  those  which  we  have  previously  obtained, 
and  an  almost  Infinite  number  of  others  of  which  the 
ancient  logic  took  little  or  no  account.  From  the  sfime 
premises,  fur  instance,  we  can  obtain  a  description  of  the 
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dafls  not-defnent  or  c.  By  the  Law  of  Duality  we  can 
develop  c  into  four  alternatives,  thus — 

c  =  ABc  +  hhc  +  aBc  +  ahc. 
Now  if  we  substitute  for  A  and  B  as  before,  we  get 

c  =  ABCc  +  AB6c  +  aBCc  +  ahc, 
and  striking  out  the  terms  which  break  the  Law  of  Contra- 
diction there  remains 

c  =  ahcy 

or  what  is  not  element  is  also  not  iron  and  not  metal. 
This  Lidirect  Method  of  Inference  thus  furnishes  a 
complete  solution  of  the  following  problem — Given  any 
number  of  logical  premises  or  conditions^  required  the 
description  of  any  class  of  objects,  or  any  tei^i,  as  governed 
by  those  conditions. 

The  steps  of  the  process  of  inference  may  thus  be 
concisely  stated : — 

1.  By  the  Law  of  Duality  develop  the  utmost  number 
of  alternatives  which  may  exist  in  the  description  of  the 
required  class  or  term  as  regards  the  tenns  involved  in 
the  premises. 

2.  For  each  term  in  these  alternatives  substitute  its 
description  as  given  in  the  premises. 

3.  Strike  out  every  alternative  which  is  then  found  to 
break  the  Law  of  Contradiction. 

4.  The  remaining  terms  may  be  equated  to  the  term  in 
question  as  the  desired  description  or  inference. 

Abbreviation  of  the  Process, 

Before  proceeding  to  illustrations  of  the  use  of  this 
method,  I  must  point  out  how  much  its  piactical  em- 
ployment can  be  simplified,  and  how  much  more  easy  it 
is  than  would  appear  from  the  description.  When  we 
want  to  effect  at  all  a  complete   solution  of  a  logical 
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problem  it  is  best  to  form,  in  the  first  place,  a  complete 
series  of  all  the  combinations  of  terms  involved  in  it. 
If  there  be  two  terms  A  and  B,  the  utmost  variety  of 
combinations  in  which  they  can  appear  are 

AB 

Aft 

aB 

ah. 

The  term  A  appears  in  the  first  and  second;    B  in  the 

first  and  third ;  a  in  the  third  and  fourth ;  and  h  in  the 

second  and  fourth.     Now  if  we  have  any  premise,  say 

A  =  B, 

we  must  ascertain  which  of  these  combinations  would  be 

rendered  self-contradictory  by  substitution;    the  second 

and  third  would  have  to  be  struck  out,  and  there  woidd 

remain 

AB 

ah. 

Hence  we  draw  the  following  inferences 

A  =  AB,    B  =  AB,    a  —  ah,  6  =  ah. 
Exactly  the  same  method  must  be  followed  where  a 

question  involves  a  greater  nimiber  of  terms.     Thus  by 

the  Law  of  Duality  the  three  terms  A,  B,  C,  give  rise  to 

eight  conceivable  combinations,  namely 

ABC  (a) 

ABc  (i8) 

A6C  (y) 

khc  {S) 

aBC  {€) 

aBc  (0 

ahC  {fi) 

ahc.  (0) 

The  development  of  the  term  A  is  formed  by  the  first  four 
of  these ;  for  B  we  must  select  (a),  (/S),  (c),  (^) ;  C  consists 
of  (a),  (y),  (e)  (,)  ;  h  of  (7),  (^),  {n\  W,  and  80  on. 
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Now  if  we  want  to  investigate  completely  the  meaning 
of  the  premises 

A  =  AB  (i) 

B  =  BC,  (2) 

we  examine  each  of  the  eight  combinations  as  regards 
each  premise ;  (7)  and  {S)  are  contradicted  by  (i),  and  (jS) 
and  (^)  by  (2),  so  that  there  remain  only 

ABC  (a) 

aBC  (e) 

ahC  in) 

ahc.  (6) 

To  describe  any  term  under  the  conditions  of  the  premises 
(i)  and  (2),  we  have  only  to  draw  out  the  proper  com- 
binations from  this  list ;  thus — A  is  represented  only  by 

ABC  or 

A  =  ABC, 

similarly  c  =  abc. 

For  B  we  have  two  alternatives  thus  stated, 

B  =  ABC  +  aBC  ; 
and  for  b  we  have 

b  =  oiC  +  abc. 
When  we  have  a  problem  involving  four  distinct  terms 
we  need  to  double  the  number  of  combinations,  and  as 
we  add  each  new  term  the  combinations  become  twice  as 
numeroua     Thus 

A,  B  produce    four    combinations 

A,  B,  C,  „  eight 

A,  B,  C,  D  „  sixteen  „ 

A,  B,  C,  D,  E  „  thirty-two     „ 

A,  B,  C,  D,  E,  F         „  sixty-four      „ 

and  so  on. 

I  propose  to  call  any  such  series  of  combinations  the 
Logical  Abecedarium.  It  holds  in  logical  science  a  posi- 
tion of  importance  which  cannot  be  exaggerated.  As  we 
proceed  from  logical  to  mathematical  considerations  it  will 


become  apparent  that  there  is  a  close  connection  between 
these  combinations  and  the  most  fundamental  theorenas  of 
mathematical  science.  For  the  convenience  of  the  reader 
who  may  wish  to  employ  the  abecedarium  in  logical 
questions,  I  have  had  printed  on  the  next  page  a  complete 
geries  of  the  combinations  up  to  those  of  six  terms.  At 
the  very  commencement  in  the  first  column  is  placed  a 
single  letter  X  which  might  seem  to  be  superfluous.  This 
letter  serves  to  denote  that  it  is  always  some  higher  class 
which  is  divided  up.  Thus  the  combination  AB  really 
means  ABX,  or  that  part  of  some  larger  class,  say  X, 
which  has  the  qualities  of  A  and  B  present.  The  letter 
X  is  omitted  in  the  greater  part  of  the  table  merely  for 
the  sake  of  brevity  and  clearness.  In  a  later  chapter  on 
Combinations  it  will  become  apparent  that  the  intro- 
duction of  this  unit  class  is  requisite  in  order  to  com- 
plete the  analogy  with  the  Ai'ithmetlcal  Triangle  there 
described. 

The  reader  ought  to  bear  in  mind  that  though  the 
abecedarium  seems  to  give  mere  lists  of  combinations, 
these  combinations  are  intended  in  every  case  to  con- 
stitute the  development  of  a  term  of  a  proposition. 
Thus  the  foin-  combinations  AB,  A6,  aB,  a  6  really  mean 
that  any  class  X  is  described  by  the  following  proposition, 

X  ^  X  (AB  I  Ab  I  aB  I  ah). 
If  we  select  the  As,  we  obtain  the  following  proposition 

AX  =  X{ABI  Afc). 
Thus  whatever  group  of  combinations  we  treat  must  be 
conceived  as  part  of  a  higher  class,  summum  genus  or 
universe  symbolised  in  the  term  X ;  but  bearing  this  in 
mind,  it  is  needless  to  complicate  our  formulae  by  always 
introducing  the  letter.  All  inference  consists  in  passing 
from  propositions  to  propositions,  and  combuiations  per  se 
have  no  meaning*  They  are  consequently  to  be  regarded 
in  all  cases  as  forming  parts  of  propositions. 
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ax 

AB          ABC 

ABCD 

ABCDE 

ABCDEF 

a  X 

Ab          ABe 

ABCd 

ABCDe 

ABCDE/ 
ABCDeF 

aB          AbC 

ABcD 

ABCdE 

a  b          Abe 

ABed 

ABCde 

ABCDe/ 

aBC 

AbCD 

ABcDE 

ABCdEF 

aB  e 

AbCd 

A  Be  De 

ABCdE/ 

abC 

AbeD 

ABcdE 

ABCdeF 

a  b  e 

Abed 

A  B  e  de 

ABCde/ 
ABcDEF 

aBC  D 

AbCDE 

aBCd 

AbC  De 

ABcDE/ 

a  Be  D 

AbCd  E 

ABeDeF 

aB  e  d 

A  b  C  de 

ABeD  ef 

ab  C  D 

AbeD  E 

ABcdEF 

a  b  C  d 

A  be  De 

ABcdEf 

a  b  c  D 

A  bedE 

ABcdeF 

q  h  c  d 

A  b  ede 
aBCDB 
aB  C  De 
aBCd  E 
a  B  C  d  e 
aB  e  D  E 
a  B  e  D  e 
a  B  e  d  E 
a  B  e  d  e 

ABc  def 
AbCDEF 
AbCDE/ 
AbCDeF 
AbCDe/ 
AbCdEF 
AbCdEf 
AbCdeF 
AbCdef 
AbcDEF 

a  b  CDE 

ab  C  D  e 

AbeDE/ 

abCdE 

AbcDe  F 

a  b  C  d  e 

Abe  De/ 

a  b  e  D  E 

AbedEF 

a  b  e  D  e 

Abe  dEf 

a  b  e  d  E 

AbcdeF 

a  b  c  d  e 

Ah  c  d  ef 
aBCDEF 
aBCDE/ 
aBCDeF 
aBCDe/ 
aBCdEF 
aBCdEf 
aBC  deF 
aBC  d  ef 
aBcDEF 
aBeD  E/ 
aBe  D  e  F 
a  B  cD  e/ 
aBed  E  F 
aBcd  Ef 
aBc  d  e  F 
a  B  c  d  e  f 
abCDEF 
abCDE/ 
abC  De  F 
abCBef 
abC  dEF 
abC  dEf 
abC d e F 
ah  C  d  ef 
abcD  EF 
ah  cV  Ef 
ahc  D  e  F 
a  b  c  D  ef 
abcdE  F 
a  b  c  d  Ef 
ab  c  d  tF 

In  a  theoretical  point  of  view  we  may  conceive  that  the 
abeeedarium  is  always  extended  indefinitely.  Every  new 
quality  or  circumstance  which  can  belong  to  an  object, 
subdivides  each  combination  or  class,  so  that  the  number 
of  such  combinations  when  unrestricted  by  logical  con- 
ditions is  represented  by  an  indefinitely  liigh  power  of 
two.  The  extremely  rapid  increase  in  the  number  of  sub- 
divisions obliges  us  to  confine  our  attention  to  a  few 
circumstiinces  at  a  time. 

When  contemplating  the  properties  of  this  abeeedarium, 
I  am  often  inclined  to  think  that  Pythagoras  perceived 
the  deep  logical  importance  of  duality  ;  for  wliile  unity 
wa«  the  wyrabol  of  identity  and  harmony,  he  described  the 
number  two  as  the  origin  of  contrasts,  or  the  symbol  of 
divorBity,  division  and  separation.  The  number  four  or 
the  Teiractys  was  also  regarded  by  Iiim  aa  one  of  the  chief 
elements  of  existence,  for  it  represented  the  generating 
virtue  whence  come  all  combinations. 

In  one  of  the  golden  verses  ascribed  to  Pythagoras,  he 
conjures  his  pupil  to  be  virtuous*? : 

*  By  Lim  who  stampt  The  Four  upon  the  Miud, 
Tfi^^  Four^  tlie  fuiiut  of  Nature's  endlesa  stream.* 

Now  four  and  the  higher  powers  of  duality  do  represent 
in  this  logical  system  the  variety  of  combinations  which 
can  be  generated  in  the  absence  of  logical  restrictions.  The 
fiillowers  of  Pythagoras  may  have  shrouded  their  masters 
diH'trineH  in  mysterious  and  superstitious  notions,  but  in 
liiiiliy  points  these  doctrines  seem  to  have  some  basis  in 
luglnd  philosophy. 


The  Logical  Slate. 

Tm  h  pt*rw<tn  who  has  once  comprehended  the  extreme 
t|^4^UU^itoo  and  utility  of  the  Logical  Abeeedarium,  the 
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indirect  process  of  inference  becomes  reduced  to  the  repe- 
tition of  a  few  uniform  operations  of  classification,  selection, 
and  elimination  of  contradictories.  Logical  deduction  even 
in  the  most  complicated  questions  becomes  a  matter  of 
mere  routine,  and  the  amount  of  labour  required  is  the 
only  impediment  when  once  the  meaning  of  the  premises 
is  rendered  clear.  But  the  amount  of  labour  is  often 
found  to  be  considerable.  The  mere  writing  down  of 
sixty-four  combinations  of  six  letters  each  is  no  small 
task,  and,  if  we  had  a  problem  of  five  premises,  each  of 
the  sixty-four  combinations  would  have  to  be  examined 
in  connection  with  each  premise.  The  requisite  com- 
parison is  often  of  a  very  tedious  character  and  consider- 
able chance  of  errors  thus  arises. 

I  have  given  much  attention  therefore  to  reducing  both 
the  manual  and  mental  labour  of  the  process,  and  I  shall 
describe  several  devices  which  may  be  adapted  for  saving 
trouble  and  risk  of  mistake. 

In  the  first  place,  as  the  same  sets  of  combinations 
occur  over  and  over  again  in  different  problems,  we  may 
avoid  the  labour  of  writing  them  out  by  having  the  sets 
of  letters  ready  printed  upon  small  sheets  of  writing  paper. 
It  has  also  been  suggested  by  a  correspondent  that,  if  any 
one  series  of  combinations  were  marked  upon  the  margin 
of  a  sheet  of  paper,  and  a  slit  cut  between  each  pair  of 
combinations,  it  would  be  easy  to  fold  down  any  particular 
combination,  and  thus  strike  it  out  of  view.  The  combi- 
nations consistent  with  the  premises  would  then  remain 
in  a  broken  series.  This  method  answers  sufiiciently  well 
for  occasional  use. 

A  more  convenient  mode,  however,  is  to  have  the  series 
of  letters  shown  on  p.  109,  engraved  upon  a  common 
school  writing  slate,  of  such  a  size,  that  the  letters  may 
occupy  only  about  a  third  of  the  space  on  the  left  hand 
side  of  the  slate.     The  conditions  of  the  problem  can  then 
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be  written  down  on  the  imoociipied  part  of  the  slate,  and 
the  proper  series  of  combinations  being  chosen,  the  contra- 
dictory combinations  can  be  struck  out  with  the  pencU, 
I  have  used  a  slate  of  this  kind,  which  I  call  a  Logical 
Slate,  for  more  than  ten  years,  and  it  has  saved  me  much 
trouble.  It  is  hardly  possible  to  apply  this  process  to 
problems  of  more  than  bix  terms,  owing  to  the  large  num- 
ber of  combinations  which  would  require  examination ; 
thus  seven  terms  would  give  128  combinations^  eight 
terms  256,  nine  terms  512,  ten  terms  1024,  eleven  terms 
2048,  twelve  terms  4096,  and  so  on  in  geometrical  pro- 
gression. 

Abstraction  0/  Indifferent  Circumstances. 

There  is  a  simple  but  highly  impoilant  process  of 
inference  which  enables  us  to  abstract,  eliminate  or  disre- 
gard all  circumstances  indifferently  present  and  absent. 
Thus  if  I  were  to  state  that  *a  triangle  is  a  figure  of 
three  sides,  with  or  without  equal  angles/  the  latter 
quahfication  would  be  superfluous,  because  by  a  law  of 
thought  I  know  that  angles  must  be  either  equal  or 
unequal  To  add  the  qualification  gives  no  new  know- 
ledge since  the  existence  of  the  two  alternatives  will  be 
understood  in  the  absence  of  any  information  to  the 
contrary.  Accordingly,  when  two  alternatives  differ  only 
as  regards  a  suigle  component  term  which  is  positive  in 
one  and  negative  in  the  other,  we  may  always  reduce 
them  to  one  term  by  striking  out  their  indifferent  part* 
It  is  really  a  process  of  substitution  which  enables  us 
to  do  this  ]  for  liaving  any  proposition  of  the  form 
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A  =  ABC  +  ABc, 
we  know  by  the  Law  of  Duality  that 

B  =  BC  +  Be. 
Hence  AB  =  ABC  \  ABc. 


(0 
(3) 
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And  as  the  second  member  of  this  is  identical  ^vith  the 
second  member  of  (i)  we  may  substitute,  obtaining 

A  =  AB. 
This  process  of  reducing  useless  alternatives,  may  be 
applied  again  and  again ;  for  it  is  plain  that 

A  =  AB  (CD  +  Cd  +  cD  +  cd) 
communicates  no  more  information  than  that  A  is  B. 
This  abstraction  of  indifferent  terms  is  in  fact  the  con- 
verse process  to  that  of  development  described  in  p.  104  ; 
and  it  is  one  of  the  most  important  operations  in  the 
whole  sphere  of  reasoning. 

The  reader  should  observe  that  in  the  proposition 

AC  =  BC 
we  cannot  abstract  C  and  infer 

A  =  B; 
but  from 

AC  +  Ac  =  BC  +  Be 

we  may  abstract  all  reference  to  the  term  C. 

Illustrations  of  the  Indirect  Method, 

An  infinite  variety  of  arguments  and  logical  problems 
might  be  introduced  here  to  show  the  comprehensive 
character  and  powers  of  the  Indirect  Method.  We  can 
treat  either  a  single  premise  or  a  series  of  premises. 

Take  in  the  first  place  a  simple  definition,  such  as  *  a 
triangle  is  a  three-sided  rectilinear  figure."     Let 
A  =  triangle 
B  =  three-sided 
C  =  rectilinear  figure, 
then  the  definition  is  of  the  form 

A  =  BC. 
If  we  take  the  series  of  eight  combinations  of  three 
letters   (see   p.    106)    and    strike   out  those   which    are 
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inconsistent  with  the  definition,  we  have  the  following 
result : — 

ABC  -^*©- 

-itBe-  aBc 

^^tfte-  ahC 

Abo  abc. 

For  the  description  of  the  class  C  we  have 
C  =  ABC  1.  abC, 
that  is,  '  a  rectilinear  figure  is  either  a  triangle  and  three- 
sided,  or  not  a  triangle  and  not  three-sided/ 
For  the  class  6  we  have 

6  =  ahC  +  abc. 
To  the  second  side  of  this  we  may  apply  the  process  of 
simplification  by  abstraction  described  in  the  last  section  ; 
for  by  the  Law  of  Duality 

ab  =  abC  I-  abc ; 
and  as  we  have  two  propositions  identical  in  the  second 
side  of  each  we  may  substitute,  getting 

b  =  ab, 
or  what  is  not  three-sided  is  not  a  triangle  (whether  it  be 
rectilinear  or  not). 

Let  us  treat  by  this  method  the  following  argument : — 
*  Blende  is  not  an  elementary  substance ;  elementary 
substances  are  those  which  are  imdecomposable ; 
blende,  therefore,  is  decomposable.' 
Taking  our  letters  thus — 
A  =  blende, 

B  =  elementary  substance, 
C  =  undecomposable, 
the  premises  are  of  the  form 

A  =  A6,  (i) 

B  =  C.  (2) 

No  immediate  substitution  can  be  made;  but  if  we  take 
the  contrapositive  of  (2),  namely 

*  =  ^  (3) 
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we  can  substitute  in  (i)  obtaining  the  conclusion 

A  =  Ac. 
But  the  same  result  may  be  obtained  by  taking  the 
eight  combinations  of  A,  B,  C,  of  the  abecedarium  ;  it  will 
be  found  that  only  three  combinations,  namely 

Kbc 
aBC 
a6c, 
are  consistent  with  the  premises,  whence  it  results  that 

A  =  kbc, 
or  by  the  process  of  Ellipsis  before  described  (p.  69) 

A  =  Ac. 
As  a  somewhat  more  complex   example  I  take  the 
argument  thus  stated,  one  wliich  could  not  be  thrown 
into  the  syllogistic  form. 

*  All  metals  except  gold  and  silver  are  opaque ;  there- 
fore what  is  not  opaque  is  either  gold  or  silver 
or  is  not-metal/ 
There  is  more  implied  in  this  statement  than  is  dis- 
tinctly asserted,  the  full  meaning  being  as  follows  : 

All  metals  not  gold  or  silver  are  opaque,         ( i ) 

Gold  is  not  opaque  but  is  a  metal.  (2) 

.  Silver  is  not  opaque  but  is  a  metal,  (3) 

Gold  and  silver  are  distinct  substances.  (4) 

Taking  our  letters  thus — 

A  =  metal  C  =  silver 

B  =  gold  D  =  opaque, 

we  may  state  the  premises  in  the  form 

khc  =  A6cD  (i) 

B  =  ABrf  (2) 

C  =  ACrf  (3) 

B  =  Be.  (4) 

To  obtain  a  complete  solution  of  the  question  we  take 

the  sixteen  combinations  of  A,  B,  C,  D,  and  striking  out 

I  2 
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those  which  are  inconsistent  with  the  premises,  there 
remain  only 

ABcd 
khGd 
AhcD 
abcD 
abed. 
The  expression  for  not-opaque  things  consists  of  the 
three  combinations  containing  d,  thus 

d  =  ABcd  +  AbCd  +  abed, 
or  d  =  Ad  (Be  +  6C)  +  abed. 

In  ordinary  language,  what  is  not-opaque  is  either 
metal  which  is  gold,  and  then  not-silver,  or  silver  and  then 
not  gold,  or  else  it  is  not-metal  and  neither  gold  nor  silver. 
A  good  example  for  the  illustration  of  the  Indirect 
Method  is  to  be  found  in  De  Morgan  s  Formal  Logic  (p. 
123),  the  premises  being  substantially  as  follows  : — 

From  A  follows  B,  and  from  C  follows  D  ;  but  B  and 
D  are  inconsistent  with  each  other ;  therefore  A  and  C 
are  inconsistent. 

The  meaning  no  doubt  is  that  where  A  is,  B  will  be 
found,  or  that  every  A  is  a  B,  and  similarly  every  C  is  a  D  ; 
but  B  and  D  cannot  occur  together.  The  premises  there- 
fore appear  to  be  of  the  form 

A  =  AB,  (i) 

C  =  CD,  (2) 

B  =  Bd.  (3) 

On  examining  the  series  of  sixteen  combinations,  but  five 
are  found  to  be  consistent  with  the  above  conditions, 
namely, 

ABcd 
aBcd 
abCD 
abcD 
abed. 
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In  these  combinations  t]ie  only  A  which  appears  is 
joined  to  c,  and  similarly  C  is  joined  to  a,  or  A  is  incon- 
sistent with  C. 

A  more  complex  argument,  also  given  by  De  Morgan  ^, 
contains  five  terms,  and  is  as  stated  below,  except  that  I 
have  altered  the  letters. 

*  Every  A  is  one  only  of  the  two  B  or  C  ;  D  is  both  B 
and  C,  except  when  B  is  E,  and  then   it   is 
neither ;  therefore  no  A  is  D/ 
A  little  reflection  will  show  that  these  premises  are 
capable  of  expression  in  the  following  symbolic  forms — 

A  =  ABo  +  AAC,  "^  (i) 

Dr5  =  DeBC,  (2) 

DE=DE6c.  (3) 

As  five  letters.  A,  B,  C,  D,  E,  enter  into  these  premises  it 
is  requisite  to  treat  their  thirty-two  combinations,  and  it 
will  be  found  that  fourteen  of  them  remain  consistent  with 
the  premises,  namely 

ABceZE  oBGDe  aftCrfE 

KRcde  ((BCf/E  ahGde 

A6CcZE  a^Cfh  atcDE 

AhGde  aBcdE  abcdE 

aUcde  abcde. 

Now  if  we  examine  the  fii-st  four  combinations,  all  of 
which  contain  A,  we  find  that  they  none  of  them  contain 
D  ;  or  again  if  we  select  those  which  contain  D,  we  have 
only  two,  thus — 

D  =  aBCDc  I  ahcDE. 
Hence  it  is  clear  that  no  A  is  D,  and  vice  versd  no  D  is  A. 
We  might  also  draw  many  other  conclusions  from   the 
premises  ;  for  instance — 

DE  =  aftcDE, 
or  D  and  E  never  meet  but  in  the  absence  of  A,  B,  and  C. 

1   '  P'ormal  Logic,'  p.  124, 


the  Indii'ect  Method  of  Inference  extract  the  whole  truth 
from  any  series  of  propositions,  and  exhibit  it  anew  in  any 
required  form  of  conclusion.  But  it  may  also  need  to  be 
shown  by  examples  that  so  long  as  we  follow  correctly 
the  almost  mechanical  ndes  of  the  method,  we  cannot  fall 
into  any  of  the  common  Jidlacies  or  paralogiBms  which  are 
not  seldom  committed  in  ordinary  dLscussion.  Let  us 
take  the  example  of  a  fallacious  argument,  previously 
treated  by  the  Method  of  Direct  Inference  (p,  75), 

Granite  is  not  a  sedimenttay  rock,  ( 1 ) 

Basalt  is  not  a  sedimentary  rock,  (2) 

and  let  us  asceitain  whether  any  precise  conclusion  can  be 
drawn  concerning  the  relation  of  granite  and  basalt. 
Taking  as  before 

A  =  granite, 
B  =  sedimentary  rock, 
C  ==  basalt, 
the  premises  become      A  =  A6,  ( i ) 

C  -  Ck  (2) 

Of  the  eight  conceivable  combinations  of  A,  B,  C,  five  agree 
with  these  conditions,  namely 

A6C        ^  aBc 

^bc  abC 

ahc  ; 
the  description  of  granite  is  found  to  be 

A  =  Ate  [  Ahc  ^  Ab{C  I  c), 
that  is,  granite  is  not  a  sedimentary  rock  but  is  either 
basalt  or  not-basalt.     If  we  want  a  description  of  basalt 
the  answer  is  of  like  form 

C  ^  AbC'labC^  6C(A|a). 
Basalt  is  a  sedimentary  rock,  and  either  granite  or  not- 
granite.     As  it  is  already   pei-tectly  evident   that  basalt 
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mufit  be  either  granite  or  not,  and  vice  versd,  the  premises 
&il  to  give  us  any  information  on  the  point,  that  is  to  say 
the  Method  of  Indirect  Inference  saves  iis  from  falling 
into  any  fallacious  conclusions.  This  example  suflScicntly 
illustrates  both  the  fallacy  of  Negative  premises  and  that 
of  Undistributed  Middle  of  the  old  logic  (pp.  75-77). 

The  fallacy  called  the  Illicit  Process  of  the  Major  Term 
is  also  incapable  of  commission  in  following  the  rules  of 
the  method.     Our  example  was  (p.  77) 

All  planets  are  subject  to  gravity,  ( i ) 

Fixed  stars  are  not  planets.  (2) 

The  fidse  conclusion  is  that  *  fixed  stars  are  not  subject  to 
gravity/    The  terms  are 

A  =  planet 
B  =  fixed  star 
C  =  subject  to  gravity. 
And  the  premises  are      A  =  AC,  ( i ) 

B=  aB.  (2) 

The  combinations  which  remain  uncontradicted  on  com- 
parison with  these  premises  are 

A6C  aBc 

aBC  abG 

abc. 
For  fixed  star  we  have  the  description 
B  =  aBC  +  aBo, 
that  is,  '  a  fixed  star  is  not  a  planet,  but  is  either  subject 
or  not,  as  the  case  may  be,  to  gravity/ 

The  Logical  Abacus. 

The  Indirect  Method  of  Inference  has  now  been  sufli- 
ciently  described,  and  a  careful  examination  of  its  powers 
will  show  that  it  is  capable  of  giving  a  full  analysis  and 
solution  of  every  question  involving  any  simply  logical 
relations.  The  chief  difficulty  of  the  method  consists  in 
the  great  number  of  combinations  which  may  have  to  be 


120 


THE  PUINCIPLES  OF  SCIENCE. 


examined ;  not  only  may  the  requisite  lubour  become 
formidable,  but  a  considerable  chance  of  mistake  may 
arise.  I  have  therefore  given  much  attention  to  modes 
of  facilitating  the  work,  and  have  succeeded  in  reducing 
the  method  to  an  almost  mechanical  form.  It  soon 
appeared  obvious  that  if  the  conceivable  combinations 
of  the  abecedarium,  for  any  number  of  letters,  instead 
of  being  printed  in  fixed  order  on  a  piece  of  paper  or 
slate,  were  mai'ked  upon  Hght  moveable  pieces  of  wood, 
mechanical  arrangements  could  readily  be  devised  for 
selecting  the  combinations  in  any  required  order.  The 
labour  of  comparison  and  rejection  might  thus  be  im- 
mensely reduced.  This  idea  w^aa  first  carried  out  in  the 
Logical  Abacus,  which  I  have  found  useful  in  the  lecture- 
room  for  exhibiting  the  complete  solution  of  logical 
problems.  A  minute  description  of  the  construction  and 
use  of  the  abacus,  together  ^nth  figures  of  the  parts,  has 
already  been  given  in  my  essay  called  Tlie  SuhstUution  of 
Siinihrs^,  and  I  will  here  give  only  a  general  description. 

The  abacus  consists  of  a  common  school  black-board 
placed  in  a  sloping  position  and  furnished  with  tour 
horizontal  and  equi-distant  ledges.  Tlie  combinations  of 
the  letters  sliown  in  the  first  four  columns  of  the  abece- 
darium (see  p.  109),  are  printed  in  somewhat  large  type, 
so  that  each  letter  is  about  an  inch  from  the  neighbour- 
ing one,  but  the  letters  are  placed  one  above  the  other 
instead  of  being  in  horizontal  lines  as  id  p.  109.  Each 
combination  of  letters  is  separately  fixed  to  the  surface 
of  a  thin  sHp  of  wood  one  inch  broad  and  about  one- 
eighth  inch  thick.  Short  steel  pins  are  then  driven  in  an 
inclined  position  into  the  wood.  When  a  letter  is  a  large 
capital  representing  a  positive  term,  the  pin  is  fixed  in 
the  upper  part  of  its  space  ;  when  the  letter  is  a  small 
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italic  representing  a  negative  term,  the  pin  is  fixo<l  in 
the  lower  part  of  the  space.  Now,  if  one  of  the  scrias  of 
combinations  be  ranged  upon  a  ledge  of  the  black-board, 
the  sharp  edge  of  a  flat  rule  can  be  inserted  U^neath  the 
pins  belonging  to  any  one  letter — say  A,  ho  that  all  the 
combinations  marked  A  can  be  lifted  out  and  i>la(*('d  upon 
a  separate  ledge.  Thus  we  have  represented  the  act  of 
thought  which  separates  the  class  A  from  wh.at  is  nol-A. 
The  operation  can  be  repeated  ;  out  of  the  Ah  we  cm  in 
like  manner  select  those  which  are  B,  obtaining  thr  AHk  ; 
and  in  like  manner  we  might  select  any  other  class  such 
as  the  aB's,  the  aV%  or  the  ahc&. 

If  now  we  take  the  series  of  eight  combinations  of  the 
letters  A,  B,  C,  a,  6,  c,  and  wish  to  analyse  the  argunieiit 
anciently  called  Barbara,  having  the  premises 

A  =  AB  (i) 

B  =  BC,  (2) 

we  proceed  as  follows  : — Firstly  we  raise  the  combinations 
marked  a,  leaving  the  A\s  behind ;  out  of  these  A's  we 
move  to  a  lower  ledge  such  as  anj  not-Bs,  and  to  the 
remainmg  AB's  we  join  the  a's  which  have  l)een  mised. 
The  result  is  that  we  have  divided  all  the  combinations 
into  two  classes,  namely,  the  A6  s  which  arc  incapable  of 
existing  consistently  with  premise  (i),  and  the  combina- 
tions which  are  consistent  with  the  premise.  Turning 
now  to  the  second  premise,  we  raise  out  of  those  which 
agree  with  (i)  the  6's,  then  we  lower  the  Bcs;  lastly  we 
join  the  6's  to  the  BC's.  We  should  now  find  our  com- 
binations arranged  as  below. 


A 

a 

a 

a 

H 

B 

h 

b 

C 

C 

C 

c 

A 

A 

A 

a 

B 

h 

h 

n 

■ 

r 

C 

c 

r 

1 

The  lower  line  contains  all  the  combinations  which  are 
inconsistent  with  either  premise  ;  we  have  cairied  out  in 
a  mechanical  manner  that  exclusion  of  self-contradictories 
which  was  formerly  done  upon  the  slate  or  paper.  Ac- 
cordingly, from  the  remaining  comi linations  in  the  upper 
line  we  can  draw  any  inference  which  the  premises  yield. 
If  we  raise  the  As  we  find  only  one,  and  that  is  C,  so  that 
A  must  be  C.  If  we  select  the  ch  we  again  find  only 
one  which  is  a  and  also  b,  so  that  we  prove  that  not-C  is 
iiot-A  and  not-B. 

When  a  disjunctive  proposition  occurs  among  the 
premises  the  requisite  movements  become  rather  more 
complicated.     Take  the  disjunctive  argument 

A  is  either  B  or  C  or  D, 

A  is  not  C  and  not  D, 

Therefore  A  is  B. 
Tlie  premises  are  represented  accurately  as  follows  : — 
A  =  ABt  ACI  ad"  (i) 

A  =  Ac  (2) 

A^Arf,  (3) 

As  there  are  tour  terms  wo  choose  the  series  of  sixteen 
combinations  and  place  them  on  the  highest  ledge  of  tlie 
board  but  one.  We  raise  the  as  and  lower  the  6s.  But 
we  are  not  to  reject  all  the  A6'b  as  contradictory,  because 
hy  the  first  premise  A\s  may  be  either  B's  or  C*8  or  Ds. 
Accordingly  out  of  the  AUh  we  must  select  the  cs,  and 
out  of  these  again  the  d^&,  so  that  only  Abed  will  remain 
to  be  rejected  finally.  Joining  idl  the  other  fifteen  com- 
binations together  again  we  raise  the  as  and  lower  the 
AG's,  and  thus  reject  the  combinations  inconsistent  with 
(2);  similarly  we  reject  the  ADs  which  are  inconsistent 
with  (3).  It  will  be  found  that  there  remain  in  addition 
to  all  the  eight  combinations  containing  a  only  one  con- 
taining A,  namely 

ABcrf. 


THE  LOGICAL  MACHINE.  123 

whence  it  is  apparent  that  A  must  be  B,  the  true  conchisiou 
of  the  argument. 

In  my  previous  Essay '*  I  have  described  the  working  of 
two  other  logical  problems  upon  the  abacus,  which  it 
would  be  tedious  to  repeat  in  this  place. 

The  Logical  Machine. 

Although  the  Logical  Abacus  considerably  reduced  the 
labour  of  using  the  Indirect  Method,  it  was  not  free  from 
the  possibility  of  error.  I  thought  moreover  that  it  woidd 
afford  a  conspicuous  proof  of  the  generality  and  power  of 
the  method  if  I  could  reduce  it  to  a  purely  mechanical 
form.  Logicians  had  long  been  accustomed  to  speak  of 
Logic  as  an  Organon  or  Instrument,  and  even  Bacon,  while 
he  rejected  the  old  syllogistic  logic,  had  insisted,  in  tlie 
second  aphorism  of  his  *  New  Listrument,'  that  the  mind 
required  some  kind  of  systematic  aid.  In  the  kindred 
science  of  mathematics  mechanical  assisfemce  of  one  kind 
or  another  had  long  been  em j Joyed.  Orreries,  globes, 
mechanical  clocks,  and  such  like  instruments,  are  really 
aids  to  calculation  and  are  of  considerable  antiquity.  Tlie 
arithmetical  machine  of  Pascid  is  more  than  two  centuries 
old,  having  been  constructed  in  1642-45.  M.  Thomjia  of 
Colmar  has  recently  manufactured  an  arithmetical  machine 
on  Pascal's  principles  which  is  extensively  employed  by 
engineers  and  others  who  need  frequently  to  multiply  or 
divide.  To  Babbage,  however,  was  entirely  due  the 
merit  of  embodying  the  Calculus  of  Differences  in  a 
machine,  which  thus  became  capable  of  calculating  the 
most  complicated  tables  of  figures.  It  seemed  strange 
that  in  the  more  intricate  science  of  quantity  mechanism 
could  be   applicable,  whereas   in  the   Bimplc   science  of 

*»  '  Substitution  i»f  Similare,'  pp.  56-59. 


qualitative  reasoning,  the  syllogism  was  only  by  analogy ^ 
or  simile  called  an  Instrument.  Swift  satirically  described  | 
the  PrufeRsors  of  Laputa  as  in  possession  of  a  thinking , 
machine,  and  in  1851  Mr.  Alfred  Smee  actually  proposed 
the  construction  c^f  a  Relational  machine  and  a  Differential  . 
machine,  the  first  of  which  would  be  a  mechaniail  die-  ^M 
tionarj^  and  the  second  a  mode  of  comparing  ideas ;  but  ^ 
with  these  exceptions  I  have  not  yet  met  with  so  much 
as  a  suggestion  of  a  reasoning  machine.  It  may  be  added 
that  Mr.  Smee's  designs,  though  highly  ingenious*  appear 
impracticable,  and  in  any  case  do  not  attempt  the  per- 
fonnance  of  logical  inference L 

The  Logical  Abacus  soon  suggested  the  notion  of  a 
Logical  Machine,  which,  after  two  unsuccessful  attempts, 
T  succeeded  in  constructing  in  a  comparatively  simple  and 
effective  fonn.  The  dr^ails  of  the  Logical  Machine  have 
been  fully  described  by  the  aid  of  plates  in  the  Phi- 
losophical Transactions^,  and  it  would  be  both  tedious 
and  needless  to  repeat  the  account  of  the  somewhat 
intricate  movements  of  the  machine  in  this  place - 

The  general  appearance  of  the  machine  is  shown  in  a 
plate  facing  the  title-page  of  this  volume.  It  somewhat 
resemblea  a  very  small  upright  piano  or  organ,  and  has 
a  keyboard  containing  twenty-one  keys.  These  keys  are 
of  two  kinds,  sixteen  of  tiiem  representing  the  terms  or 
letters  A,  a,  B,  h,  C,  c\  D,  d,  which  have  so  often  been 
employed  in  onr  logical  notation.  When  letters  occur 
on  the  left-hand  side  of  a  proposition,  formerly  called 
the  subject,  each  is  represented  by  a  key  on  the  left-hand 
half  of  the  keyboard  ;  but  when  they  occur  on  the  right- 

'  See  his  work  calleil  *  The  Prot'CBs  of  Tlioiight  adapted  to  Words  and 
LungUBge,  togetber  with  a  description  of  the  Rcktional  and  Differential 
Machines/     Also  '  Philnsophifal  Trnnsactionp/  [1870]  vol.  r6o,  p.  518. 

^  'Philosophical  Transactiona,'  [1870]  vol  160,  p.  497,    *  Proceedings 


I 
I 
I 


of  the  Kojal  Society/  vol  xviii*  p, 
P-  343- 


166,  Jan.  20,  1870.     *  Nature,'  vol  i, 
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hand  side,  or  as  it  used  to  be  called  the  predicate  of  the 
proposition,  the  letter  keys  on  the  right-hand  side  of  the 
keyboard  are  the  proper  representatives.  Tlie  five  other 
keys  may  be  called  operation  key?,  to  distiiiguish  thera 
from  the  letter  or  term  keys.  They  stand  for  the  stops, 
copula,  and  digunctive  conjunctions  of  a  proposition.  The 
midtlle  key  of  all  is  the  copula>  to  be  pressed  when  the 
verb  is  or  the  sign  =  is  met.  The  extreme  right-hand 
key  is  called  the  Full  Stop,  because  it  should  be  pressed 
when  a  proposition  is  completed,  in  fact  in  the  proper 
place  of  the  full  stop.  The  extreme  left-hand  key  is 
used  to  terminate  an  argument  or  to  restore  the  machine 
to  its  initial  condition  ;  it  is  called  the  Finis  key.  The 
last  key  but  one  on  tlie  right  and  left  complete  the 
whole  series,  and  represent  the  conjunction  or  in  its  un- 
exclusive  meaning,  or  the  sign  f  which  I  have  employed, 
according  as  it  occurs  in  the  right  or  left  hand  side 
of  the  proposition.  The  whole  keyboai'd  is  arranged 
as  shown  below — 


I 


Left-liaiid  aid<s  of  Propomtioii, 
or  Subject. 


Eight'hand  side  of  Fktipocitloii, 
or  Predicate. 


Or' 


To  work  tlie  machine  it  is  only  requisite  to  press  the 
keys  in  succession  as  indicated  by  the  letters  and  signs 
of  a  symbolical  proposition.  All  the  premises  of  an  ar- 
gument are  supposed  to  be  reduced  to  the  simple  notation 
which  has  been  employed  in  the  previous  pages.  Taking 
then  such  a  simple  proposition  as 

A  =  AB, 

we   press   the   keys  A   (subject),   copula,   A   (predicate), 
B  (predicate),  and  full  stop. 
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If  there  be  a  second  premise,  for  instancse 

B=BC, 
we  press  in  like  manner  the  keys — 

B  (subj.),  copula,  B  (pred.),  C  (pred.),  full  stop. 
The  process  is  exactly  the  same  however  numerous  the 
premises  may  be.  When  they  are  completed  the  operator 
will  see  indicated  on  the  face  of  the  machine  the  exact 
combinations  of  letters  which  are  consistent  with  the 
premises  according  to  the  principles  of  thought. 

As  shown  in  the  figure  opposite  the  title-page,  the 
machine  exhibits  in  front  an  abecedarium  of  sixteen  com- 
binations, exactly  like  that  of  the  abacus,  except  that  the 
letters  of  each  combination  are  separated  by  a  certain 
interval.  After  the  above  problem  has  been  worked  upon 
the  machine  the  abecedarium  will  present  the  following 
appearance — 


A 

A 

a 

a 

a 

a 

a 

a 

B     B 

B 

B 

h 

h 

h 

h 

C 

c|  C 

C 

C 

C 

c 

c 

D 

d 

D 

- 

D 

d 

D 

d 

The  operator  will  collect  the  various  conclusions,  as  for 
instance  that  A  is  always  C,  that  not-C  is  not-B  and 
not- A;  that  uotrB  is  not- A  but  either  C  or  not-C,  as 
in  the  use  of  the  Logical  Slate  or  Abacus. 
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Disjunctive  propositions  are  to  l>e  treated  in  an  exactly 
rirailar  manner.     Thus,  to  work  the  premiseH 
A  =  AB  I  AC 
B  +  C  =  BD  I  CD, 
it  is  only  necessary  to  press  in  succession  the  keyH 

A  (subj.),  copula,  A  (pred.),  B,    i  A,C,  full  st<»p. 
B  (subj.),  +  C,  copula,  B  (pred.),  D,  | ,  C,  D,  full  Htop. 
The  combinations  then  remaining  will  be  as  follows 
ABCD        rtBCD 
ABcD         flBcD 
A6CD         ahCD 
ahcD 
ahcd. 
On  pressing  the  subject  key  A,  all  the  possible   com- 
binations which  do  not  contain  A  will  disappear,  and  tlio 
description  of  A  may  be  gathered  from  what  Remains, 
namely  that  it  is  always  D.     The  full-stop  key  restores 
all  combinations  consistent  with  the  premises  and  any 
other  selection  may  be  made,  as  say  not-D,  which  will 
be  found  to  be  always  not-A,  not-B,  and  not-C. 

At  the  end  of  every  problem,  when  no  further  questions 
need  be  addressed  to  the  machine,  it  is  desirable  to  press 
the  Finis  key,  which  has  the  effect  of  bringing  into  view 
the  whole  of  the  conceivable  comlnnations  of  the  abece- 
darium.  This  key  in  ftict  obliterates  the  conditions  im- 
pressed upon  the  machine  by  moving  back  into  their 
ordinary  places  those  combinations  which  had  been  re- 
jected as  inconsistent  with  the  premises.  Before  begin- 
ning any  new  problem  it  is  requisite  to  observe  that 
the  whole  sixteen  combinations  are  visible.  After  the 
Finis  key  has  been  used  the  machine  represents  a  mhid 
endowed  with  powers  of  thought,  but  wholly  devoid 
of  knowledge.  It  would  not  in  that  condition  give  any 
answer  but  such  as  would  consist  in  the  primary  laws 
of  thought  themselves.     But  when   any   proposition   is 


worked  upon  the  keys,  the  macliine  analyses  or  digests 
the  meaning  of  it  and  becomes  charged  with  the  knoW' 
ledge  embodied  in  that  proposition.  Accordingly  it  is| 
able  to  return  as  an  answer  any  description  of  a  term] 
or  class  so  far  aB  furnished  by  that  proposition  in  ac- 
cordance with  the  Laws  of  Thought,  The  machine  is 
tlms  the  embodiment  of  a  true  logical  system.  The  com- 
binations are  claissified,  selected  or  rejected  just  as  they 
should  be  by  a  reasoning  mind,  so  that  at  each  step  in 
a  problem,  the  abecedarium  represents  the  proper  con-fl 
dition  of  a  mind  exempt  from  mistake.  It  cannot  be 
asserted  indeed  that  the  machine  entirely  supersedes  the 
agency  of  conscious  thought  *  mental  labour  is  required 
in  interpreting  the  meaning  of  grammatical  expressions^ 
and  In  correctly  impressing  that  meaning  on  the  machine;! 
it  is  furtiicr  required  in  gathering  the  conclusion  from 
the  remaitiing  combinations.  Nevertheless  the  true  pro- 
cess of  logical  inference  is  actually  awomplished  in  a 
purely  mechanical  manner- 
It  is  wortliy  of  remark  that  the  machine  can  detect 
any  self-contradiction  existing  between  the  premises  pre- 
sented to  it,  for  it  will  then  be  found  that  one  or  more 
of  the  terms  disappear  entirely  from  the  abecedarium. 
Thus  if  we  worked  the  two  propositions,  A  is  B,  and 
A  is  not-B,  and  then  inquired  for  a  description  of  A, 
the  machine  would  refuse  to  give  it  by  exhibiting  no 
combination  at  all  containing  A.  This  result  is  in  agree- 
ment with  the  law  which  I  have  explained  that  every 
terui  must  have  its  negative  (p.  88).  Accordingly  when- 
ever any  one  of  the  letters  A,  B,  C,  D,  a,  h,  c,  d  wholly 
dkappears  from  the  abecedariunij  it  may  be  safely  inferred 
that  some  self-contradiction  has  been  committed  in  the 


premises. 

It    ought   to   be    carefully    observed 
machuie  cannot   receive  a   simple   identity 


tliat    the    logical 
of  the   form 
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A  =  B  except  in  the  double  form  of  A  =  AB  and  B  =  AB. 
To  work  the  proposition  A  =  B  it  is  therefore  necessary  to 
presB  the  keys— A  (subj.).  Copula,  A  (pred.),  B  (pred.).  Full 
stop,  B  (subj.),  Copula,  A  (pred.),  B  (pred,).  Full  stop. 
The  same  double  operation  will  be  necessary  whenever 
the  proposition  is  not  of  the  kind  ciilled  a  partial 
identity  (p.  47).  Thus  AB  =  CD,  AB  =  AC,  A  =  B  I  C 
AtB  =  C+D,  all  require  to  be  read  from  both  ends 
separately.  This  is  a  remarkable  fact  whicli  some  per- 
sons may  consider  as  militating  against  the  equational 
form  of  proposition,  but  I  do  not  think  this  is  really 
the  case. 

Before  leaving  the  subject  I  may  remark  that  these 
mechanical  devices  are  not  likely  to  possess  great  prac- 
tical utility.  We  do  not  require  in  common  life  to  bo 
constantly  solving  complex  logical  questions.  Even  in 
mathematical  calculation  the  ordinary  rules  of  arithmetic 
are  generally  sufficient,  and  a  calcuhiting  machine  could 
only  be  used  with  advantage  in  peculiar  cases.  But  the 
machine  and  abacus  have  nevertheless  two  important 
uses. 

I.  I  trust  that  the  time  is  not  very  far  distant  wlien 
the  predominance  of  the  ancient  Aristotelian  Logic  will 
be  a  matter  of  history,  and  the  teaching  of  logic  will 
be  placed  on  a  footing  more  worthy  of  it«  supreme 
importance.  It  will  then  be  found  that  the  solution  of 
logical  questions  is  an  exercise  of  mind  at  least  \\h  valu- 
able and  necessary  as  mathematical  adculation.  I  believe 
that  these  mechanical  devices,  or  something  of  the  same 
kind,  will  then  become  useful  for  exhibiting  to  a  class 
of  students  a  clear  and  visible  analysis  of  logical  problems 
of  any  degree  of  complexity,  the  nature  of  each  step 
being  rendered  plain  to  the  eye.  For  this  purpose  I 
have  already  often  used  the  machine  or  abacus  in  my 
class  lectures  at  the  Owens  College. 

K 


2.  The  more  immediate  importance  of  tlie  machine 
seems  to  consist  in  the  unqiiestionable  proof  which  it 
affords  that  most  comprehensive  views  of  the  principles 
of  reasoning  have  now  been  attained,  although  they  were 
ahnost  wholly  unknown  to  Aristotle  and  his  followers. 
The  time  must  come  when  the  inevitable  results  of  the 
admirable  writings  of  the  late  Dr.  Boole  must  be  re- 
cognised at  their  true  value,  and  the  plain  and  palpable 
form  in  which  the  machine  presents  those  results  will, 
I  hope,  hasten  the  time*  Undoubtedly  his  life  marks 
an  era  in  the  high  science  of  human  reason.  It  may 
seem  strange  that  it  had  remained  for  him  first  to  set 
forth  in  its  full  extent  the  problem  of  logic,  but  I  am 
not  aware  that  any  one  before  him  had  treated  logic 
as  a  symbolic  method  for  evolving  from  any  premises 
the  description  of  any  class  whatsoever  as  defined  by 
those  premises.  His  quasi-mathematical  system  indeed 
could  not  be  regarded  as  a  final  and  complete  solution 
of  the  problem.  Not  only  did  it  require  the  manipula- 
tion of  mathematical  symbols  in  a  very  intricate  and 
perplexing  manner,  but  tlie  results  when  obtained  were 
devoid  of  demonstrative  force,  because  they  turned  upon 
the  employment  of  unintelligible  symbols,  acquiring  mean- 
ing only  by  analogy.  I  have  also  pointed  out  that  he 
imported  into  his  system  a  condition  concerning  the 
exclusive  nature  of  alternatives  (p.  83),  which  is  not 
necessarily  true  of  logical  terms.  I  shall  have  to  show 
in  the  next  chapter  tliat  logic  is  really  the  basis  of 
the  whole  science  of  mathematical  reasoning,  so  that 
Boole  completely  inverted  the  tnie  order  of  proof 
wlien  he  proposed  to  infer  logical  truths  by  algebraic 
processes.  It  is  a  wonderful  evidence  of  his  mental 
power  that  by  methods  fundamentally  false  he  should 
have  succeeded  in  reaching  true  conclusions  and  widen- 
ing the  sphere  of  reastm. 
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The  mechanical  performance  of  logical  inference  afiTords] 
a  demonstration  both  of  the  truth  of  Boole's  results  and 
of  the  mistaken  nature  of  his  mode  of  deducing  them. 
Conclusions  which  he  could  only  obtain  by  pages  of 
intricate  calculation,  are  exhibited  by  the  machine  after 
one  or  two  minutes  of  manipulation.  And  not  only  are 
those  conclusions  easily  reached,  but  they  are  demon- 
stmtively  true,  because  every  step  of  the  process  involves 
nothing  more  obscure  that  the  Laws  of  Thought* 

Tlie  Order  of  Premises. 


Before  quitting  the  subject  of  deductive  reasoning,  I 
may  remark  that  the  order  in  which  the  premises  of 
an  argument,  or  any  propositions  whatsoever,  are  placed^ 
is  a  matter  of  logical  indifference.  Much  discussion  has 
taken  place  at  various  times  concerning  the  arrangement 
of  the  premises  of  a  syllogism  ;  and  it  has  been  generally 
held,  in  accordance  with  the  opinion  of  Aristotle,  that 
the  so-called  major  premise,  containing  the  major  term, 
or  the  predicate  of  the  conclusion,  should  stand  first. 
This  distinction  however  falls  to  the  ground  in  our  system, 
since  the  proposition  is  reduced  to  an  identical  form  in 
which  there  is  no  distinction  of  subject  and  predicate* 
In  a  strictly  logical  and  philosophic  point  of  view  the 
order  of  statement  is  wholly  devoid  of  significance.  The 
premises  are  simultaneously  coexistent,  and  are  not  related 
to  each  other  according  to  any  of  the  properties  of  space 
or  time.  Just  as  the  qualities  of  the  same  object  are 
neither  before  nor  after  each  other  in  nature  (p.  40), 
and  are  only  thought  of  in  some  one  order  owing  to 
our  limited  capficdty  of  mind,  so  the  premises  of  an 
argument  are  neither  before  nor  after  each  other,  and 
are  only  thought  of  in  succession  because  the  mind  can- 
not grasp  many  ideas  at  once.     The  logical  combinations 
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of  the  Abecedarium  are  exactly  the  same   in  whatever 
order  the   premises   be   treated   on  the   logical   slate   or| 
machine. 

Some  difference  may  doubtless  exist  as  regards  con- 
venience to  human  memory.  The  mind  may  take  in 
the  results  of  an  argument  more  easily  in  one  mode  of  | 
statement  than  another,  although  there  is  no  real  differ- 
ence in  the  logical  residts.  But  in  this  point  of  view 
I  think  that  Aiistotle  and  the  old  logicians  were  clearly 
wrong.  It  is  more  easy  to  conclude  that '  all  A's  are  C's  *  \ 
from  *all  A's  are  B's  and  all  Bs  are  Cs/  than  from 
the  same  propositions  in  inverted  order,  *all  Bs  are  C*s 
and  all  A's  are  B's.' 


Tlie  Equivalency  of  Propositions, 

One  great  advantage  which  arises  from  the  study  of 
this  Indirect  Method  of  Inference  cousists  in  the  clear 
notion  which  we  thus  gain  of  the  Equivalency  of  Propo- 
sitions, The  older  logicians  showed  how  from  certain 
sunple  premises  we  might  draw  an  inference,  but  they 
tailed  to  point  out  whether  that  inference  contained  the 
w^iole,  or  only  a  part,  of  the  information  embodied  in  the 
premises.  Now  any  one  proposition  or  group  of  propo- 
sitions may  be  classed  with  respect  to  another  proposition 
or  group  of  propositions^  as 

I,  Equivalent, 
2*  Inferrible, 

3.  Consistent, 

4.  Contradictory* 
Taking  the  proposition  *AIl  men  are  mortals*  as  the 

original,  '  All  immortals  are  not  men '  is  its  equivalent ; 
'  Some  mortals  are  men '  is  inferrible,  or  capable  of  infe-  I 
rence,   but   is    not    equivalent ;     '  All    not   men   are   not 
mortals '  cannot  be  inferred,  but  is  consistent,  that  is,  may 


be  true  at  the  same  time ;  *  All  men  are  immortals'  is  of 
course  contradictory. 

One  sufficient  test  of  equivalency  is  the  capability  of 
mutual  inference.     Thus  from 

All  electrics  =  all  non-conductors, 
I  can  infer 

All  non-e]cctric8  —  fill  conductors, 
and  vice  versa  from  the  latter  I  can  pas^s  back  to  the 
former.  In  short  A  —  B  is  equivalent  to  a  =  h  Again, 
from  the  union  of  the  two  propositions,  A  =  AB  and 
B  —  AB,  I  get  A  =  B,  and  from  this  I  might  as  easily 
deduce  the  two  with  which  I  started.  In  this  case  one 
proposition  is  equivalent  to  two  other  propositions.  There 
are  indeed  no  less  than  four  modes  in  which  we  may 
express  the  identity  of  two  classes  A  and  B,  namely, 

fcllRST   MODE.  SISCOKD   MODE,  THIED    MODE.  FOURTH    MODE. 

*      T)  7  A  =  AB1  a—ub\ 

^  =  ^  «  =  ^  B  =  Ab}  h  =  ah\ 

The  Indirect  Method  of  Inference  furnishes  an  universd 
and  clear  criterion  as  to  the  relationship  of  propositions. 
The  import  of  a  statement  is  always  to  be  measured  by 
the  combinations  of  terms  which  it  destroys.  Hence  two 
propositions  are  exactly  equivalent  w^hen  they  remove 
exactly  the  same  condiiuations  from  the  Abecedarium, 
and  neither  more  nor  less*  A  proposition  is  inferrible 
but  not  equivalent  to  another  w^hen  it  removes  gome  but 
not  all  the  combinations  wiiich  the  other  removes.  Again, 
propositions  are  consistent  provided  that  they  leave  some 
one  combination  containing  each  term,  and  the  negative 
of  each  terra.  If  after  all  the  combinations  inconsistent 
with  two  propositions  are  struck  out,  there  still  appears 
in  the  Abecedarium  each  of  the  letters  A,  a,  B,  i,  C,  c,  D,  c?, 
which  were  there  before,  then  no  inconsistency  betw^een 
the  propositions  exists,  although  they  may  not  be  equiva- 
lent or  even  inferrible*     Finally,  contradictory  propositions 
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are  those  which  altogether  remove  any  one  or  more  letter- 
terms  from  the  Abecedarimn. 

What  is  true  of  single  propositions  applies  also  to 
groups  of  propositions,  however  large  or  complicated ; 
that  is  to  say,  one  group  may  be  equivalent,  inferrible, 
consistent,  or  contradictory  as  regards  another,  and  we 
may  similarly  compare  one  proposition  with  a  group  of 
propusitiona 

To  give  in  this  place  illustrations  of  all  the  four  kinds 
of  relation  would  requii*e  much  space  :  as  the  examples 
given  in  previous  sections  or  chapters  may  serve  more  or 
loss  to  explain  tlie  relations  of  inference,  consistency,  and 
contradiction,  I  will  only  add  a  few  instances  of  equivalent 
propositions  or  groups. 

In  the  following  list  each  proposition  or  group  of  propo- 
sitions is  exactly  equivalent  in  meaning  to  the  correspond- 
ing one  in  the  other  colunua,  and  the  truth  of  this  state- 
ment may  be  tested  by  workmg  out  the  combinations  of 
the  Abecedarium,  which  ought  to  be  found  exactly  the 
flame  in  the  case  of  each  pair  of  equivalenta. 
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Although  in  these  and  many  other  cases  the  equivalents 
pof  certain  propositions  can  readily  be  given,  yet  I  beheve 
that  no  tmiform  and  infallible  pro<!e8s  can  be  pointed  out 
by  which  the  exact  equiv^alents  of  premises  can  be  ascer- 
tained. Ordinary  deductive  inference  usually  gives  us 
[only  a  portion  of  the  contained  information.  It  is  tnie 
that  the  comliinations  consistent  with  a  set  of  propositions 
are  logically  equivalent  to  them,  l)nt  the  difficulty  consists 
in  passing  back  from  the  combinations  to  a  new  set  of 
propositirms,  Tlie  iask  is  here  of  a  different  character 
from  any  which  we  have  yet  attempteth  It  is  in  reality 
an  inverfc^e  process,  and  is  just  aa  much  more  troublesome 
and  uncertain  than  the  direct  process,  as  seeking  is  com- 
pared with  hiding.  Not  only  may  several  different  answers 
equally  apply,  but  there  is  no  method  of  discovering  any 
of  those  answers  except  by  repeated  triah  The  problem 
which  we  liave  here  met  is  really  that  of  induction,  the 
inverse  of  deduction  ;  and,  a^  I  shall  soon  show,  induction 
is  always  tentative,  and  unless  conducted  mth  peculiar 
skill  and  insight  must  be  exceedingly  laborious  in  cases  of 
any  considerable  complexity. 

The  late  Professor  de  Morgan  was  unfortunately  led 
by  this  equivalency  of  propositions  into  the  most  serious 
error  of  his  ingenious  system  of  Logic.  He  held  that 
because  the  proposition  *  All  A's  are  all  B  s,'  was  but 
another  expression  for  the  two  propositions  'All  A's  are 
B's'  and  *  All  B's  are  As/  it  must  be  a  composite  and  not 
really  an  elementary  form  of  proposition  L  But  on  taking 
a  general  view  of  \\\e  equivalency  of  propositions  such  an 
objection  seems  to  have  no  weight.  Logicians  have,  vAih 
few  exceptions,  persistently  upheld  the  origimd  error  of 
Aristotle  in  rejecting  from  their  science  the  one  simple 

*  *  Syllabus  of  a  propmed  B^'stem  of  Logic/  §§  57,  tii,  &c.  '  Formal 
Logic/  p.  66. 
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relation  of  identity  on  which  all  more  complex  logical 
relations  must  really  rest. 


Hie  NaZure  of  Infermce* 

The  question,  What  is  Inference  %  is  involved^  even  to 
the  present  day,  in  as  much  uncertainty  as  that  ancient 
question.  What  is  Truth  ^  I  shall  in  more  than  one  part 
of  this  work  endeavour  to  show  that  inference  never  does 
more  than  explicate,  nnfuld,  or  develop  the  information 
contained  in  certain  premises  or  facts.  Neither  in  deduc- 
tive nor  inductive  reasoning  can  we  add  a  tittle  to  our 
impHeit  knowledge^  wliich  is  Hke  that  contained  in  an 
unread  book  or  a  sealed  letter.  Sir  W.  Hamilton  has  well 
said,  *  Reasoning  is  the  showing  out  explicitly  that  a  pro- 
position not  granted  or  supposed,  is  implicitly  contained 
in  sometliiug  diflerent  which  is  granted  or  supposed  ^^^! 

Professor  Bo  wen  has  explained"  with  much  clearness 
that  the  conclusi<jn  of  an  argument  states  explicitly  what 
is  vh"tually  or  implicitly  thought.  '  The  process  of  reasoning 
is  not  so  much  a  mode  of  evolving  a  new  truth,  as  it  is  of 
establishing  or  proving  an  old  one,  by  showing  how  much 
wai3  admitted  in  the  concession  of  the  two  premises  taken 
together.'  It  is  true  that  the  whole  meaning  of  these 
statements  rests  upon  that  of  such  words  as  'explicit,' 
'implicit,'  *  virtual.'  That  is  implicit  which  is  wrapped  up, 
and  we  render  it  explicit  when  we  unfold  it-  JiLst  as  the 
conception  of  a  circle  involves  a  hundred  important  geome- 
trical properties,  all  followuig  from  what  we  know,  if  we 
have  acuteness  to  unfold  the  results,  so  every  fact  and 
stittement  involves  more  meaning  than  seems  at  first 
sight.  Reasoning  explicates  or  brings  to  conscious  posses- 
sion what  was  before  unconscious.     It  does  not  create,  nor 
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"»  Lectures  on  MetaphyeicB,  vol.  Iv.  p.  369^ 

»  Bowen,  '  Treatise  on  Logic,'  Cambridge,  U.S.,  1866;  p.  362. 
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does  it  destrojy  but  it  transmutes  and  tlirow.s  the  siinio 
matter  into  a  new  form. 

The  difficult  question  still  remains,  Where  docs  novelty 
of  form  begin  ?  Is  it  a  case  of  inference  when  we  paws 
fix)m  'Sincerity  is  the  parent  of  truth'  to  *  The  panjut  of 
truth  is  sincerity  V  The  old  logicians  would  have  ealled 
this  change  conversion,  one  ease  of  inimediate  inference. 
But  as  all  identity  is  necessarily  reciprocal,  and  the  very 
meaning  of  such  a  proposition  is  that  the  two  terms  are 
identical  in  their  signification,  I  fail  to  see  any  (lilft^rt'nce 
between  the  statements  whatever.  As  well  might  we  say 
that  a  =  &  and  h  =  a  are  different  eqiuations. 

Another  point  of  difficulty  is  to  decide  when  a  cliJingc 
is  merely  grammatical  and  when  it  involves  a  real  logical 
transformation.  Between  a  tahle  of  icood  and  a  tnuHhn 
Utile  there  is  no  logic^il  difference  (p.  37),  the  adjective 
being  merely  a  convenient  substitute  for  the  prepositional 
phrase.  But  it  is  uncertain  to  my  mind  whether  the 
change  from  '  All  men  are  mortal '  to  *  No  men  are  not 
mortal'  is  purely  grammatical.  Logical  change  may 
perhaps  be  best  described  as  consisting  in  the  determina- 
tion of  a  relation  between  certain  classes  of  objects  from 
a  relation  between  certain  other  classes.  Thus  I  consider 
it  a  truly  logical  inference  when  we  pans  from  '  All  men 
are  mortal'  to  'All  immortals  are  uot-men/  because  the 
classes  immortals  and  not-men  are  different  from  mortals 
and  tnew,  and  yet  the  propositions  contain  at  the  l)ottoni 
the  very  same  truth,  as  shown  in  tlie  combinations  of  the 
Abecedarium. 

From  logical  inference  we  must  discriminate  the  passage 
from  the  qualitative  to  the  quantitative  form  of  a  pro- 
position. We  state  the  same  truth  when  we  say  that 
'mortality  belongs  to  all  men,'  as  when  we  assert  that 
*  all  men  are  mortals.'  Here  we  do  not  pass  from  class  to 
class,  but  from  one  kind  of  term,  the  abstract,  to  another 
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kind,  the  concrete.  But  inference  probably  enters  when 
we  pass  from  either  of  the  above  propositions  to  the 
assertion  that  the  class  of  immortal  men  is  zero,  or  con- 
tains no  objects. 

It  is  really  a  question  of  words  to  what  processes  we 
shall  or  shall  not  apply  the  name  'inference,'  and  I  have 
no  wish  to  continue  the  trifling  discussions  which  have 
abeady  taken  place  upon  the  subject.  We  shall  not 
commit  any  serious  error,  provided  that  we  always  bear 
in  mind  that  two  propositions  may  be  connected  together 
in  four  different  ways.     They  may  be — 

1 .  Tavtologous  or  identical^  involving  the  same  relation 
between  the  same  terms  and  classes,  and  only  differing  in 
the  order  of  statement ;  thus  '  Victoria  is  the  Queen  of 
England'  is  tautologous  with  *The  Queen  of  England 
is  Victoria.' 

2.  Grammatically  equivalent^  in  which  the  classes  or 
objects  are  the  same  and  similarly  related,  and  the  only 
difference  is  in  the  words  ;  thus  '  Victoria  is  the  Queen 
of  England'  is  grammatically  equivalent  to  'Victoria  is 
England's  Queen.' 

3.  Equivalent  in  quaUtative  and  quantitative  form, 
the  classes  being  the  same,  but  viewed  in  a  different 
manner. 

4.  Logically  equivalent,  when  the  classes  and  relations 
are  different,  but  involve  the  same  knowledge  of  the 
possible  combinations. 


CHAPTER   VII. 


INDUCTION. 


We  enter  in  this  chapter  iipf»n  the  hccoihI  irrmi  di- 
partment  of  logical  method,  that  of  Indiu'tion  or  tin* 
Inference  of  general  from  particular  tniths.  It  caimnt 
be  said  that  the  Inductive  process  is  r)f  frruator  iiii[»urtjiiic<' 
than  the  Deductive  process  already  considtTcd,  1mc;uis4'  tin* 
latter  process  is  absolutely  essential  to  tho  irxistnicr  of 
the  former.  Each  is  the  complement  and  <*ount<*r|)ar(  of 
the  other.  The  principles  of  thought  and  existenrr  wliicli 
underlie  them  are  at  the  bottom  the  sanies  just  as  snlitrac- 
tion  of  numbers  necessarily  rests  upon  the  s;tine  [jiinciplrs 
as  addition.  Induction  is,  in  faet,  tlu^  inverse  operation 
to  deduction,  and  cannot  be  conceivtMl  to  exist  wit  I  tout 
the  corresponding  operation,  so  that  tla;  (juestion  of  re- 
lative importance  cannot  arise.  Who  thinks  of  askinj^ 
whether  addition  or  subtraction  is  thci  more  imj)ortant 
process  in  arithmetic  1  But  at  the  siune  time  nnieh 
difference  in  difficulty  may  exist  ])etween  a  direct  and 
inverse  operation  ;  the  integral  calculus,  for  instanas  is 
almost  infinitely  more  difficult  than  the  differential  cnl- 
culus  of  which  it  is  the  inverse.  It  must  be  allowed 
that  in  logic  inductive  investigations  are  of  a  far  higher 
degree  of  difficulty,  variety,  and  complexity  than  any 
questions  of  deduction  ;  and  it  is  this  fact  no  doubt  which 
has  led  some  logicians  to  erroneous  opinions  concerning 
the  exclusive  importance  of  induction. 

Hitherto  we  have  been  engaged  in  considering  how 


140 


THE  PRINCIPLES  OF  SCIENCE. 


from  certain  conditions,  laws,  or  iJeutities  governing  the 
combinations  of  qualities,  we  may  deduce  the  nature  o: 
tlie  combinations  agi'eeing  with  those  conditions.  Ou] 
work  has  been  to  unfold  the  results  of  what  is  contained 
in  any  statements,  and  tlje  process  has  been  one  of  Syn- 
thesis, The  terms  or  combinations  of  which  the  character 
has  been  determined  have  usually,  though  by  no  means 
always^  involved  more  qualities,  and  therefore,  by  the 
relation  of  extension  and  intension,  fewer  objects  than 
the  terms  in  which  they  were  described.  The  truths 
inferred  were  thus  usually  less  general  than  the  truths 
from  which  they  were  inferred. 

In  induction  all  is  inverted.  The  truths  to  be  ascer- 
tained are  more  general  than  the  data  from  which  they 
are  di*awn.  The  process  by  which  they  are  reached  is 
analytical,  and  consists  in  separating  the  complex  com- 
binations in  which  natural  phenomena  are  presented  to 
lis,  and  determining  the  relations  of  separate  qualities. 
Given  events  obeying  certain  unknown  laws,  we  have  to 
discover  the  laws  obeyed.  Instead  of  the  comparatively 
easy  task  of  finding  what  effects  will  follow  from  a  given 
law,  the  effects  are  now  given  and  the  law  is  required. 
We  have  to  interpret  the  will  by  which  the  conditions  of 
creation  were  laid  down. 


Induction  an  Inverse  Operation. 

I  have  already  asserted  that  induction  is  the  inverse 
operation  of  deduction,  but  the  difference  is  one  of  such  I 
great  importance  that  I  must  dwell  upon  it.  Tliere  are 
many  cases  where  we  can  easily  and  infallibly  do  a  certain 
thing  but  may  have  much  troul>]e  in  undoing  it,  A  per- 
son may  walk  into  the  most  complicated  labyrinth  or  the  A 
most  extensive  catacombs,  and  turn  hither  and  fhither  at 
his  will ;  it  is  when  he  wishes  to  return  tliat  doubt  and 


fdifficulty 


commence, 
ing,  he  must 


path  served  him 


In  entering,  t 
in  ieavmg,  ne  must  select  certain  definite  paths,  and  in 
this  selection  he  must  either  trust  to  memory  of  the  way 
he  entered  or  else  make  an  exhaustive  trial  of  all  possible 
ways.  The  explorer  entering  a  new  country  makes  sure 
hia  line  of  return  by  barking  the  trees. 

The  same  difficulty  arises  in  many  scientific  processes. 
Given  any  two  numbers,  we  may  by  a  simple  and  infallible 
process  obtain  their  product,  but  it  is  quite  another  matter 
when  a  large  number  is  given  to  determine  its  factors. 
Can  the  reader  say  what  two  numbers  multiplied  together 
will  produce  the  number  8,616.460,799?  I  think  it 
unlikely  that  any  one  but  myself  will  ever  know ;  for 
they  are  two  large  prime  numbers,  and  can  only  be  re- 
discovered by  trying  in  succession  a  long  series  of  prime 
divisors  until  the  right  one  be  fallen  upon.  The  work 
woidd  probably  occupy  a  good  computer  for  many  weeks, 
but  it  did  not  occupy  me  many  minutes  to  multiply  the 
two  factors  together.  Similarly  there  is  no  direct  process 
for  discovering  whether  any  number  is  a  prime  or  not; 
it  is  only  by  exhaustingly  tiying  all  inferior  numbers 
which  could  be  divisors,  that  we  can  show  there  is  none, 
I  and  the  labour  of  the  process  would  be  iatolerable  were  it 
not  performed  systematically  onco  for  all  in  the  process 
known  as  the  Sieve  of  Eratosthenes,  the  results  being 
registered  in  tables  of  prime  numbers. 

The  immense  difficulties  which  are  encountered  in  the 
solution  of  algebraic  equations  are  another  illustration. 
Given  any  algebraic  factoids,  we  can  easily  and  infallibly 
arrive  at  the  product^  but  given  a  product  it  is  a  matter 
of  infinite  difficidty  to  resolve  it  into  factoi^s.  Given  any 
series  of  quantities  however  numerous,  there  is  very  little 
trouble  in  making  an  equation  which  shall  have  those 
quantities  as  roots.     Let  a,  6,  c\  d,  &c.,  be  the  quantities  ; 


then 


(•r  — a)  {x  —  b)(x~c)  {x^d). 


is  the  equation  required,  and  we  only  need  to  multiply 
out  the  expreseiou  ou  the  left  hand  by  ordiutury  rules. 
But  having  given  a  complex  algebraic  expression  equated] 
to  zero>   it   is  a  matter   of  exceeding   difficulty  to   dis-J 
cover    all    the    roots.     Mathematicians    have    exhausted  j 
then'  highest  powers  in  caiTying  the  complete  solution 
up  to  the  fourth  degree.     In  every  other  mathematical 
operation  the   inverse  process  is  far  more  difficult  than 
the    direct    process,    subtraction    than    addition,    division 
than  multiplication,  evolution  than  involution;   but  the 
difficulty  increases  vastly   as  the  process  becomes  more  j 
complex.     The  difTerentiation,  the  direct  process,  is  always  i 
capable  of  performance  by  certain  fixed  rules,  but  as  these 
produce  considerable  variety  of  resiilts,  the  inverse  process 
of  integitition    presents   immense  difficulties,  and  in  an 
Infinite  m;*jority  of  crises  Burpasees  the  present  resources 
of  njathematicians.     There  are  no  infallible  and  general 
rules  for  its  accomplishment ;  it  must  be  done  by  trial, 
by  guesswork,  by  remembering  the  results  of  differentia- 
tion, and  using  them  as  a  guide. 

Coming  more  nearly  to  our  own  immediate  subject, 
exactly  the  same  diiliculty  exists  in  determining  the  law 
which  certain  numbers  obey.  Given  a  general  mathe-  g 
matical  expression,  we  can  infallibly  ascertam  its  value 
for  any  required  value  of  the  variable.  But  I  am  not 
aware  that  mathematicians  have  ever  attempted  to  lay 
down  the  rules  of  a  process  by  which,  having  given  cer- 
tain numbers,  one  might  discover  a  rational  or  precise  I 
formula  from  which  they  proceed.  The  problem  is  always 
indeterminate,  because  an  infinite  number  of  formulse 
agreeing  with  certain  numbers,  might  always  be  dis- 
covered with  sufficient  trouble. 

The  reader  may  test  his  power  of  detecting  a  law,  by 
contemplation  of  its  results,  if  he,  not  being  a  mathema- 
tician, will  attempt  to  point  out  the  law  obeyed  by  the 
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following  numliers: 


30    4a 


— ,  __ ,  - — ,  - ,  - — — , 

30     66     2730     6      510 


etc. 


These  numbers  are  sometimeB  negative,  more  often  posi- 
tive ;  sometimes  in  low  terms,  but  unexpeetedlj  spring- 
ing up  to  liigli  terms ;  in  absolute  magnitude  tliey 
are  very  variable.  They  seem  to  set  all  regularity  and 
metliod  at  defiance,  and  it  is  hardly  to  be  supposed  that 
any  one  could,  from  contemplation  of  the  numbers,  have 
detected  the  relation  between  them.  Yet  they  are  derived 
from  the  mowst  regular  and  symmetrical  laws  of  relation, 
and  are  of  the  highest  importance  in  mathematical  analysis, 
beint/  known  as  the  numbers  of  Bernouilli. 

Compare  again  the  difficulty  of  decyphering  with  that 
of  cyphering.  Any  one  can  invent  a  secret  language,  and 
with  a  little  steady  labour  can  translate  the  longest  letter 
into  the  character.  But  to  decypher  the  letter  having  no 
key  to  the  signs  adopted,  is  a  wholly  different  matter. 
As  the  possible  modes  of  secret  writing  arc  infinite  in 
number  and  exceedingly  various  in  kind,  there  is  no  dii^ect 
mode  of  discovery  wliatever.  Eepeated  trial,  guided 
more  or  less  by  knowledge  of  the  customary  form  of  cypher, 
and  resting  entirely  on  the  principles  of  probability,  is 
the  only  resource.    A  peculiar  tact  or  skill  is  requisite  for 

fthe  process,  and  a  few  men,  such  as  Wall  is  or  Mr,  Wheat- 
stone,  have  attained  great  success. 
Induction  is  the  decyphering  of  the  hidden  meaning  of 
natmul  phenomena.  Given  events  which  happen  in  certain 
definite  combinations,  we  are  required  to  j)oint  out  the 
laws  which  have  governed  those  combinations.  Any  laws 
being  supposed,  we  can,  with  ease  and  certainty,  decide 
whether  the  phenomena  obey  those  laws.  But  the  laws 
which  may  exist  are  infinite  in  variety,  so  that  the  chances 
are  immensely  against  mere  random  guessing.  The  dif- 
ficulty is  much  increased  by  the  fact  that  several  laws  wil 
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usually  be  in  operation  at  the  same  time,  the  effects  of 
which  are  coiuplieated  together.  The  only  modes  of  dis- 
covery consist  either  in  exhaustively  trying  a  great  number 
of  supposed  laws,  a  process  which  is  exliaustive  in  more 
senses  than  one,  or  else  by  carefidly  contemplating  the 
eflects,  endeavoiH'ing  to  remember  cases  in  which  like 
effects  followed  from  known  laws.  However  we  accom- 
plish the  discovery,  it  must  be  done  by  the  more  or  less 
apparent  application  of  the  direct  process  of  deduction. 

The  Logical  Abecedarium  illustrates  induction  as  well  as 
it  does  deduction.  In  the  Indirect  process  of  Inference  we 
found  that  from  certain  propositions  we  could  infallibly 
determine  the  combinations  of  t^nuB  agreeing  with  those 
premises.  The  inductive  problem  is  just  the  inverse. 
Having  given  certain  combinations  of  terms,  we  need  to 
ascertain  the  propositions  with  which  they  are  consistent, 
and  from  which  they  may  have  proceeded.  Now  if  the 
reader  contemplates  the  following  combinations 

ABC  am 

aBC  ahc^ 

he  will  probably  remember  at  once  that  tliey  belong  to  the 
premises  A  =  AB,  B-BC*  If  not,  he  wuU  require  a  few 
trials  before  he  meets  with  the  right  answer,  and  every 
trial  will  consist  in  assuming  certain  hiws  and  observing 
whether  the  deduced  results  agree  with  the  data.  To  test 
the  facility  with  which  he  can  solve  this  inductive  pro- 
blem, let  him  casually  strike  out  any  of  the  combinations, 
say  iti  the  fourth  column  of  the  Abecedarium  (p.  109),  and 
Ray  what  laws  the  remaining  combinations  ol^ey,  obsennng 
that  every  one  of  the  letter-terms  and  their  negatives 
ouglit  to  appear  in  order  to  avoid  self-contradiction  in  the 
]>remises  (pp*  88,  128).  Let  him  say,  for  instance,  w^hat 
laws  are  embodied  in  the  combinations 


i 
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The  difficulty  becomes  much  greater  when  more  terms 
enter  into  the  combiiiatirms.  It  would  be  no  easy  matter 
to  point  out  the  complete  conditions  fulfilled  in  the  com- 
binations 

ACe 

aBC^ 

aBcdE 

ahQe 

ithe'E. 

After  some  trouble  the  reader  may  discover  that  the 
principal  laws  are  C  —  e^  and  A  =  Ae ;  but  he  would  hardly 
discover  the  remaining  law,  namely  that  BD  =  BDe, 

The  difficulties  encountered  in  the  inductive  investi- 
gations of  nature,  are  of  an  exactly  similar  Idnd. 

We  seldom  observe  any  great  law  in  uninterrupted  and 
imdisguised  operation.  The  acuteness  of  Aristotle  and 
the  ancient  Greeks,  did  not  enable  them  to  detect  tJiat  all 
terrestrial  bodies  tend  to  fixll  towards  the  centre  of  the 
earth.  A  very  few  nights  of  observ^ation  would  have  con- 
vinced an  astronomer  viewing^  the  solar  svstem  from  its 
centre,  that  the  planels  travelled  round  the  sun  ;  but  tlie 
fact  that  our  place  of  observation  m  one  of  the  travelling 
planets,  so  complicates  the  apparent  motions  of  the  other 
bodies,  that  it  required  all  the  industry  and  sagacity  of 
Copernicus  to  {>rove  the  real  simplicity  of  the  planetary 
system.  It  is  the  same  throughout  nature  ;  the  laws  may 
be  simple,  but  their  combined  effects  are  not  smiple,  and 
we  have  no  clue  to  guide  us  through  their  intricacies.  *  It 
is  the  gloiy  of  God/  said  Solomon,  *  to  conceal  a  thing,  but 
the  glory  of  a  king  to  search  it  out/  The  laws  of  natm-e 
are  the  invaluable  secrets  which  God  luis  hidden,  and  it  is 
the  kingly  prerogative  of  the  philosopher  to  search  them 
out  by  industiy  and  sagacity. 
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Indnction  of  Sim2:^ie  Identities. 

Many  of  the  most  important  laws  of  nature  are  ex- 
preHsible  in  the  form  of  ^implt!  identities,  and  I  can  at  once 
adduce  them  as  examples  to  illustrate  what  I  have  siiid 
of  the  difficulty  of  the  inverse  process  of  induction.  There 
are  many  cases  in  which  two  phenomena  are  usually  con- 
joined. Thus  all  gravitathig  matter  is  exactly  couicident 
with  all  matter  possessing  inertia  ;  where  one  property 
appears,  the  other  likewise  appears.  All  crystals  of  the 
cubical  system,  are  all  the  cr}^sttils  which  do  not  duul4y 
refract  light.  All  exogenous  plants  are,  with  some  ex- 
ce|)tions,  those  which  have  tw^o  cotyledons  or  seed-leaves. 

A  little  reflection  wuU  bIiow  that  there  is  no  direct  and 
intiiHible  process  l»y  which  Buch  complete  coincidences  may 
he  discovered.  Natural  objects  are  aggrefrates  of  many 
quidities,  and  any  one  uf  thuae  qualities  may  prove  to  be 
in  close  connection  with  some  others.  If  each  of  a 
numerous  group  of  objects  Ls  endow^ed  with  a  hundred 
distinct  physical  or  chemicid  qutdities,  there  will  be  no 
less  than  ^(looxgg)  or  4950  pairs  of  qualities,  which 
may  be  connected,  and  it  will  evidently  be  a  matter  of 
great  intricijcy  and  kdxnir  to  ascertain  exactly  which 
qualities  are  connected  by  any  sim}>le  law. 

One  principal  s<an\'e  of  difficulty  is  that  the  finite  powders 
of  the  human  mind  are  not  sufficient  to  compare  by  a 
single  act  any  large  group  of  objecta  with  another  large 
group.  We  cannot  hold  m  the  conscious  possession  of  the 
mind  at  any  one  moment  more  than  five  or  six  different 
ideas.  Hence  w^e  nuist  treat  any  more  complex  group  by 
successive  acts  of  attention.  Tlie  readei*  will  perceive  by 
an  almost  individual  act  of  comparison  that  the  words 
Jio7na  and  Mora  contain  the  same  letters.  He  may 
perhaps  see  at  a  glance  whether  the  same  is  true  of 
Caiuid  and  Casual,  and  of  Log  tea  and  Cidigo.    To  assure 
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himself  that  the  letters  in  Astronomers  inuke  Xo  more 
stars^  that  Serpens  in  akuleo  is  an  anugrani  of  Jotf tines 
Keplerus,  or  Great  gun  do  us  a  sum  an  anagram  of  Au- 
gustus de  Morgan,  it  will  cert^iiuly  be  necessary  to  break 
up  the  act  of  comparison  into  sevenil  succes^sivc  acts.  Tlie 
process  will  acquire  a  double  cliaracter,  and  will  consist  in 
aBoertaining  that  each  letter  of  the  first  group  is  among 
the  letters  of  the  second  group,  and  vice  versd,  that  each 
letter  of  the  second  is  among  those  of  the  first  group. 
In  the  same  way  we  can  only  prove  that  two  long  lists  of 
names  are  identical,  by  showing  that  each  name  in  one 
list  occurs  in  the  other,  and  vice  verad. 

This  process  of  comparison  really  consists  in  establish- 
ing two  partial  identities,  which  are,  as  already  shown 
(p-  133)1  equivalent  in  conjunction  to  one  simple  iden- 
tity. We  first  ascertain  the  truth  of  the  two  proi)ositions 
Ass  AB,  Bs=AB,  and  we  then  rise  by  substitution  to  the 
single  law  A  ^  B. 

There  is  another  process,  it  is  true,  by  which  we  may 
get  to  exactly  the  same  result,  for  the  two  propositions 
A  =  AB,  a  =  ab  are  also  equivalent  to  the  simple  identity 
As:B(p.  133).  If  then  we  can  show  that  all  ol>jects 
included  under  A  are  included  under  B,  and  also  that  all 
objects  not  included  under  A  are  not  included  under  B, 
our  purpose  is  effect<3d.  By  this  procc»ss  we  should 
usually  compare  two  lists  if  we  are  allowed  to  mark  them. 
For  each  name  in  the  first  list  we  nhoiUd  strike  off  one  in 
the  second,  and  if,  when  the  first  list  is  exhausted  the 
second  list  is  also  exhausted,  it  follows  that  all  names 
absent  from  the  first  must  be  absent  from  the  second, 
and  the  coincidence  must  be  complete. 

The  two  modes  of  proving  a  simple  identity  are  so 
closely  allied  that  it  is  doubtful  how  far  we  can  detect 
any  difference  in  their  powers  and  instances  of  application. 
The  first  method  is  perhaps  more  convenient  where  the 
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plienomeiia  to  be  compared  are  rare.  Thus  we  prove 
that  all  the  musical  concords  coincide  with  all  the  more 
simple  mimerical  ratios,  by  sLowdng  tliat  each  coucord 
arises  from  a  simple  ratio  of  mididatioiis,  and"  then  sho vy- 
ing that  each  simple  ratio  gives  rise  to  one  of  the  con- 
cords. To  examine  all  the  possible  cases  of  discord  or 
complex  ratio  of  undidation  would  be  impossible.  By  a 
happy  stroke  of  induction  Sir  John  Herschel  discovered 
that  all  crystals  of  quaiiz  which  rotate  the  plane  of  polar- 
ization of  light  are  precisely  those  crystals  which  have 
plagihedi'al  faces,  that  is,  oblique  faces  on  the  corners 
of  the  prism  unsymmetrical  with  the  ordinary  faces. 
Tin's  singular  relation  woidd  be  proved  by  observing  that 
all  plagihedral  crystals  possessed  the  power  of  rotation, 

d  vIgc  versd  all  crystals  possessing  this  power  were 
plagihedral.  But  it  might  at  the  same  time  be  noticed 
that  all  ordinary  crystals  were  devoid  of  the  power* 
There  is  no  reason  why  we  sliould  not  observe  any  of  the 
foui^  propositions  A-AB,  B  =  AB,  a  =  ah,  h  —  ab,  all  of 
which  follow  from  A  =  B  (see  p,  133)- 

Sometimes  the  terms  of  the  identity  may  be  singidar 
objects  ;  thus  we  observe  that  diamond  is  a  comliustibie 
gem,  and  I^eing  unable  to  discover  any  other  that  is,  we 
affirm 

Diamond  —  combustible  gem. 

In  a  similar  manner  we  ascertain  that 

Mercuiy  =  metal  liquid  at  ordinaiy^  temperatures, 
Substance  of  least  density  =  substance  of  least  atomic 
weight. 

Two  or  three  objects  may  occasionally  enter  into  the 
induction,  as  when  we  learn  that 

Sodium  i  potassium  ^  metal    of   less    density   than 

water, 
Venus  I  Mercury  I   Mars  ^  major   planet   devoid  of 
satellites. 
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Induction  of  Partial  Identities. 

We  fovmd  in  the  last  section  that  the  simple  Idcutity  of 
two   classes  is  almost  always  discovered  not  by  direct 
obBervation  of  the  fact,  but   by  first   est^iblishing  two 
partial   identities.     There  are  .ilso  a  great  multitude  of 
cases  in  which  the  partial  identity  of  one  class  with  an- 
other  is  the  only  relation  to  be  discovered.    Thus  the  most 
common  of  all  inductive  inferences  consists  in  establishing 
the  iact  that  all  objects  having  the  properties  of  A  have 
also  those  of  B,  or  that  A  =  AB.     To  ascertaui  the  truth 
of  a  proposition  of  this  kind  it    is  merely  necessiiry  to 
assemble  tc^ther,  mentally  or  physically,  all  the  ol)j(K?ts 
included  under  A,  and  then  observe  whether  B  is  present 
in  each  of  them',  or,  which  is  the  same,  whetlicr  it  would 
be   impossible   to  select   from   among  them  any  not-Ii. 
Thus,  if  we  mentally  assemble  together  all  the  heavenly 
bodies  which  move  with  apparent  rapidity,  that  is  to  wiy 
the  planets,  we  find  that  they  all  possess  the  property  of 
not  scintillating.     We  cannot  aniilyse  any  vegetable  sub- 
stance without  discovering  that  it  contains  carbon  and 
hydrogen,  but  it  is  not  true  that  all  substances  containing 
carbon  and  hydrogen  are  vegetable  substances. 

The  great  mass  of  scientific  tmths  consists  of  propo- 
sitions of  this  form  A  =  AB.  Thus  in  astronomy  we 
learn  that  all  the  planets  are  spheroidal  bodies ;  that 
they  all  revolve  in  one  direction  round  the  sun ;  that 
they  all  shine  by  reflected  light ;  that  they  all  obey 
the  law  of  gravitation.  But  of  course  it  is  not  to  be 
asserted  that  all  bodies  obeying  the  law  of  gravitation, 
or  shining  by  reflected  light,  or  revolving  in  a  particular 
direction,  or  being  spheroidal  in  form,  are  planets.  In 
other  sciences  we  have  immense  numbers  of  propositions 
of  the  same  form,  as  for  instance  that  all  substances  in 
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becoming  gaseous  absorb  heat ;  that  all  metals  are 
elements ;  that  they  are  all  good  conductors  of  heat  and 
electricity;  that  all  the  alkaline  metals  are  monad 
elements  ;  that  aU  foraminifera  are  marine  organisms  ; 
that  all  parasitic  animals  are  non-mammaUan ;  that 
lightning  never  issues  from  stratons  clouds  ^  ;  that  pumice 
never  occurs  where  only  Labrador  felspar  is  present  ^ : 
and  scientific  importance  may  attach  even  to  rach  ap- 
parently trifling  observations  as  that  *  white  cats  having 
blue  eyes  are  deaf  ^\' 

The  process  of  inference  by  which  all  such  truths  are 
obtained  may  readily  be  exhibited  in  a  precise  symbolic 
form.  We  must  have  one  premise  specifying  in  a  dis- 
junctive form  all  the  possible  individuals  which  belong 
to  a  class  ;  we  resolve  the  class,  in  short,  into  its  con- 
etituents.  We  then  need  a  number  of  propositions  each 
of  which  affirms  that  one  of  the  individuals  possesses  a 
certain  property.  Thus  the  premises  must  be  of  the 
form 

A-  BICI  D|  .IPIQ 

B  ^  BX 

C  -  CX 


« 


Q-QX. 

Now  if  we  substitute  for  each  alternative  of  the 
premise  its  description  as  found  among  the  succeeding 
premises  we  obtain  ~ 

A  =  BXICXK..- IPXIQX 

or 

A  =(B|-CI I  Q)X. 


'  Anigo^R  Meteoroliiglcal  Essftjrs,  p.  lo. 

^  LjeU's  Elements  of  Qeolo^yi  Fourtli  ed.  p.  373. 

**  DftrwiD*fi  Variation  of  Aoimab,  &c. 
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But  for  the  aggregate  of  alternatives  we  may.  now 
mihstitute  their  equivalent  as  given  in  the  first  premise^ 
namely  A,  so  that  we  get  the  required  result 

A  =  AX. 

It  may  be  remarked  that  we  should  have  reached  the 
same  final  result  if  our  original  premise  had  been  of  the 

form 

A  =  AB+AC+ +  AQ. 

The  difference  of  meaning  is  that  all  B's  need  not  now 
be  A's,  nor  all  C  s,  &c.     But  we  should  still  have 
A  =  ABX+ ACX+ +  AQX  =  AX 

We  can  always  prove  a  proposition,  if  we  find  it  more 
convenient,  by  proving  its  equivalent.  To  assert  that  all 
not-B's  are  not-A's,  is  exactly  the  same  as  to  assert  that  all 
A's  are  B'a  Accordingly  we  may  ascertain  that  A  =  AB 
by  first  ascertaining  that  h  =  ah.  If  we  observe,  for  in- 
stance, that  all  substances  which  are  not  solids  are  also 
not  capable  of  double  refi-action,  it  follows  necessarily 
that  all  double  refi-acting  substances  are  solids.  We  may 
convince  ourselves  that  all  electric  substances  are  noncon- 
ductors of  electricity,  by  reflecting  that  all  good  conduc- 
tors do  not,  and  in  fact  cannot,  retain  electric  excitation. 
When  we  come  to  questions  of  probability  it  will  be  found 
desirable  to  prove,  as  far  as  possible,  both  the  original 
proposition  and  its  equivalent,  as  there  is  then  an  increased 
area  of  observation. 

The  number  of  alternatives  which  may  arise  in  the 
division  of  a  class  varies  greatly,  and  may  be  any  number 
from  two  upwards.  Thus  it  is  probable  that  every  sub- 
stance is  either  magnetic  or  diamagnetic,  and  no  substance 
can  be  both  at  the  same  time.  The  division  then  must  be 
made  in  the  form 

A  =  ABc+AftC. 

If  now  we  can  prove  that  all  magnetic  substances 
are  capable  of  polarity,  say  B  =  BC,  and  also  that  all 


diamagnetic  substtiiices  are  capable  of  polarity  C  ^  CD,  it 
foUowB  by  sukstltution  that  all  substances  are  capable  of 
polarity,  or  A  =  AD.  We  may  divide  the  class  substance 
again  into  the  three  suWasKes,  solid,  liquid,  and  gas ; 
and  if  we  can  show  that  in  each  of  these  forms  it  obeys 
Carnot's  themiodynaniic  law^  it  follows  that  all  substances 
obey  that  law.  Similarly  we  may  show  that  all  verte- 
brate animals  possess  red  blood,  if  we  can  sliow  separately 
that  fish,  reptiles,  birde^  marsupials,  and  mammals  possess 
red  blood,  there  being,  as  far  as  is  known^  only  five 
principal  subchiKses  of"  vertebrata. 

Our  inductions  will  often  be  emburrassed  by  exceptions, 
real  or  apparent.  We  might  affirm  that  all  gems  are 
incombustible  w^ere  not  diamond  undoubtedly  combustible. 
Nothing  seems  more  evident  than  that  all  the  metfils  are 
opaque  until  we  examine  them  in  fine  films,  when  gold 
and  silver  are  found  to  be  transparent,  AH  plants  absorb 
carbonic  acid  except  certain  fungi ;  all  the  bodies  of  the 
planetary  system  have  a  progi-essive  motion  from  west  to 
east,  except  the  satellites  of  Uranus  and  Neptune,  Even 
some  of  the  profoundest  laws  of  matter  are  not  quite 
universal ;  all  solids  expand  by  heat  except  india-rubber, 
and  possibly  a  few  other  substances  ;  all  liquids  which 
have  been  tested  expand  by  heat  except  water  below  4''C 
and  fused  bismuth  ;  all  gases  have  a  coefficient  of  expan- 
sion increasmg  with  the  temperature  except  hydrogen. 
In  a  later  chapter  I  sliall  consider  how  such  anomalous 
cases  may  be  regarded  and  classified  ;  here  we  have  only 
to  express  them  in  a  consistent  manner  in  our  nota- 
tion. 

Let  us  take  the  case  of  the  transparency  of  metals,  and 
assign  the  terms  thus 

A  =  metal  D  =  iron 

B  =  gold  E,  F  &e.  —  copper,  lead,  h 

C  =  silver  X  ^  opaque. 
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Our  premiaes  will  be 

A  =  B I  C  +  D  I  E,  &c. 

B  =  Bz 

C  =  Cp 

D=DX 

E  =  EX, 
and  80  on  for  the  rest  of  the  metals.    Now  evidently 

A5c  =  (Dl  El  F+ )hv, 

ar.d  hj  substitution  as  before  we  shall  obtuin 

Aftc  =  A&cX, 
or  in  words,  'All  metals  not  gold  nor  silver  are  opaque  ;' 
at  the  same  time  we  have 

A(B+  C)  =  AB  +  AC  =  ABx  I  KQx  =  A(B  I  C)x, 
or  *  Metals  which  are  either  gold  or  silver  are  not  opiiquc/ 
In  some  cases  the  problem  of  induction  a&Humes  a  much 
higher  degee  of  complexity.    If  we  examine  the  properties 
of  crystallized  substances  we  may  find  some  jnoperties 
which  are  common  to  all,  as  cleavage  or  frsuitiuro  in  definite 
planes;  but  it  would  soon  become  requisite  to  break  up 
the  dass  into   several   minor  ones.     We  should  divide 
crystals  according  to  the  seven  accepted  systems     and 
we  should  then  find  that  crystals  of  each  system  possess 
many  common  properties.     Thus  crystals  of  the  Kegu  ar 
or  Cubical  system  expand  equally  by  heat,  conduct  heat 
and  electricity  with  uniform  rapidity,  and  are  of  like 
elasticity  in  aU  directions ;   they  have  but  one  "'^^^^.^^ 
refraction  for  light ;  and  evcrv  facet  is  repeated  m  like 
relation  to  each  of  the  three  axes.     Crystals  of  the  «y««^n^ 
which  possess  one  principal  axis  will  be  fo^^^    refmcV^^ 
the  various  physical  powers  of  «°»^^^*'^pendicularTA 
elasticity,  &c.,  uniformly  in  directions   perp  > 

the  principal  axis,  but  in  other  direct^-;, ^^.4   P^Hj., 
vary  according  to  complicated  laws.   A  °         ^.l  axes,  or  V 
in  which  the  crystals  possess  three  "^..^^t^a  resuU.     ""^ 
inclined  axes,  exhibit  still  more  coiopi  itg^  ^^^^ 
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effects  of  the  crystal  upon  light,  heat,  electricity,  kc, 
varying  in  all  directions.  But  when  we  pursue  induction 
into  the  intricacies  of  its  application  to  Nature  we  rcidly 
enter  upon  the  Bubject  of  classification  which  we  must 
^^      take  up  again  in  a  lat-er  part  of  this  work, 

f 


It  is  now  plam  that  Induction  consists  in  passing  back 
from  a  series  of  combinations  to  the  law^s  by  which  such 
combinations  are  governed.  The  natural  law  that  all 
metals  are  conductors  of  electricity  reaUy  means  that  in 
nature  we  lind  three  classes  of  objects,  namely- — 

1 .  Metals»  conductors  ; 

2.  Not-metals,  conductors ; 

3.  Not-metals,  not-conductora 
It  comes  to  the  same  thing  if  we  say  that  it  excludes  the 
existence  of  the  class,  *  metals  not -conductors/  In  the 
same  way  every  other  law  or  group  of  laws  will  really 
mean  the  exclusion  from  existence  of  certain  combinations 
of  the  things,  circumstances  or  phenomena  governed  by 
those  laws.  Now  in  logic  we  treat  not  the  phenomena 
and  laws  but,  strictly  speaking,  the  general  forms  of  th© 
laws ;  and  a  little  consideration  will  show  that  for  a  finite 
number  of  things  the  possible  number  of  forms  or  kiiidB 
of  law  governing  them  must  also  be  finite.  Using  general 
terms  we  know  tliat  A  and  B  can  be  present  or  absent  in 
four  ways  and  no  more — ^thus 

AB,  A6,  rtB,  ab ; 
therefore  eveiy  possible  law  which  can  exist  concerning 
the  relation  of  A  and  B  must  be  marked  by  the  exclusion 
of  one  or  more  of  the  above  combinations.  The  number 
of  possible  laws  then  cannot  exceed  the  number  of  selec- 
tions  which  we  can  make  from  these  four  combinations, 
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mud  "we  arrive  at  this  utmost  number  of  aiscs  by  oniittiiicr 
any  one  or  more  of  the  four.  The  numl)er  of  cases  to 
be  oonsidered  is  therefore  2x2x2x2  or  sixteen,  since 
eacli  may  be  present  or  absent ;  and  these  ataes  ure  all 
shown  in  the  following  table,  in  which  the  sign  o  indicutes 
absence  or  non-existence  of  the  combination  shown  at  the 
left-hand  oolnmn  in  the  same  line,  and  the  mark   i   its 
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Thus  in  column  sixteen  we  find  that  all  the  conceivable 
combinations  are  present^  which  means  that  there  are  no 
special  laws  in  existence  in  such  a  case,  and  tluit  the 
combinations  are  governed  only  by  the  universal  Laws  of 
Identity  and  Difference.  The  example  of  metals  and 
conductors  of  electricity  would  be  represented  by  the 
twelfth  column;  and  every  other  mode  in  which  two 
things  or  qualities  might  present  themselves  is  shown  in 
one  or  other  of  the  columns.  More  than  half  the  cases 
may  indeed  be  at  once  rejected,  because  they  involve  the 
entire  absence  of  a  term  or  its  negative.  It  has  been 
shown  to  be  a  necessary  logical  principle  that  every  term 
must  have  its  negative  (p.  88),  and  where  this  is  not  the 
case  some  inconsistency  between  the  laws  or  conditions  of 
combinations  must  exist.  Thus  if  we  laid  down  the  two 
following  propositions,  *  Graphite  conducts  electricity,* 
and  *  Graphite  does  not  conduct  electricity,'  it  would 
amount  to  asserting  the  impossibility  of  graphite  existing 
at  all ;  or  in  genenxl  terms,  A  is  B  and  A  is  not  B  result 
in  destroying  altogether  the  combinations  containing  A. 


We  therefore  restrict  our  attention  to  those  cases  which 
may  be  represented  in  natural  phenomena  where  at  least 
two  combinations  are  present,  and  which  correspond  to 
those  columns  of  the  table  in  which  each  of  A,  a,  B,  b 
appeara  These  cases  are  shown  in  the  columns  marked 
with  an  asterisk. 

We  find  that  seven  cases  remain  for  examination,  thus 
characterised— 

Four  cases  exliibiting  three  combinations, 
Two  cases  exhibiting  two  combinations, 
One  case  exhibiting  four  combinations. 
It  has  already  been  pointed  out  that  a  proposition  of  the 
form  A  =  AB  destroys  one   combination  A6,  so  that  this 
is  the  form  of  law  applying  to  the   twelftti  case.     But 
by  cha^nging  one  or  more  of  the  terms  in  A  — AB  into 
its  negative,  or  by  interchanging  A  and  B,  a  and  6,  we 
obtain  no  less  than  eight  different  varieties  of  the  one  form ; 
thiis— 

i2tL  case,  8th  case.  if^th  case.  i4tli  chso. 

A  =  AB         A  =  A6  a  =  aB  a  =  (ib 

b  =  ah  B  =  aB  b  =  Ab  B  =  AB. 

But  the  reader  of  the  preceding  sections  will  at  once 
see  that  each  proposition  in  the  lower  line  is  logically  equi- 
valent to,  and  is  in  tact  the  contrapositive  of,  that  above 
it  (p.  98),  Thus  the  propositions  A  — A6  and  B  =  aB 
both  give  the  same  combinations,  shown  in  the  eighth 
column  of  the  table,  and  trial  shows  tliat  the  twell^th, 
eighth,  fifteenth  and  fourteenth  cases  are  thus  fully  ac- 
counted for*  We  come  to  this  conclusion  then — The 
general  fomi  of  proposition  A  =  AB  admits  of  four 
logically  distinct  varieties,  each  capable  of  expressio7i  in 
two  dijf'erent  mode^* 

In  two  columns  of  the  table,  namely  the  seventh  and 
tenth,  we  observe  that  two  combinations  are  missing.  Now 
a  simple  identity  A=  B  renders  impossible  both  Kb  and  aB, 
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acoounting  for  the  tenth  case  ;  and  if  wc  duinr^o  \\  into  b 

the  identity  A=5  accounts  for  the  seventh  cas(».     There 

may  indeed  be  two  other  varieties  of  the  simple  identity, 

namely  a^h  and  a  =  B;  but  it  Iuih  already  been  shown 

repeatedly  that  these  are  equivalent  respectively  to  A  =  B 

and  A  =  6  (pp.  133,  134)-     As  the  sLxtcenth  column  has 

already  been  accounted  for  as  gov(.*rncd  by   no  speriiil 

eonditionfl^  we  come  to  the  following  genend  eonduKion  : — 

The  laws  governing  the  combinations  of  two  terms  must 

le   capable   of  expression    either   in   a    ]Kirtial   i<h;iitity 

(A  =  AB),  or  a  simple    identity   (A  =  B)  ;    the    partial 

identity  is  capable  of  only  four  logically  distinct  vari(;ties, 

and  the  simple  identity  of  two.     Every  logi(;al  n^lation 

between  two  terms  must  be  expressed  in  one  of  these 

nx  laws,  or  must  be  logically  equivalent  t<»  one  of  them. 

In  short,  we  may  conclude  that  in  treating  of  |)artia.l 
and  complete  identity,  we  have  exhaustively  tr<'at«Ml  th(j 
modes  in  which  two  terms  or  classes  of  ol*je(!ts  can  he 
related.  Of  any  two  classes  it  may  l>e  sjiid  that  om^  musli 
either  be  included  in  the  other,  or  must  be  i<lentiea.l  with 
it,  or  some  similar  relation  must  exist  l>etween  oiu*  clnss 
and  the  negative  of  the  other.  We  have  thus  (•om|)l(;t(jly 
solved  the  inverse  logical  problem  concerning;  two  terius'L 

The  Inverse  Logical  Problem  involrivfj  Thnr  Tmna. 

No  sooner  do  we  introduce  into  the  problem  ii  third 
term  C,  than  the  investigation  assumes  a  far  more  com- 
plex character,  so  that  some  readers  may  prefer  to  pass 
over  this  section.  Three  terms  and  their  negatives  may  be 
combined,  as  we  have  frequently  seen,  in  eight  different 

d  The  oimtents  of  this  and  the  following  section  nearly  eoiTcsi)onil 
with  those  of  a  paper  read  before  the  Manchester  Literary  and  PhiloKophieal 
Sodefcy  on  Dccenil>er  26th,  187 1.  See  Proceedings  of  the  Society,  vol.  xi. 
pp.  65--68,  and  Memoirs,  Third  Series,  vol.  v.  j)p.  1 19-130. 
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combinations^  and  the  eflfect  of  laws  or  logical  conditions 
is  to  destroy  any  one  or  more  of  these  combinations. 
Now  we  may  make  Bclections  fi*om  eight  things  in  2^  or 
256  ways  ;  bo  that  we  have  no  less  than  256  chfferent  aises 
to  treat,  and  the  complete  sohition  is  at  least  fifty  times 
as  troublesome  as  with  two  terms.  Many  series  of  com- 
binations, indeed,  are  contradictory,  as  in  tlie  simpler 
problem,  and  may  be  passed  over.  The  test  of  consistency 
is  that  each  of  tlie  letters  A,  B,  C,  a,  i,  c  shall  appear 
somewhere  in  the  series  of  combinations ;  but  I  have 
not  been  able  to  discover  any  mode  of  calculating  the 
nnmber  of  cases  in  which  inconsistency  woidd  happen. 
The  logical  complexity  ol'  the  problem  is  so  great  that 
the  ordinary  modes  of  ciilcnlatiug  numbers  of  combinations 
in  mathematical  science  fail  to  give  any  aid,  and  ex- 
haustive examination  of  the  combinations  in  detail  is 
the  only  method  appUcable. 

My  mode  of  solving  the  problem  was  as  follows :- — 
Having  written  out  the  whole  of  the  256  series  of  com* 
binations,  I  examined  them  separately  and  struck  out 
such  as  did  not  fulfil  the  test  of  consistency.  I  then  chose 
some  common  form  of  proposition  involving  two  or  three 
terms,  and  varied  it  in  every  possible  manner,  both  by 
the  circular  interchange  of  letters  (A,  B,  C  into  B,  C,  A 
and  then  C,  A,  B),  and  by  the  substitution  for  any  one  or 
more  of  the  terms  of  the  coiTesponding  negative  terms. 
For  instance,  the  proposition  AB  — ABC  can  be  first  varied 
by  circular  interchange,  so  as  to  give  BC  =  BC A  and  then 
CA=CAB.  Each  of  these  three  can  then  be  tlirown 
into  eight  varieties  by  negative  change.  Thus  AB  =  ABC 
gives  aB  —  aBC,  kb  =  A6C,  AB  =  ABc,  ah  =  «6C,  and  so  on. 
Thus  there  may  possibly  exist  no  less  than  twenty-foiir 
varieties  of  the  law  having  the  general  form  AB  =  ABC, 
meanhig  that  whatever  has  the  j^roperties  of  A  and  B  has 
those  also  of  C*     It  by  no  means  follows  that  some  of  the 


I 


INDUCTION.  159 


Tarieties    may  not  be   equivalent   to   otiieru;    and  trial 
flhowB,  in   fiskct,  that  AB^ABC  is   exactly  the  same  m 
meaning   as  Ac  =  A&c  or   Bc  =  Bca.     Tints   the  law   in 
question  lias  but  eight  varieties  of  distinct  logical  mean- 
ing.   I  now  ascertain  by  actual  deductive  reasoning  which 
of   the   256  series  of  combinations  result  from   each  of 
these  distinct  laws,  and  mark  them  off  as  soon  as  found. 
I  no^w  proceed  to  some  other  form  of  law,  for  instance 
A  =  ABC,  meaning  that  whatever  has  the  ([ualities  of  A  has 
those  also  of  B  and  C.    I  find  that  it  iichnit^  of  twenty- 
four  variations,  all   of  which   are  found  to  1x3  logically 
distinct ;  the  combinations  being  worked  out,  I  am  able 
to  mark  off  twenty-four  more  of  the  list  of  256  series.     I 
proceed  in  this  way  to  work  out  the  results  of  every  form  of 
law  which  I  can  find  or  invent.     If  in  the  course  of  tliis 
work  I  obtain  any  series  of  combinations  which  luvd  been 
previously  marked  off,  I  learn  at  once  that  the  law  is 
l<^cally  equivalent  to  some  law  iireviiiusly  treated.     It 
may  be   safely  inferred   that   every  variety   of  the   ajy- 
parently  new  law  wiU   coincide  in  nieaning  with  some 
variety   of  the  former  expression   of  the  sjune  law.     I 
have  sufficiently  verified  this  assumption  in  some  cases 
and  have  never  found  it  lead   to  error.     Thus  just  as 
ABseABC  is  equivalent   to  Ac  =  A6c,  so  we  find   that 
ah  =  a&C  is  equivalent  to  ac  =  acB. 

Among  the  laws  treated  were  the  two  A  =  AB  and 
A=B  which  involve  only  two  terms,  because  it  may  of 
course  happen  that  among  three  things  two  only  are 
in  special  logical  relation,  and  the  third  independent ;  and 
the  series  of  combinations  representing  such  cases  of 
relation  are  sure  to  occur  in  the  complete  enumeration. 
All  single  propositions  which  I  could  invent  having  been 
treated,  pairs  of  propositions  were  next  investigated. 
Thus  we  have  the  relations,  *A11  A's  are  B's  and  all 
B's  are  C's,'  of  which  the   old  logical  syllogism  is  the 
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development.  We  may  also  have  '  all  A's  are  all  B's, 
and  all  B's  are  Cs/  or  even  'all  As  are  all  Bs,  and  all 
Bs  are  all  Cs/  All  such  premises  admit  of  variations, 
greater  or  less  in  number,  the  logical  diHtiiictxiess  of  which 
can  only  be  determined  by  trial  in  detail.  Disjimctive 
propositions  either  singly  or  in  pairs  were  also  treated, 
but  Avere  often  found  to  be  equivalent  to  other  propo- 
sitions of  a  simpler  form  ;  thus  A^ABC  |-  Ak'  is  exactly 
the  same  in  meaning  as  AB  =  AC. 

This  mode  of  exhaustive  trial  bears  some  analogy  to 
that  ancient  mathematical  process  called  the  Sieve  of 
Eratosthenes.  Having  taken  a  long  series  of  the  natural 
numbers,  Eratosthenes  is  said  to  have  calculated  out  in 
succession  all  the  multiples  of  every  number,  and  to  have 
marked  them  off,  so  that  at  last  the  prime  numbers  alone 
remained,  and  the  factoids  of  every  number  were  exhaus- 
tively discovered.  My  problem  of  2 56  series  of  combmations 
is  the  logical  analogue,  the  chief  points  of  difference  being 
that  there  is  a  limit  to  the  number  of  cases,  and  that  prime 
numbers  have  no  analogue  in  logic,  since  every  series  of 
combinations  corresponds  to  a  law  or  group  of  conditions. 
But  the  analogy  is  perfect  in  the  point  that  they  are 
both  inverse  processes.  There  is  no  mode  of  ascertaining 
that  a  number  is  prime  but  by  showing  that  it  is  not 
the  product  of  any  assignable  factors.  So  there  is  no 
mode  of  asceii:aining  what  laws  are  embodied  in  any 
series  of  combinations  but  trying  exhaustively  the  laws 
wliich  would  give  tliem.  Just  as  tlie  results  of  Emto- 
stheues'  metliod  have  been  worked  out  to  a  great  extent 
and  registered  in  tiibles  for  the  convenience  of  other 
matliematicians,  I  have  endeavoured  to  work  out  the 
inverse  logical  problem  to  the  utmost  extent  which  is 
at  present  practicable  or  useful. 

I  have   thus   found    tijat  there  are  altogether  fifteen 
conditions    or    series    of  conditions    which    may   govern 
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the  oombinatioDS  of  three  terms,  forming  the  premises 
of  fifteen  essentially  different  kinds  of  arguments.  The 
following  table  contains  a  statement  of  those  conditions, 
together  with  the  number  of  combinations  which  uro 
contradicted  or  destroyed  by  each,  and  the  nuinlK^r  of 
logically  distinct  variations  of  which  the  law  is  capable. 
There  might  be  also  added,  as  a  sixteenth  case,  that  ciiho 
where  no  special  logical  condition  exists,  ho  that  all  tlio 
eight  combinations  remain. 


Beference 
Number. 

Propositions  expressing  the  general 
type  of  Uie  logical  oonditiuns. 
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1 

A 
4 

4 
,\ 

1 

3 
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2 
i 
^ 
4 
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I. 

n. 

UI. 

IV. 

V. 

VI. 

VII. 

VIII. 

IX. 

X. 

XI. 

XII. 

XIII. 

XIV. 

XV. 

A-B 

A»AB 

A=B.B=C 

A-B.B«BC 

A  =  AB.B-BC 

A=BC 

A-ABC 

AB=ABO 

A»AB,  aB^^iBc 

A=ABC.a?>=-a6C 

AB=ABC,  ab^ritc 

AB  =  AC 

A<»BC  +  A&c 

A  =  BC  +  5c 

A  =  ABC,  o  =  Bc  +  6C 

193 

There  are  sixty-three  series  of  combinations  derived  from 
self-contradictory  premises,  which  with  the  above  192  sericK 
and  the  one  case  where  there  are  no  conditions  or  lawH  ui 
aU,  make  up  the  whole  conceivable  number  of  256  soriyh. 

We  learn  from  this  table,  for  instance,  that  two  ^i> 
positions  of  the  form  A  =  AB,  B  =  BC,  whidi  uic  ^^^^ 
as  constitute  the  premises  of  the  old  syllogii«ii  ti^i^t^, 
negative  or  render  impossible  four  of  th«  t^ij^t  v-*^.* . 
nations  in  which  tliree   terms  may  be  uuilt^,  j^;^, 
these  propositions  are  capable  of  taking  (n^mfej^^. 
ations  by  transpositions  of  the  teriim  or  tif;  AW^x.  ^ 
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of  negatives.  This  table  then  presents  the  results  of 
a  complete  analysis  of  all  tlie  possible  logical  relations 
arising  in  the  case  of  three  tenns,  and  the  old  syllogism 
forms  bnt  one  out  of  fifteen  typical  forms.  Generally 
speaking  every  form  can  be  converted  into  ajiparently 
different  propositions  ;  thus  the  fourth  type  A  =  B,  B  =  BC 
may  appear  in  the  form  A  =  ABC,  u^ctb,  or  again  in  the 
form  of  three  propositions  A  =  AB,  B  =  BC,  f/B  =  uBc  ;  but 
all  these  sets  of  premises  yield  identically  tlie  same  series 
of  combinations,  and  are  therefore  of  exactly  equivalent 
logical  meaning.  The  fifth  type,  or  Barbara,  can  also  be 
thrown  into  the  equivalent  forms  A  — ABC,  aB  — aBC  and 
A  =  AC,  B==  A  I  aBC.  In  other  cases  I  have  obtained  the 
very  same  logiad  conditions  m  four  modes  of  statement. 
As  regards  mere  appearance  and  mode  of  statement,  the 
number  of  possible  [premises  woidd  be  almost  unlimited. 

The  most  remarkable  of  all  tlie  types  of  logical  condition 
is  the  fourteenth,  namely  A  —  BC  I  he.  It  is  that  which 
expresses  the  division  of  a  genus  into  two  doubly  marked 
species,  and  might  be  illustrated  by  the  exam]}le — *  Com- 
ponent of  the  physical  universe  =  matter,  gravitating,  or 
not-matter  (ether),  not-gravitating.' 

It  is  capable  of  only  two  distinct  logiccil  variations, 
namely,  A^BC  M>e  and  A=Bc*!6C,  By  titinsposition 
or  negative  change  of  the  letters  we  can  indeed  obtain 
six  different  expressions  of  each  of  these  propositions  ; 
but  when  their  meanmgs  are  analysed,  by  working  out 
the  combinations,  they  are  found  to  be  logically  equiva- 
lent  to  one  or  other  of  the  above  two.  Thus  the  proposi- 
tion A  =  BClic  can  be  written  in  any  of  the  following 
five  other  modes, 

a  =  iC  h  Be,       B  =  CA  I  ca,      b  =.  c A  I  Ca, 
C^ABlat,      c^aBl  AL 

I  do  not  think  it  needful  at  present  to  publish  the 
complete   table   of   193    series   of  combinati»jris  and   the 
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premises  corresponding  to  each.  Such  a  table  enables  us 
by  mere  inspection  to  learn  the  laws  obeyed  by  any  pet  of 
combinations  of  three  things,  and  is  to  logic  what  a  table 
of  factors  and  prime  numbers  is  to  the  theory  of  numbers, 
or  a  table  of  integrals  to  the  higher  mathematics.  The 
table  already  given  (p.  i6i)  would  enable  a  person  with 
but  little  labour  to  discover  the  law  of  any  combinations. 
If  there  be  seven  combinations  (one  contradicted)  the  law 
must  be  of  the  eighth  type,  and  the  proper  variety  will  l>e 
apparent.  If  there  be  six  combinations  (two  contradicted), 
eitlier  the  second,  eleventh,  or  twelfth  tyj^e  aj)plies,  and  a 
certain  number  of  trials  will  disclose  the  proper  type  and 
variety.  If  there  be  but  two  combinations  the  law  must 
be  of  the  third  type,  and  so  on. 

The  above  investigations  are  complete  as  regards  the 
possible  logical  relations  of  two  or  three  terms.  But 
when  we  attempt  to  apply  the  same  kind  of  method  to 
the  relations  of  four  or  more  terms,  the  labour  becomes  im- 
practicably great.  Four  terms  give  sixteen  combuiations 
compatible  with  the  laws  of  thought,  and  the  number  of 
possible  selections  of  combinations  is  no  less  Ihan  2^**  or 
65,536.  The  following  table  shows  the  extraordinary 
manner  in  which  the  number  of  possibh*,  logical  relations 
increases  with  the  number  of  terms  involved. 


^      ,         -  Number  of  Number  of  powible  selections  of  couibi-  | 

?™     '  ^         possible  com-  ,   nations  corresfKintlinj^  to  consistent  or  iu- 
'™*'          I       binations.  cousinteut  logical  relations.  | 

4  i  16 

8  ,  256    ' 

16  65.536    I 

3a  I  4.294»967.296 

64  I  18,446,744,073.709.551.616    I 


Some  years  of  continuous  labour  would  l)e  required  to 
ascertain  the  precise  number  of  types  of  laws  which  may 
govern  the  combinations  of  only  four  things,  and  but  a 
small  part  of  such  laws  would  be  exemplified  or  capable 
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of  practical  application  in  science.  The  purely  logical 
inverse  problem,  whereby  we  pass  frum  combinatir^ns  to 
their  laws,  is  solved  in  the  preceding  pages,  as  far  as  it 
is  likely  to  be  for  a  long  time  to  come  ;  and  it  is  almost 
impossible  that  it  should  ever  be  carried  more  than  a 
single  step  further. 

Distinction  hetween  Perfect  and  Imperfect  Induction* 

We  cannot  proceed  further  with  advanti^ige,  before 
noticing  the  extreme  difference  winch  exists  between 
cases  of  perfect  and  those  of  imperfect  induction.  We 
call  an  induction  perfect  when  all  the  objects  or  combi- 
nations of  events  which  can  possibly  come  under  the  class 
treated  have  been  examined  But  in  the  majority  of 
cases  it  is  impossible  to  collect  together,  or  in  any  way  to 
investigate,  the  properties  of  all  portions  of  a  substance  or 
of  ail  the  individuals  of  a  race.  The  number  of  objects 
would  often  be  practically  infinite,  and  the  greater  part  of 
them  might  be  beyond  oinr  reach,  in  the  interior  of  the 
earth,  or  in  the  most  distant  part.s  of  the  Universe.  In  all 
such  cases  induction  is  said  to  be  imperfect,  and  affected 
by  more  or  less  uncertainty.  As  some  ^Titers  have  ftiUen 
into  much  error  concerning  tlie  functions  and  relative 
importance  of  these  two  brandies  of  reasoning,  I  sliall 
have  to  point  out  that — 

I*  Perfect  Induction  is  a  process  absolutely  requisite, 

both  in  the  performance  of  imperfect  induction  and 

in  the  treatment  of  large  bodies  of  facts  of  which 

our  knowledge  is  complete. 
2.  Imperfect  Induction  is  foimded  on  Perfect  Induction, 

but   involves   another   process   of  inference   of  a 

w^idely  different  character. 
It  is  certain  that  if  I  can  draw  any  inference  at  all 
concerning  objects  not  examined,  it  must  be  done  on  the 
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data  afforded  by  the  objects  which  have  been  examined. 
If  I  judge  that  a  distant  star  obeys  the  law  of  prravity, 
it  must  be  because  all  other  material  objects  Hufficiently 
known  to  me  obey  that  law.  If  1  venture  to  asHcrt  that 
all  ruminant  animals  have  cloven  hoofs,  it  is  bcK*auKe  all 
ruminant  animals  which  have  come  to  my  notice  have 
cloven  hoofs.  On  the  other  hand  I  cjinnot  twifcly  way 
that  all  cryptogamous  plants  possess  a  punly  celhilar 
structure,  because  some  such  plants  have  a  partially 
yaficular  structure.  The  probability  that  a  ni*w  (Typto- 
gam  will  be  cellular  only  can  be  estimatcMl,  if  at  all,  on  the 
ground  of  the  comparative  numbers  of  known  cryj)togam8 
which  are  and  are  not  cellular.  Thus  the  fii-Ht  step  in 
every  induction  will  consist  in  accurately  summing  uj) 
the  niunber  of  instances  of  a  particular  object  or  pheno- 
menon which  have  fallen  under  our  observation.  A^ianis 
and  Leverrier,  for  instance,  must  have  inferrcMl  tliat  the 
undiscovered  planet  Neptune  would  obey  IJodes  law, 
because  aU  the  planets  knoirn  at  that  fhur  ohr//c<l  it.  On 
what  principles  and  on  what  circumstances  the  [wissage 
from  the  known  to  the  apparently  unknown  is  warranted, 
must  be  carefully  discussed  in  the  next  section,  and  in 
various  parts  of  this  work. 

It  would  be  a  great  mistake,  however,  to  suj>j)ose  that 
Perfect  Induction  is  in  itself  useless.  Even  wlu^n  the 
enumeration  of  objects  belonging  to  any  class  is  coin|)l<tte, 
and  admits  of  no  inference  U)  unexamined  objects,  the 
enumeration  of  our  knowledge  in  a  general  jirojjosition  is 
a  process  of  so  much  importance  that  we  may  consider  it 
practically  necessary.  In  many  cases  we  may  render  our 
investigations  exhaustive;  all  the  teeth  or  bones  of  an 
animal ;  all  the  cells  hi  a  minute  vegetiible  organ  ;  all  the 
caves  in  a  mountain  side  ;  all  the  strata  in  a  geological 
section ;  all  the  coins  in  a  newly  found  hoard,  may  be  so 
completely  scrutinized  that  we  may  make  some  general 
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aijsertion  concerning  them  without  fear  of  mistake.  Every 
bone  might  be  proved  to  consist  of  phosphate  of  lime  ; 
every  cell  to  enclose  a  nucleus ;  every  cave  to  contain 
remains  of  extinct  animals  ;  every  stratum  to  exhibit  signs 
of  marine  origin  ;  eveiy  coin  to  be  of  Roman  manufacture. 
These  are  cases  where  our  investigation  is  limited  to  a 
definite  portion  of  matter,  or  a  definite  area  on  the  earth's 
surface. 

There  is  another  class  of  cases  where  induction  is 
naturally  and  necessarily  limited  to  a  definite  number  of 
alternatives.  Of  the  regvdar  solids  we  can  say  without 
the  least  doubt  that  no  one  has  more  than  twenty  faces,. 
thirty  edges,  and  twenty  coiTiers  ;  for  by  the  piiiiciples 
of  geometry  we  learn  that  there  cannot  exist  more  than 
five  regular  solids,  of  each  of  which  we  easily  oljserve 
that  the  above  statements  are  true.  In  the  theory  of 
numbers,  an  endless  variety  of  perfect  mductions  might 
be  made  ;  we  can  show  that  no  number  less  than  sixty 
possesses  so  many  divisors,  and  the  like  is  true  of  360% 
for  it  does  not  require  any  very  great  amount  of  labour  to 
ascertain  and  count  all  the  divisors  of  numbers  up  to  sixty 
or  360.  Similarly  I  can  assert  that  between  60,041  and 
60,077  1^^  prime  number  occurs,  because  the  exhaustive 
examination  of  those  who  have  constnicted  tables  of  prime 
numbers  proves  it  to  be  so. 

In  matters  of  human  appointment  or  history,  we  can 
frequently  have  a  complete  limitation  to  tlie  numbers  of 
instances  to  be  included  in  an  induction.  We  niight  show 
that  none  of  the  other  kings  of  England  reigned  so  long  as 
George  III  ;  that  Magna  Charta  has  not  been  repealed  by 
any  subsequent  statute  ;  that  the  propositions  of  the  third 
book  of  Euclid  treat  only  of  circles ;  that  no  part  of  the 
works  of  Gulen   mentions  the  fourth  figure  of  the  syl- 
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logism ;  that  the  price  of  com  in  England  has  never  been 
so  high  since  1847  '*^  ^^  "^^  ^^^  ^^^'^^  yc^^'J  that  tlie  price 
of  the  English  funds  has  never  been  lower  than  it  was  on 
the  23rd  of  January,  1798,  when  it  fell  to  /^t\. 

It  has  been  urged  against  this  process  of  Perfect  In- 
duction that  it  gives  no  new  information,  and  is  merely  a 
summing  up  in  a  brief  form  of  a  multitude  of  ])articulai8. 
But  mere  abbreviation  of  mental  labour  is  one  of  tlie 
most  important  aids  we  can  enjoy  in  the  ac^iuisition  of 
knowledge.  The  powers  of  the  human  mind  are  so  limited 
that  multiplicity  of  detail  is  alone  sufficient  to  |)revent  its 
progress  in  many  directions.  Thought  would  be  })rac- 
tically  impossible  if  every  separate  fact  had  to  be  separately 
thought  and  treated.  Economy  of  mental  power  may  be 
considered  one  of  the  main  conditions  on  which  our  ele- 
vated intellectual  position  de})ends.  Most  mathematicjil 
processes  are  but  abbreviations  of  the  simpler  acts  of 
addition  and  subtraction.  The  invention  of  logarithms 
was  one  of  the  most  striking  additions  ever  made  to 
human  power :  yet  it  was  a  mere  abbreviation  of  o])er- 
ations  which  could  have  been  done  before  had  a  sufficient 
amount  of  labour  been  avjulable.  Similar  additions  to 
our  power  will,  it  is  hoped,  be  made  fiom  time  to  time, 
for  the  number  of  mathematical  {)rol>lems  hitherto  solved 
is  but  an  indefinitely  small  portion  of  those  which  await 
solution,  becauFC  the  labour  they  have  hitherto  demanded 
renders  them  impracticable.  So  it  is  really  throughout 
all  regions  of  thought.  The  amount  of  our  knowledge 
depends  upon  our  powers  of  bringing  it  within  prac- 
ticable compass.  Unless  we  arrange  and  classify  facts, 
and  condense  them  into  general  truths,  they  soon  sur- 
pass our  powers  of  memory,  and  serve  but  to  confuse. 
Hence  Perfect  Induction,  even  as  a  process  of  abbrevi- 
ation, is  absolutely  essential  to  any  high  degree  of 
mental  achievement. 


Transition  from  Perfect  to  Imperfect  Induction, 


It  is  a  questioB  of  profoiiocl  difficulty  on  what  grounds 
we  are  waiTanted  in  inferring  the  future  from  the  present, 
or  the  nature  of  undiscovered  objects  from  those  which  we 
have  examined  with  our  senses.  We  pass  from  Perfect  to 
Imperfect  Induction  wheii  once  we  allow  our  conclusion  to 
pass,  at  all  events  apparently,  beyond  the  data  on  which  it 
wag  founded.  In  making  such  a  step  we  seem  to  gain  a 
nett  addition  to  our  knowledge  ;  for  we  learn  the  natm'e 
of  what  was  imknown.  We  reap  where  we  have  never 
gown.  We  appear  to  possess  the  divine  power  of  creating 
knowledge,  and  reaching  with  otir  mental  arms  far  beyond 
the  sphere  of  our  own  observation.  I  shall,  indeed,  have 
to  point  out  certain  methods  of  reasoning  in  which  we 
do  pasH  altogether  beyond  the  sphere  of  the  senses,  and 
accjuire  accurate  knowledge  w^hich  observation  could  never 
have  givcni ;  but  it  is  not  imperfect  induction  that  ac- 
IHUMpliHlieH  8uch  a  task.  Of  imperfect  induction  itself,  I 
vnnture  to  assert  that  it  never  makes  any  real  addition  to 
our  knowledge,  in  the  meaning  of  tlie  expression  sometimes 
IW'OC'pl^'d.  As  in  other  cases  of  infereuce  it  merely  unfolds 
I  ho  nilorniiiUnn  contained  in  past  observations  or  events  ; 
it  iiioi'i^ly  I'liirlem  explicit  wliat  was  implicit  in  previous 
^%f»i  t  Itifin,  ll  tnifisnuites  knowledge,  but  certainly  does 
lir  khHwli'dge. 

I'tu^iv  Itt  !io  liirl.  which  I  shall  more  constantly  keep 
huli'K*  Hu«  ♦i^mh'!  M  ininrl  m  the  followiog  pages  than  that 
\\v  -'  *<  1  mT  iiujMM'hHi  intluction,  however  well  authenti- 
mvi  -i   vv»Ull*»d.  nrn   never  more   than  probable.     We 

lU^ViM'  iH4U  Uv  ¥k\\w  1  hiH  tlu*  future  will  be  as  the  present. 
\s  ^  M|mu  ill**  Will  nf  the  Creator:  and  it  is  only 

'  i  -  I'liHiliid  tWH  things  alike,  or  maintains 
r  ihti    wnrltl  nuduuiged  from  moment  to 
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moment,  that  our  most  careful  inferences  can  1)0  fuliilled. 
All  predictions,  all  inferences  which  reach  Inyond  their 
data,  are  purely  hjrpothetical,  and  proceed  on  the  aHsuin))- 
tion  that  new  events  will  conform  to  tlie  conditions 
detected  in  our  observation  of  pant  events.  No  experience 
of  finite  duration  can  be  expected  to  give  an  exhaustive 
knowledge  of  all  the  forces  whicli  are  in  openition.  Tliere 
is  thus  a  double  uncertainty ;  even  Hupposinj^  Ihe  Uni- 
verse as  a  whole  to  proceed  unchanged,  we  do  not  really 
know  the  Universe  as  a  whole.  Comparatively  HjKiaking 
*we  know  only  a  point  in  its  infinite  extent,  and  a  moment 
in  its  infinite  duration.  We  cannot  be  sure,  then,  that  our 
observations  have  not  escaped  some  fact,  which  will  cauHC 
the  future  to  be  apparently  different  from  the  pant ;  nor 
can  we  be  sure  that  the  future  really  will  be  the  outcome 
of  the  past.  'We  proceed  then  in  all  our  infeniioeK  to 
unexamined  objects  and  times  on  the  a88umi)tions — 

1.  That  our  past  observation  gives  us  a  complete  know- 

ledge of  what  exists. 

2.  That  the  conditions  of  things  whicli  did  exist  will 

continue  to  be  the  conditions  of  things  which  will 

exist. 
We  shall  often  need  to  illustrate  the  character  of  our 
knowledge  of  nature  by  the  wmile  of  a  bjJlot-box,  bo 
often  employed  by  mfithematical  writers  in  the  theory  of 
probability.  Nature  is  to  us  like  an  infinite  ballot-box, 
the  contents  of  which  are  being  continually  drawn,  bnll 
after  ball,  and  exhibited  to  us.  Science  is  but  the  careful 
observation  of  the  succession  in  which  balls  of  various 
character  usually  present  themselves  ;  we  register  the 
combinations,  notice  those  which  seem  to  be  excluded  from 
occurrence,  and  from  the  proportional  frequency  of  those 
which  usually  appear  we  infer  the  probable  character  of 
future  drawings.  But  under  such  circumstances  certiiinty 
of  prediction  depends  on  two  conditions : — 


I ,  That  we  acquire  a  perfect  knowledge  of  the  compara- 
tive numbei*s  of  balls  of  eacli  kind  within  the  box. 

2*  That  the  contents  of  the  baUot-box  remain  nnchanged. 

Of  the  latter  assumption,  or  rather  that  concerning  Hie 
constitution  of  the  world  wliich  it  illustrates,  the  logician 
or  physicist  can  have  notliiiig  to  say.  As  the  Creation  of 
the  Universe  is  necessarily  an  act  pastiing  all  experience 
and  all  conception,  so  any  change  in  that  Creation,  or,  it 
may  l)e,  a  termmation  of  it,  must  likewise  be  inlinitely  be- 
yond the  bounds  of  our  mental  faculties.  No  science,  no 
reasoning  upon  the  subject,  can  have  any  validity  ;  for 
without  experience  we  are  without  the  basis  and  materials 
of  knowledge.  It  is  tlie  fundamental  postulate  accordingly 
of  all  inference  concerning  the  future,  that  there  shall  be 
no  arbitrary  change  in  the  subject  of  inference  ;  of  the  pro- 
bability or  improbability  of  such  a  change  I  conceive  that 
our  faculties  can  give  no  estimate. 

The  otlier  condition  of  inductive  inference— that  we 
acquire  an  approximately  complete  knowledge  of  the 
cijrnbinations  in  which  events  do  occur,  is  at  least  in  some 
degree  within  the  bounds  of  our  perceptive  and  mental 
powers.  There  are  many  branches  of  science  in  which 
phenomena  aeeni  to  lye  governed  by  conditions  of  a  most 
fixed  and  general  character.  We  have  much  ground  in 
such  cases  for  believing  that  tlie  future  oecain*ence  of 
such  phenomena  may  be  calculated  and  predicted.  But 
the  whole  question  now  becomes  one  of  probability  and 
improbability.  We  leave  the  region  of  pure  logic  to  enter 
one  in  which  the  number  of  events  is  the  gixmnd  of 
inference.  We  do  not  leave  the  region  of  logic;  we  only 
leave  that  where  certainty,  aflirmative  or  negative,  is  the 
result,  and  the  agreement  or  disagreement  of  qualities  the 
means  uf  inference.  For  the  future,  numl^er  and  quantity 
will  enter  into  most  of  our  processes  of  reasoning  ;  but  then 
I  hold  that  number  and  quantity  are  but  portions  of  the 
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great  Ic^cal  domain.  I  venture  to  assert  that  nuinU»r  is 
wholly  logical,  both  in  its  fundanientiil  nature  an<l  in  all 
its  complex  developments.  Quantity  in  all  its  forms  is  l)ut 
a  development  of  number.  That  whicli  is  niathematical 
is  not  the  less  logical ;  if  anything  it  is  the  more  logi<'al, 
in  the  sense  that  it  presents  logical  results  in  the  highest 
degree  of  complexity  and  variety. 

Before  proceeding  then  from  Perfect  to  Imperfect  In- 
duction I  break  off  in  some  degree  the  course  of  the  work, 
to  treat  of  the  logical  conditions  of  number.  I  shall  then 
employ  number  to  estimate  the  variety  of  combinations 
in  which  natural  phenomena  may  j)resent  themselves,  Jind 
the  probability  or  improbability  of  their  occurrence  under 
definite  circumstances.  It  is  in  later  parts  of  the  work 
that  I  must  endeavour  to  esUilillsh,  in  a  complete  miinner, 
the  notions  which  I  have  set  forth  upon  the  suljj(Mt  of 
Imperfect  Induction,  as  applied  in  the  investigation  of 
Nature,  which  notions  may  be  thus  briefly  state<l:-- 

1.  Imperfect  Induction  entirely  rests  upon  Perfect  In- 

duction for  its  materials. 

2.  The  logical  process  by  which  we  seem  to  pass  directly 

from  examined  to  unexamined  cases  consists  in  an 
inverse  and  complex  aj)plication  of  deductive  in- 
ference, so  that  all  reasoning  may  be  said  to  be 
either  directly  or  inversely  deductive. 

3.  The  result  is  always  of  a  hypothetical  character,  and 

is  never  more  than  probable. 

4.  No  nett  addition  is  ever  made  to  our  knowledge  by 

reasoning ;  what  we  know  of  future  events  or  unex- 
amined objects  is  only  the  unfolded  contents  of 
our  previous  knowledge,  and  it  becomes  less  and 
less  probable  as  it  is  more  boldly  extended  to  re- 
mote cases. 
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CHAPTER    VIII. 


PRINCIPLES    OF   NUMBER. 


Not  without  much  reason  did  Pythagoras  represent  the 
world  as  ruled  by  number.  Into  almost  all  our  acts  of 
clear  thought  number  enters,  and  in  proportion  as  we  can 
define  numerically  we  enjoy  exact  and  useful  knowledge 
of  the  Universe.  The  science  of  numbers,  too,  the  study  of 
the  principles  and  methods  of  reasoning  in  number,  has 
hitherto  presented  the  widest  and  most  practicable  train- 
ing in  logic.  So  free  and  energetic  has  been  the  stvidy  of 
matliematical  forms,  compared  with  the  forms  and  laws  of 
logic,  that  mathematicians  have  passed  far  in  advance  of 
any  pui*e  logicians.  Occasionally,  in  recent  times,  they  have 
condescended  to  apply  tlieir  great  algebraic  instruments 
to  a  reflex  advancement  of  the  primary  logical  science.  It 
is  tluis  that  w^e  chiefly  owe  to  profound  mathematicians, 
Buch  as  Sir  Jolm  Herschel,  Dr.  Whewell,  Professor  De 
Morgan  or  Dr.  Boole,  the  regeneration  of  logic  in  the 
present  century,  and  I  entertain  no  doubt  that  it  is  in 
niaintixining  a  close  alliance  with  the  extensive  branches  of 
quantitative  reasoning  that  we  must  look  for  still  further 
progress  in  our  comprehension  of  qualitative  inference.- 

I    cannot  assent,  indeed,  to   the  common  notion   that 
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oertaintj  begins  and  ends  with  numerical  detennination. 
Nothing  is  more  certain  and  accurate  than  logical  truth. 
The  laws  of  identity  and  difference  are  the  tests  of  all 
that  is  true  and  certain  throughout  the  range  <jf  thought, 
and  mathematical  reasoning  is  cogent  only  when  it  c<  in- 
forms to  these  conditions,  of  which  logic  is  the  first 
development.  And  if  it  be  erroneous  to  HU[>]K)Hii  that  all 
certainty  is  mathematical,  it  is  equally  an  error  to  imagine 
that  all  which  is  mathematical  is  certain.  Many  |iroci>sK4*H 
of  mathematical  reasoning  are  of  mo&t  doubtful  validity. 
There  are  many  points  of  mathematical  doctrine  wliieh  are 
and  must  long  remain  matter  of  opinion ;  for  instjinee,  the 
best  form  of  the  definition  and  axiom  concerning  parallel 
lines,  or  the  true  nature  of  a  limit  or  a  mtio  of  infinitesimal 
quantities.  In  the  use  of  symbolic  reasoning  (juestions 
occur  at  every  point  on  which  the  best  matlu^maticians 
may  differ,  as  Bernouilli  and  Leibnitz  differed  irn'coiK!iKi- 
ably  concerning  the  existence  of  the  logarithms  (»f  uv- 
gative  quantities*.  In  fact  we  no  sooner  h'ave  tho  simph? 
logical  conditions  of  number,  tlian  we  lind  ours(*lvc\s  in- 
volved in  a  mazy  and  mysterious  science  of  symbols. 

Mathematical  science  enjoys  no  monopoly,  and  not,  ev4Mi 
a  supremacy  in  certainty  of  results.  It  is  the  bounilhws 
extent  and  variety  of  quantitative  questions  that  surpiises 
and  delights  the  mathematical  student.  When  simple 
logic  can  give  but  a  bare  answer  Yes  or  No,  the  algebraist 
raises  a  score  of  subtle  questions,  and  brings  out  a  score 
of  curious  results.  The  flower  and  the  fruit,  all  that  is 
attractive  and  delightful,  fall  to  the  share  of  the  mathe- 
matician, who  too  often  despises  the  pure  but  necessary 
stem  from  which  all  has  arisen.  But  in  no  part  of  human 
thought  can  a  reasoner  cast  himself  free  from  the  prior 
conditions  of  logical  correctness.     The  mathematician  is 

»  Montuclft,  *  Histoire  dcs  Math^oiatiquea,*  vol.  iii.  p.  373, 
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Mtrong  and  true  as  long  as  he  is  logical,  and  if 
tMnnln^i'H  rule  the  world,  it  is  the  lawn  of  logic  which  rule 
lunuhc-T 

Nearly  all  writers  have  hitherto  been  strangely  content 
to  look  upon  numerical  reasoning  as  something  wholly 
apart  from  logical  inference*  A  long  divorce  has  existed 
between  quality  and  quantity,  and  it  has  not  been  un- 
common to  treat  them  as  contrasted  in  nature  and  re- 
stricted to  independent  branches  of  human  tlionglit.  For 
ray  own  part,  I  have  a  profound  belief  that  all  the  sciences 
meet  somewhere  upon  common  ground.  No  part  of  know- 
ledge can  stand  wholly  disconnected  from  other  parts  of 
the  great  universe  of  tbougbt ;  it  is  incredible,  above  all, 
that  the  two  great  bnniches  of  abstract  science,  interlac- 
ing and  co-operating  in  every  discoui'se,  should  rest  upon 
totally  distinct  foundations.  I  assume  that  a  connection 
cjxiMt^,  aiid  care  only  to  inquire,  What  is  its  nature  1  Does 
the  Hcienee  of  quantity  rest  upon  that  of  quality  ;  or,  vice 
verMd,  does  tlie  science  of  quality  rest  upon  that  of 
ijuatitity  ?  There  might  conceivably  be  a  tliird  view,  that 
tJioy  birth  rest  upon  nonie  still  deeper  set  of  principles  yet 
liiidimiovered,  but  there  is  an  absence  of  any  sugges- 
th/riH  U)  this  effect.  The  late  Dr.  Boole  adopted  the  second 
viaw,  and  treated  logic  as  a  land  of  algebra, — a  special 
mnis  ijf  analytical  reasoning  which  admits  but  the  two 
r|UMtitilif)H  -unity  and  zero.  He  proved  beyond  doubt 
liiid  a  di!e])  analogy  does  exist  between  the  forms  of 
nlgHliniMi  anrl  logiad  deduction  ;  and  coidd  this  analogy 
tiumivn  rKi  olht^r  explanation  we  must  have  accepted  his 
upiriiMrt,  bowovnr  »trange.  But  I  shall  att^nqjt  to  show 
thai  j(ie*i  tht-t  ntVi^rwe  explanation  is  the  true  one. 

1  bold  that  iilgi?bra  is  a  liigbly  developed  logic,  and 
iMiMibnr  liHl  logical  discrimination.  Logic  resembles  al- 
gwhra,  \m  llm  mould  n'hcmbleH  that  wliich  is  cast  in  it. 
Uigii!  \ii\H  itiip<tf^i»d   iIm   own    laws  upon  evejy  branch  of 
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mathematical  science,  and  it  is  no  woiidei'  that  \s'c  over 
meet  with  the  traces  of  those  hiws  from  the  domain  of 
which  we  can  never  emerge. 

The  Nature  of  Xumhn\ 

Number  is  but  another  name  for  iUversitt/.  Exact 
identity  is  unity,  and  with  difference  arises  plnnility. 
An  abstract  notion,  as  was  j)oiiited  out  (p.  33),  possesses 
a  certain  oneness.  The  quality  of  jftstirr,  for  instance,  is 
cue  and  the  same  in  wliatever  just  acts  it  be  manifestc^d. 
Injustice  itself  there  are  no  marks  of  difl'erence  by  which 
to  discriminate  justice  from  justice.  But  one  just  act  ran 
be  discriminated  from  another  just  act  by  many  circum- 
stances of  time  and  place,  and  we  can  count  and  number 
many  acts  each  thus  discriminated  from  every  other.  In 
like  manner  pure  gold  is  simply  pure  gold,  and  is  so  far 
one  and  the  same  throughout.  But  besides  its  intrinsic 
and  invariable  qualities,  gold  occupies  space  and  must 
have  shape  or  size.  Portions  of  gold  are  always  nnitually 
exclusive  and  capable  of  discrimiuation,  at  least  in  respect 
that  they  must  be  each  without  the  other.  Hence  they 
may  be  numbered. 

Plurality  arises  when  and  only  when  wc  detect  differ- 
ence. For  instance,  in  counting  a  number  of  gold  coins 
I  must  count  each  coin  once,  and  not  more  than  once.  Let 
C  denote  a  coin,  and  the  mark  above  it  the  position  in 
the  order  of  counting.     Then  I  must  count  the  coins 

C'+c"+c"'+cr+ 

If  I  were  to  make  them  jus  follows 

C'-hC"  +  C"  +  C'"  +  C""  + , 

I  should  make  the  third  coin  into  two,  and  should  imply 
the  existence  of  difference  where  there  is  not  differenced 
C"  and  C"  are  but  the  names  of  one  coin  named  twice 

^  *Pure  Logic,/  Appendix,  p.  82,  §  192. 
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uver.  But  accordiiig  to  one  of  tlie  conditions  of  logical 
Hyinboltt,  which  I  have  called  the  Law  of  Unity  (p.  86), 
i\m  Haine  name  repeated  has  no  effect,  and 

We  must  apply  the  Law  of  Unity,  and  must  reduce  all 
identical  alternatives  before  we  can  count  with  certainty 
and  use  the  processes  of  numerical  calculation.  Identictd 
alternatives  are  harmless  in  logic,  but  pjoduce  deadly 
error  in  number.  Thus  Jogical  science  ascertains  the 
nature  of  the  mathematical  unit,  and  the  definition  may 
he  given  in  these  terras — A  imit  is  any  object  of  thought 
which  can  he  discrlmiimted  from  every  other  object  treated 
an  a  unit  in  the  same  prohlenu 

It  has  often  been  said  that  units  are  units  in  respect  of 
being  perfectly  similar  to  each  other ;  but  though  they 
may  be  perfectly  shnilar  in  some  respects,  tliey  must  be 
diflerent  in  at  least  one  point,  otherwise  they  would  he 
incapable  of  plurahty.  If  three  coins  w^ere  so  similar 
that  tliey  occupied  the  same  space  at  the  same  time,  they 
woidd  not  be  three  coins,  but  one.  It  is  a  property  of 
space  that  eveiy  point  is  disciiminable  from  every  other 
point,  and  in  thne  every  moment  is  necessarily  distinct 
from  any  other  moment  before  or  after.  Hence  we  fre- 
quently count  in  space  or  time,  and  Locke,  with  some 
other  philosophers,  has  even  Leld  that  number  arises  from 
repetition  in  time.  Beats  of  a  pendulum  might  be  so 
perfectly  Bimilar  that  we  could  discover  no  difference 
except  that  one  beat  is  before  and  another  after.  Time 
alone  is  here  the  ground  of  difference  and  is  a  suificient 
foundation  for  the  discrimination  of  plurality  ;  but  it  is 
by  no  means  the  only  foundation.  Three  coins  are  three 
coins^  whether  we  count  them  successively  or  regard  them 
all  simultaneously.  In  many  cases  neither  time  nor  space 
is  the  ground  of  difference,  but  pure  quality  alone  enters. 
We  cfui  discriminate  for  instance  the  w^eight,  inertia,  and 
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hardness  of  gold  as  three  qualities,  though  none  of  these 
is  before  or  after  the  other,  either  in  space  or  time. 
Every  means  of  discrimination  may  be  a  source  of 
plurality. 

Our  logical  notation  may  be  used  to  express  the  rise  of 
number.  The  symbol  A  stands  for  one  thing  or  one  chiss, 
and  in  itself  must  be  regarded  as  a  unit,  because  no  differ- 
ence is  specified.  But  the  combinations  AB  and  kh  are 
necessarily  two^  because  they  cannot  logically  coalesce,  and 
there  is  a  mark  B  which  distinguishes  one  from  the  other. 
A  logical  definition  of  the  number  four  is  given  in  the 
combinations  ABC,  ABc,  AiC,  A6c,  where  there  is  a  double 
difference,  and  as  Puck  says — 

*  Yet  but  tlirec  ?     Come  one  more  ; 
Two  of  both  kinds  makes  up  four.' 

I  conceive  that  all  numbers  might  be  represented  as 
arising  out  of  the  combinations  of  the  Abecedariuni,  more 
or  less  of  each  series  being  struck  out  by  various  logiail 
conditions.  The  number  three,  for  instance,  arises  from 
the  condition  that  A  must  be  either  B  or  C,  so  that  the 
combinations  are  ABC,  ABc,  A6C. 

Of  Numerical  Abstraction. 

There  will  now  be  little  difficulty  in  forming  a  dear 
notion  of  the  nature  of  nimierical  abstraction.  It  consists 
in  abstracting  the  character  of  the  diflPerence  from  which 
plurality  arises,  retaining  merely  the  fact.  When  I  speak 
of  three  inen  I  need  not  at  once  specify  the  marks  by 
which  each  may  be  known  from  each.  Those  marks  must 
exist  if  they  are  really  three  men  and  not  one  and  the 
same,  and  in  speaking  of  them  as  many  I  imply  the 
existence  of  the  requisite  differences.  Abstract  number, 
then,  is    the    empty  form  of  difference;  the   abstract 
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number  three  asserts  the  existence  of  marks  without 
specifying  their  kind, 

Nunierical  abstraction  is  then  a  totally  different  process 
from  logical  abstraction  (see  p.  33),  fur  in  the  latter 
process  we  drop  out  of  notice  the  very  existence  of 
difference  and  plurality.  In  forming  the  abstract  notion 
hardness,  for  instance,  I  drop  out  of  notice  altogether  the 
diverse  circumstances  in  which  the  quality  may  appear. 
It  is  the  concrete  notion  three  hard  ohjevts,  which  asserts 
the  existence  of  hardness  along  with  sufficient  other 
undefined  qualities,  to  mark  out  three  such  objects. 
Numerical  thought  is  indeed  closely  interwoven  mth 
logical  t hough t.  We  cannot  use  a  concrete  term  in  the 
plural,  as  men,  without  implying  that  there  are  marks  of 
diflference*  Only  when  we  use  a  term  in  the  singular 
and  abstract  sense  maw,  do  we  deal  witli  unity,  unbroken 
bv  difference. 

Tlie  origin  of  the  great  generality  of  ntimber  is  now 
apparent.  Three  sounds  differ  from  three  colours,  or 
three  riders  from  three  horses ;  but  they  agree  m  respect 
of  the  variety  of  marks  by  which  they  can  be  dipcriiuinated. 
The  symbols  1  +  i  +  i  are  time  the  empty  marks  asserting 
the  fiict  of  discrimination  which  may  apply  to  objects 
wholly  independently  of  their  peculiar  nature. 


Concrete  and  Abstract  Nmnhers. 


The  common  distinction  between  concrete  and  aV 
stnict  numbers  can  now  be  easily  stated.  In  proportion 
as  we  speciiy  the  logical  character  of  the  things  num- 
bered, we  render  them  concrete,  In  the  abstract  num- 
ber three  there  is  no  statement  of  the  points  in  wliich 
the  three  objects  agree  ;  but  in  three  coins,  three  men,  or 
three  horses,  not  only  are  the  variety  of  ol)jects  defined. 
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but  their  nature  is  restricted.  Concrete  numlxT  tlnis 
implies  the  same  coDSciousiiess  of  difference  as  ahstnict 
number,  but  it  is  mingled  with  a  gi'oundwork  of  similarity 
expressed  in  the  logical  terms.  There  is  Himilarity  or 
identity  so  far  as  logical  terms  enter  ;  difference  so  far  as 
the  terms  are  merely  numerical. 

The  reason  of  the  important  Law  of  Homogeneity 
will  now  be  apparent.  This  hiw  asserts  that  in  every 
arithmetical  calculation  the  logical  nature  of  tlie  things 
numbered  must  remain  unaltered.  The  specified  logical 
agreement  of  the  things  numlxjred  must  not  be  affected  by 
the  unspecified  numerical  differences.  A  ciilculation  would 
be  palpably  absurd  which,  after  commencing  with  length, 
gave  a  result  in  hoiurs.  It  is  in  reality  equally  absurd  in 
a  piurely  arithmetical  point  of  view  to  deduce  areas  from 
the  calculation  of  lengths,  masses  from  the  combination  of 
volume  and  density,  or  momenta  from  ma«s  and  velo<ity. 
It  must  remain  for  subsequent  consideration  in  what  sense 
we  may  truly  say  that  two  linear  feet  multiplied  by  two 
linear  feet  give  four  superficial  feet,  but  arithmetically  it 
is  absurd,  because  there  is  a  change  of  unit 

As  a  general  rule  we  treat  in  each  calculation  only 
objects  of  one  nature.  We  do  not,  and  camiot  properly 
add,  in  the  same  sum  yards  of  cloth  and  pounds  of  sugar. 
We  cannot  even  conceive  the  result  of  adding  area  to  velo- 
city, or  length  to  density,  or  weight  to  value.  The  unit 
numbered  and  added  nmst  have  a  basis  of  homogeneity, 
or  must  be  reducible  to  some  common  denominator. 
Nevertheless  it  is  quite  possible,  and  in  fact  common,  to 
treat  in  one  complex  calciUation  the  most  heterogeneous 
quantities,  on  the  condition  that  each  kind  of  object  is 
kept  distinct,  and  treated  numerically  only  in  conjunction 
with  its  own  kind.  Different  units,  so  far  as  their 
logical  differences  are  specified,  must  never  be  sul>stituted 
one  for  the  other.     Chemists  continually  use  equations 
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Ordinary 


which  assert  the  equivalence  of  groups  of  atoms* 
fermentation  m  represented  by  the  formula 
C  H^^O^^^  2C-H'^0  +  2  00^ 

Three  kinds  of  units,  the  atoms  respectively  of  Carbon, 
Hydrogen,  and  Oxygen,  are  here  intermingled,  but  there  is 
really  a  separate  equation  m  regard  to  each  kind.  Mathe- 
roaticians  also  employ  compound  equations  of  the  same 
kind  ;  for  in  a  +  h  ^—  i-c  +  c^  ^  —  i ,  it  is  impossible  by 
ordinary  addition  to  add  a  to  h  sj ^i.  Hence  we  really 
have  the  separate  equations  a  =  c,  and  b  —  d^.  Similarly 
an  equation  between  two  quaternions  Ls  equivalent  to 
four  equations  between  ordinary  quantities,  whence  in- 
deed the  origin  of  the  name  quaternion. 


Analogy  of  Logical  and  Numerical  Terms, 


If  my  assertion  is  correct  that  niunber  arises  out  of 
logical  conditions,  we  ought  to  find  number  obeying  aO 
the  laws  and  conditions  of  logic.  It  is  almost  super- 
fluous to  point  out  that  this  is  the  case  with  the  fauda- 
mental  laws  of  identity  and  difference,  and  it  only  remaiiis 
for  me  to  show  that  mathematical  symbols  do  really  obey 
the  special  conditions  of  logical  symbols  wliich  were 
formerly  pointed  out  (p.  39).  Thus  tlie  Law  of  Com- 
mutativenees,  is  equally  true  of  quality  and  quantity*  As 
in  logic  we  have 

AB  =  BA, 
so  in  mathematics  it  is  familiarly  known  that 
2x3  =  3x2,  or  X  xy  =  y  XX. 
The  properties  of  space,  in  short,  are  as  indifferent  in 
pure  multiplication  as  we  found  them  in  pure  logical 
thought. 

«?  De  Korgfui's  *  Tngonometry  aud  Double  Algebra/  \k  126* 
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Similarly,  just  as  in  logic 

triangle  or  square  =  square  or  triangle, 
or  generally  A  +  B  =  B I  A, 

so  in  quantity  2  +  3  =  3  +  2, 

or  generally  x  +  y^y  +  x. 

The  sjrmbol  +  is  not  identical  with  + ,  but  it  is  so  far 
analogous. 

How  fer,  now,  is   it   true   that  mathematical  syml)ols 
obey  the  law  of  simplicity  expressed  in  the  fonn 

AA  =  A, 
or  the  example 

Round  round  =  round  ? 
Apparently  there  are  but  two  numbers  which  obey  this 
law  ;  for  it  is  certain  that 

xxx-x 
is  true  only  in  the  two  cases  when  a:  =  i  or  o. 

In  reality  all  numbers  obey  the  law,  for  2  x  2  =  2  is  not 
really  analogous  to  AA  =  A.     According  to  the  definition 
of  a  unit  already  given,  each  unit  is  discriminated  from 
each  other  in  the  same   problem,  so  that  in  2'  x  2 ',  the 
first  two   involves  a   different   discrimination   from    the 
second  two.     I  get  four  kinds  of  things,  for  instance,  if  I 
first  discriminate  '  heavy  and  light '  and  then  *  cubical  and 
spherical,'  for  we  now  have  the  following  classes — 
heavy,  cubical.         light,  cubical, 
heavy,  spherical,      light,  spherical. 
But  suppose  that  my  two  classes  are   in   both  cases 
discriminated  by  the  same  difference  of  light  and  heavy, 
then  we  have 

heavy  heavy  =  heavy, 
heavy    light  =  o, 
light    heavy  =  o, 
light      light  =  light. 
In  short,  tin'ce  ttvo  is  two  unless  we  take  care  that  the 
second  two  has  a  different  meaning  from  the  first.     But 


IuntJur   Biinilar   circumstances    logical    terms   would    give 
nxmjtly  the  like  result,  and  it  is  not  true  that  A'A"  =  A', 
identically  where  A''  is  different  in  meaning  from  A^ 
In  an  exactly  similar  manner  it  may  be  shown    that 
tlie  Law  of  Unity 
Al  A  =  A 

holds  true  alike  of  logical  and  mathematical  terms.     It  is 
absnrd  indeed  to  say  that 

1  except  in  the  one  case  when  x  =  absolute  zero.  But  this 
H  contradiction  x^x  =  x  arises  from  the  fact  that  we  have 
H  ah'eady  defined  the  unit  in  one  x  as  differing  from  those  in 
^  the  other.  Under  such  circumstances  the  Law  of  Unity 
(^  does  not  apply.  For  if  in 
P  A'IA"  =  A' 

we  mean  that  A"  is  in   any  way  different    from  A'  the 
assertion  of  identity  is  evidently  false. 

The  contrast  then  which  seems  to  exist  between  logical 
and  loatliematicid  .symbols  is  only  apparent.  It  is  because 
the  Law  of  Simplicity  and  Unity  must  always  be  ob- 
seized  in  the  operation  of  counting  that  those  laws  c^n 

I  no  longer  Ijc  operative.  This  is  the  understood  condition 
iHider  which  we  use  all  numerical  symbols.  Whenever 
I  use  the  symbol  5  I  really  mean 
I  +  I  -f  I  +  I  +  i» 
and  it  is  perfectly  understood  that  each  of  these  unit«  is 
distinct  from  each  other.  If  requisite  I  might  mark  them 
thus 


^ 


:1 


¥ 


i'  +  i"+i"'+i""  +  i""'. 


Were  this  not  the  case  and  were  the  units  really 

l'+i"  +  i"+i' 
the  Law  of  Unity  would,  as  before  remarked,  apply,  an<l 
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STmbols,  but  two  of  these  laws  seem  to  be  inai>plieuble 
simply  because  they  are  presupposed  in  the  definition  of 
the  mathematical  unit.  Logic  tlius  lays  down  the  con- 
ditionB  of  number,  and  the  science  of  arithmetic  developed 
as  it  is  into  all  the  wondrous  br.inches  of  mathematical 
calculus  is  but  an  outgrowth  of  logical  discrimination. 

Principle  of  Mathematical  Infenmce, 

As  I  have  asserted,  the  universal  principle  of  all 
reasoning  is  that  which  allows  us  to  substitute  like  for 
like.  I  have  now  to  point  out  that  in  the  mathema- 
tical  sciences  this  principle  is  involved  in  each  step  of 
reasoning.  It  is  in  these  sciences  indeed  that  we  meet 
with  the  clearest  cases  of  substitution,  and  it  is  the 
simplicity  with  which  the  i)rinciple  can  be  ai)plied  which 
probably  led  to  the  compnnitively  early  perfection  of  the 
sciences  of  geometry  and  arithmetic.  Euclid,  and  the 
Greek  mathematicians  from  the  first,  recognised  apudlfy 
as  the  fimdamental  relation  of  quantitative  thought,  l)ut 
Aristotle  rejected  the  exactly  analogous,  but  far  more 
general  relation  of  identity,  and  thus  cripjiled  the  formal 
science  of  logic  as  it  hits  descended  to  the  present  (hiy. 

Geometrical  reasoning  starts  frc>m  the  Axiom  that 
*  things  equal  to  the  same  thing  are  equal  to  ciich  other/ 
Two  equalities  enable  us  to  infer  a  third  equality  ;  and  this 
is  true  not  only  of  lines  and  angles,  but  of  areas,  volumes, 
numbers,  intervals  of  time,  forces,  velocities,  degrees  of 
intensity,  or,  in  short,  anything  which  is  capable  (jf  being 
equal  or  unequal.  Two  stars  equally  bright  with  the 
same  star  must  be  equally  bright  with  each  other,  and  two 
forces  equally  intense  with  a  third  force  are  equally 
intense  with  each  other.  It  is  remarkable  that  Euclid 
has  not  expressly  stated  two  other  axioms,  the  truth  of 
which  is  ncccs&irily  im})lied.     The  second  axiom  shoiUd 
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be  tbat  *  Two  things  of  which  one  is  equal  and  the  otlier 
unequal  to  a  thinl  common  thing,  are  unequal  to  eacli 
other/  An  equality  and  inequality,  in  short,  may  give  an 
inequtdity,  and  this  is  equally  true  with  the  first  axiom  of 
all  kinds  of  quantity.  If  Venus»  for  instance,  agrees  with 
Mars  in  density,  but  Mars  differs  from  Jupiter,  then  Venus 
differs  from  Jupiter.  A  third  axiom  must  exist  to  the 
effect  that  *  Things  unequal  to  the  same  thing  may  or 
may  not  be  equal  ttj  each  other/  Two  vnequalities  give 
no  ground  of  inference  whatever.  If  we  only  know,  for 
instance,  that  Mercury  and  Jupiter  differ  in  density  from 
Mars,  we  cannot  say  whether  or  not  they  agree  between 
themselves.  As  a  fact  they  do  not  agree  ;  but  Venus  and 
MaiB  on  the  other  hand  both  differ  from  Jupiter  and  yet 
closely  agree  with  each  other.  The  force  of  the  axioais 
can  be  most  clearly  illustrated  by  drawing  lines'*. 

The  general  eonchision  must  be  then  that  where  there  is 
equality  there  may  be  inference,  but  where  there  is  not 
equality  there  cannot  be  inference  A  plain  induction  will 
lead  us  to  believe  that  equality  is  the  co7iditiou  of  inference 
concertfing  qufintitf/.  All  the  three  axioms  may  in  fact 
be  summed  u]i  in  one,  to  the  effect,  that  'in  whatever 
relation  one  quantity  stands  to  another,  it  stetnds  in  the 
same  relation  to  the  equal  of  thai  other  J 

The  tictive  power  is  always  the  substitution  of  equals, 
and  it  is  an  accident  that  in  a  pair  of  equalities  we  can 
make  the  substitution  in  two  ways.  From  a  =  6-cwe 
can  infer  a  —  c,  either  by  substituting  In  ^  =  6  the  value  of 
h  as  given  in  h  —  c,  or  else  by  substituting  in  b  —  c  the 
value  of  b  as  given  in  a  —  h.  In  a^b^d  we  can  make 
but  the  one  substitution  of  a  for  i.  In  e^f^g  we  can 
make  no  substitution  and  get  no  inference. 

In  mathematics  the  relations  in  which  terras  mav  stand 
to  eaeh  other  are  far  more  varied  than  in  pure  logic,  yet 
^  'Elementary  Lessons  in  Loj^ic'  (Macmilkn),  p,  123. 
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our  principle  of  subetitution  always  holds  tnie.  We  may 
say  in  the  meet  general  manner  that  In  whatever  relation 
one  quantity  stands  to  another,  it  stands  in  the  same  relation 
to  the  equal  of  that  other.  In  this  axiom  we  sum  up  a 
number  of  axioms  which  have  been  stated  in  more  or  less 
detail  by  algebraists®.  Thus,  *If  equal  quantities  be 
added  to  equal  quantities,  the  sums  will  be  equal.'  To 
explain  this^  let 

a  =  6,  c  —  d. 

Now  a  +  c,  whatever  it  means,  must  he  identical  with 
itself,  so  that 

fl  +  c  =  «  +  c. 
In  one  side  of  this  equation  sul)stitute  for  the  quantities 
their  equivalents,  and  we  have  the  axiom  j)r()ved 

«  -H  c  =  fe  -h  c/. 
The  similar  axiom  concerning  subtraction  is  equally  evi- 
dent, for  whatever  a  —  c  may  mean  it  is  equal  to  a  —  c, 
and  therefore  by  substitution  to  h  —  d.  Again,  *  if  equal 
quantities  be  multiplied  by  the  siime  or  (iqual  quantities, 
the  products  will  be  equal/     For  evidently 

ac  =  ac, 
and  if  for  c  in  one  side  we  substitute  its  equal  d,  we  have 

ac  =  ad, 
and  a  second  similar  substitution  gives  us 

ac  =  bd. 
We  might  prove  a  like  axiom  concerning  division  in  an 
exactly  similar  manner.     I  might  even  extend  the  list  of 
axioms  and  say  that  '  Equal  powers  of  equal  number  are 
equal/     For  certainly,  whatever  a  x  a  x  a  may  mean,  it  is 
equal  to  axa  xa ;  hence  by  our  usual  substitution 
a  X  a  X  a  =  b  X  b  X  b, 
or  a^  =  b'^. 

The  truth  will  hold  of  roots,  that  is  to  say, 

^  Todliunter's  *  Algebra/  jnl  ed.  p.  40. 
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provided  that  the  same  roots  are  taken,  that  is  that  the 
root  of  a  shall  reully  be  related  to  a  as  the  root  of  6  is 
to  h.  The  ambiguity  of  meaning  of  an  operation  thus  fails 
in  any  way  to  shake  tlie  miiversidit}*  of  the  principle. 

We  may  g'>  furtlier  and  assert  that,  not  only  the  above 
common  relations,  but  all  other  kno\\Ti  or  conceivable 
matlicmatical  relations  obey  the  same  principle.  Let  Pa 
denote  in  tlie  most  general  manner  that  we  do  something 
with  the  quantity  a  ;  tlien  if  a  =  i  it  follows  that 

Va  -  P6, 
Let  us  make  Per,  for  instance,  mean 

a^  --  3  a^  -f  2  a  +  5  ; 
then  it  necessarily  follows  that  tliis  quantity  is  exactly 
equal  to  i^  —  3  5-^  +  2  5  +  5. 

The  reader  will  also  remember  that  one  of  the  most 
frequent  operations  in  mathematical  reasoning  is  to  sub- 
stitute for  a  quantity  its  equal,  a<s  known  either  by 
assumed,  natural,  or  self-evident  condition.  Whenever  a 
quantity  appears  twnce  over  in  a  problem,  we  may  apply 
what  we  learn  of  its  relations  in  one  place  to  its  relations 
in  the  other.  All  reasoning  in  mathematics,  as  in  nther 
branches  of  science,  thus  involves  the  principle  of  treating 
equals  equally,  or  similars  similarly.  In  whatever  way  we 
employ  quantitative  reasoning  in  the  remaining  parts  of 
this  wurk,  we  never  can  desert  the  simple  principle  on 
which  we  first  set  out. 


Reasoning  hy  Ineqmdiiies, 

I  have  stated  that  all  the  prcxjesses  of  mathematical 
reasoning  may  be  deduced  from  the  principle  of  substitution. 
Exceptions  to  this  assertion  may  seem  to  exist  in  the  use 
of  mequahties.  The  greater  of  a  gretiter  is  undoubtedly  a 
greater,  and  what  is  less  than  a  less  is  certaitdy  less, 
Snowdon  is  higher  than  the  Wrekin,  and  Ben  Nevis  tlum 
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Snowdon ;  therefore  Ben  Nevis  is  higlier  tlum  the  Wrekin. 
But  a  little  consideration  discloses  much  reason  for  be- 
lieving that  even  in  such  cases,  where  equality  does  not 
apparently  enter,  the  force  of  the  reasoning  entirely 
depends  upon  underljring  and  implied  equalities. 

In  the  first  place,  two  statements  of  mere  diflFerenct^  do 
not  give  any  ground  of  inference.  We  leani  nothing 
concerning  the  comparative  heights  of  St.  Pauls  and 
Westminster  Abbey  from  the  assertions  that  they  both 
di£kr  in  height  from  St.  Peter  s  at  Rome.  Thus  we  need 
something  more  than  mere  inequality ;  we  recjuire  one 
identity  in  addition,  namely  the  identity  in  direction  of 
the  two  differences.  Thus  we  cannot  employ  inequjJities 
in  the  simple  way  in  which  we  do  equalities,  and,  when 
we  try  to  express  exactly  what  other  conditions  are 
requisite,  we  shall  find  ourselves  lapsing  into  the  use  of 
equalities  or  identities. 

In  the  second  place,  every  argiunent  by  inequalities  may 
be  represented  with  at  least  equal  cleiirness  and  force  in 
the  form  of  equalities.  Thus  we  clearly  exj)res8  that  <i 
is  greater  than  h  by  the  equation 

a  =  h  -^  p,  (i) 

where  ^  is  an  intrinsically  positive  quantity,  denoting  tlie 
difference  of  a  and  h.  Similarly  wo  express  tliiit  h  is 
greater  than  c  by  the  equation 

&  =  c  +  f/,  (2) 

and  substituting  for  h  in  (i)  its  value  in   (2)  we  have 

a  =  c  +  q  +  ;>.  (3) 

Now  as  p  and  q  are  both  positive,  it  follows  tliat  a  is 
greater  than  c,  and  we  have  the  exact  amount  of  excess 
specified.  It  will  be  easily  seen  that  the  reasoning  con- 
cerning that  which  is  lens  than  a  less  will  result  in  an 

equation  of  the  form 

6-  =  a  —  5'  —  jh 

Every  argument  by  inequalities  may  then  be  thr(>^v^l 


into  the  form  of  an  equality ;  but  the  converse  is  not  true. 
We  cannot  possibly  prove  that  two  quantities  are  equal  by 
merely  asserting  that  they  are  both  greater  or  both  less 
than  another  quantity.  From  e  >f  and  g  >j\  or  e  </and 
g  <f,  we  can  infer  no  relation  between  e  and  g.  And  if  the 
reader  take  the  ec|uations  x  =  y  =  z  ^.nd  attempt  to  prove 
that  therefore  x  =  3,  by  throwing  them  into  inequalities,  he 
will  find  it  impossible  to  do  so. 

From  these  considerations  I  gather  that  reasoning  in 
arithmetic  or  algebra  by  so-called  inequalities  is  only  an 
imperfectly  expressed  reasoning  by  equalities,  and  when 
we  want  to  exhibit  exactly  and  clearly  the  conditions  of 
reasoning,  we  are  oblii>'ed  to  use  equahties  explicitly.  Just 
as  in  jnire  logic  a  negative  proposition,  as  expressing  mere 
difference,  cannot  be  the  means  of  inference,  so  inequality 
can  never  really  be  the  true  ground  of  inference.  I  do  not 
deny  that  affirmation  and  negation,  agreement  and  differ- 
ence, equality  and  inequality,  arc  pairs  of  equally  funda- 
mental relations,  but  I  assert  that  inlerence  is  possible  only 
where  affiiination,  agreement,  or  equality,  some  species  of 
identity  in  fiict,  is  present,  explicitly  or  implicitly. 


ATithmeiical  Reasoning, 

It  might  seem  somewhat  inconsistent  that  I  assert 
numl>er  to  arise  out  of  difference  or  discrimination,  and 
yet  hold  that  no  retisoning  can  I;>e  grounded  on  difference. 
Number,  of  course,  opens  a  most  wide  sphere  for  inference, 
and  a  little  consideration  shows  that  this  is  due  to  the 
unlimited  series  of  identities  wdiich  spring  up  out  of 
numerical  absti^acti«>n  If  six  people  are  sitting  on  six 
chairs,  there  is  no  resemWance  between  the  cliairs  and  the 
people  in  logical  character.  But  if  we  overlook  all  the 
quahties  both  of  a  chair  and  a  person,  and  merelv  re- 
mem  lier  thtit  there  are  marks  bv  which  each  of  six  chairs 
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may  be  discriminuted  from  each  other,  and  Hiinilarly  with 
the  people,  then  there  arises  a  reseinhlance  between  the 
chaurs  and  people,  and  thin  reseinbhuice  in  number  may  be 
the  ground  of  inference.  If  on  another  occasion  the  chaii-s 
are  filled  by  people  again,  we  may  infer  that  these  j^eopie 
must  resemble  the  others  in  number,  though  they  need  not 
resemble  them  in  any  other  points. 

Groups  of  units  are  what  we  really  treat  in  aiithmetic. 
The  number ^ve  is  really  i  +  i  +  i  +  i  +  i,  but  for  the  sake 
of  conciseness  we  substitute  Ihe  more  compact  sign  5,  or 
the  name  five.  These  names  being  arbitrarily  imposed  in 
any  one  manner,  an  indefinite  variety  of  relations  spring 
up  between  them  which  are  not  in  the  least  arbitrary.  If 
we  define  ybwr  asi  +  i  +  i  +  i,  and  five  as  i  +  i  +  1  +  i  +  1 , 
then  of  course  it  follows  \hvit  five  -  four  -f  1  ;  but  it  \vould 
be  equally  possible  to  take  this  latter  eciuality  jis  a  defi- 
nition, in  which  case  one  of  the  former  equalilies  would 
become  an  inference.  It  is  hardly  requisite  to  decide  how 
we  define  the  names  of  numbers,  provided  we  remember 
that  out  of  the  infinitely  nimierous  relations  of  one  number 
to  others,  some  one  relation  expressed  in  an  equality 
must  be  a  definition  of  the  number  in  question  and  the 
other  relations  immediately  become  necessaiy  inferences. 

In  the  science  of  immber  the  variety  of  classes  which 
can  be  formed  is  altogether  infinite,  and  statements  of 
perfect  genendity  may  be  made  subject  only  to  difticulty 
or  exception  at  the  lower  end  of  the  scale.  Every  existing 
number  for  instance  belongs  to  the  cUiss 

m  -f  7 ; 
that  is,  every  number  must  be  the  sum  of  an<jtlier  number 
and  seven,  except  of  course  the  fii*st  six  or  seven  numbei-s, 
negative  quantities  not  being  here  taken  into  account. 
Every  number  is  the  half  of  some  other,  and  so  on.  The 
subject  of  generalization,  as  exhibited  in  arithmetical  or 
mathematical    truths,   is    an   indefinitely  wide  one.     In 
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number  we  are  only  nt  tlie  first  step  of  an  extensive 
series  of  generalizations.  A  number  is  general  as  com  paired 
witli  the  particular  things  numbered,  so  we  may  have 
general  symbols  for  numbers,  or  general  symbols  not  for 
numbers,  but  for  the  relations  between  undetermined  num- 
bers. There  is,  in  fact,  an  unlimited  hierarchy  of  successive 
generalizations. 


Numerically  Definite  Reasoning, 

It  was  first  discovered  bv  Prof  de  Morofan  that  many 
arguments  are  valid  which  combine  logical  and  numerical 
reasoning,  altboogh  they  could  in  no  way  be  included  in 
the  ancient  logical  tormulas.  He  developed  the  dix-trine 
of  the  '  Numerlc'cilly  Definite  Syllogism/  fully  explained 
in  his  'Formal  Lcjgie'  (pp.  141-170).  Dr.  Boole  also 
devoted  considerable  attention  to  the  determination  of 
what  he  called  *  Stiitistical  Conditions/  meaning  the 
numerical  conditions  of  logical  classes.  In  a  paper  pub- 
lished among  tlie  Memoirs  of  tlie  Manchester  Literary  and 
Philosophical  Society,  Third  Scries,  vol  IV.  p.  330 
(Session  1S69-70),  I  have  pointed  out  that  we  can  apply 
arithmetical  calcuhition  to  the  Logical  Abecedarium. 
Having  given  certain  logical  conditions  and  the  numbere  of 
objects  in  cerUun  classes,  we  can  either  determine  the 
nunjber  of  objects  in  other  classes  governed  by  those  con- 
ditions, or  can  show^  what  further  data  are  required  to 
determine  them.  As  an  example  of  the  kind  of  questions 
treated  in  numerical  logic,  and  the  mode  of  treatment,  I 
give  tlie  follow^uig  problem  suggest^jd  by  De  Morgan,  with 
my  mode  of  representing  its  solution ''. 

<  It  lias  been  puiiitetl  out  to  me  by  M\\  A.  J.  Ellis,  F.R,S.,  that  my 
aolutioiiT  as  gi%^en  in  the  Memuii-s  (jf  the  Manchester  Philo&uj>hical  Society, 
does  not  exactly  nnsfiver  to  the  cmiditions  of  the  problem,  and  I  therefore 
Biihstitute  above  a  more  satiefactory  solution. 
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•For  every  man  in  the  Iiouho  there  is  a  poi-son  who  is 
aged;   some  of  the  men  are  not  aged.     It  follows  that 
some  persons  in  the  house  are  not  n)en^^' 
Now  let  A  =  person  in  house, 

B  =  male, 
C  =  aged. 
By  enclosing  logical  symbols  in  brackets,  let  us  denote 
the  number  of  objects  belonging  to  the  class  indicated  by 
the  symbol    Thus  let 

(A)  =  number  of  persons  in  house, 
(AB)  =  number  of  male  persons  in  house, 
(ABC)  =  number  of  aged  male  persons  in  house, 
and  so  on.     Now  if  we  use  ir  and  ii^  to  denote  unknown 
and  indefinite  numbers,  the  conditions  of  the  prol)leni  may 
be    thus    stated    according    to    my  interpretation  of  the 
words — 

(AB)  =  (AC)  -  7Y^  (i) 

that  is  to  say,  the  number  of  persons  in  the  house  who  are 
aged  is  at  least  equal  to,  and  may  exceed,  the  number  of 
mtale  persons  in  the  house  ; 

(AB6-)  =  «/.  (2) 

that  is  to  say,  the  number  of  male  persons  in  the  house 
who  are  not  aged  is  some  unknown  positive  quantity. 

If  we  develop  the  terms  in  (i)  by  the  Law  of  Duality 
(pp.  87,  95,  97),  we  obtain 

(ABC)  f  (ABc)  =  (ABC)  +  (AfeC)  -  w. 
Subtracting  the  common  term  (ABC)  from  each  side  and 
substituting  for  (ABe)  its  value  as  given  in  (2),  we  get  at 
once 

(AiC)  =  w  +  v/, 
and  adding  (Aic)  to  each  side,  we  have 

(Ai)  =  Khc  +  2/;  4  ^^. 
The  meaning  of  this  result  is  that  the  number  of  persons 
in  the  house  who  are  not  men  is  at  least  equal  iow+  i(/, 

ff  *  Syllabus  of  a  proiK)sed  System  of  Logic,'  p.  29. 
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fitid  exceeds  it  by  the  number  of  persons  in  the  house  who 
are  neither  men  nor  aged  (Abe). 

It  should  be  understood  tliat  this  solution  applies  only 
ii}  the  terms  of  the  exarajde  quoted  above,  and  not  to  the 
general  problem  for  wliich  Do  Morgan  intended  it  to  serve 
aB  an  illustration. 

Afi  a  second  instance,  let  us  take  the  following  ques- 
tion:—The  whole  number  of  voters  in  a  borough  is  a;  the 
number  ay;ainst  whom  ol ejections  have  been  lodged  by 
libeirdn  is  b;  and  the  number  against  whom  objections 
have  been  loilged  by  conservatives  is  v;  required  the 
number,  if  any.  who  have  been  objected  to  on  both  sides. 
Taking  j 

A  =  voter,  M 

B  =  objected  to  by  liberals,  .1 

C  =  objected  to  by  conservatives,  ^  M 

then  we  require  the  value  of  (ABC).     Now  the  following 
tH^uation  in  identically  true — 

(ABC)  -  (AB)  +  (AC)  +  {Ahv)  -  (A).       (i) 
For  if  we  develop  all  the  terms  on  the  second  side  we 
obtain 

(ABC)  =  (ABC)  +  (ABr:^)  +  (ABC)  +  (AiC)  +  (Abe) 
-  (ABC)  ^  (ABc-)  -  (AtC)  -  (Abe) ; 
and  striking  out  the  corre8]ionding  positive  and  negative 
teiins,  we  have  only  left  (ABC)  =  (ABC),    Since  then  (i)  is 
necessc^irily  true,  w^e  have  only  to  insert  the  known  values, 
and  we  have 

(ABC)  =  i  +  c  -  a  +  (Abe). 
Hence  the  number  who  have  received  objections  from  both 
sides  is  equal  Uj  the  excess,  if  any,  of  the  whole  number 
of  objections  over  the  number  of  voters  togethei"  with  the 
immbers  of  voters  who  have  received  no  objections  (Abe). 

In  many  cases  classes  of  objects  may  exist  mider  special 
logical  conditions,  and  we  must  consider  how  these  con- 
ditions must  be  intei^preted  numerically. 
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Every  logical  proposition  or  equation  now  gives  rise 
to  a  corresponding  numerical  equation.  Sameness  of 
qualities  occasions  sameness  of  numbers.     Hence  if 

A  =  B 
denotes  the  identity  of  the  qualities  of  A  and  B,  we  may 
conclude  that 

(A)  =  (B). 
It  IB  evident  that  exactly  those  objects,  and  those  objects 
only,  which  are  comprehended  under  A  must  be  compre- 
hended under  B.  It  follows  that  wherever  we  can  draw 
an  equation  of  qualities,  we  can  draw  a  similar  equation  of 
numbers.     Thus,  from 

A  =  B  =  C 
we  infer 

A  =  C; 
and  similarly  from 

(A)  =  (B)  =  (C). 
meaning  the  numbers  of  A's  and  C's  are  equal  to  the 
number  of  B's,  we  can  infer 

(A)  =  (C). 
But^  curiously  enough,  this  does  not  apply  to  negative 
propositions  and  inequalities.     For  if 

A  =  B  -  D 
means  that  A  is  identical  with  B,  which  diflfers  from  D,  it 
does  not  follow  that 

(A)  =  (B)  ^  (D). 
Two  classes  of  objects  may  difier  in  qualities,  and  yet  they 
may  agree  in  number.  This  is  a  point  which  strongly 
confirms  me  in  the  opinion  I  have  already  expressed, 
that  all  inference  really  depends  upon  equations,  not 
differences  (p.  i86). 

The  Logical  Abecedarium  thus  enables  us  to  make  a 
complete  analysis  of  any  numerical  problem,  and  though 
the  symbolical  statement  may  sometimes  seem  prolix,  I 
conceive  that  it  really  represents  the  course  which  the 
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miiui  must  fullow  in  solving  the  question.  Although 
tlmu^ht  may  seem  to  outstrip  the  rapidity  with  which  the 
Hy mbolB  cnn  be  written  down,  yet  the  mind  does  not  really 
fnllow  a  different  course  from  that  indicated  by  the  sym- 
])oU,  For  a  fuller  explanation  of  tliis  natural  system  of 
Numerically  Definite  Reasoning,  with  more  abundant 
illuBtrations  and  an  analysis  of  De  Morgans  Numerically 
Definite  SyllogiBm,  I  must  refer  the  reader  to  the  pajier  in 
the  Memoirs  of  the  Manchester  Literary  and  Philosophical 
Society,  as  already  referred  to,  portions  of  which,  how- 
ever, have  been  embodied  in  the  present  section. 

The  I'eader  may  be  referred,  also,  to  Boole's  w^ritings 
upon  the  sulyect  m  the  '  Laws  of  Thought/  chap.  xix. 
p.  295,  and  in  a  paper  on  *  Propositions  Numerically  De- 
finite/ communicated  by  De  Morgan,  in  1S68,  to  the 
Cambridge  Philosophical  Society,  and  printed  in  their 
'Transactions,'  vol,  xi.  part  ii.  Mr.  Alexander  J.  Eilie 
treats  the  same  subject  in  Km  'Contributions  to  Formal 
Logicj'  read  to  the  Eoyal  Society,  in  March,  1872,  but 
as  yet  published  only  in  the  form  of  a  brief  abstract,  in 
the  Proceedings  of  the  Society,  vol  xx.  p.  307. 


CHAPTER  IX 

THE    VARIETY    OF    NATUBE,    OR    THE    DOCTRINE    OF 
COMBINATIONS   AND   PERMUTATIONS, 


Nature  may  be  said  to  be  evolved  from  the  monoton} 
of  non-existence  by  the  creation  of  diversity.  It  is  plau- 
sibly asserted  that  we  are  conscious  only  so  far  as  we 
experience  difference.     Life  is  change,  and  perfectly  uni- 

iform  existence  would  be  no  better  than  non-existence* 
Certain  it  is  that  life  demands  incessant  novelty,  and  that 
nature  though  it  probably  never  faiSs  to  obey  the  same 
fixed  laws,  yet  presents  to  us  an  apparently  unlimited 
eeriea  of  varied  comi>inations  of  events.  It  is  the  work  of 
science  to  observe  and  record  the  kinds  and  comparative 
numbers  of  such  combinations  of  plienomena,  occurring 
spontaneously  or  produced  by  our  interference*  Patient 
and  skilful  examination  of  the  records  may  then  disclose 
the  laws  imposed  on  matter  at  its  creation,  and  enable  us 

^more  or  less  successfully  to  predict,  or  even  to  regulate, 

'  the  future  occurrence  of  any  particular  combinatioiL 

The  Laws  of  Thought  are  the  first  and  most  important 
of  all  the  laws  which  govern  the  combinations  of  pheno- 
mena ;  and,  even  though  they  be  binding  on  the  mind, 
they   may   also    be  regarded  iis  veiified  in  the  external 

*  world.  The  Logical  Abecedarium  develops  the  utmost 
variety  of  things  and  events  which  may  occur,  and  it 
is  evident  that  as  ea^h  new  quality  is  introduced,  the 
number  of  combinations  is  doubled*  Tlius  four  qualities 
may  occur  in  i6  combinations ;  five  qualities  in  32  ;  six 
qualities  in  64 ;  and  so  on.     In  general  language,  if  n  be 
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the  number  of  qualities,  2*'  is  tlie  number  of  varieties  of 
thiiigH  which  may  be  formed  fiom  them,  if  there  be  no  con- 
ilitioUH  but  those  of  logic.  TMs  number,  it  need  hardly 
be  H/iid,  increases  after  tlio  first  few  tenns,  iu  an  extra- 
ordinary mannerj  so  that  it  would  require  302  figures, 
even  to  express  the  number  of  combinations  in  which  1000 
qualities  might  conceivably  present  themselves. 

If  all  the  combinations  allowed  by  the  Laws  of  Thought 
occurred  in  nature,  then  science  would  begin  and  end  with 
those  laws.  To  observe  nature  would  give  us  no  ad- 
ditional knowledge,  because  no  two  qualities  would  in  the 
long  run  be  oftener  associated  than  any  other  two.  We 
could  never  predict  events  with  more  certainty  than  we 
now  predict  the  throws  of  dice,  and  experience  w^ould  be 
without  use.  But  the  universe,  as  actually  created,  pre- 
sents a  far  different  and  much  more  interesting  problem. 
The  most  superficial  observation  shows  that  some  things 
are  habitually  associated  w^ith  other  things.  The  more 
matiu'e  oiu*  examination,  the  more  we  become  convinced 
that  each  event  depends  upon  the  prior  occurrence  of 
some  other  series  of  events.  Action  and  reaction  are 
gradually  discovered  to  underlie  the  whole  scene,  and  an 
independent  or  casual  occurrence  does  not  exist  except  in 
appearance.  Even  dice  as  they  fall  are  surely  determined 
in  their  course  by  prior  conditions  and  fixed  laws.  Thus 
tho  a^mbitiations  of  events  which  can  really  occur  are 
iVninti  to  be  verv  restricted,  and  it  is  the  work  of  science 
to  di^toct  these  restricting  conditions. 

Ill  the  English  alphabet,  for  instance,  we  have  twenty- 
ijot  h^lt(TH.  Were  the  combinations  of  such  letters  pcr- 
Ibctly  tVre»  »i3  that  any  letter  could  be  indifferently 
«uuu<iiHl  with  any  other,  the  number  of  words  which 
ooulit  bi  funned  without  any  repetition  would  be  2*^—1, 
w  07 J oi*. 863,  equal  in  number  to  the  combinations  of 
tihi»  twvuly-Huvcnth  column  of  the  Abccedarinm,  excluding 
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one   for   the   case    in   which   all   the   letters  would   be 

rabsent.  But  the  formation  of  our  vocal  organs  prevents 
our  using  the  far  greater  part  of  these  conjunctions  of 
letters.  At  least  one  vowel  must  be  present  in  each  word ; 

^more  than  two  consonants  cannot  usually  be  brought  to- 
gether ;  and  to  produce  words  capable  of  smooth  utterance 
a  number  of  other  rules  must  be  observed.     To  determine 

^exactly  how  many  words  miglit  exist  in  the  English 
language  under  these  circumstances,  would  be  an  exceed- 
ingly complex  problem,  the  solution  of  wliicb  has  never 
been  attempted.  The  number  of  existing  English  words 
may  perhaps  be  said  not  to  exceed  one  himdred  thousand, 
and  it  is  only  by  investigating  the  combinations  jiresented 
in  the  dictionary,  that  we  can  learn  the  Laws  of  Euphony 
or  calculate  the  possible  number.  In  this  example  we 
have  an  epitome  of  the  work  and  method  of  science.  The 
combinations  of  natural  phenomena  are  limited  by  a  great 
number  of  conditions  which  are  in  no  way  brought  to  our 
Imowledge  except  so  far  as  they  are  disclosed  in  the  ex- 
amination of  nature. 

It  is  often  a  very  diflScult  matter  to  determine  the 
numbers  of  permutations  or  combinations  which  may 
exist  imder  various  restrictions.  Many  learned  men 
puzzled  themselves  in  former  centuries  over  what  were  - 

I" called  Protean  verses,  or  Latin  verses  admitting  many 
variations  in  accordance  with  the  Laws  of  Metre.  The 
most  celebrated  of  these  verses  was  that  invented  by 
Bernard  Bauhusius,  as  follows  »: — 

*Tot  tibi  Bunt  dotes,  Virgo,  qtiot  aidera  ccelo/ 

One  author,  Ericius  Put^anus,  filled  forty-eight  pages  of 
a  work  in  reckoning  up  its  possible  transpositions,  making 
them  only  1022.  Other  calculators  gave  2196,  3276,  2580 
lEs  their  results.     Dr.  Wallis  assigned  3096,  but  without 

»  Montucla,  *  Histoire/  &c.»  vol.  iii.  p.  388. 
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much  confidence  in  the  accuracy  of  his  result,**  It  required 
the  skill  of  James  Bernouilli  to  decide  the  number  of 
transpositions  to  be  3312,  under  the  condition  that  the 
sense  and  metre  of  the  verse  shall  be  perfectly  preserved. 
In  approaching  the  consideration  of  the  great  Inductive 
problem,  it  is  veiy  necessary  that  we  should  acquire  correct 
notious  as  to  the  comparative  number  of  combinations 
which  may  exist  under  different  circumstances.  The 
doctrine  of  combinations  is  that  part  of  mathematical 
science  which  applies  numerical  calculation  to  detennine 
the  number  of  combinations  under  various  conditions. 
It  is  a  part  of  the  science  which  really  hes  at  the  base 
not  only  of  other  sciences,  but  of  other  branches  of  mathe- 
matical science.  The  forms  of  algebraical  expressions  are 
determined  by  the  principles  of  combination,  and  Hinden- 
burg  recognised  this  fact  in  his  Combinatorial  Analysis. 
The  greatest  mathematicians  have,  during  the  last  three 
centiuries,  given  their  be&t  powers  to  the  treatment  of 
this  subject ;  it  was  the  favourite  study  of  Pascal ;  it 
early  attracted  the  attention  of  Leibnitz,  who  wrote  his 
curious  essay,  De  Ar^te  Coinhinatoria,  at  twenty  years 
of  age  ;  James  Bernouilli,  one  of  the  very  profoundest 
mathematicians,  devoted  no  small  part  of  his  life  to  the 
investigation  of  the  subject  as  connected  with  that  of 
Probability  ;  and  in  his  celebrated  work,  De  Arte  Con- 
jectandi,  he  has  so  finely  described  the  importance  of 
the  doctrine  of  combinations,  that  I  need  ofter  no  excuses 
for  quoting  his  remarks  at  full  length*  *  It  is  easy  to 
perceive  that  the  prodigious  variety  which  appears  both 
in  tlie  works  of  nature  and  in  the  actions  of  men,  and 
wliich  constitutes  the  greatest  part  of  the  beauty  of  the 
universe,  is  owing  to  the  multitude  of  difierent  ways 
in  which  its  several  parts  are  mixed  with,  or  placed 
near,  each  other.  But,  because  the  number  of  causes 
^  Wallia,  *0f  Combinations/  &c„  p.  IT9, 


that   concur  in   producing  a   given  event,   or  effect,  is 
oftentimes  so   immensely   great,   and  the   causes   tliem- 

fselves  are  so  different  one  from  another,  that  it  is  ex- 
tremely difficult  to  reckon  up  all  the  different  ways  in 
which   they  may  be  an-anged   or  combined  together,  it 

hoften  happens  that  men,  even  of  the  be.st  undL^rstundings  ^ 
and  greatest  circumspection,  are  guilty  of  that  fault  in 
reasoning  wliich  the  writers  on  logic  call  the  insufficient 
or  imperfect  enumeration  of  parts  or  ca^es :  insomuch 
that  I  will  venture  to  assert,  that  this  is  the  chief,  and 
almost  the  only,  source  of  the  vast  number  of  erroneous 
opinions,  and  those  too  very  often  in  matters  of  great 
importance,  which  we  are  apt  to  form  on  all  the  subjects 
we  reflect  upon»  whether  they  relate  to  the  knowledge  of 

fnature  or  the  merits  and  motives  of  human  actions.  It 
must   thei^efore   W   acknowledged,    that   that  art   which 

[;afford8  a  cure  to  this  weakness,  or  defect,  of  om'  under- 
etandings,  and  teaches  us  so  to  enumerate  dl  the  possible 
ways  in  which  a  given  number  of  things  may  be  mixed 
and  combined  together,  that  we  may  be  certain  that  we 
have  not  omitted  any  one  arrangement  of  them  that  can 
lead  to  the  object  of  our  inquiry,  deserv^es  to  be  con- 
sidered as  most  eminently  useful  and  worthy  of  our 
highest  esteem  and  attention-  And  this  is  the  business 
of  the  art  or  doctrine  of  combinations.  Nor  is  this  art 
or  doctrine  to  be  considered  merely  as  a  branch  of  the 
mathematical  si^ciences.  For  it  Iu\s  a  relation  to  almost 
every  species  of  useful  knowledge  that  the  mind  of  man 
can  be  employed  upon.  It  proceeds  indeed  upon  mathe- 
matical principles,  in  cidculating  the  number  of  the  com- 
binations of  the  things  proposed :  but  by  the  conclusions 
that  are  obtained  by  it,  the  sagacity  of  the  natural 
philosopher,  the  exactness  of  the  historian^  the  skill  and 
judgment  of  the  physician,  and  the  prudence  and  fore- 
sight of  the  politician  may  be  assisted ;  because  the  business 
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of  all  these  important  professions  is  but  to  form  reasonahle 
C07}jectnres  concerning  the  several  objects  which  engage 
their  attention,  and  all  wise  conjectures  are  the  results  of 
a  just  and  careful  examination  of  the  ^several  different 
effects  that  may  possibly  arise  fi'ora  the  causes  that  are 
capable  of  produchig  them:'  ^ 

Distinction  of  Comhinations  and  Pej^midatiom. 

We  must  at  once  consider  the  deep  difference  w^hich 
exists  between  Combinations  and  Permutations ;  a  dif- 
ference involving  important  logical  principles,  and  in- 
fluencing the  form  of  all  our  mathematical  expressions. 
In  per7niitation  we  recognise  varieties  of  order  or  aiTange- 
ment,  treating  AB  as  a  different  group  from  BA.  In 
combination  we  take  notice  oidy  of  the  presence  or 
absence  of  a  certain  thing,  and  pay  no  regard  to  its 
place  in  order  of  time  or  space.  Thus  the  four  letters 
a,  e,  771,  n  caia  form  but  one  combination,  but  they  occur 
in  language  in  several  permutations,  as  name^  amen, 
mean^  mane. 

We  have  liitherto  been  dealing  with  purely  logical 
questions,  involving  only  combination  of  qualities.  I  have 
fully  pointed  out  in  more  than  one  place  that,  though  our 
symbols  could  not  Init  be  written  in  order  of  place  and 
read  in  order  of  time,  the  relations  expressed  had  no 
regard  to  place  or  time  (pp.  40,  131).  The  Law  of  Com- 
mutativeness,  in  fact,  expresses  the  condition  that  in  logic 
we  deal  with  Qombinations,  and  the  same  law  is  trae 
of  all  the  processes  of  algebra.  In  nature  and  art,  order 
may  be  a  matter  of  indifference ;  it  makes  no  difference, 
for  instance,  whether  gunpowder  is  a  mixture  of  sulphur, 
carbon  and  nitre,  or  carbon,  nitre  and  sulphur,  or  nitre^  sul- 
phur and  carbon^  provided  that  the  substances  are  present  in' 

®  James  Beraouilli,  *  De  Arte  Conjectandi,'  translated  by  Baron 
Majserea,     London,  17951  pp*  35-3 <S. 
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proper  proportions  and  well  mixed.  But  this  indifference 
of  order  does  not  usually  extend  to  the  events  of  physical 
science  or  the  operations  of*  art.  The  change  of  mechanicalJ 
energy  into  heat  is  not  exactly  the  same  as  the  change 
from  heat  into  mechanical  energy  ;  thunder  does  not  in* 
differently  precede  and  follow  lightning  ;  it  is  a  matter  of 
some  importance  that  we  load,  cap,  present,  and  fire  a  rifle 
in  tliis  precise  order.  Time  is  the  condition  of  all  our 
thoughts,  space  of  all  our  actions,  and  therefore  both  in 
art  and  science  we  are  to  a  great  extent  concerned  with 
permutations.  All  language,  for  instance,  treats  different 
permutations  of  letters  as  having  different  meanings. 

Permutations  of  certain  t(  ings  are  far  more  numerous 
than  combinations  of  those  things,  for  the  obvious  reason 
that  each  distinct  thing  is  regarded  differently  according 
to  its  place.  Thus  the  letters  A,  B,  C,  will  make  different 
permutations  according  as  A  stands  first,  second,  or  third ; 
having  decided  the  place  of  A,  there  are  two  places 
between  which  we  may  choose  for  B ;  and  then  there 
remains  but  one  place  for  C.  Accordingly  the  permuta- 
tions of  these  letters  will  be  altogether  3x2x1  or  6  in 
number.  With  four  things  or  letters,  A,  B,  C,  D,  Tve 
shall  Iiave  four  choices  of  place  for  the  first  letter,  three 
for  the  second,  two  for  the  third,  and  one  for  the  fourth, 
so  that  there  will  be  altogether  4x3x2x1,  or  24 
permutations.  The  same  simple  rule  applies  in  all  cases ; 
beginning  ^vith  the  whole  number  of  things  we  multiply 
at  each  step  by  a  number  decreased  by  a  unit.  In  general 
language,  if  n  be  the  number  of  things  in  a  combination,  the 

number  of  permutations  is  71  {n  —  i){n  —  2) 4.3.2*1, 

Thus,  if  we  were  to  re-an*angG  the  names  of  the  days  of  the 
week,  the  possible  arrangements  out  of  which  we  should 
have  to  choose  the  new  order,  would  be  no  less  than 
7,6.5.4.3.2.  I,  or  5040,  or,  excluding  the  existing 
order,  5039. 
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The  reader  will  see  that  the  numbers  which  we  reach  in 
questions  uf  permutation,  increase  in  a  more  extraordinary 
manner  even  than  in  combination.  Each  new  object  or 
term  doubles  the  number  of  combinations  (p.  195),  but 
increases    the     permutations     by    a    factor    continually 

growing.     Instead  of2x2x2x2x we  have 

2X3X4X5X and  the  products  of  the  latter 

expression  indefinitely  exceed  those  of  the  former.  These 
products  of  continually  increasing  factors  are  constantly 
employed,  as  we  nhaW  see,  in  questions  both  of  permu- 
tation and  combination.  They  are  technically  called 
factorials,  that  is  to  say,  the  product  of  all  integer 
numbers,  trom  unity  up  to  any  number  n^  is  the  fiwiorial 
of  n,  and  h  often  indicated  symbolically  by  1^.  I  give 
below  the  factorials  up  to  that  of  fifteen  :— 

6  ^  1.2.3 
24  ^  I  .  2  .  3  .  4 
120  =  I  ,  2  . ,..  5 

720  =  1.2 6 

5,040  =  ll_ 

40,320  =  li_ 

362,880  =  |1_ 

3,628,800  =  ll^ 

39,916,800  =  |ii 

479,001,600  =  |i? 

6,227,020,800  =  ]^ 

87,178,291,200  =  llf 

i,307'674.368,ooo  =  l^S 

The  factorials  up  to  l_3f  are  given  in  Rees'  -  Cyclopaedia,' 
art.  Cipher,  and  the  logarithms  of  products  up  to  [^ 
are  given  at  the  end  of  the  table  of  logarithms  published 
under  the  superintendence  of  the  Society  for  the  Diffusion 
of  Useful  Knowledge  (p.  215).  To  express  the  factorial 
1^65  would  require  529  places  of  figures. 

Many  writers  have  from  time  to  thne  remarked  upon 
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the  extraordinary  magnitude  of  the  numbers  with  which 
we  deal  in  this  subject.  Tacquet  ciilcuhitcd^^  that  the 
twenty-four  letters  of  the  alphabet  may  be  arranged  in 
more  than  620  thousand  trillions  of  orders ;  and  Schottus 
estimated  ®  that  if  a  thousand  millions  of  men  were  em- 
ployed for  the  same  number  of  years  in  writing  out  these 
arrangements,  and  each  man  filled  each  day  forty  pages 
with  forty  arrangements  in  each,  they  could  not  have  ac- 
complished the  task,  as  they  would  have  written  only  584 
thousand  trillions  instead  of  620  thousand  trillionH. 

In  some  questions  the  number  of  permutations  niay  be 
restricted  and  reduced  by  various  conditions.  Some 
things  in  a  group  may  be  undistinguishuble  from  others, 
80  that  cliange  of  order  will  produce  no  difference.  Thus 
if  we  were  to  permutate  the  letters  of  the  ^ name  Anu^ 
according  to  our  previous  rule,  we  should  obtain  3x2x1, 
or  6  orders ;  but  half  of  these  arningements  would  be 
identical  with  the  other  half,  because  the  interchange  of 
the  two  n's  has  no  effect.     The  really  different  orders  will 

therefore  be  or  3,  namely  Ann^  Nan,  Nna.     In 

the  word  utility  there  are  two  /'s  and  two  f's,  in  respect 
of  both  of  which  pairs  the  number  of  pennutations  must 

be  halved.     Thus  we  obtain  — — '-  -  -  ^  '-^- — —  or  1 260,  as 

I  .  2  .  I  .  2 

the  number  of  permutations.     The  simple  rule  evidently 

is  that  when  some  things  or  letters  are  undistinguished, 

proceed  in  the  first  place  to  calculate  all   the   possible 

permutations  as  if  all  were  different,  and  then  divide  by 

the  number  of  possible  permutiitions  of  those  series  of 

things  which   are   not  distinguished,   and  of  which   the 

permutations    have    therefore    been    counted   in    excess. 

Thus   since   the   word    Utilitarianism  contains   foiurteen 

d   '  Aritlimeticse  Tlicom.'  Ed.  Anistoril.  1704,  p.  517. 
*»  Ilees'  '  Cyclopxtliii,'  art.  Cipher, 
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letters,  of  which  four  are  I's,  two  as,  and  two  ^'s,  the 
number  of  distiact  arrangemente  will  be  found  by 
dividing  the  factorial  of    14,  by  the  factorials   of  4,  2, 

and  2,  the  result  being  908^07,200,  From  the  letters 
of  the  word   Mississippi   we    can   get  in    like   manner 

In 


. != or  i4,6  so  permutations,  or  not  one-thousandth 

l4x|j_x|j^        ^^    ^    ^ 

part   of    what   we  should    obtain    w^ere    all    the    letters 

diflerent. 

Caleidation  of  Number  of  Cowihinations, 

Although  in  many  questions  both  of  art  and  science 
we  need  to  calculate  tlie  number  of  permutations  on 
account  of  their  own  interest,  it  far  more  frequently 
happens  in  scientific  subjects  that  they  possess  but  an 
indirect  interest.  As  I  have  already  pointed  out,  we 
almost  always  deal  in  the  logical  and  mathematical 
sciences  with  cojubiiiationSj  and  variety  of  order  enters 
only  through  the  inherent  imperfections  of  our  symlxjls 
and  modes  of  calculation.  Signs  must  be  used  in  some 
order,  and  we  must  withdraw  our  attention  from  this  order 
before  the  signs  correctly  represent  the  relations  of  things 
which  exist  neither  before  nor  after  each  other.  Now,  it 
often  happens  that  we  cannot  choose  all  the  combinations 
of  things,  without  first  choosing  them  subject  to  the 
accidental  variety  of  order,  and  we  must  then  divide  by 
tliu  nmiiber  of  possiI)le  variations  of  order,  that  we  may 
get  to  the  true  number  of  pure  combinations. 

Suj)f)08e  that  we  wish  to  determine  the  number  of 
ways  in  which  w^e  can  select  three  letters  out  of  the 
idphabet,  without  allowing  the  same  letter  to  be  repeated. 
At  the  first  choice  we  can  take  nny  one  of  26  letters  ;  at 
the  next  step  there  remain  25  letters,  anyone  of  which 
may  bo  joined  with  that  already  taken  ;  at  the  third  step 
there  will  be   24  clioices,  bo  that  apparently  the  whole 
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number  of  ways  of  choosing  1326x25x24.     But  the  fact 

that  one  choice  succeeded  another  has  caused  us  to  obtain 

the  same  combinations  of  letters  in  different  orders ;  we 

should  get^  for  instance,  a,  p,  r  at  one  time,  and  py  r,  a  at 

another,  and  every  three  distinct  letters  will  appear  six 

times  over,  because  three  things  can  be  arranged  in  six 

permutations.     Thus   the   true  number  of  combinations 

,  Ml  u    24x23x22 

will  be  — — ,  or  2024. 

1x2x3* 

It  is  apparent  that  we  need  the  doctrine  of  j)crmuta- 
tions  in  order  that  we  may  in  many  questions  count^inict 
the  exaggerating  eflTect  of  successive  selection.  If  out  of 
a  senate  of  30  persons  we  have  to  choose  a  committee  of  5, 
we  may  choose  any  of  30  first,  any  of  29  next,  and  ho  on, 
in  fact  there  will  be  30  x  29  x  28  x  27  x  26  BclectionH] 
but  as  the  actual  character  of  the  members  of  the  conunilteo 
will  not  be  affected  by  the  accidental  order  of  their  selec- 
tion, we  divide  byix2x3x4x5,  and  the  possible  num- 
ber of  different  committees  will  be  142,506.  Similarly 
if  we  want  to  calculate  the  number  of  ways  in  which  the 
eight  major  planets  may  come  into  conjunction,  it  is  evi- 
dent that  they  may  meet  either  two  at  a  time  or  three  at 
a  time,  or  four  or  more  at  a  time,  and  as  nothing  is  said  as  to 
the  relative  order  or  place  in  the  conjunction,  we  require 
the  number  of  combinationa     Now  a  selection  of  2  out  of  8 

is  possible  in  —   or  28  ways ;    of   3    out   of  8    in   -^ 

or  56  ways ;  of  4  out  of  8  in    '''  '^  or  70  ways ;  and  it 

may  be  similarly  shown  that  for  5,  6,  7,  and  8  planets, 
meeting  at  one  time,  the  number  of  ways  is  56,  28,  8 
and  I.  Thus  we  have  solved  the  whole  question  of  the 
variety  of  conjunctions  of  eight  planets;  and  adding  all  the 
numbers  together,  we  find  that  247  is  the  utmost  possible 
nmnber  of  modes  of  meeting. 

In  general  algebraic  language,  we  may  say  that  a  group 
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of  m  things  may  be  cliosen  out  of  a  total  d umber  of  n 
things,  in  a  number  of  combinations  denoted  by  the  formula 
n*  (?»-r)  (7v-z)  («-3)  .  *  .  .  (n-wi+  i) 

The  extreme  importance  and  significance  of  this  formula 
seems  to  have  been  fii*st  adequately  recognised  by  Pascal, 
although  its  discovery  is  attributed  by  him  to  a  friend, 
IL  de  Ganieres/  We  shall  find  it  perpetually  recurring 
in  questions  both  of  combinations  and  probabilityj  and 
throughout  the  foi-rauIsQ  of  mathematical  analysis  traces  of 
its  influence  will  be  noticed. 


Tlie  Arithmetical  Triangle. 

The  Arithmetical  Triangle  is  a  name  long  since  given  to 
a  series  of  remarkable  numbers  connected  with  the  subject 
we  are  treating.  According  to  Montucla'^  *  this  triangle  is 
in  the  theory  of  combinations  and  changes  of  order,  almost 
what  the  table  of  Pythagoras  is  in  ordinary  arithmetic, 
that  is  to  say,  it  places  at  once  under  the  eyes,  the  numbers 
required  in  a  multitude  of  cases  of  tliis  theory/  As  early 
as  1544  Stifels  had  noticed  the  remarkable  properties  of 
these  numbers  and  the  mode  of  their  evolution/'  Briggs, 
the  inventor  of  tlie  common  system  of  logarithms,  was  so 
stiiick  with  their  importance  that  he  called  them  the 
Abacus  Panchrestus.  Pascal,  however,  was  the  first  who 
wrote  a  distinct  treatise  on  these  numbers,  and  gave  them 
the  name  by  which  they  are  still  known.  But  Pasad  did 
not  by  any  means  exhaust  the  subject,  and  it  remained  for 
James  Bernouilli  to  demonstrate  fidly  the  importance  of 
the  JjgurcUe  numhers,  as  they  are  also  Ccilled*  In  his 
treatise  De  Arte  Conjectandi^  he  points  out  their  appli- 

f  *  ffiuvrea  Completes  de  Pascal*  (1S65),  vol,  iiL  p.  302,  Montucla  stAtea 
the  name  as  De  Grui^res,  *Ilistoire  de^  Mathdmatiques,'  vtii  iil  p.  389* 

«  'Hiatoire  dea  Matb^matiques,'  vol.  iii.  p.  387. 

^  Leelie,  *  Dissertation  on  the  Progress  of  Mathematical  and  Physical 
Science/  Encyclopaedia  Britannica. 
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cation  in  the  theory  of  combinations  and  probabilities,  and 
remarks  of  the  Arithmetical  Triangle,  'It  not  only  contains 
the  due  to  the  mysterious  doctrine  of  combinations,  but  it 
is  also  the  ground  or  foundation  of  most  of  the  important 
and  a;betru8e  discoveries  that  have  been  made  in  the  other 
branches  of  the  mathematics/  ^ 

The  numbers  of  the  triangle  can  be  calculated  in  a  very 
easy  manner  by  successive  additions.  We  commence  with 
unity  at  the  apex ;  in  the  next  line  we  place  a  second 
unit  to  the  right  of  this  ;  to  obtain  the  third  line  of 
figures  we  move  the  previous  Hne  one  place  to  the  right, 
and  add  them  to  the  same  figures  as  they  were  before 
removal,  and  we  can  then  repeat  the  same  process  ad 
infinitum.  The  fourth  line  of  figiu-es,  for  instance,  con- 
tains I,  3,  3,  I ;  moving  them  one  place  and  adding  as 
directed  we  obtain  : — 

Fourth  line  ...13  3       i 

I  33  I 

Fifth  line  ....14  6       4  i 

I  4       6  4     I 


Sixth  line  ....     i     5     10     10       5 

I       5     10     10 


Seventh  line ...     i     6     15     20     15     6     i 

Carrying  out  this  simple  process  through  ten  more  steps 
we  obtain  the  first  seventeen  lines  of  the  Arithmetictd 
Triangle  as  printed  on  the  next  page.  Theoretically 
speaking  the  Triangle  must  be  regarded  as  infinite  in 
extent  but  the  numbers  increase  so  rapidly  that  it  soon 
becomes  almost  impracticable  to  continue  the  table.  The 
longest  table  of  the  numbers  which  I  have  foimd  is  given 
in  Fortia's  *  Traitd  des  Progressions '  (p.  80),  where  they 
are  given  up  to  the  fortieth  line  and  the  ninth  column. 

*  Bemouilli,  '  De  Arte  Conjectandi/  translat<?d   by  Francis  ^f aseres, 
London,  1795,  p.  75. 
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On  carefully  examining  these  numbeis,  we  bliall  find 
that  they  are  connected  with  each  other  by  an  ahnost 
unlimited  series  of  relations,  a  few  of  the  more  sinqile 
of  which  may  be  noticed. 

1.  Each  vertical  column  of  numbers  exactly  corre- 
sponds with  an  oblique  series  descending  from  leil  to 
right,  so  that  the  triangle  is  perfectly  symmetrical  in  its 
contents. 

2.  The  first  column  contains  only  units;  the  second 
column  contains  the  natural  numbers,  i,  2,  3,  &c. ;  the 
third  column  contains  a  remarkable  series  of  numljcrs. 
If  3»  6,  10,  15.  Ac.,  which  have  long  been  ciiUed  the  tri- 
angular numbers,  because  they  correspond  with  the 
numbers  of  balls  which  may  be  arranged  in  a  triangular 
form,  thus — 

o 
o  00 

o         00         000 
o       00       000       0000 
o     00     000     0000     00000 

These  numbers  evidently  differ  each  from  the  previous 
one  by  the  series  of  natural  numl>ers.  Their  employment 
has  been  explained,  and  the  first  20,cx)0  of  the  numbers 
calculated  and  printed  by  E.  de  Jonconrt  in  a  small 
quarto  volume,  which  was  published  at  the  Hague,  in 
1762. 

The  fourth  column  contains  the  lyyvamidul  numhers, 
so  called  because  they  correspond  to  the  numljer  of  equal 
balls  which  can  be  piled  in  regular  triangular  pyramids. 
Their  differences  are  the  triangular  numbers. 

The  numbers  of  the  fifth  column  have  the  pyramidal 
numbers  for  their  differences,  but  as  there  is  no  regular 
figure  of  which  they  express  the  contents,  they  have  been 
arbitrarily  called  the  irianijuU-tyianguJav  umnhers.  The 
succeeding  columns  have,  in  a  similar  manner,  been  said  to 
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contain  the  trianguli-py?umidal,  the pp^ainidi-j^fyramldal 
numbers,  and  so  od> 

3.  From  the  mode  of  fomiation  of  the  table,  it  folio wb 
that  the  differences  of  the  iiombers  in  eacli  cohimu  will 
be  found  in  the  preceding  eohiran  to  the  left.  Hence 
the  second  dllfcrences,  or  the  diffei^ences  of  differences  will 
b6  in  the  second  column  to  the  left  of  any  given  column, 
the  tliird  differences  in  the  third  column,  and  so  on. 
Thus  we  may  eay  that  luiity  which  ap|)ears  in  the  fii'st 
column  m  the  first  difference  of  the  numbers  m  the 
second  column  ;  the  second  difference  of  those  in  the  third 
column ;  the  third  difference  of  those  in  the  fourth, 
and  80  on.  The  triangle  is  thus  seen  to  be  a  complete 
classilication  of  all  numbers  according  as  they  have  unity 
for  any  of  their  differences. 

4.  Every  number  in  the  table  is  equal  to  the  sinn  of 
the  numbers  which  stand  higher  in  the  next  column  to 
the  left,  beginning  with  the  next  Une  above  ;  thus  84  is 
equal  to  the  sum  of  28,  21,  15,  10,  6,  3,  i. 

5.  Since  each  line  is  fonned  by  adding  the  previous 
line  to  itself,  it  is  evident  that  the  sum  of  the  numbers 
in  each  horizontal  line  must  be  double  that  of  the  line 
next  above.  Hence  we  know,  without  making  any  ad- 
ditions, that  the  successive  sums  must  be  1,2,  4,  8,  16, 
32,  64,  &c,,  the  same  as  the  numbers  of  combinations  in 
the  Logical  Abecedarium.  Speaking  generally,  the  sum 
of  the  liuinbers  in  the  nth  line  will  be  2""^ 

6.  If  the  whole  of  the  numbers  down  to  any  line  be 
added  together,  we  shall  obtain  a  number  less  by  imity 
than  some  power  of  2  ;  thus,  the  first  line  gives  i  or 
2^—  I  ;  the  first  two  lines  give  3  or  2^—  i  ;  the  first  thi'ee 
lines  7  or  2^—1  ;  the  first  six  lines  give  63  or  2^  —  1  ; 
or,  speaking  in  general  language,  the  sura  of  the  first 
n  lines  is  2"—  i. 

It  Wallis's  *  Algebra,'  DiscourBe  of  CombinatioiiB,  Ac.  p.  109,         fl 


COMBINATIONS  AND  FERMUTATIONS.  211 

7.  It  follows  that  the  sum  of  the  numbers  in  any  one 
line  is  equal  to  the  sum  of  those  in  all  the  preceding  lines 
diminished  by  a  unit.  For  the  siun  of  the  7ith  line  is,  as 
already  shewn,  2""*,  and  the  sum  of  the  first  n  —  i  lines 
is  2""^—  I,  or  less  by  a  unit. 

This  enumeration  of  the  properties  of  the  figurate 
numbers  does  not  approach  completeness ;  a  considerable, 
perhaps  an  unlimited,  number  of  less  simple  and  obvious 
relations  might  be  traced  out.  Pascal,  after  giving  many 
of  the  properties,  exclaims  ^  :  *  Mais  j  en  laisse  bien  plus 
que  je  n'en  donne  ;  c'est  une  chose  Strange  combien  il  est 
fertile  en  propri^t^s!  Chacun  peut  s'y  exercer.'  The 
arithmetical  triangle  may  be  considered  a  natural  classifi- 
cation of  numbers,  exhibiting,  in  the  most  complete 
manner,  their  evolution  and  relations  in  a  certain  point 
of  view.  It  is  obvious  that  in  an  unlimited  extension  of 
the  triangle,  each  number  will  have  at  least  two  places. 

Though  the  properties  above  explained  are  highly 
curioiis,  the  greatest  value  of  the  triangle  arises  from  the 
fact  that  it  contains  a  complete  statement  of  the  values 
of  the  formula  (p.-  206),  for  the  number  of  combinations 
of  m  things  out  of  n,  for  all  possible  values  of  m  and  n. 
Out  of  seven  things  one  may  be  chosen  in  seven  ways, 
and  seven  occurs  in  the  eighth  Une  of  the  second  column. 
The  combinations   of  two   things   chosen  out   of  seven 

are  - —  or   21,  which  is  the  third  number  in  the  eighth 

line.     The  combinations  of  three  things  out  of  seven  are 

^^  ^  -  or  35,  which  appears  fourth  in  the  eighth  line. 
1x2x3 

In  a  similar  manner,  in  the  fifth,  sixth,  seventh,  and  eighth 
columns  of  the  eighth  line  I  find  it  stated  in  how  many 
ways  I  can  select  combinations  of  4,  5,  6,  and  7  things 
out  of  7.    Proceeding  to  the  ninth  line,  I  find  in  succession 

1  '(Euvres  Conipl^tes,'  vol.  iii.  p.  251. 
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contain  tlie  trianguli-pyraviidal,  the  py rami 
numbers,  and  so  od> 

3.  From  the  mode  of  formation  of  the  taW< 
that  the  differences  of  the  numl^ers  in  each  c 
be  found  in  the  preceding  column  to  the  le 
the  second  differences,  or  the  differences  of  diff 
be  m  the  second  column  to  the  left  of  any  gi^ 
the  tliird  differences  in  the  third  cohimn,  i 
Thus  we  may  8ay  that  unity  which  appears 
coUimn  is  the  first  difference  of  the  nim^ 
second  cohimn  ;  the  second  difference  of  those 
cohmm ;  the  third  difference  of  those 
and  so  on.  The  triangle  is  thus  seen  to 
classification  of  all  numbers  according  as  t 
for  any  of  their  differences. 

4,  Every  number  in  the  table  is  eq 
the  numbers  which  stand  higher  in  the 
the  left,  beginning  with  the  next  line 
equal  to  the  sum  of  28,  21,  15,  10,  6,  3, 

5.  Since  each  hue  is  formed  by  ad' 
line  to  itself,  it  is  evident  that  the  su 
in  each  horizontal   line  must  be  doub' 
next  above.     Hence  we  know,  wlthou 
ditions,  that  the  successive  sums  mii 
32,  64,  &c.,  the  same  as  the  number.^ 
the  Logical  Abecedarium,     Speakin^. 
of  the  niunbera  in  the  nth  line  will  b 

6,  If  the  whole  of  tlie  uumbers 
added  together,  we  shall  obtain  a 
than  some  power  of  2  ;    thus,   the 
2^—  I  ;  the  first  two  lines  give  3  or  :: 
lines  7  or  2^—1  ;    the  first  six  line 
or,  speakmg  in  general  language,  tl 
n  lines  is  2^*— i. 

^  Wallis's  *  Algebra,"  Discoyr»e  of  Combii 
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planet  appears  ;  so  that  the  total  variety  of  conjunctions  is 
2*^—1—8  or  247. 

If  an  organ  bas  twelve  stops,  we  find  in  the  thirteenth 
line  the    nnml^era  of  combinations  which  we  can  draw, 

0,  I,  2,  3,  &c,,  at  a  time;  the  total  iinmber  of  modes  of 
varying  the  sound  is  no  less  than  2^**^—  i  or  4095  "\  If  a 
number  be  the  product  uf  n  prime  factors,  we  find  in  the 
n-\-  I**'  line  the  numl>t*rs  of  divisors,  being  the  product  of 

1,  2,  3,  or  more  of  the  prime  lactors  ;  and  tlie  wIimIc 
number  of  divisors  of  the  number  is  the  sum  of  the 
numbers  in  the  line,  subtracting  unity,  or  2"—  i. 

One  of  the  most  important  scientific  uses  of  the  aritb- 
metical  triangle,  consists  in  the  information  w^hich  it  gives 
concenu'ng  the  compaiative  freciuency  of  divergencies  Irom 
an  average.  Suppose,  fur  the  mere  sake  of  argimient, 
tliat  all  persons  w^ere  naturally  of  equal  stature  of  five 
feet,  but  enjoyed  diuing  yoiitli  seven  in<lependcnt  chruices 
of  growing  one  inch  in  addition.  Of  these  seven  chances, 
one,  two,  three,  or  more,  may  happen  favourably  to  any 
individual,  but  as  it  does  not  matter  what  the  chances 
are,  so  that  the  inch  is  gained,  t!ie  question  really  turns 
upon  the  number  nf  combinations  of  o,  i,  2,  3,  &c., 
things  out  of  seven.  Hence  the  eighth  line  of  the  triangle 
give  us  a  conqviete  answer  to  the  question,  as  follows  : — 

Out  of  every  128  people — 

Feet,  Inches, 
One  person  would  have  the  stature  of     5       o 


7  persons 

21  persons 

35  persons 

35  persons 

21  persons 

7  persons 

f  person 


5 
5 

5 
5 
0 
5 
5 


^  Bcruouilli,  *  De  Arte  Ccmjcctaiidi/  trans,  {\^  ^V^n»^x«*,  1^,  ^v 
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By  taking  a  proper  line  of  the  triangle,  an  answer 
may  be  had  under  any  more  natural  supposition.  This 
theory  of  companitive  frequency  of  divergence  from  an 
avemge,  was  first  adt^quately  noticed  by  M,  Quetelet,  and 
has  lately  been  employed  in  a  very  interesting  and  bold 
manner  by  Mr.  Galton,  hi  his  ivork  on  '  Hereditary  Genius.' 
We  shtdl  afterwards  find  that  the  theory  of  error,  to  which 
is  made  the  idtimate  appeal  in  cases  of  cjuantitative  in- 
vestigation, is  founded  upon  the  comparative  numbers  of 


combinations  as  displayed  in  the  triai 


i^ie. 


Connection  between  the  Arithmetical  Triangle  and  the 
Logical  Ahecedannm. 

There  exists  a  close  connection  between  the  arith- 
metical triangle  described  in  the  last  section,  and  the 
aeries  of  combinations  of  letters  called  the  Logical  Abece- 
darium^  The  one  is  to  mathematical  science  what  the 
other  is  to  logical  science.  In  fact  the  figurate  numbers, 
or  those  exhibited  in  the  triangle,  are  obtained  by 
summing  up  the  logical  combinations.  Accordingly,  just 
as  the  total  of  tlie  numbers  in  each  line  of  the  triangle 
was  twice  as  great  as  that  for  the  preceding  line  (p.  210), 
BO  each  column  of  the  Abecedarium  (p,  109)  contained 
twice  as  many  combinations  as  tlie  preceding  one.  The 
like  corrt^spondence  woidd  also  exist  between  the  sums 
of  all  the  lines  of  figures  down  to  any  particular  line,  and 
of  ihe  combmations  down  to  any  particidar  column. 

By  examining  any  one  column  of  the  Abecedarium,  we 
shaD  also  find  tliat  the  combinations  natundly  gi^oup 
themselves  according  to  the  figurate  numbers.  Take  the 
combinations  of  the  letters  A,  B,  d  D ;  they  consist  of 
all  tlie  ways  in  which  I  can  choose  four,  three,  two,  one, 
or  none  of  the  four  letters,  filluig  up  the  vacant  spaces 
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with  negative  terms.     I  may  arrange  the  couibinations  as 
follows : — 


ABCD  .     Four  out  of  four 
ABCW 

Three  out  of  four 


ABcD 
A6CD 
aBCD 


'i  combination. 
4  combinations. 


kRcd 
A6cD 
klQd 
oRCd 
aBcD 
alGD 


'    Two  out  of  four 


6  combinations. 


khcd     1 
aUcd 
abCd 
abcD 

ahcd 


-    One  out  of  four  . 
None  out  of  four 


4  combinations. 
I  combination. 


The  numbers,  it  will  be  noticed,  are  exactly  the  same 
as  those  in  the  fifth  line  of  the  arithmeticfil  triangle,  and 
an  exactly  similar  correspondence  would  be  found  to 
exist  in  the  case  of  each  other  column  of  the  Abece- 
darium. 

Numerical  abstraction,  it  has  been  asserted,  consists  in 
overlooking  the  kind  of  difference,  and  retaining  only  a 
consciousness  of  its  existence  (p.  177).  While  in  logic, 
then,  we  have  to  deal  with  each  combination  as  a  separate 
kind  of  thing,  in  arithmetic  we  can  distinguish  only  the 
classes  which  depend  upon  more  or  less  positive  terms 
being  present,  and  the  numbers  of  these  classes  imme- 
diately produce  the  numbers  of  the  arithmetical  triangle. 

It  may  here  be  pointed  out  that  there  are  two  modes 
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in  vvliich  we  can  calculate  tlio  whule  number  of  com- 
binations of  certain  things.  Either  we  may  take  the 
whole  number  at  once  as  shown  in  the  Abecedarium,  in 
which  case  the  number  will  be  some  power  of  two,  or 
else  we  may  calculate  successively,  by  aid  of  permutations, 
the  liximber  of  combinations  of  none^  one,  two,  three,  and 
80  on.  Hence  we  arrive  at  a  necessary  identity  between 
two  series  of  numbeiu  In  the  case  of  four  things  we 
shall  have 


I  f 


i.+  i. 


I    .    1 


34 


Iii  a  general  form  of  expression  we  shall  have 


a«=i 


+  -  + 
I 


the  txfrmB  being  continued  until  tliey  ceiuse  to  have  any 
^ value.  ThiiB  we  have  arrived  at  a  proof  of  simple  cases 
of  the  Binomial  Theorem,  of  which  each  cohimn  of  the 
Abecedarium  is  an  exemplification.  It  may  be  shown 
that  all  uther  mathematical  expansions  likewise  arise  out 
of  simple  procespes  of  combination,  but  the  more  complete 
consideration  of  this  subject  must  be  deferred. 


Possible  Variefy  of  Nature  and  Ah. 

We  cannot  adequately  understand  the  difficulties  which 
beset  us  in  certain  branches  of  science,  unless  we  gain 
a  clcAr  idea  of  the  vast  number  of  combinations  or  per- 
amtiUioQs  which  may  be  possible  under  certain  conditions. 
only  can  we  learn  how  hopeless  it  would  be  to 
ipt  to  treat  nature  in  detail,  and  exhaust  the  whole 
^iif  events  wliich  might  arise.  It  is  instructive  to 
01  the  first  place,  liow  immensely  gi-eat  are  the 
oi  iwwibinations  with  wliich   we   deal  in  many 
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In  dealing  a  pack  of  cards,  the   number  of  hands,  of 
thirteen  cards  each,  which  can  be  produced  is 

52  '  5'  '  50 40 

I  .  a  .  3 13 

or  635,013,559,600.  But  in  whist  four  hands  are  simul- 
taneously held,  and  the  number  of  distinct  deals  becomes 
so  vast  that  it  would  require  twenty-eight  figures  to  express 
it.  If  the  whole  population  of  the  world,  say  one  hundred 
thousand  millions  of  persons,  were  to  deal  cards  day  and 
night,  for  a  hundred  million  of  years,  they  would  not  in 
that  time  have  exhausted  one  hundred-thousandth  part  of 
the  possible  deals.*'  Now,  even  with  the  same  hands  the 
play  may  be  almost  infinitely  varied,  so  that  the  complete 
variety  of  games  which  may  exist  is  almost  incalculably 
great.  It  is  in  the  highest  degree  improbable  that  any 
one  game  of  whist  was  ever  exactly  like  another,  except 
by  intention. 

The  end  of  novelty  in  art  might  well  be  dreaded,  did 
we  not  find  that  nature  at  least  has  placed  no  attainable 
limit,  and  that  the  deficiency  will  lie  in  our  inventive 
faculties.  It  would  be  a  cheerless  time  indeed  when  all 
possible  varieties  of  melody  were  exhausted,  but  it  is 
readily  shown  that  if  a  peal  of  twenty-four  bells  had  been 
rung  continuously  from  the  so-called  beginning  of  the 
world  to  the  present  day,  no  approach  could  have  been 
made  to  the  completion  of  the  possible  changes.  Nay, 
had  every  single  minute  been  prolonged  to  10,000  years, 
still  the  task  would  have  been  unaccomplished.!'  As 
regards  ordinary  melodies,  the  eight  notes  of  a  single 
octave  give  more  than  40,000  permutations,  and  two 
octaves  more  than  a  million  millions.     If  we  were  to  take 

o  '  EsBay  on  Probability,'  by  Lubbock  and  Brinkwater,  Useful^  Know- 
ledge Society,  1833,  p.  6. 

P  Wallis  '  Of  Combinations,'  p.  116,  quoting  Vossius. 
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into  account  the  semitones,  it  would  become  apparent  thalfl 
it  is  practically   impossible   to  exhaust   the   variety   of 
music. 

Similar  considerations  apply  to  the  possible  number 
of  natural  substances,  though  we  cannot  always  give 
precisely  numerical  results.  It  was  recommended  by 
Hatehett^  that  a  systematic  examination  of  all  alloys 
of  metals  should  be  carried  out,  proceeding  from  tlie 
most  simple  binary  ones  to  more  complicated  ternary 
or  quaternary  ones.  He  can  hardly  have  been  aware 
of  the  extent  of  his  proposed  inquiry.  If  we  opeiated 
only  upon  thirty  of  the  known  metals,  the  number  of 
possible  selections  of  binary  alloys  would  be  435*  of 
ternaiy  alloys  4060,  of  quaternary  27405,  without 
paying  any  regard  to  the  varying  proportions  of  the 
metalsy  and  only  regarding  the  kind  of  metal.  If  we 
varied  all  the  ternaiy  alloys  by  quantities  not  less  than 
one  per  cent.,  the  number  of  these  alloys  only  would 
be  ii445,o6o*  An  exhaustive  mvestigation  of  the  sub- 
ject is  therefore  out  of  the  question,  and  imless  some 
laws  connecting  the  properties  of  the  alloy  and  its 
components  can  Ido  discovered,  it  is  not  apparent  how 
our  knowledge  of  them  can  be  ever  mure  than  most 
hicomplete. 

The  possible  variety  of  definite  chemical  compounds, 
again,  is  enormously  great.  Chemists  have  already  ex- 
am hied  many  thousands^  of  inorganic  substances,  and  a 
still  greater  number  of  organic  compounds;^'  they  have 
nevertheless  made  no  appreeiable  impression  on  the 
number  which  may  exist.  Taking  the  number  of  ele- 
ments at  sixty-one,  the  number  of  compounds  contain- 
ing different  selections  of  four  elements  each  would 
be   more    than   half  a  milhon    (521,855).     As  the  same 

I  <i  *  Pliilo&opliical  Trausmitioas '  (1803),  vol.  xciii.  p.  193* 

I  ^  Hofmatin's  *  Introduction  to  Clieinistry/  p*  36.  J 
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elements  often  combine  in  many  different  proportions, 
and  some  of  them,  especially  carbon,  have  the  power  of 
forming  an  almost  endless  number  of  compounds,  it 
would  hardly  be  possible  to  assign  any  limit  to  the 
number  of  chemical  compounds  which  may  be  formed. 
There  are  branches  of  physical  science,  therefore,  of  which 
it  is  unlikely  that  scientific  men,  with  all  their  industry, 
can  ever  obtain  a  knowledge  in  any  appreciable  degree 
approaching  to  completeness. 

Higher  Orders  of  Variety. 

The  consideration  of  the  facts  already  given  in  this 
chapter  will  not  produce  an  adequate  notion  of  the  j)os- 
sible  variety  of  existence,  unless  we  consider  the  com- 
parative numbers  of  combinations  of  difiFerent  orders.  By 
a  combination  of  a  higher  order,  I  mean  a  combination 
of  groups,  which  are  themselves  combinations  of  simpler 
groups.  The  almost  unlimited  number  of  compounds 
of  carbon,  hydrogen,  and  oxygen,  described  in  organic 
chemistry,  are  combinations  of  a  second  order,  for  the 
atoms  are  groups  of  groups.  Tlie  wave  of  sound  pro- 
duced by  a  musical  instrument  may  be  regarded  as  a 
combination  of  motions ;  the  body  of  sound  proceeding 
from  a  large  orchestra  is  therefore  a  complex  aggregate 
of  sounds  each  in  itself  a  complex  combination  of  move- 
ments. All  literature  may  be  said  to  be  developed 
out  of  the  difiFerence  of  white  paper  and  black  ink. 
From  the  almost  unlimited  number  of  marks  which 
might  be  chosen  ijvre  select  twenty-six  customary  letters. 
The  pronounceable  combinations  of  letters  are  probably 
some  trillions  in  number.  Now,  as  a  sentence  is  a  cer- 
tain selection  of  words,  the  possible  sentences  must  be 
indefinitely  more  numerous  than  the  words  of  which 
it  may   be  composed.      A    book    is    a    combination   of 
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eeatences,  and  a  library  is  a  combination  of  books,  A 
library,  therefore,  is  a  comlnnation  of  the  fifth  order,  and 
the  powers  of  numericid  expression  would  be  ahnont 
exhausted  in  attempting  to  express  the  mimhcr  of  dis- 
tinct libraries  whicii  might  be  constructed.  The  calcu- 
lation would  not  be  possible,  because  the  union  of  letters 
in  words,  of  words  in  sentences,  and  (if  sentences  in  l>Doks, 
are  governed  by  conditions  so  complex  as  to  defy  calcu- 
lation, I  wish  only  to  point  out  thnt  tliere  is  no  limit 
to  tire  multitude  of  different  sentences  which  may  lie  de- 
veloped out  of  the  one  difference  of  ink  and  paper.  Galileo 
is  said  to  have  remarked  that  all  truth  is  contained  in 
the  compass  of  the  iilphaljet.  We  might  add  that  it  is  all 
contained  in  the  difference  of  ink  and  paper. 

One  consequence  of  this  power  of  successive  combi- 
nation is  that  the  simplest  signals  or  marks  will  suffice 
to  express  any  information.  Francis  Bacon  projidsed 
for  secret  writing  a  biliteral  cipher,  which  resolves  all 
letters  of  the  alphabet  into  jiermutations  of  the  two 
letters  a  and  L  Thus  A  was  aaawt,  B  auaab, 
X  habab,  and  so  on.*  And  in  a  similar  way,  as  Bacon 
clearly  saw,  any  one  difference  can  be  made  the  ground 
of  a  code  of  signals ;  we  can  express,  as  he  says, 
omnia  per  omnia.  The  Morse  nlphabet  uses  only  a 
succession  of  long  and  short  marks,  and  other  systems 
of  telegraphic  language  employ  right  and  left  strokes. 
A  single  lamp  obscured  at  various  inter\'als,  long  or 
nhort,  may  be  made  to  spell  out  any  words,  and  with 
two  lamps,  distinguished  by  colour  or  position,  we  could 
at  once  represent  Bacons  biliteral  aljihabet,  Mr.  Bab- 
bage  ingeniously  suggested  that  every  lighthouse  in 
the  world  should  be  made  to  spell  out  its  own  rmmo 
or   number   perpetually,    by    fliishes    c^r    obscin-ntions    of 


•  *  Works/  editefl  by  Shaw,  vol    L    yy 
'  Encyclopspclia,'  art,  Cipher, 


141-145,   cjuotttl   ill   IkW 
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various  duration  and  succession,  and  the  scheme  would  be 
easy  of  execution  if  needed. 

Let  us  calculate  the  number  of  combinations  of  dif- 
ferent orders  which  may  arise  out  of  the  presence  or 
absence  of  a  single  mark,  say  A.     Thus  in 

rATTi       [AH]         rrsn         \—\    i 

we  have  four  distinct  varieties.  Form  them  into  a  group 
of  a  higher  order,  and  consider  in  how  many  ways  we 
may  vary  that  group  by  omitting  one  or  more  of  the 
component  parts.  Now,  as  there  are  four  parts,  and  any 
one  may  be  present  or  absent,  the  possible  varieties  will 
be2X2X2X2,  ori6in  number.  Form  these  into  a  new 
whole,  and  proceed  again  to  create  variety  by  omitting 
any  one  or  more  of  the  sixteen.  The  number  of  pos- 
sible changes  will  now  be  2.2.2.2.2.2.2.2.2.2.2.2.2.2.2.2, 
or  2",  and  we  can  repeat  the  process  again  and  again  if 
we  wish.  It  will  be  easily  seen  that  we  are  imagining 
the  creation  of  objects,  whose  numbers  are  represented 
in  the  series  of  expressions — 

2 
2         2 
222 
2222,     and  so  on. 

a" 

At  the  first  step  we  have  2  ;  at  the  next  2^  or  4 ; 

at  the  third  2^ ,  or  1 6,  numbers  of  very  moderate  amount. 
Let  the  reader  calculate  the  next  term,  and  he  will 
be  surprised  to  find  it  leap  up  to  65,536.  But  at  the 
next  step  he  has  to  calculate  the  value  of  65,536 
two's  multiplied  together,  and  it  is  so  great  that  we 
could  not  possibly  compute  it,  the  mere  expression  of 
the  result  requiring  19,729  places  of  figures.  But  go 
one  step  more  and  we  pass  the  bounds  of  all  reason. 
The  sixth  order  of  the  powers  of  tivo  becomes  so 
great,  that  we  could  not  even  express  the   number  of 

A- 


ufiing 


4 
i6 

^5.536 

19,729  figures. 


figures    required    in    writing    it    down,    without 
about  19,729  figures  for  the  purpose. 

The  successive  orders  of  the  powers  of  two  have  then 
the  follo^TDg  vaUies  : — 

First  order         ....  2 

Second  order 

Third  order 

Fourth  order     . 

Fifth  order,  nunilter  expressed  by 

Sixth  order,  number  expressed  by 

figures,  to  express  the  number 

of  which  figures  would  require 

about  .         ,         .         •       19,729  figures. 

[It  may  give  us  a  powerful  notion  of  infinity  to  remem- 
ber that  at  this  sLxth  step,  having  long  surpassed  all 
bounds  of  conception,  we  have  made  no  approach  to  the 
goal.  Nay,  were  we  to  make  a  hundred  such  steps,  we 
should  be  as  far  away  as  ever  from  actual  infinity. 

«It  is  well  worth  observing  that  our  powers  of  ex- 
ession  rapidly  overcome  the  possible  multitude  of 
finite  objects  which  may  exist  in  any  assignable  space, 
Archimedes  sliowed  long  ago,  in  one  of  the  most  won- 
derful writings  of  autiquity,*  that  the  grains  of  sand 
in  the  world  could  be  numbered,  or  rather,  that  if 
numbered,  the  residt  could  readily  be  expressed  in 
arithmetical  notation.  Let  us  extend  his  problem,  and 
ascertain  whether  we  could  express  the  number  of 
atoms  which  coidd  exist  in  the  visible  universe.  The 
most  distant  stars  which  can  now  be  seen  by  telesco|>e3 
— those  of  the  sixteenth  magnitude— are  supposed  to 
have  a  distance  of  about  33,900*ooo500o,ooo,cx)0  miles.'* 
Sir  W.  Thomson,  again,  has  shown  reasons  for  supposmg 
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that  there  do  not  exist  more  than  from  3x10**  to  10^ 
molecules  in  a  cubic  centimetre  of  a  solid  or  liquid  sul)- 
Bfance.'  Assuming  these  data  to  be  true,  for  the  sake 
of  argument,  a  simple  calculation  enables  us  to  show  that 
the  almost  inconceivably  vast  sphere  of  our  stellar  system 
if  entirely  filled  with  solid  matter,  would  not  contain 
more  than  about  68  x  10**  atoms,  that  is  to  say,  a  numl)er 
requiring  for  its  expression  92  places  of  figures.  Now, 
this  number  woiJd  be  immensely  less  than  the  fifth  order 
of  the  powers  of  two. 

In  the  variety  of  logical  relations,  which  may  exist 
between  a  certain  number  of  logical  terms,  we  also  meet 
a  case  of  higher  variations.  Two  terms,  as  it  has  •  been 
shewn  (p.  154),  may  form  four  distinct  combinations, 
but  the  possible  selections  from  these  series  of  com- 
binations will  be  sixteen  in  number,  or,  excluding  cases 
of  contradiction,  seven.  Three  terms  may  form  eight 
combinations,  allowing  256  selections,  or  with  exclu- 
sion of  contradictory  cases,  193.  Four  terms  give  sixteen 
combinations,  and  no  less  than  65,536  possible  selec- 
tions from  those  combinations,  the  nature  of  which  I 
naturally  abstained  from  exhaustively  examining.  Five 
terms  give  thirty-two  combinations,  and  4,294,967,296 
possible  selections ;  and  for  six  terms  the  corresponding 
numbers  are  sixty-four  and  18,446,744,073,709,551,616. 
Considering  that  it  is  the  most  common  thing  in  the 
world  to  use  an  argument  involving  six  objects  or  terms, 
it  may  excite  some  surprise  that  the  complete  investiga- 
tion of  the  relations  in  which  six  such  terms  may  stand 
to  each  other,  should  involve  an  almost  inconceivable 
number  of  cases.  Yet  these  numbers  of  possible  logical 
relations  belong  only  to  the  second  order  of  combina- 
tions. 

X  *  Nature,'  vol.  i.  p.  553. 
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The  subject  upon  which  we  now  enter  must  not  be 
regc^u^ded  aa  an  isolated  and  ciiriouB  branch  of  speculation. 
It  is  the  necessary  baBis  of  nearly  all  the  judginenta 
and  decisions  we  make  in  the  prosecution  of  science,  or 
the  conduct  of  ordinary  aflairs.  As  Butler  truly  said, 
'Probability  is  the  very  guide  of  life/  Had  the  science  of 
numbers  been  developed  for  no  other  purposes,  it  must 
have  been  developed  for  the  calculation  of  probabilities. 
All  our  inferences  concerning  the  future  are  merely  pro- 
bable, and  a  due  Eipjireciatiou  of  the  degree  of  probability 
depends  entirely  upon  a  due  comprehension  of  the  prm- 
ciples  of  the  subject.  I  conceive  that  it  is  impossible 
even  to  expound  the  principles  and  methods  of  induction 
as  applied  to  natural  phenomena,  in  a  sound  manner,  with- 
out resting  them  upon  the  theory  of  probability.  Perfect 
knowledge  alone  can  give  certainty,  and  in  nature  perfect 
knowledge  would  be  infinite  knowledge,  which  is  clearly 
beyond  our  capacities.  We  have,  therefore,  to  content  our- 
selves with  partial  knowledge — knowledge  mingled  with 
ignorance,  producing  doubt. 

Almost  the  greatest  difficulty  in  this  subject  consists  in 
acquiring  a  precise  notion  of  the  matter  treated.  Wlvat 
is  it  that  we  number,  and  measure,  and  calculate  in  the 
theory  of  probabilities  J  Is  it  belief,  or  opinion,  or  doulit, 
or  knowledge,  or  chance,  or  necessity,  or  want  of  ai  t  ? 
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Does  probability  exist  in  the  things  which  are  probable, 
or  in  the  mind  which  regards  them  as  such  \  The 
etymology  of  the  name  lends  us  no  assistance :  for, 
curiously  enough,  probable  is  ultimately  the  same  word 
as  provahle,  a  good  instance  of  one  word  becoming  differ- 
entiated to  two  opposite  meanings. 

Chance  cannot  be  the  subject  of  the  theory,  because 
there  is  really  no  such  thing  as  chance,*  regarded  as  pro- 
ducing and  governing  events.  This  name  signifies yaMiwgr, 
and  the  notion  is  continually  used  as  a  simile  to  express 
uncertainty,  because  we  can  seldom  predict  how  a  die, 
or  a  coin,  or  a  leaf  will  fall,  or  when  a  bullet  will  hit 
the  mark.  But  every  one  knows,  on  a  little  reflection,  that 
it  is  in  our  knowledge  the  deficiency  lies,  not  in  the  cer- 
tainty of  nature's  laws.  There  is  no  doubt  in  lightning 
as  to  the  point  it  shall  strike ;  in  the  greatest  storm  there 
is  nothing  capricious ;  not  a  grain  of  sand  lies  upon  the 
beach,  but  infinite  knowledge  would  account  for  its  lying 
there ;  and  the  course  of  every  falling  leaf  is  guided  by 
the  same  principles  of  mechanics  as  rule  the  motions  of 
the  heavenly  bodies. 

Chance  then  exists  not  in  nature,  and  cannot  co-exist 
with  knowledge ;  it  is  merely  an  expression  for  our 
ignorance  of  the  causes  in  action,  and  our  consequent 
inability  to  predict  the  result,  or  to  bring  it  about  in- 
fallibly. In  nature  the  happening  of  a  physical  event 
has  been  pre-determined  from  the  first  fajshioning  of  the 
universe.  Probability  belongs  wholly  to  the  mind ;  this 
indeed  is  proved  by  the  fact  tliat  different  minds  may 
regard  the  very  same  event  at  the  same  time  with  totally 
different  degrees  of  probability.  A  steam-vessel,  for  in- 
stance, is  missing  and  some  persons  believe  that  she  has 
sunk   in  mid-ocean ;    others  think    differentlv.      In   the 

•  Dufau,  '  De  la  M^tliode  d'Obsei-vation,'  chap.  iii. 
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event  itself  there  can  be  no  Buch  tincei  taint v  ;  the  steam- 
vessel  either  has  simk  or  has  not  siink,  and  no  subsequent 
discussion  of  the  probable  nature  of  the  event  can  alter 
the  fact.     Yet  the   probability  of  the  event  will   really 
vary  from  day  to  day,  and  from  mind  to  mind,  accoixUng 
as  the  slightest  infoimation  is  gained  regarding  the  vessels 
met  at  sea^  the  weather  prevailing  there,  the  signs  of 
wreck  picked  up,  or  the  j)revious  condition  of  the  vessel 
ProbabiUty  thus  bel<»ngs  to  oiu*  mental  condition,  to  the 
light  in  which  we  regard  events,  the  occurrence  or  non- 
occiurence   of  which   is    certain    in   themselves.      Many 
writers  accordingly  have  asserted  that  probability  is  Cf)ii- 
cemed  with  degree  or  quarjtity  of  belief     De   Morgan 
says,^  *  By  degree  of  probability  we  really  mean  or  ought 
to  mean  degree  of  belief/      The   late   Professor  Donkiu 
expressed   the    meaning  of  probability  as    •quantity  of 
belief;'   but  1  have  never  felt  satisfied  with  such  a  defini- 
tion of  probability.     The  nature  of  hclief  is  not  mora 
clear  to  my  mind  than  the  notion  it  is  used   to  define. 
But  an  albsufticieut  objection  is,  that  the  theory  does  not 
measure  what  the  belu/J'  is,  but  what  k  otajht  to  he.     Few 
minds   tliink   in  close  accorJance  with   the  theory,  and 
there   are   many  cjises  of  e\idence   in  which   the  belief 
existing  is  habitually  different  from  what  it  ouglit  to  be. 
Even  if  the  state  of  belief  in  any  mind  could  be  measured 
and  expressed  in  figures,  the  results  w^ould  be  wnrthless. 
The  veiy  value  of  the  theory  consists  in  correcting  and 
guiding  our  belief,  and  rendering  our  states  of  mind  and 
consequent   actions   harmonious  with   our    knowledo'e  of 
ex  tenor  conditions. 

This  objection  has  been  clearly  perceived  by  some  of 
those  who  still  usi-d  quantity  of  belief  as  a  <lefinition  of 
probability.  Thus  De  Morgan  adds  — * Bt  lief  is  but  another 
name  for  irapeHect  knowledge/  Professor  Donkin  has 
I*  *Formu]  Logic,'  p.  173, 
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well  said  that  the  quantity  of  belief  is  '  always  relative 
to  a  particular  state  of  knowledge  or  ignorance ;  but  it 
must  be  observed  that  it  is  absolute  in  the  sense  of  not 
being  relative  to  any  individual  mind  ;  since,  the  same 
information  being  presupposed,  all  minds  ought  to  dis- 
tribute their  belief  in  the  same  way/^  Dr.  Boole,  too, 
seemed  to  entertain  a  like  view,  when  he  described  the 
theory  as  engaged  with  '  the  equal  distribution  of  ignor- 
ance,' ^  but  we  may  just  as  well  say  that  it  is  engaged 
with  the  equal  distribution  of  knowledge. 

I  prefer  to  dispense  altogether  with  this  obscure  word 
belief,  and  to  say  that  the  theory  of  probability  deals  with 
quantity  of  knowledge^  an  expression  of  which  a  precise 
explanation  and  meoBiu^e  can  presently  be  given.  An 
event  is  only  probable  when  oiu*  knowledge  of  it  is 
diluted  with  ignorance,  and  exact  calculation  is  needed 
to  discriminate  how  much  we  do  and  do  not  know.  The 
theory  has  been  described  by  some  as  professing  to  evolve 
knowledge  out  of  ignorance;  but  as  Professor  Donkin  has 
admirably  remarked,  it  is  really  'a  method  of  avoiding 
the  erection  of  belief  upon  ignorance.'  ®  It  defines  rational 
expectation  by  measuring  the  comparative  amounts  of 
knowledge  and  ignorance,  and  teaches  us  to  regulate  our 
action  with  regard  to  future  events  in  a  way  which  will, 
in  the  long  run,  lead  to  the  least  amount  of  disappointment 
and  injury.  It  is,  as  Laplace  as  happily  expressed  it,  good 
sense  reduced  to  calculation. 

This  theory  appears  to  me  the  noblest  creation  of 
human  intellect,  and  it  passes  my  conception  how  two 
men  possessing  such  high  intelligence  as  Auguste  Comte 
and  J.  S.  Mill,  could  have  been  found  depreciating  it, 
or  even  vainly  attempting  to  question  its  validity.     To 

c  'Philosophical  Magazine,'  4th  Series,  vol.  i.  p.  355. 
d  *  Transactions  of  the  Royal  Society  of  Edinburgh/  vol.  xxi.  pai-t  iv. 
e  'Philosophical  Magazine,'  4th  Series,  vol  i.  p.  355. 
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eulogise  the  theory  is  as   needless  as  to  eulugise  reason 
itself*. 

Fundamental  Principles  of  the  Tliemy, 

The  calculation  of  probabilities  is  really  founded,  lis 
I  conceive,  U|)on  the  principle  of  reasoning  set  forth  in 
preceding  chapters.  We  must  treat  equals  equally,  and 
what  we  know  of  one  ctise  may  be  affirmed  of  every 
other  case  ret^embling  it  in  the  necessary  ch^cumstances. 
The  theory  consists  iu  putting  similar  cases  upon  a  par, 
and  distributing  equally  among  them  whatever  know- 
ledge we  may  possess.  Tlu'ow  a  p^enny  into  the  air,  and 
consider  what  we  know  with  regard  to  its  mode  of  falling. 
We  know  that  it  will  certainly  fall  upon  a  flat  side,  so 
that  either  the  head  or  tail  will  be  uppermost,  but  as 
to  whetlier  it  will  be  head  or  tail,  our  knowledge  is 
equally  divided.  Whatever  we  know  concerning  head, 
we  know  as  much  concerning  tail,  so  that  we  liave  no 
reason  for  expecting  one  more  than  the  other,  Tlie  least 
predominance  of  belief  to  either  side  would  be  in-ational, 
as  it  would  consist  in  treating  unequally  things  of  w^hioh 
our  knowledge  is  equal. 

The  tlieory  does  not  in  the  least  require,  as  some 
writers  have  erroneously  supposed,  that  we  should  firat 
ascertain  by  experiment  the  equal  fivcility  of  the  events 
we  are  considering.  So  iar  as  we  can  examine  and 
mei^isure  the  causes  in  operation,  events  are  removed 
out  of  the  sphere  of  probability.  The  theory  comes  into 
play  where  ignorance  begins,  and  the  knowledge  we 
possess  reqiiires  to  be  distributed  over  many  cases. 
Nor  docK  the  theory  show  that  the  coin  will  fall  as 
often  on  one  side  as  the  other.  It  is  almost  impossible 
that  this  should  happen,  because  some  inequality  in  the 
form  of  the  coin,  or  some  uniform  manner  in  throwing 
it  up,  is  almost  sure  to  occasion  a  slight  preponderance 
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in  one  direction.  But  as  we  do  not  previously  know  in 
which  way  a  preponderance  will  exist,  we  have  no  more 
reason  for  expecting  head  than  tail  Our  state  of  know- 
ledge will  be  changed,  indeed,  should  we  throw  up  the 
coin  many  times  in  succession  and  register  the  result. 
Every  throw  gives  us  some  slight  information  as  to  the 
probable  tendency  of  the  coin,  and  in  subsequent  calciJa- 
tions  we  must  take  this  into  account.  In  other  cases 
experience  might  show  that  we  had  been  entirely  mis- 
taken ;  we  might  expect  that  a  die  would  fall  as  often 
on  each  of  the  six  sides  as  on  each  other  one  in  the  long 
run  ;  trial  might  show  that  the  die  was  a  loaded  one, 
and  fell  much  the  most  often  on  a  particular  face.  The 
theory  would  not  have  misled  us  :  it  treated  correctly 
the  information  we  had,  which  is  aU  that  any  theory 
can  do. 

It  may  be  asked.  Why  spend  so  much  trouble  in  calcu- 
lating from  imperfect  data,  when  a  very  little  trouble 
would  enable  us  to  render  a  conclusion  certain  by  actual 
trial  ?  Why  calculate  the  probability  of  a  measurement 
being  correct,  when  we  can  try  whether  it  is  correct  ? 
But  I  shall  fully  point  out  in  later  parts  of  this  work 
that  in  measurement  we  never  can  attain  perfect  coin- 
cidence. Two  measurements  of  the  same  base  line  in  a 
survey  may  show  a  difference  of  some  inches,  and  there 
may  be  no  means  of  knowing  which  is  the  better  result. 
A  third  measurement  would  probably  agree  with  neither. 
To  select  any  one  of  the  measurements,  would  imply  that 
we  knew  it  to  be  the  most  nearly  correct  one,  which  we 
do  not.  In  this  state  of  ignorance,  the  only  guide  is  the 
theory  of  probability,  which  proves  that  in  the  long  run 
the  mean  of  different  quantities  wiU  come  most  nearly  to 
the  truth.  In  all  other  scientific  operations  whatsoever,  per- 
fect knowledge  is  impossible,  and  when  we  have  exhausted 
all  our  instrumental  means  in  the  attainment  of  truth. 
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Ibere  is  a  margin  of  error  wliieh  can  only  be  safely  treated 
by  the  principles  of  probability* 

The  method  which  we  employ  in  the  theory  consists 
in  calculating  the  number  of  all  the  cases  or  events 
concerning  which  our  knowledge  is  equal.  If  we  have 
even  the  slightest  reason  for  suspecting  that  one  event 
Is  more  likely  to  occur  than  another,  we  should  take  this 
knowledge  into  account.  This  being  done,  we  must 
determine  the  whole  number  of  events  which  are,  so  far 
as  we  know,  equally  likely.  Thus,  if  we  have  no  reason 
for  supposing  that  a  penny  will  fall  more  often  one  way 
than  another,  there  are  two  cases,  head  and  tail,  equally 
likely.  But  if  from  trial  or  otherwise  we  know,  or  think 
we  know,  tliat  of  loo  tlirows  55  will  give  tail,  then  the 
probability  is  measured  by  the  ratio  of  55  to  100. 

The  mathematical  formido?  of  the  theory  are  exactly  the 
same  as  those  of  the  theory  of  combinations.  In  tlds 
latter  theory,  we  determine  in  how  many  ways  events  may 
be  joined  together,  and  we  now  proceed  to  use  this  know- 
ledge in  calculating  the  number  of  ways  in  which  a  certain 
event  may  come  about,  and  thus  defining  its  probability. 
If  we  throw  three  pennies  into  the  air,  what  is  the  proba- 
bility that  two  of  them  wUl  fall  tail  uppermost  ?  This 
amounts  to  asking  in  how  many  possible  ways  can  we 
select  two  tails  out  of  three,  compared  with  the  whole 
number  of  ways  in  which  the  coins  can  be  placed.  Now, 
the  fourth  line  of  the  Arithmetical  Triangle  (p.  208)  gives 
us  the  answer.  The  whole  immber  of  ways  in  which  we 
can  select  or  leave  three  things  is  eight,  and  the  possible 
combinations  of  two  things  at  a  time  is  three  ;  hence  the 
probability  of  two  tails  is  the  ratio  of  tliree  to  eight 
From  the  n\mibers  in  the  triangle  we  may  draw  all  the 
following  i>robabilities  ; — 

One  combination  gives  o  tail     Probability  ^. 
H        Three  combinations  give  i  tail.     Probability  f . 
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Three  combinations  give  2  tails.     Probability  f . 

One  combination  gives  3  tails.  Probability  \. 
We  could  apply  the  same  considerations  to  the  ima- 
ginary causes  of  the  difference  of  stature,  the  combina- 
tions of  which  were  shown  in  p.  213.  There  are  alto- 
gether 128  ways  in  which  seven  causes  can  be  combined 
together.  Now,  twenty-one  of  these  combinations  give 
an  addition  of  two  inches,  so  that  the  probability  of  a 
person  under  the  circumstances  being  five  feet  two  inches 
is  Yh.  The  probability  of  five  feet  three  inches  is  ~  ; 
of  five  feet  one  inch  is  ^y^  ;  of  five  feet  YTi>  and  so  on. 
Thus  the  eighth  line  of  the  Arithmetical  Triangle  gives  all 
the  probabilities  arising  out  of  the  combinations  of  seven 
causes  or  things. 

Rules  for  the  Calculation  of  Prohdbilities. 

I  will  now  explain  as  simply  as  possible  the  rules 
for  calculating  probabilities.  The  principal  rule  is  as 
follows : — 

Calculate  the  number  of  events  which  may  happen 
independently  of  each  other,  and  which  are  as  far  as 
is  known  equally  probable.  Make  this  number  the  de- 
nominator of  a  fraction,  and  take  for  the  numerator  the 
number  of  such  events  as  imply  or  constitute  the  hap- 
pening of  the  event,  whose  probability  is  required. 

Thus,  if  the  letters  of  the  word  Roina  be  thrown  down 
casually  in  a  row,  what  is  the  probability  that  they  will 
form  a  significant  Latin  word?  The  possible  arrange- 
ments of  four  letters  are  4  x  3  x  2  x  i,  or  24  in  number 
(p.  201),  and  if  all  the  arrangements  be  examined,  seven 
of  these  will  be  found  to  have  meaning,  namely  Romay 
ramo,  or  amy  moray  marOy  armo,  and  amor.  Hence  the 
probability  of  a  significant  result  is  /^.^ 

f  Wallis  '  Of  Ck>inbinations/  p.  117. 
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distinguished  into  two  or  more  simpler  events.  Thus 
the  firing  of  a  gun  may  be  distinguished  into  pulling  the 
trigger,  the  fall  of  the  hammer,  the  explosion  of  the  cap, 
&c.  In  this  example  the  simple  events  are  not  inde- 
pendent,  because  if  the  trigger  is  pulled,  the  other  events 
will  imder  proper  conditions  necessarily  follow,  and  their 
probabilities  are  therefore  the  same  as  that  of  the  first 
event.  Events  are  independent  when  the  happening  of 
one  does  not  render  the  other  either  more  or  less  probable 
than  before.  Thus  the  death  of  a  person  is  neither  more 
nor  less  probable  because  the  planet  Mars  happens  to  be 
visible.  When  the  component  events  are  independent, 
a  simple  rule  can  be  given  for  calculating  the  probability 
of  the  compound  event,  thus — Multiply  together  the  f idea- 
tions expressing  the  probabilities  of  the  independent 
component  events. 

The  probability  of  throwing  tail  twice  with  a  penny 
is  ^  X  ^,  or  ^ ;  the  probability  of  throwing  it  three  times 
running  is  ^  x  ^  x  -I,  or  ^ ;  a  result  agreeing  with  that 
obtained  in  an  apparently  difierent  manner  (p.  230).  In 
fact  when  we  multiply  together  the  denominators,  we  get 
the  whole  number  of  ways  of  happening  of  the  compound 
event,  and  when  we  multiply  the  numerators,  we  get  the 
number  of  ways  favourable  to  the  required  event. 

Probabilities  may  be  added  to  or  subtracted  from  each 
other  imder  the  important  condition  that ^ the  events  in 
question  are  exclusive  of  each  other,  so  that  not  more  than 
one  of  them  can  happen.  It  might  be  argued  that  as 
the  probability  of  throwing  head  at  the  first  trial  is  ^,  and 
at  the  second  trial  also  ^,  the  probability  of  throwing 
it  in  the  first  two  throws  is  ^  +  ^,  or  certainty.  Not  only 
is  this  result  evidently  absiurd,  but  a  repetition  of  the 
process  would  lead  us  to  a  probability  of  i^  or  of  any 
greater  number,  results  which  could  have  no  meaning 
whatever^     The  probability  we  wish  to  calculate  is  that  of 
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one  head  in  two  throws,  but  in  our  addition  we  have 
involved  the  case  in  which  two  heads  also  appear.  The 
true  residt  is  |  +  ^  x  {>  or  |,  or  the  probahility  of  head  at 
the  fii*st  throw,  added  to  the  exckisive  prohahility  that  if  it 
dues  not  come  at  the  first,  it  will  come  at  the  second. 
Some  of  the  greatest  diflicitlties  of  the  theory  and  the 
subtlest  errors  arise  from  the  confusion  of  excluf^ive  and 
unexclusive  alternatives,  I  may  remind  the  reader  that 
the  possibiHty  of  unexclusive  alternatives  was  a  point 
previously  discussed  (p,  81),  and  to  the  reasons  then  given 
for  considering  alternation  as  logically  unexclusive,  may  be 
added  the  existence  of  these  difficulties  in  the  theory  of 
probabiUty.     The  expression 

Ileadjirst  throw  or  head  second  throw 
ought  to  be  interpreted  in  our  logical  system  els  including 
both  cases  at  once,  and  so  it  is  in  practice. 


Enijiloyment  o/tke  Lofjiad  Ahecedarmm  in  questions  of 

Prohability. 

When  tlie  probabilities  of  certain  eventa  are  given,  and 
it  is  required  to  deduce  the  probabilities  of  compound 
events,  the  Logical  Ahecedarium  may  give  assistance,  pro- 
vided that  there  are  no  special  logical  conditions  and  all 
the  combinations  are  possible.  Thus,  if  there  be  three 
events  A,  B,  C,  of  which  the  probabilities  are  a,  ^S,  y,  then 
the  negatives  of  those  events,  expressing  the  absence 
of  the  events,  wdll  have  the  probabiliticwS  i  —  a,  i  —  i^i  1—7. 
We  have  only  to  insert  these  values  for  the  Icttei-s  of  the 
combinations  and  nnJtip]y>  and  we  obtain  the  probabihty 
of  each  combination.  Tims  the  probabihty  of  ABC  is 
a/37  ;  of  Ate,  a{i  —  ^)(i  —7). 

We  can  now  clearly  distinguish  between  the  probabilities 
of  exclusive  and  imexclusive  events.  Thus  if  A  and  B 
arc  events  which  may  happen  together  like  raui  and  high 
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tide,  or  an  earthquake  and  a  storm,  the  probability  of 
A  or  B  happening  is  not  the  sum  of  their  separate  proba- 
bilities. For  by  the  Laws  of  Thought  we  develop  A  \  B 
into  AB I  AJb  \  aB,  and  substituting  o  and  )9,  the  proba- 
bilities of  A  and  B  respectively  we  obtain  a.)9  +  a.(  i  —  ^)  + 
( I  —  a)  .)9  or  o  -f  ^  —  a .  ^.  But  if  events  are  incompossible  or 
incapable  of  happening  together,  like  a  clear  sky  and  rain, 
or  a  new  moon  and  a  full  moon,  then  the  events  are  not 
really  A  or  B  but  A  not-B,  or  B  not-A  or  in  symbols 
A6  \  aB.     Now  if  we  take 

M  =  probability  of  A6 

V  =  probability  of  aB, 

then  we  may  add  simply,  and  probability  of  Kh  \  aB  =  /n  -f  v. 

Let  the  reader  observe  that  since  the  combination  AB 
cannot  exist,  the  probability  of  A6  is  not  the  product  of 
the  probabilities  of  A  and  h. 

But  when  certaiu  combinations  are  logically  impossible, 
it  is  no  longer  allowable  to  substitute  the  probability  of 
each  term  for  the  term,  because  the  multiplication  of 
probabilities  presupposes  the  independence  of  the  events. 
A  large  part  of  the  late  Dr.  Boole's  Laws  of  Thought  is 
devoted  to  an  attempt  to  overcome  this  difficulty  and 
produce  a  General  Method  in  Probabilities,  by  which  from 
certain  logical  conditions  and  certain  given  probabilities  it 
would  be  possible  to  deduce  the  probability  of  any  other 
combinations  of  events  under  those  conditions.  Boole 
pursued  his  task  with  wonderful  ingenuity  and  power,  but 
after  spending  much  study  on  his  work,  I  am  compelled  to 
adopt  the  conclusion  that  his  method  is  fundamentally 
erroneous.  As  pointed  out  by  Mr.  Wilbraham  fi^,  Boole 
obtains  his  results  by  an  arbitrary  assumption,  which  is 
only  the  most  probable,  and  not  the  only  possible  assump- 

K  *  Philosophical  Magazine/  4th  Series,  vol.  vii.  p.  465  ;  vol.  viii. 
p.  91. 


I 


tio!i.  The  answer  obtained  is  therefore  not  tlie  real 
probability,  whicli  k  iisiially  indeterminate,  but  only,  as  it 
were,  the  most  probable  probability.  Certain  problems 
Holvetl  hy  Boole  are  free  from  logical  conditions  and 
therefore  may  admit  of  valid  answei^s.  These  as  I  have 
shown  ^^  may  also  be  solved  by  the  simple  eombinations 
of  the  Abecedarium,  but  theremahider  of  tlie  problems 
do  not  admit  of  a  determinate  answer,  at  least  by  Books 
method. 

Comparison  of  the  Theory  trkh  Experience. 

The  Laws  of  Probability  rest  upon  the  simple&t  principles 

of  reasonings  and  cannot  be  really  negatived  by  any 
pOBsilde  experience.  It  might  ba]>pen  that  a  person 
should  always  thi'ow  a  coin  head  uppermost,  and  appear 
incapable  of  getting  tail  by  chance.  The  theory  would 
not  be  falsified,  because  it  contemplates  the  posvsibibty  of 
the  most  extreme  nms  of  luck.  Oiu*  actual  exf>erience 
might  be  counter  to  all  tliat  is  j^robable  ;  tlie  whole 
course  of  events  might  seem  to  ie  in  complete  contra- 
diction to  what  we  should  expect,  and  yet  a  casual  con- 
junction of  events  might  be  the  real  explanation.  It  is 
JuhI  puHsihle  that  some  regular  coincidences  whicli  we 
uttn!>ute  to  fixed  laws  of  natiu'e,  are  due  to  the  accidental 
oorijunctii»n  of  phenomena  in  the  cases  to  which  our 
attontioa  is  directed.  All  that  we  can  learn  from 
iinite  experience  is  cai)able,  according  to  the  theory  of 
pn^habilities,  of  misleading  us,  and  it  is  only  infinite 
exp**iience  tliat  could  assure  us  of  any  inductive  truths. 

At  the  fttnie  time,    the   prolntbllity   that  any  extreme 
ruiih  c>f  luck  will  occur  is  bo  excessively  slight,  that  it 
ioualv  to  expect  their  occurrence. 
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is  almost  impossible,  for  instance,  that  any  whist  player 
should  have  played  in  any  two  games  where  the  distri- 
bution of  the  cards  was  exactly  the  same,  by  pure  accident 
(p.  217).  Such  a  tiling  a«  a  person  always  losing  at 
a  game  of  pure  chance,  is  wholly  unknown.  Coincidences 
of  this  kind  are  not  impossible,  as  I  have  said,  but  they 
are  so  unlikely  that  the  lifetime  of  any  person,  or  indeed 
the  whole  duration  of  history  does  not  give  any  appreciable 
probability  of  their  being  encountered.  Wlienever  we 
make  any  extensive  series  of  trials  of  chance  results,  as  in 
throwing  a  die  or  coin,  the  probability  is  great  that  the 
results  will  agree  nearly  with  the  predictions  yielded  by 
theory.  Precise  agreement  must  not  be  expected,  for  that, 
as  the  theory  could  show,  is  highly  improbable.  Several 
attempts  have  been  made  to  test,  in  this  way,  the  accord- 
ance of  theory  and  experience.  The  celebrated  naturalist, 
BufFon,  caused  the  first  trial  to  be  made  by  a  young 
child  who  threw  a  coin  manv  times  in  succession,  and  he 
obtained  1992  tails  to  2048  heads.  A  pupil  of  Professor 
De  Morgan  repeated  the  trial  for  his  own  satisfaction,  and 
obtained  2044  tails  to  2048  heads.  In  both  cases  the 
coincidence  with  theory  is  as  close  as  could  be  expected, 
and  the  details  may  be  found  in  De  Morgan  s  *  Formal 
Logic,' p.  185. 

Quetelet  also  tested  the  theory  in  a  rather  more  com- 
plete manner,  by  placing  20  black  and  20  white  balls  in  an 
urn  and  drawing  a  ball  out  time  after  time  in  an 
indifferent  manner,  each  ball  being  replaced  beft^re  a 
new  drawing  was  made.  He  found,  as  might  be  expected, 
that  the  greater  the  number  of  drawings  made  the  more 
nearly  were  the  white  and  black  balls  equal  in  number. 
At  the  termination  of  the  experiment  he  had  registered 
2066  white  and  2030  black  balls,  the  ratio  being  i'02'. 

1  *  Letters  on  the  Theory  of  Probabilities,'  translated  by  Downes,  1849, 
PP-  3^1  37- 


THE  rnjNcrpiMS  of  scTEycK 


I  have  made  a  series  of  experiments  in  a  third  manner, 
which  seemed  to  me  even  more  interesting,  and  capable 
of  more  extensive  trial.  Taking  a  handful  of  ten  coins, 
visually  shillings,  I  threw  them  up  time  after  time,  and 
registered  the  nimibers  of  heads  which  ap]>eared  each 
time.  Now  the  probability  of  obtaming  10,9,8,7,  &a, 
heads  is  proportional  to  the  number  of  combinations  of 
10  »  9  ,  8  ,  7,  &c.,  things  out  of  10  things*  Consequently 
the  results  ought  to  approxioiate  to  the  numbers  in  the 
eleventh  line  of  the  Arithmetical  Triangle.  I  made 
altogether  2048  throws,  in  two  sets  of  1024  throws  each, 
and  the  numbers  obtained  are  given  in  the  followTng 
table  ;  — 


Chft meter  of  Throw. 

Thporeticftl 
Numbers. 

Series 

Second 
8crrc9. 

Average. 

Divergence. 

10  Htinds    0  Tail 

I 

3 

1 

3 

f    I 

t  :    a  ;: 

to 

13 

n 

i^* 

+   7i 

4^ 

57      1 

7.1 

6r, 

+  30 

7           »            3      n 

1 30 

IJ9 

"3 

116 

+    0 

^        »        4    »f 

110 

181 

190 

244 

-^5i 

5        ti        5     f* 

asa 

^57 

aaa 

-   in 

4        .*        <^    .. 

3tO 

201 

197 

199 

-II 

Z       »        7    ** 

t30 

in 

119 

115 

-  5 

Jo        8    ,, 

45 

5^ 

50 

51 

+   6 

I        -        9    - 

10 

SI 

15 

i8 

+   8 

0       ..       10    „ 

i 

n 

1 

1Q14 

-  * 

TotJilt, 

1034 

1024 

1014 

—   I 

The  whole  number  of  single  throws  of  coins  amoimted 
to  10x2048  or  20,480  in  all,  one  half  of  which  or 
10,240  sliould  theoretically  give  head.  The  total  number 
of  heads  obtained  was  actually  10,353,  or  5222  in  the 
first  series,  and  5 131  in  the  second.  The  coincidence 
with  theory  is  pretty  close,  but  considering  the  large 
number  of  thi'ows  there  is  some  reason  to  suspect  a 
tendency  in  favour  of  heads. 

The  special  interest  of  this  trial  consists  in  the  ex- 
hibition, in  a  practical  form,  of  the  residta  of  BenioiuHi  a 
theorem,  and  the  law  of  error   or   divergence  from  the 
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mean  to  be  afterwards  in«'re  fully  cv-nsidenErd.  It  illus- 
trates the  connection  between  o^mbinaiioas  arid  fiermu- 
tations,  which  is  exhibited  in  the  Aritlirnetical  Tririr^'le, 
and  which  underlies  many  of  the  mr^X  iii.[>jrta:it 
theorems  of  science. 


ProbaUe  Deductive  Argv.n.fruU. 

With  the  aid  of  the  the^^ry  of  prolxibilities.  we  njiv 
extend  the  sphere  of  de'luctive  argument.  Hitherto  Me 
have  treated  propositions  as  certiiin,  anil  on  tlie  h'j-^ 
thesis  of  certainty  have  deduce^!  D'^nclusiv'ns  equally 
certain.  But  the  infonnation  on  which  we  reason  in 
ordinary  life  is  seldom  or  never  certain,  and  almost  all 
reasoning  is  really  a  question  of  piy^bability.  We  ought 
therefore  to  be  fully  aware  of  the  mode  and  d*-;n'*.'e  in 
which  the  forms  of  deductive  rea.soning  are  affw-t^r^l  by 
the  theory  of  probability,  and  many  jKrr>on8  might  l>e 
surprised  at  the  results  which  mu^t  be  adniitt-jd.  Many 
controversial  writers  appear  to  consider,  as  De  Morgan 
remarked'',  that  an  inference  from  several  ec|ually  pn>- 
bable  premises  is  itself  as  probable  as  any  of  them,  but 
the  true  result  is  very  different.  If  a  fact  or  argument 
involves  many  propositions,  and  each  of  them  is  uncertain, 
the  conclusion  will  be  of  very  little  force. 

The  truth  of  a  conclusion  may  be  regarded  as  a  com- 
pound event,  depending  upon  the  premises  happening 
to  be  true;  thus,  to  obtain  the  probability  of  the  a^nclusion, 
we  must  multiply  together  the  fractions  expressing  the 
probabilities  of  the  premises.  Tims,  if  the  probability  is 
^  that  A  is  B,  and  also  ^  that  B  is  C,  the  conclusion  that 
A  is  C,  on  the  ground  of  these  premises,  is  ^  x  ^  or  :j;. 
Similarly  if  there  be  any  number  of  premises  requisite  to 
^  '  Encyclopaedia  Metrop/  art.  ProhabilitieSy  p.  396. 
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the  eatablisliment  of  a  concluBioii  and  their  probabilities 
be  m,  7i,jt?,  9»  r,  &c.,  the  probability  of  the  conclusion  on 
the .  ground  of  these  preiii ise w  is  m  X7ix  jyxq^^rx ,,,  — 
This  product  has  but  a  small  value,  unless  each  of  tlie 
qualities  m,  n,  &c.,  be  nearly  unit  v. 

But  it  is  particularly  to  be  noticed  that  the  probability 
thus  calculated  is  not  the  whole  probability  of  the  con- 
clusion, but  that  only  which  it  derives  from  the  premises 
in  question.  Whatelys*  remarks  on  this  subject  nilgbt 
mislead  the  reader  into  supposing  that  the  calculation  is 
cornplt^ted  by  multiplying  together  the  probabilities  of  the 
premises.  But  it  has  been  fully  explained  by  De  Morgan '» 
that  we  must  take  into  account  the  antecedent  probability 
of  the  conclusion  ;  A  may  l>e  C  for  other  reasons  besides 
its  being  B,  and  as  he  remarks,  *It  is  ditHcult,  if  not 
impossible,  to  produce  a  chain  of  argument  of  which  the 
reasoner  c*in  rest  the  result  on  those  arguments  only.' 
We  must  also  bear  in  mind  that  the  failure  of  one  ar£ru- 

o 

ment  does  not,  except  under  epecial  circumstances,  disprove 
the  truth  of  the  conclusion  it  is  intended  to  uphold,  other- 
wise there  are  few  truths  which  could  8ur\ave  the  ill 
considered  arguments  adduced  in  tlieir  favour.  But  as 
a  rope  does  not  necessarily  break  because  one  strand  in  it 
is  weak,  so  a  conclusion  may  depend  upon  an  endless 
number  of  considerations  besides  those  immediately  in 
view.  Even  when  we  have  no  other  information  we  must 
not  considt^r  a  stittement  as  devoid  of  all  probability.  The 
true  expression  of  complete  doubt  is  a  ratio  of  equality 
between  the  chances  in  favour  of  and  against  it,  and  this 
ratio  is  expressed  in  the  probability  ^. 

Now  if  A  and  C  are  wholly  unknown  things,  we  have 
no  reason  to  Ijelieve  that  A  is  C  rather  than  A  is  not  C. 
The  antecedent  probability  is  then  ^*    If  we  also  have  the 

I  *  Eleiiieiits  of  Logic/  Book  III,  sections,  ii  and  18, 

111  '  EncjcliJ|)iiM!ia  Htstrup/  art.  ProUibiUtieSt  p.  400.  m 
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probabilities  that  A  is  B,  J  and  that  B  is  C,  ^,  we  have 
no  right  to  suppose  that  the  probability  of  A  being  C 
is  reduced  by  the  argument  in  its  favour.  If  the  conclu- 
sion is  true  on  its  own  grounds,  the  failinre  of  the  argument 
does  not  affect  it ;  thus  its  total  probability  is  its  ante- 
cedent probability,  added  to  the  probability  that  this 
failing,  the  new  argument  in  question  establishes  it 
There  is  a  probability  ^  that  we  shall  not  require  the 
special  argument ;  a  probability  \  that  we  shall,  and 
a  probability  ^  that  the  argument  does  in  that  case 
establish  it.  Thus  the  complete  result  is  ^  +  i  x  i,  or  f . 
In  general  language,  if  a  be  the  probability  formed  on 
a  particular  argumenjt,  and  c  the  antecedent  probability, 
then  the  general  result  is 

I— (i -a)(i  — c),  or  a-\-c  —  ac. 

We  may  put  it  still  more  generally  in  this  way  : — Let 
a,  6,  c,  cZ,  &c.,  be  the  probabilities  of  a  conclusion  grounded 
on  various  arguments  or  considerations  of  any  kind.  It  is 
only  when  all  the  arguments  fail  that  our  conclusion 
proves  finally  untrue ;  the  probabihties  of  each  failing 
are  respectively  i— a,  i— 6,  i— c,  &c.;  the  probability 
that  they  will  all  fail  (i  —  a)(i  —  6)(i  —  c)...;  therefore 
the.  probability  that  the  conclusion  will  not  fail  is 
I  —  (i— a)(i  —  6)(i  —  c)...&c.  On  this  principle  it  follows 
that  every  argument  in  favour  of  a  fact,  however  flimsy 
and  slight,  adds  probability  to  it.  When  it  is  unknown 
whether  an  overdue  vessel  has  foundered  or  not,  every 
slight  indication  of  a  lost  vessel  will  add  some  proba- 
bility to  the  belief  of  its  loss,  and  the  disproof  of  any 
particular  evidence  will  not  disprove  the  event. 

We  must  apply  these  principles  of  evidence  with  great 
care,  and  observe  that  in  a  great  proportion  of  cases  the 
adducing  of  a  weak  argument  does  tend  to  the  disproof  of 
its  conclusion.  The  assertion  may  have  in  itself  great 
inherent  improbability  as  being  opposed  to  other  evidence 
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or  to  the  supposed  laws  of  nature,  and  eveiy  reasoner  may 
be  asBumed  to  be  dealing  plainly,  and  putting  forward  the 
whole  force  of  evidence  w^bich  he  possesses  in  its  favour. 
If  he  brings  but  one  argument,  and  its  probability  a  is 
small,  then  in  the  formula  i  —  (i  —  a}(i  —  c)  both  a  and  c 
are  small,  and  the  whole  expression  lias  but  little  value. 
The  whole  effect  of  an  argument  thus  turns  upon  the 
question  whether  other  arguments  remain  so  that  we  can 
inti'oduce  other  factors  (i  —h),  (i  —  c),  &e.,  into  the  above 
expression.  In  a  court  of  justice,  in  a  publication  having 
an  express  purpose,  and  in  many  other  cases,  it  is  doubtless 
right  to  assume  that  the  whole  evidence  considered  to 
have  any  value  as  regards  the  conclusion  asserted*  is 
put  forw^ard. 

To  assign  the  antecedent  probability  of  any  proposi- 
tion, may  l^e  a  matter  of  great  difficulty  or  impos- 
sibility, and  one  with  which  logic  and  the  theory  of  pro- 
bability has  little  concern.  From  the  general  bjJy  of 
science  or  evidence  in  our  possession,  we  must  in  each 
case  make  the  best  judgment  we  can.  But  in  the  absence 
of  all  knowledge  the  probability  should  be  considered  =  ^, 
for  if  we  make  it  less  than  this  we  incline  to  believe  it 
false  rather  than  true.  Thus  before  we  possessed  any 
means  of  estimating  the  miignitudes  of  the  fixed  stars,  the 
statement  that  Sirius  was  greater  than  the  smi  had 
a  probability  of  exactly  ^  ;  for  it  w^as  as  likely  that  it 
would  be  greater  as  that  it  would  be  smaller  ;  and  so  of 
any  other  star.  This  indeed  was  the  assumption  which 
Michell  made  in  his  admirable  speculations.^  It  might 
seem  indeed  that  as  every  proposition  expresses  an  agi*ee- 
ment,  and  the  agreements  or  resemblances  between  phe- 
nomena are  infinitely  fewer  than  the  differences  (p.  52), 
every  proposition  should  in  the  absence  of  other  informa- 
tion be  infinitely  improbable,  or  c  — o.     But  in  our  logical 

»  *  PhiluBophicfll  TrnnsiuHioiia  *  (1767).     Abridg.  vol.  xiL  p,  435. 


THE  THEORY  OF  PROBABILITY.  243 

system  every  term  may  be  indifferently  positive  or  nega- 
tive, so  that  we  express  under  the  form  A  is  B  or  A  =  AB 
as  many  differences  as  agreements.  It  is  impossible 
therefore  that  we  should  have  any  reason  to  disbelieve 
rather  than  to  believe  it.  We  can  hardly  indeed  invent 
a  proposition  concerning  the  truth  of  which  we  are 
absolutely  ignorant,  except  when  we  are  absolutely  ignorant 
of  the  terms  used.  If  I  ask  the  reader  to  assign  the 
odds  that  a  '  Platythliptic  Coefficient  is  positive 'p  he 
will  hardly  see  his  way  to  doing  so,  unless  he  regard 
them  as  even. 

The  assumption  that  complete  doubt  is  properly  ex- 
pressed by  ^  has  been  called  in  question  by  Bishop  Terrot,^ 
who  proposes  instead  the  indefinite  symbol  ~ ;  and  he 
considers  that  'the  d  priori  probability  derived  from 
absolute  ignorance  has  no  effect  upon  the  force  of  a 
subsequently  admitted  probability.'  But  a  writer  of  far 
greater  power,  the  late  Professor  Donkin,  has  strongly 
defended  the  commonly  adopted  expression  of  complete 
doubt.  If  we  grant  that  the  probability  may  have  any 
value  between  o  and  i,  and  that  every  separate  value 
is  equally  likely,  then  n  and  i  -  n  are  equally  likely, 
and  the  average  is  always  \,  Or  we  may  take  p  .  dp 
to  express  the  probability  that  our  estimate  concerning 
any  proposition  should  lie  between  p  and  p  -f  dp.  The 
complete  probability  of  the  proposition  is  then  the  in- 
tegral taken  between  the  limits  i  and  o,  or  again  ^'. 

Difficulties  of  the  Theory. 

The  doctrine  of  probability,  though  undoubtedly  true, 
requires  very  careful  application.     Not  only  is  it  a  branch 

p  *  Philosophical  Transactions,'  vol.  146.  part  1.  p,  273. 

<1  *  Transactions  of  the  Edinburgh  Philosophical  Society,'  vol.  xxi.  p.  375. 

'  *  Philosophical  Magazine/  4th  Series,  vol.  i.  p.  361. 
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of  raatliematics  in  which  positive  blunders  are  frequently 
committed,  but  it  is  a  matter  of  great  difficulty  in  many 
cases,  to  be  sure  that  the  formulae  con^ectly  rejiresent  the 
data  of  the  problem.  These  difficulties  often  arise  from 
the  logical  complexity  of  the  conditions,  wliich  might  be> 
perhaps  to  some  extent  cleared  up  by  constantly  bearing 
in  mind  tlie  system  of  combinations  a>s  developed  in  the 
Indirect  Logical  Method.  In  the  study  of  probabilities, 
mathematicians  had  unconsciously  employed  logictd  pro- 
cesses far  in  advance  of  those  in  possession  of  logicians, 
and  the  Indirect  Method  is  but  the  full  statement  of 
these  processes. 

It  is  very  curious  how  often  the  most  acute  and  power- 
ful intellects  have  gone  astray  in  the  calculation  of  I 
probabilities.  Seldom  was  Pasad  mistaken,  yet  he  in- 
augurated the  science  mtli  a  mistaken  solution.^  Leibnitz 
fell  into  the  extraordinary  blunder  of  thinking  that  the 
number  twelve  wats  as  probable  a  result  in  the  throwing 
of  two  dice  as  the  number  eleven.*  In  not  a  few  cases  the 
false  solution  first  obtained  seems  more  plausible  to  the 
present  day  than  the  eon^eet  one  since  demonstrated. 
James  Bernouilli  candidly  records  two  false  solutions  of 
a  problem  wdiich  he  at  first  thought  self-evident ;  ^  and  he 
adds  an  express  w^arning  against  the  risk  of  error,  especially 
when  we  attem]>t  to  reason  on  this  subject  without  a  rigid 
adherence  to  the  methodical  lailes  and  syml>ols,'f  Mont- 
mort  was  not  free  from  similar  mistakes,^  and  as  to  ^x 
D*AIembert,  great  though  his  reputation  was,  and  perhaps  H 
is,  he  ermstantly  fell  into  blunders  which  must  diminish 
the  weight  of  his  opinions/     He  could  not  perceive,  for 

"  Moiitucla,  *  Histoire  dt>fJt  Matb^matiqiies/  vul.  iii.  p.  386. 
t  Leibnitz  *  Opera/  Dtitejis'  Edition,  voL  vi.  part  i.  p*  217.    Totlhuiiter's 
*  History  of  the  Theory  of  Probubility,*  p.  48. 
"  T^^dblmter, 
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instance,  that  the  probabilities  would  be  the  same  when 
coins  are  thrown  successively  as  when  thrown  simul- 
taneously.* Some  men  of  high  ability,  such  as  Ancillon, 
Moses  Mendelssohn,  Garve,^  Auguste  Comte^  and  J.  S. 
Mill,<i  have  so  far  misapprehended  the  theory,  as  to 
question  its  value  or  even  to  dispute  altogether  its 
validity. 

Many  persons  have  a  fallacious  tendency  to  believe  that 
when  a  chance  event  has  happened  several  times  together 
in  an  unusual  conjunction,  it  is  less  likely  to  happen 
again.  D'Alembert  seriously  held  that  if  head  was  thrown 
three  times  running  with  a  coin,  tail  would  more  probably 
appear  at  the  next  trial.®  Bequelin  adopted  the  same 
opinion,  and  yet  there  is  no  reason  for  it  whatever.  If 
the  event  be  really  casual,  what  has  gone  before  cannot  in 
the  slightest  degree  influence  it 

As  a  matter  of  fact,  the  more  often  the  most  casual 
event  takes  place  the  more  likely  it  is  to  happen  again  ; 
because  there  is  some  slight  empirical  evidence  of  a 
tendency,  as  will  afterwards  be  pointed  out.  The  source  of 
the  fallacy  is  to  be  found  entirely  in  the  feelings  of 
surprise  with  which  we  witness  an  event  happening  by 
apparent  chance,  in  a  manner  which  seems  to  proceed  from 
design. 

Misapprehension  may  also  arise  from  overlooking  the 
diflference  between  permutations  and  combinations.  To 
throw  ten  heads  in  succession  with  a  coin  is  no  more 
unlikely  than  to  throw  any  other  particular  succession 
of  heads  and  tails,  but  it  is  much  less  likely  than  five 
heads  and  five  tails  without  regard  to  their  order,  be- 

•    •  Todhunter,  p.  279.  *>  Ibid.  p.  453. 

c  'Positive  Philosophy/  translated  by  Martineau,  vol.  ii.  p.  120. 
^  'System  of  Logic,'  bk.  iii.  chap.  18.  5th  Ed.  vol.  ii.  p.  61. 
«  Montucla,  *  Histoire,'  vol.  iii.  p.  405.     Todhunter,  p.  263. 
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caiise  tbere  are  no  less  than  252  different  particular 
throws  which  will  give  this  result,  when  we  abstract 
the  difference  of  order. 

Difficulties  arise  in  the  application  of  the  theory  from 
our  habitual  disregard  of  slight  probabilities^.  We  are 
obliged  practically  to  accept  truths  as  certain  which  are 
nearly  bo,  because  it  ceases  to  he  worth  while  to  calculate 
the  difference.  No  punishment  could  be  inflicted  if 
absolutely  certain  evidence  of  guilt  were  required,  and  as 
Locke  remarks,  '  He  that  will  not  stir  till  he  infallibly 
knows  the  business  he  goes  about  vriJl  succeed,  will 
have  but  little  else  to  do  but  to  sit  still  and  perish/^ 
Tliere  is  not  a  momc^nt  of  our  lives  when  w^e  do  not  lie 
under  a  slight  danger  of  death,  or  some  m<j8t  terrible  fate. 
There  is  not  a  single  action  of  eatings  drinking,  sitting 
down,  or  standing  up  which  has  not  proved  fatal  to  some 
person.  Several  philosophers  have  tried  to  assign  the 
limit  of  the  probabilities  which  we  regard  as  zero  ;  Buffon 
named  nr.yoo'  because  it  is  the  probability  that  a  man  of 
56  years  of  age  w^ould  die  the  next  day,  and  is  practicaUy 
disregarded.  Pascal  had  remarked  that  a  man  woidd  be 
esteemed  a  fool  for  hesitating  to  accept  death  when  three 
dice  gave  sixes  twenty  times  running,  if  his  reward  in 
c^e  of  a  different  result  was  to  be  a  crown  ;  but  as  the 
chance  of  death  in  question  is  only  i-i-6*'**,  or  unity  divided 
by  a  number  of  47  places  of  figures,  we  may  be  said 
every  day  to  incur  greater  risks  for  less  motives.  There 
k  far  givater  risk  of  death,  tor  instance,  in  a  game  of 

SssxKkig  is  more  requisite  than  to  distinguish  carefully 
%cwv*et!  Uit^  truth  of  a  theory  and  the  truthful  application 
€  '^^  ^w\}Ty  to  actual  circumstances.  As  a  general  nde, 
^•^s»    !!    Tuitun?   or   ttrt   will   present   a  complexity   of 

^^  ^»  mmiMi  (FuilerBtaDditig/  Uk.  TV.  ch.  14.  §  i. 
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relations  exceeding  our  powers  of  treatment.  The  infinitely 
intricate  action  of  the  mind  often  intervenes  and  renders 
complete  analysis  hopeless.  If,  for  instance,  the  probability 
that  a  marksman  shall  hit  the  target  in  a  single  shot  be 
I  in  lo,  we  might  seem  to  have  no  difficulty  in  calculating 
the  probability  of  any  succession  of  hits  ;  thus  the^  proba- 
bility of  three  successive  hits  would  be  one  in  a  thousand. 
But,  in  reality,  the  confidence  and  experience  derived  from 
the  first  succeasful  shot  would  render  a  second  success 
more  probable.  The  events  are  not  really  independent, 
and  there  would  generally  be  a  far  greater  preponderance 
of  runs  of  apparent  luck,  than  a  simple  calculation 
of  probabilities  could  account  for.  In  many  persons, 
however,  a  remarkable  series  of  successes  will  produce  a 
degree  of  excitement  rendering  continued  success  almost 
impossible. 

Attempts  to  apply  the  theory  of  probabilities  to  the 
results  of  judicial  proceedings  have  proved  of  little  value, 
simply  because  the  conditions  are  far  too  intricate.  As 
Laplace  said,*  *Tant  de  passions,  d'inter^ts  divers  et  de 
circonstances  compliquent  les  questions  relatives  Jt  ces 
objets,  qu'elles  sont  presque  toujours  insolubles.'  Men 
acting  on  a  jury,  or  giving  evidence  before  a  court,  are 
subject  to  so  many  complex  influences  that  no  mathema- 
tical formulae  can  be  framed  to  express  the  real  conditions. 
Jurymen  or  even  judges  on  the  bench  cannot  be  regarded 
as  acting  independently,  with  a  definite  probability  in 
favour  of  each  delivering  a  correct  judgment.  Each  man 
of  the  jury  is  more  or  less  influenced  by  the  opinion  of  the 
others,  and  there  are  subtle  effects  of  character  and  manner 
and  strength  of  mind  which  defy  human  analysis.  Even 
in  physical  science  we  shall  in  comparatively  few  cases  be 
able  to  apply  the  theory  in  a  definite  manner,  because  the 

«  Quoted  by  Todhunter,  '  History  of  the  Theory  of  Probability,'  p.  410. 


data  required  for  the  estimation  of  piTjbabilities  are  too 
complicated  and  difficult  to  obtain.  But  such  failures  in 
no  way  diminish  the  truth  antl  beauty  of  the  theory  itself; 
for  in  reality  there  is  no  branch  of  science  in  which,  as  we 
shall  afterwards  fully  consider,  our  symbols  can  cope  with 
the  complexity  of  Nature.  As  the  late  Professor  Donkin 
excellently  said,— 

*  I  do  not  see  on  what  ground  it  can  be  doubted  that 
every  definite  state  of  belief  concerning  a  proposed 
hypothesis,  is  in  itself  capable  of  being  represented 
by  a  numerical  expression,  however  difficult  or  im- 
practicable it  may  be  to  ascertain  its  actual  vahie.  It 
would  be  very  difficult  to  estimate  in  numbers  the  vis 
viva  of  all  the  particles  of  a  human  body  at  any  instant ; 
but  no  one  doubts  that  it  is  capable  of  numerical  ex- 
pression;*^ 

The  difficulty,  in  short,  is  merely  relative  to  our  know- 
ledge and  skill,  and  is  not  absokite  ur  inherent  ni  the 
subject.  We  must  distinguish  between  what  is  theo- 
retically conceivable  and  what  is  practicable  with  our 
present  mental  resources.  Provided  that  our  aspirations 
are  pointed  in  a  right  direction,  we  must  not  allow  them 
to  be  damped  by  the  consideration  that  they  ptiss  beyond 
what  can  now  be  turned  to  immediate  use.  In  spite  of 
its  immense  difficulties  of  application,  and  the  aspersions 
which  have  been  mistakenly  cast  upon  it,  the  theory  of 
probabilities,  I  repeat,  is  the  noblest,  as  it  will  in  course 
of  time  prove,  perhaps  the  most  fruitful  branch  of  mathe- 
matical science.  It  is  the  very  gnide  of  life,  and  hardly 
can  we  take  a  step  or  make  a  decision  of  any  kind  without 
correctly  or  incon-ectly  making  an  estimation  of  proba* 
bilities.  In  the  next  chapter  we  proceed  to  c-onsider  bow 
the  whole  cogency  of  inductive  reasoning,  as  applied  tq 

'^  *  Philoaopbical  Magaxine/  4th  Series,  voL  i.  p.  354. 
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physical  scieDce  rests  upon  probability.  The  'truth  or 
untruth  of  a  natiu'al  law,  when  carefiiUy  investigated, 
resolves  itself  into  a  high  or  low  degree  of  probability, 
and  this  is  the  case  whether  or  not  we  are  capable  of  pro- 
ducing precise  numerical  data. 


CHAPTER  XL 


PmLOSOrHY   OF   INDUCTIVE    INFERENCE. 


I 


We  have  inquired  into  the  nature  of  the  process  of 
perfect  induction,  whereby  we  pass  backwards  from  certain 
observed  crinibinations  of  qnalities  or  events,  to  the  logical 
conditions  governing  such  combinations.     We  have  also 
investigated  the  grounds  of  that  theor}'  of  probabiUty, 
which  must  be  our  guide  when  we  leave  certainty  behind 
us,  and  dilute  knowledge  with  ignorance.     There  is  now 
before  us  the  difficult  task  of  endeavouring  to  decide  how, 
by  the  aid  of  that  theory,  we  can  ascend  from  the  facts  to 
the  laws  of  nature ;    and  may  then  with  more  or  less 
success  anticipate  the  futiu'e  course  of  events.     All  our 
knowledge  of  natural  objects  must  be  ultimately  derived 
from  observation,  and  the  difficult  question  arises — ^How 
can  we  ever  know  anything  which  we  have  not  directly 
ol^ser\^ed  through  one  of  our  senses,  the  apertures  of  the 
mind  i     The    practical  utility  of  reasomng  is  to  assure 
oiu'selves  that,  at  a  determinate  time  or  place,  or  tinder 
specified  conditious,  a  certain   phenomenon  may  be  ob- 
served.    When  we  can  use  our  senses  and  perceive  that 
the  phenomenon  does  occurs  reasoning  is  sujterfuous.     If 
the  senses  cannot  be  used,  because  the  event  is  in  the 
future,  or  out   of  reach,  how  can  reasoning  take  their 
place  ?     Apparently,  at  least,  we  must  infer  the  unknown 
from   the    known,   and   the    mind   must  itself  create  an 
addition  to  the  sum  of  knowledge.     But  I  hold  that  it  is 
quite  impossible  to  make  any  real  additions  to  the  con- 
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tents  of  our  knowledge,  except  through  new  inij»ressioiis 
upon  the  senses,  or  upon  some  seat  of  feeling.  I  shall 
attempt  to  show  that  inference,  whether  inductive  or 
deductive,  is  never  more  than  an  unfolding  of  the  cr»ntents 
of  our  experience,  and  that  it  always  jmxreeds  upon  the 
assumption  that  the  future  and  the  unpcrceived  will  Ix^ 
governed  by  the  same  conditions  as  tlie  past  and  the 
perceived,  an  assumption  which  will  often  prove  to  Ix; 
mistaken. 

In  inductive  just  as  in  deductive  reasoning,  the  con- 
clusion never  passes  beyond  the  premises.  TJcjuvjiiing 
adds  no  more  to  the  implicit  contents  of  our  knowledge, 
than  the  arrangement  of  the  specimens  in  a  museum  adds 
to  the  number  of  those  specimens.  This  arrangement  adds 
to  our  knowledge  in  a  certain  sense  :  it  allows  us  to  p(,-r- 
ceive  the  similarities  and  peculiarities  of  the  individual 
specimens,  and  on  the  assumj)tion  that  the  rnusf,-um  is  an 
adequate  representation  of  nature,  it  enables  uh  to  juflg<; 
of  the  prevailing  forms  of  natural  objects,  liacou  k  first 
aphorism  holds  perfectly  true,  that  man  knows  nr>tliiiig 
but  what  he  has  observed,  provided  that  we  include  his 
whole  sources  of  experience,  and  the  whole  im[jlicii  r*on- 
tents  of  his  knowledge.  Inference  but  unfolds  the  hidden 
meaning  of  our  observations,  and  the  theory  of  [probability 
shows  how  far  we  go  beyond  our  data  in  assuming  that 
new  specimens  will  resemble  the  old  ones,  or  that  the? 
future  may  be  regarded  as  proceeding  uniformly  with  tin; 
past. 

Various  Classes  of  Inductive  Truths. 

It  will  be  desirable,  in  the  first  place,  to  distingiiish 
between  the  several  kinds  of  truths  which  we  endeavour 
to  establish  by  induction.  Although  there  is  a  certain 
common   and  universal   element  in   all  oiu-  processes  of 


reasoning,  yet  a  diversity  arises  in  their  application. 
Similarity  of  conditions  between  tlie  events  from  which 
we  argue,  and  those  to  which  we  argue,  must  always  be 
the  ground  of  inference;  but  tliis  similarity  may  have 
regard  cither  to  time  or  phice,  or  the  simple  logical 
combinntioo  of  events,  or  to  any  conceivable  junction  of 
circumstances  involving  quality,  time,  and  place.  Having 
met  with  many  pieces  of  substance  possessing  duetility, 
and  a  bright  yellow  colour,  and  having  discovered,  by 
perfect  induction,  that  they  all  possess  in  addition  a  high 
specific  gravity,  and  a  freedom  from  the  coiTosive  action 
of  acids,  we  are  led  to  expect  that  every  piece  of  substance, 
possessing  like  ductility,  and  a  similnr  yellow  colour,  will 
have  an  equally  high  specific  gravity,  and  a  like  freedom 
from  corrosion  by  acids.  This  is  a  case  of  the  co-existence 
of  qualities  ;  for  the  character  of  the  specimens  examined 
alters  not  with  time  or  place* 

In  a  second  class  of  cases,  time  will  enter  as  a  prin- 
cipal ground  of  similarity.  When  we  hear  a  clock 
pendulum  beat  moment  after  moment,  at  equal  in- 
tervals, and  with  a  unifonn  sound,  we  confidently  expect 
that  the  stroke  will  continue  to  be  repeated  unifonnly, 
A  comet  having  appeared  several  times  at  nearly  equal 
intervals,  we  infer  that  it  will  probably  appear  again 
at  the  end  of  another  like  interval.  A  man  who  has 
returned  home  evening  after  evening  for  many  years, 
and  found  his  house  standing,  may,  on  like  gi*ounds, 
expect  that  it  will  be  standing  the  next  evening,  and  on 
many  succeeding  evenings.  Even  the  continuous  exist- 
ence of  an  object  in  an  unaltered  state,  or  the  finding 
again  of  that  which  we  have  hidden,  is  but  a  matter  of 
inference  to  be  decided  by  experience. 

A  still  larger  and  more  complex  class  of  cases  involves 
the  relations  of  space,  in  addition  to  those  of  time  and 
quality.    Having  observed  that  every  triangle  drawn  upon 
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the  diameter  of  a  circle,  with  its  apex  upon  the  circum- 
ference, apparently  contains  a  right  angle,  we  may 
ascertain  that  all  triangles  in  similar  circumstances  will 
contain  right  angles.  This  is  a  case  of  pure  space  reason- 
ing, apart  from  circumstances  of  time  or  quality,  and  it 
seems  to  be  governed  by  different  principles  of  reasoning. 
I  shall  endeavour  to  show,  however,  that  geometrical 
reasoning  differs  but  in  degree  from  that  wliich  applies 
to  other  natui'al  relations.  If  we  observe  that  the  com- 
ponents of  a  binaiy  star  have  moved  for  a  length  of  time 
in  elliptic  curves,  we  have  reason  to  believe  that  they  will 
continue  so  to  move.  Time  and  space  relations  are  here 
complicated  together. 

The  Relation  of  Cause  and  Effvd, 

In  a  very  large  part  of  the  scientific  investigations 
wliich  must  be  considered,  we  deal  with  events  which 
follow  from  previous  events,  or  with  existences  which 
succeed  existences.  Science,  indeed,  might  arise  even  were 
material  nature  a  fixed  and  changeless  whole.  Endow 
mind  with  the  power  to  travel  about,  and  compare  part 
with  part,  and  it  could  certainly  draw^  inferences  concern- 
ing the  similarity  of  forms,  the  co-existence  of  qualities, 
or  the  preponderance  of  a  particular  kind  of  matter  in 
a  changeless  world.  A  solid  universe,  in  at  least  approxi- 
mate equilibrium,  is  not  inconceivable,  and  then  the  rela- 
tion of  cause  and  effect  would  evidently  be  no  more  than 
the  relation  of  before  and  after.  As  nature  exists,  how- 
ever, it  is  a  progressive  existence,  ever  moving  and 
changing  as  time,  the  great  independent  vaiiable,  pro- 
ceeds. Hence  it  arises  that  we  must  continually  compare 
what  is  happening  now  wdth  what  happened  a  moment 
before,  and  a  moment  before  that  moment,  and  so  on, 
until  we  reiich  indefinite  periods  of  past  time.     A  comet 


18  seen  moving  iii  the  sky,  or  its  coiistituent  particles 
illuraine  the  heavens  with  their  tails  of  fire.  We  cannot 
explain  the  present  movements  of  such  a  body  without 
supposing  its  prior  existence,  with  a  determinate  amount 
of  energy  and  direction  of  motion  ;  nor  can  wa  validly 
suppose  that  our  task  is  concluded  when  we  find  that  it 
came  wandering  to  our  solar  system  through  the  un- 
measured vastness  of  surrounding  space.  Every  event 
must  have  a  cause,  and  that  cause  again  a  cause,  until 
we  are  lost  in  the  obscurity  of  the  past,  and  are  driven 
to  the  belief  in  one  First  Cause,  by  whom  the  whole 
course  of  nature  was  determined. 


FaUacioiis  Use  of  the  Term  Cause, 

The  words  Cause  and  Causation  have  given  rise  to  in- 
finite trouble  and  obscurity,  and  have  in  no  slight  degree 
retarded  the  progress  of  science.  From  the  time  of 
Aristotle,  the  work  of  philr^sophy  has  been  often  de- 
scribed us  the  discovery  of  the  causes  of  things,  and 
Francis  Bacon  adopted  the  notion  when  lie  said^  '  vere 
scire  esse  pei'  canscts  soiree.'  Even  now  it  is  not  uncom- 
monly supposed  that  the  knowledge  of  causes  is  some- 
thing different  from  other  knowledge,  and  consists,  as  it 
were,  in  getting  possession  of  the  keys  of  nature.  A 
single  word  may  thus  act  as  a  spell,  and  throw  the 
clearest  intellect  into  confusion,  as  I  have  often  thought 
that  Locke  was  thrown  into  confusion  when  endeavouring 
to  find  a  meaning  for  the  w'ord  powcrJ'  In  Mr,  MilFs 
'System  of  Logic'  the  term  cause  seems  to  have  re- 
asserted its  old  noxious  power.  Not  only  does  Mr.  Mill 
treat  the  Laws  of  Causation  as  almost  co-extensive  with 


»  'Novum  Organum/  bk*  ii.  AplioriBm  2. 
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science,  but  he  so  uses  the  expression  as  to  imply  that 
when  once  we  pass  within  the  circle  of  causation  we  deal 
with  certainties. 

The  philosophical  danger  which  attaches  to  the  use  of 
this  word  may  be  thus  described.  A  cause  is  defined  as 
the  necessary  or  invariable  antecedent  of  an  event,  so 
that  when  the  cause  exists  the  effect  will  also  exist  or 
soon  follow.  If  then  we  know  the  cause  of  an  event,  we 
know  when  it  will  certainly  happen  ;  and  as  it  is  implied 
that  science,  by  a  proper  experimental  method,  may  attain 
to  a  knowledge  of  causes,  it  follows  that  experience  may 
give  us  a  certain  knowledge  of  future  events.  Now,  no- 
thing is  more  unquestionable  than  that  finite  experience 
can  never  give  us  certain  knowledge  of  the  future,  so  that 
either  a  cause  is  not  an  invariable  antecedent,  or  else  we 
can  never  gain  certain  knowledge  as  to  causes.  The  first 
horn  of  this  dilemma  is  hardly  to  be  accepted.  Doubtless 
there  is  in  nature  some  invariably  acting  mechanism,  such 
that  from  certain  fixed  conditions  an  invariable  result 
always  emerges.  But  we,  with  our  finite  minds  and 
short  experience,  can  never  penetrate  the  mystery  of 
those  existences  which  embody  the  Will  of  the  Creator, 
and  evolve  it  throughout  time.  We  are  in  the  position 
of  spectators  who  witness  the  productions  of  a  compli- 
cated machine,  but  are  not  allowed  to  examine  its  inti- 
mate structure.  We  learn  what  does  happen  and  what 
does  appear,  but  if  we  ask  for  the  reason,  the  answer 
would  involve  an  infinite  depth  of  mystery.  The  simplest 
bit  of  matter,  or  the  most  trivial  incident,  such  as  the 
stroke  of  two  billiard  balls,  offers  infinitely  more  to  learn 
than  ever  the  human  intellect  can  fathom.  The  word  cause 
covers  just  as  much  untold  meaning  as  any  of  the  words 
substance,  matter^  thought,  existence. 
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Confmion  of  Tiuo  Questions, 

The  subject  is  much  complicated,  too,  by  the  confusioaj 
of  two  distinct  questions.  An  event  having  liappened,  wej 
may  ask — 

(i)  Is  there  any  cause  for  the  event  ? 
(2)  Of  what  kind  is  that  cause  1 

No   one   would   assert  that   the   mind    possesses   any      1 
faculty  capable  of  inferring,  prior  to  experience,  that  the  fl 
occurrence  of  a  sudden  noise  with  flame  and  smoke  indi- 
cates the  combustion  of  a  black  powder,  formed  by  the 
mixture  uf  black,  white,  and  yellow  pow^lers.    The  greatest 
upholder  of  d  priori  doctrines  will  allow  that  the  parti-  | 
cular  aspect,  shape,  size,  colour,  texture,  and  other  qualities 
of  a  cause  must  be  gathered  from  experience  and  through 
the  senses. 

The  question  whether  there  is  any  cause  at  all  for  an ! 
event,  is  of  a  totally  different  kind.     If  an  explosion  coidd 
luippen  without  any  prior  existing  conditions,  it  must  be  j 
a  new  creation — a  distinct  addition  to  the  universe.     It 
may  be  pkiusibly  lield  tliat  we  can  imagine  neither  the 
creation  nor  annihilation  of  anything.     As  regards  matter, 
this  has  long  been  held  true  ;  as  regards  force,  it  is  now 
almost  univemally  assumed  as  an  axiom  that  energy  can  H 
neither  come  into  nor  go  out  of  existence  without  distinct  ™ 
acts  of  Creative  Will.     Tliat  there  exists  any  instinctive 
belief  to  this  effect,  indeed,  seems   doubtful.     We   find 
Lucretius,  a  philosopher  of  the  utmost  intellectual  power 
and  cultivation,  gravely  assuming  that  his  raining  atoms 
coidd  turn  aside  from  their  straight  paths  in  a  self-deter- 
mining manner,  and  by   this  spontaneous  origination  of 
energy  determine  the  foim  of  tlie  universe.^     Sir  George 
Airy,  too,  seriously  discussed  the  mathematical  conditions 

^  *De  Berura  Nntum,'  l*k.  ii.  11.  216-293. 
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under  which  a  perpetual  motion,  that  is,  a  peipetual 
source  of  self-created  energy  might  exist.*^  The  larger 
part  of  the  philosophic  world  has  long  held  that  in  mental 
acts  there  is  free  will — in  short,  self-causation.  It  is  in 
vain  to  attempt  to  reconcile  this  doctrine  with  that  of  an 
intuitive  belief  in  causation,  as  Sir  W.  Hamilton  candidly- 
allowed . 

It  is  quite  obvious,  moreover,  that  to  assert  the  exist- 
ence of  a  cause  for  every  event,  cannot  do  more  than 
remove  into  the  indefinite  past  the  inconceivable  fact  and 
mystery  of  creation.  At  any  given  moment  matter  and 
energy  were  equal  to  what  they  are  at  present,  or  they 
were  not ;  if  equal,  we  may  make  the  same  inquiry  con- 
cerning any  other  moment,  however  long  prior,  and  we 
are  thus  obliged  to  accept  one  horn  of  the  dilemma — ex- 
istence from  infinity,  or  creation  at  some  moment.  This 
is  but  one  of  the  many  cases  in  which  we  are  compelled 
to  believe  in  one  or  other  of  two  alternatives,  both  incon- 
ceivable. My  present  purpose,  however,  is  to  point  out 
that  we  must  not  confuse  this  supremely  difiicult  question 
wdth  that  into  which  inductive  science  inquires  on  the 
foundation  of  facts.  By  induction  we  gain  no  certain 
knowledge ;  but  by  observation,  and  the  inverse  use  of 
deductive  reasoning,  we  estimate  the  probability  that  an 
event  which  has  occurred  was  preceded  by  conditions  of 
specified  character,  or  that  such  conditions  will  be  followed 
by  the  event. 

Definition  of  the  Term  Cause. 

Clear  definitions  of  the  word  cause  have  been  given  by 
several  philosophers.  Hobbes  has  said,  'A  cause  is  the 
sum  or  aggregate  of  all  such  accidents  both  in  the  agents 

d  'Cambridge  Philosophical  Transactions/  [1830]  vol.  iii.  pp.   369- 
372- 
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and  the  patients,  as  concur  in  the  producing  of  the  effect 
propoundod  ;  all  which  existing  together,  it  cannot  be 
understood  but  that  the  effect  existeth  with  them  ;  or 
that  it  can  possibly  exist  if  any  of  them  be  absent/ 
Dr.  Brown,  in  his  *  Essay  on  Causation/  gave  a  nearly 
corresponding  statement  'A  cause/  he  says<^,  'may  be 
defined  to  be  the  object  or  event  which  immediately 
precedes  any  change,  and  which  existing  agam  in  similar 
circumstances  wall  be  always  immediately  followed  by  a 
similar  change/  Of  the  kindi^ed  word  power,  he  like- 
wise says  :  *"  '  Power  is  nothing  more  than  that  invariable- 
ness  of  antecedence  which  is  implied  in  the  belief  of 
causation/ 

These  definitions  may  be  accepted  with  the  qualifica- 
tion that  our  knowledge  of  amses  in  such  a  sense  can 
be  probable  only.  The  work  of  science  consists  in  ascer- 
taining the  combinations  in  which  phenomena  present 
themselves.  Concerning  every  event  w-e  shall  have  to 
determine  its  probable  conditions,  or  group  of  antecedents 
from  which  it  probably  follows.  An  antecedent  is  any- 
thing which  exists  prior  to  an  event ;  a  consequent  is 
anything  wduch  exists  subsequently  to  an  antecedent*  It 
will  not  usually  happen  that  there  Is  any  probable  con- 
nection betw^een  an  antecedent  and  consequent.  Tliua 
nitrogen  is  an  antecedent  to  the  lighting  of  a  common 
fire ;  but  it  is  so  far  from  being  a  ctiuse  of  the  lightings 
that  it  renders  the  combustion  less  active.  Daylight  is 
an  antecedent  to  all  fires  lighted  during  the  day,  but  it 
prrjbably  has  no  appreciable  effect  one  way  or  the  other. 
But  in  the  case  of  any  given  event  it  is  usually  pos- 
sible to  discover  a  certain  number  of  antecedents  which 
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seem  to  be  always  present,  and  with  more  or  leas  pro- 
bability we  conclude  that  when  they  exist  the  event  will 
follow. 

Let  it  be  observed  that  the  utmost  latitude  is  at  present 
^^  enjoyed  in  the  use  of  the  term  cause.  Not  only  may  a 
^■bause  be  an  existent  thing  endowed  with  powers,  as 
^  oxygen  is  the  cause  of  combustion,  gunpowder  the  cause 
of  explosion,  but  the  very  absence  or  removal  of  a  thing 
may  also  be  a  cause.  It  is  quite  correct  to  speak  of  the 
dryness  of  the  Egyptian  atmosphere,  or  the  absence  of 
j  moisture,  as  being  the  cause  of  the  preservation  of 
mummies,  and  nther  remains  of  antiquity.  The  cause  of 
a  mountain  elevation,  Ingleborough  for  instance,  is  the 
excavation  of  the  surrounding  valleys  by  denudation.  It 
18  not  so  usual  to  si^eak  of  the  existence  of  a  tiling  at  one 
moment  as  the  cause  of  its  existence  at  the  next,  but  to 
me  it  seems  the  commanest  case  of  causation  which  can 
occur.  The  cause  of  motion  of  a  billiard  bail  may  bo  the 
stroke  of  another  ball ;  and  recent  philosophy  leads  us  to 
look  upon  all  motions  and  changes,  as  but  so  many  mani- 
festations of  prior  existing  energy.  In  all  probability 
there  is  no  creation  of  energy  and  no  destruction,  so  that  as 
regards  both  mechanical  and  molecular  changes,  the  cause 
is  really  the  manifestation  of  existing  energy.  In  the 
same  way  I  see  not  why  the  prior  existence  of  matter  is 
not  also  a  cause  as  regards  its  subsequent  existence.  All 
science  tends  to  show  us  that  the  existence  of  the  universe 
in  a  particijdar  state  at  one  moment,  is  the  condition  of  its 
existence  at  the  next  moment,  in  an  apparently  different 
state.  When  we  analyse  the  meaning  which  we  can 
attribute  to  tlie  word  caitse^  it  amounts  to  the  existence  of 
suitable  portions  of  matter  endowed  with  suitable  quan- 
tities of  energy.  If  we  may  accept  Home  Tooke  s  asser- 
tion, cause  has  etymologically  the  meanmg  of  thiiig  he/ore. 
Though,  indeed,  the  origin  of  the  word  is  very  obscure,  its 
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derivatives  the  Italian  cosa^  and  the  French  chose^  meaji 
simply  iking.   In  the  German  equivalent  ursache^  we  have 

plainly  the  original  meaning  of  thing  he/ore^  the  sache 
denoting  *  interesting  or  important  object/  the  English 
sake,  and  ur  being  the  equivalent  of  the  English  ere, 
hefore^^.  We  abandon,  then,  both  et}Tnology  and  philo- 
sophy, when  we  attribute  to  the  laws  of  causaiion  any 
meaning  beyond  that  of  the  conditions  in  which  an  event 
may  be  expected  to  happen,  according  to  our  observation 
of  the  previous  course  of  nature, 

I  have  no  objection  to  use  the  words  cause  and 
causation,  provided  they  are  never  allowed  to  lead  us  to 
imagine  that  our  knowledge  of  nature  can  attain  to  cer- 
tainty, I  repeat  that  if  a  cause  is  an  invariable  and 
necessary  condition  of  an  event,  we  can  never  know 
certainly  whether  the  cause  exists  or  not  To  us,  then,  a 
cause  is  not  to  be  distmguished  from  the  group  of  positive 
or  negative  conditions  which,  with  more  or  less  probability^ 
precede  an  event.  In  this  sense,  there  is  no  particular 
difference  between  knowledge  of  causes  and  oiu:  general 
knowledge  of  the  combinations,  or  succession  of  com- 
binations, m  wbieh  the  phenomena  of  nature  are  presented 
to  us,  or  found  to  yccur  in  ex  jieri mental  inquiry. 


Distinction  of  Inductive  and  Deductive  liesidts. 

We  must  carefully  avoid  confusing  together  inductive 
investigations  which  terminate  in  the  establishment  of 
general  laws,  and  those  which  seem  to  lead  directly  to 
the  knowledge  of  future  particular  events.  That  pnx^ess 
only  can  be  called  induction  wliich  gives  general  laws, 
and  it  is  by  the  subsequent  employment  of  deduction  that 
we  can  alone  anticipate  particular  events.  If  the  ob- 
servation of  a  number  of  cases  shews  that  alloys  of  metals 


I'  Leslie,  '  Inquiry  iwto  the  Nature  of  Heat,'  Note  xvi,  p.  521. 
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fuse  at  lower  temperatures  than  their  constituent  metals, 
I  may  with  more  or  less  probability  draw  a  general  in- 
ference to  that  effect,  and  may  thence  deductively  ascer- 
tain the  probability  that  the  next  alloy  examined  will  fuse 
at  a  lower  temperature  than  its  constituents.  It  has  been 
asserted,  indeed,  by  Mr.  J.  S.  Mill\  and  partially  admitted 
by  Mr.  Fowler^,  that  we  can  argue  directly  from  case  to 
case,  so  that  what  is  true  of  some  alloys  will  be  true  of 
the  next.  Doubtless,  this  is  the  usual  result  of  our 
reasoning,  regard  being  had  to  degrees  of  probability  ;  but 
these  logicians  fail  entirely  to  give  any  explanation  of  the 
process  by  which  we  get  from  case  to  case.  To  point,  as 
Mr.  Mill  has  done,  to  the  reasoning,  if  such  it  can  be 
called,  of  brute  animals,  is  little  better  than  to  parody 
philosophy^  It  may  well  be  allowed,  indeed,  that  the 
knowledge  of  futvu-e  particular  events  is  one  main  purpose 
of  our  investigations,  and  if  there  were  any  process  of 
thought  by  which  we  could  pass  directly  from  event  to 
event  without  ascending  into  general  truths,  this  method 
would  be  sufficient,  and  certainly  the  most  brief  and 
simple.  It  is  true,  also,  that  the  laws,  of  mental  asso- 
ciation lead  the  mind  always  to  expect  the  like  again  in 
apparently  like  circumstances,  and  even  animals  of  very 
low  intelligence  must  have  some  trace  of  such  powers  of 
association,  serving  to  guide  them  more  or  less  correctly, 
in  the  absence  of  true  reasoning  faculties.  But  it  is  the 
very  purpose  of  logic,  according  to  Mr.  Mill,  to  ascertain 
whether  inferences  have  been  correctly  drawn,  rather  than 
to   discover  them™.     Even   if  we    can,  then,   by   habit, 

i  *  System  of  Logic/  bk.  II.  chap.  iii.  Mr.  Bain  has  not  adopted  the 
views  of  Mr.  Mill,  on  this  particular  point,  so  far  as  I  can  ascertain.  See 
his  *  Inductive  Logic,'  p.  i. 

^  'Inductive  Logic,'  pp.  13-14. 

*  *  System  of  Logic,'  bk.  11.  chap.  3,  §  3.     Fifth  ed.  pp.  212-213. 

n»  Ibid.,  Introduction,  §  4.     Fifth  ed.  pp.  8-9. 
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association,  or  any  rude  process  of  inference,  infer  tlie 
future  directly  from  the  past,  it  is  the  work  of  logic  to 
analyse  the  conditions  on  which  the  correctness  of  this 
inference  depends.  Even  Mr.  Mill  would  admit  that  such 
analysis  involves  the  consideration  of  general  truths^,  and 
in  this,  as  in  several  other  important  points,  we  might 
controvert  Mr.  Mill  s  own  views  by  his  own  statements. 

On  the  Grroimds  of  Inductive  Inference. 

I  hold  that,  in  all  cases  of  inductive  inference,  we  musi 
invent  hypotheses,  until  we  fall  upon  some  hypothesis 
which  yields  deductive  results  in  accordance  with  experi- 
ence. Such  accordance  renders  the  chosen  hypothesis 
more  or  less  probable,  and  we  may  then  deduce,  with  some 
degree  of  likelihood,  the  nature  of  our  future  experience,  on 
the  assumption  that  no  arbitrary  change  takes  place  in 
the  conditions  of  nature.  We  can  only  argue  from  the 
past  to  the  future,  on  the  general  principle  set  forth  in  the 
commencement  of  this  work,  that  what  is  true  of  a  thing 
will  be  true  of  the  like.  So  for  then  as  one  object  or 
event  differs  from  another,  all  inference  is  impossible ; 
particulars  as  particulars  can  no  more  make  an  inference 
than  grains  of  sand  can  make  a  rope.  We  must  always 
rise  to  something  which  is  general  or  same  in  the  cases, 
and  assuming  that  sameness  to  be  extended  to  new  cases 
we  learn  their  nature.  Hearing  a  clock  tick  live  thousand 
times  without  exception  or  variation,  we  adopt  the  very 
probable  hypothesis  that  there  is  some  invariably  acting 
machine  which  produces  those  uniform  sounds,  and  which 
will,  in  tlie  absence  of  change,  go  on  producing  them. 
Meeting  twenty  times  with  a  bright  yellow  ductile  sub- 
stance, and  finding  it  to  be  always  very  hctavy  and  in- 
corrodible, I  infer  that  tliere  was  some  natural  condition, 

n  *  System  of  Logic,*  bk.  U.  chap.  iii.  §  5,  pp.  225,  &c 
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which  tended,  in  the  creation  of  things,  to  associate  these 
properties  together,  and  I  expect  to  find  them  associated 
in  the  next  instance.  But  there  always  is  the  possibility 
that  some  imknown  change  may  take  place  between  past 
and  future  cases.  The  clock  may  nm  down,  or  be  subject 
to  any  one  of  a  hundred  accidents  altering  its  condition. 
There  is  no  reason  in  the  nature  of  things,  so  far  as  known 
to  us,  why  yellow  colour,  ductility,  high  specific  gravity, 
and  incorrodibility,  should  always  be  associated  together ; 
and  in  other  like  cases,  if  not  in  this,  men's  expectations 
have  been  deceived.  Our  inferences,  therefore,  always 
retain  more  or  less  of  a  hypothetical  character,  and  are  so 
far  open  to  doubt.  Only  in  proportion  as  our  induction 
approximates  to  the  character  of  perfect  induction,  does 
it  approximate  to  certainty.  The  amount  of  uncertainty 
corresponds  to  the  probability  that  other  objects  than 
those  examined,  may  exist  and  falsify  our  inferences  ;  the 
amount  of  probability  corresponds  to  the  amount  of  infor- 
mation yielded  by  our  examination ;  and  the  theory  of 
probability  will  be  needed  to  prevent  our  over-estimating 
or  under-estimating  the  knowledge  we  possess. 

Illustrations  of  the  Inductive  Process. 

To  illustrate  the  passage  from  the  known  to  the  ap- 
parently unknown,  let  us  suppose  that  the  phenomena 
under  investigation  consist  of  numbers,  and  that  the 
following  six  numbers  being  exhibited  to  us,  we  are 
required  to  infer  the  character  of  the  next  in  the 
series : — 

5,   15,  35,  45>  65,  95. 
The  question  first  of  all  arises.  How  may  we  describe  this 
series  of  numbers  ?     What   is  uniformly  true  of  them  ? 
The  reader  cannot  fail  to  perceive  at  the  first  glance  that 
they  all  end  in  five,  and  the  problem  is,  from  the  proper- 
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ties  of  these  six  numbers,  to  infer  the  properties  of 
next  number  ending  in  five.     If  we  proceed  to  test  tbeir 
properties  by  the  process  of  perfect  induction,   we   sodfl 
perceive  that  they  hfive  another  common  property,  namel^ 
that  of  being  divisible  by  Jive  without  remainder,      Ma^ 
we  then  assert  that  the  next  number  ending  in  five  is  aid 
divisible   by   five,  and,  if  so,  upon  what  groimds  i 
extending  the  question,  Is  every  number  ending  in  five 
divisible  by  five  ?     Does  it  follow  that  because  six  num- 
bers obey  a  supposed  law,  therefore  376,685,975  or  ai 
other  number,  however  large,  obeys  the  law  'i     I  ans^ 
certainly  not.     The  law  in  question  is  undoubtedly  tru^ 
but  its  truth  is  not  proved  by  any  finite  number  of  exani^ 
plea     All  that  these  sbc  numbers  can  do,  is  to  suggest  to 
my  mind  tlie  possible  existence  of  such  a  law ;  and  I  the^ 
ascertain  its  truth,  by  proving  deductively  from  the  fu1|^| 
of  decimal  numeration,  that  any  number  ending  in  five 
must  be  made  up  of  multiples  of  five,  and  must  therefore 
be  itself  a  multiple. 

To  make  this  more  plain,  let  the  reader  now  examine 
the  numbers — 

7*    17.    37»   47.   67.   97. 

They  all  obviously  end  in  7  instead  of  5,  and  though  ni 

at  equal  intei-vals,  the  intervals  are  exactly  the  same  aa 

Uio  previous  case.     After  a  little  consideration,  the  reader 

will  perceive  that  these  numbers  all  agree  in  being  prinfl 

numWrs,  or  multiples  of  unity  only.     May  we  then  infi^ 

Huii  ihe   next,  or  any  other  number  ending  in  7,  is  a 

priu\e  number!     CI^ltIv  not,  for  on  trial  we  find  that 

a 7^  57,  117  are  not  primes.     Sx  instances,  then,  treated 

r*        '     Hy,  Icsid  us  to  a  true  and  universal  law  in  01 

vw-^     t  u  mislead  us  in  another  case.     We  ought,  in  fa 

^  bbd^w  no  confi<lence  in  any  law  unto  we  have  treated 

Jhilik'tiY^ly,  and  have  slK)wn  that  from  the  cxynditic 

su|i^w\l  tho  resulte  expected  must  ensue.     From 
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principles   of  number,  no   one   can  show   that   numbers 
ending  in  7  should  be  primes. 

From  the  history  of  the  theory  of  numbers  some  good 
examples  of  false  induction  can  be  adduced.  Taking  the 
following  series  of  prime  numbers 

41,  43,  47,  53,  61,  71,  83,  97,  113,  131,  151,  &c., 
it  will  be  found  that  they  all  agree  in  being  values  of 
the  general  expression  cc'  +  a;  +  41,  putting  for  x  in  succes- 
sion the  values,  o,  i,  2,  3,  4,  &c.  We  thus  seem  always 
to  obtain  a  prime  number,  and  the  induction  is  apparently 
very  strong,  to  the  effect  that  this  expression  always  will 
give  primes.  Yet  a  few  more  trials  will  disprove  this  false 
conclusion.  Put  x  =  40,  and  we  obtain  40  x  40  +  40  +  41, 
or  41  X41.  Now  such  a  failure  could  never  have  hap- 
pened, had  we  shown  any  deductive  reason  why  cc'  +  a;  +  41 
should  give  primes. 

There  can  be  no  doubt  that  what  here  happens  with 
forty  instances,  might  happen  with  forty  thousand  or 
forty  million  instances.  An  apparent  law  never  once, 
failing  up  to  a  certain  point  may  then  suddenly  break 
down,  so  that  inductive  reasoning,  as  it  has  been  described 
by  some  writers,  can  give  no  sure  knowledge  of  what  is  to 
come.  Mr.  Babbage  admirably  pointed  out,  in  his  Ninth 
Bridgewater  Treatise,  that  a  machine  could  be  constructed 
to  give  a  perfectly  regular  series  of  numbers,  through 
a  vast  series  of  steps,  and  yet  to  break  the  law  of  progres- 
sion suddenly  at  any  required  point.  No  number  of 
particular  cases  as  particulars  enables  us  to  pass  by 
inference  to  any  new  case.  It  is  hardly  needfid  to  inquire 
here  what  can  be  inferred  from  an  infinite  series  of  facts, 
because  they  are  never  practically  within  our  power  ;  but 
we  may  unhesitatingly  accept  the  conclusion,  that  no 
finite  number  of  instances  can  ever  prove  a  general  law, 
or  can  give  us  sure  knowledge  of  even  one  other  instance. 

General  mathematical  theorems  have  indeed  been  dis- 
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covered  by  the  observation  of  particular  cases,  and  may 
again  be  so  discovered.  We  have  Newton's  ovm  state- 
ment, to  the  effect  that  he  was  thns  led  to  the  all-impor- 
tant Binomial  Theorem,  the  basis  of  the  whole  structure 
of  mathematical  analysis.  Speaking  of  a  certain  series  of 
terms,  expressing  the  area  of  a  circle  or  hyperbola,  he  says, 
'  I  reflected  that  the  denominators  were  in  arithmetical 
progression  ;  so  that  only  the  numerical  co -efficients  of 
the  numerators  remained  to  be  investigated.  But  these, 
in  tlie  alternate  areas,  were  the  figures  of  the  powers  of 
the  number  eleven,  namely  ii%  1 1',  1 1',  1 1\  1 1^ ;  that  is, 
in  the  first  i  ;  in  the  second  i,  i  ;  in  the  third  i,  2,  i  ;  in 
the  fourth  i,  3,  3,  i  ;  in  the  fifth  i,  4,  6,  4,  1  ."^  I  inquired, 
therefore,  in  what  manner  all  the  remaining  figures  could 
be  found  from  the  first  two  ;  and  I  found  that  if  the  first 
figure  be  called  m,  all  the  rest  could  be  found  by  the 
continual  multiplication  of  the  terms  of  the  formula 


I 


m^o 


TO—  I 


m—  2 


m^S 


&c;  P 


It  is  pretty  evident,  from  this  most  interesting  statement, 
that  Newton  having  simply  observed  the  succession  of  the 
numbers,  tried  various  formulae  until  he  found  one  which 
agreed  with  them  all  He  was  so  little  satisfied  with  this 
process,  however,  that  he  verified  particular  results  of  his 
new  theorem  by  comparison  with  the  results  of  common 
multiplication,  and  the  rale  for  the  extraction  of  the 
square  root,  Newton,  in  fact,  gave  no  demonstration  of 
his  theorem ;  and  a  numl»er  of  the  first  mathematicians 
of  the  last  century,  James  Bemouilli»  Maclaurin,  Landen, 
Euler,  Lagrange,  &c.,  occupied  themselves  with  discovering 
a  conclusive  method  of  deductive  proof 

o  TJiese  are  the  figurate  numbers  consiilcrcd  in  pages  206-216. 

I*  *  Comiiicrcium  EpistoHcum.  Epistola  ad  Oklenburgum/  Oct.  24, 
1676.  Horale^'s  *  Works  of  Newton*,  vol.  iv,  p»  541.  See  De  Morgan 
in  *  Penny  Cyclopiedia',  art.  Binomiai  Tlmrem,  p.  412. 
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Sir  George  Airy  has  also  recorded  a  curicms  ca^.  in 
whidi  he  aodd^itally  fell  bv  trial  on  a  new  geometric^ 
propertr  of  the  ^here.^  Many  of  the  most  important  and 
now  trivial  pvopoffltions  in  geometry,  vrere  probably  thus 
discovered  by  the  andent  Greek  geometers  ;  and  we  have 
pretty  dear  evidence  of  this  in  the  Commentaries  of 
Produs/  But  disooveiy  in  such  cases  means  nothing 
more  than  suggestion,  and  it  is  always  by  pure  deduction 
that  the  general  law  is  really  established.  As  Produs 
puts  it,  we  must  pass  from  sense  to  consideration. 

Criven,  for  instance,  the  series  of  figures  in  the  accom- 
panying  diagram,  a  Kttle  examination  and  measurement 
will  show  that  the  curv- 
ed lines  approximate  to 
semicircles,  and  the  rec- 
tilineal figures  to  right- 
angled  triangles.  These 
figures  may  seem  to  sug- 
gest to  the  mind  the  gen- 
eral law  that  angles  in- 
scribed in  semicircles  are  right  angles  ;  but  no  numl>er  of 
instances,  and  no  possible  accuracy  of  measurement  would 
really  establish  the  truth  of  that  general  law.  Availing 
ourselves  of  the  suggestion  furnished  by  the  figures,  wo 
can  only  investigate  Seductively  the  consequences  which 
flow  from  the  definition  of  a  circle,  until  we  discover 
among  them  the  property  of  containiug  right  angles. 
Many  persons,  after  much  labour,  have  thought  that  they 
had  discovered  a  method  of  trisecting  angles  by  plane 
geometrical  construction,  because  a  certain  complex  ar- 
rangement of  lines  and  circles  had  appeared  to  trisect  an 
angle  in  every  case  tried  by  them,  and  they  inferred,  by  a 

q  'Philosophical  Transactions/  [1866]  vol.  146,  p.  334. 
'  Bk.  ii.  chap.  iv. 
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Biipposed  act  of  induction,  that  it  would  succeed  in  all 
other  cases.  Pi^ofessor  de  Morgan  has  recorded  a  proposed 
mode  of  trisecting  the  angle  which  could  not  be  dis- 
criminated by  the  senses  from  a  trae  general  solution, 
except  when  it  was  applied  to  very  obtuse  angles.®  In 
all  Buch  cases,  it  has  always  turned  out  either  that  the 
angle  was  not  trisected  at  all,  or  that  only  certain 
particular  angles  could  be  thus  trisected.  They  were 
roieled  by  some  apparent  or  special  coincidence,  and  only 
dediictive  proof  could  establish  the  truth  and  generality 
of  the  result.  In  tliis  case,  deductive  proof  shows  that  the 
problem,  as  attempted,  is  impossible,  and  that  angles 
generally  cannot  be  trisected  by  common  geometrical 
methods. 


I 


Geotnetrical  Reasoning. 


This  view  of  the  matter  is  strongly  supported  by  the 
further  consideration  of  geometrical  reasoning.  No  skill 
and  care  could  ever  enable  iis  to  verify  absolutely  any  one 
geometrical  proposition-  Rousseau,  in  his  Emile^  tells  us 
that  we  should  teach  a  child  geometry  by  causing  him  to 
measure  and  compare  figiures  by  superposition.  WTiile  a 
child  was  yet  incapable  of  general  reasoning,  this  woidd 
doubtless  be  an  instructive  exercise  ;  but  it  never  could 
teach  geometry,  nor  prove  the  truth  of  any  one  proposition. 
Ml  our  figures  are  rude  approximations,  and  they  may 
to  seem  unequal  when  they  should  be  equal, 
Mual  when  they  shoidd  be  unequal.  Moreover, 
niL  may  froni  chance  be  equal  in  case  after  case,  and 
^K  iMftV  be  no  general  reason  why  they  should  be 
TW  twuJte  of  deductive  geometrical  reasoning  are 

•  '  Uiii1|f!et  cif  IVntloxes,'  p.  357- 

♦  ttftiMK  A«»iw^*n»  »7^2,  vol  L  p.  401. 
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absolutely  certain,  and  are  either  exactly  true  or  capable 
of  being  carried  to  any  required  degree  of  approximation. 
In  a  perfect  triangle,  the  angles  must  be  equal  to  one  half- 
revolution  precisely  ;  even  an  infinitesimal  divergence 
would  be  impossible ;  and  I  believe  with  equal  confidence, 
that  however  many  are  the  angles  of  a  figure,  provided 
there  are  no  re-entrant  angles,  the  sum  of  the  angles  will 
be  precisely  and  absolutely  equal  to  twice  as  many  right- 
angles  as  the  figure  has  sides,  less  by  four  right-angles. 
In  such  cases,  the  deductive  proof  is  absolute  and  com- 
plete ;  empirical  verification  can  at  the  most  guard  against 
accidental  oversights. 

There  is  a  second  class  of  geometrical  truths  which  can 
only  be  proved  by  approximation  ;  but,  as  the  mind  sees 
no  reason  why  that  approximation  should  not  always  go 
on,  we  arrive  at  complete  conviction.  We  thus  learn  that 
the  surface  of  a  sphere  is  equal  exactly  to  two-thirds  of 
the  whole  surface  of  the  circumscribing  cylinder,  or  to  four 
times  the  area  of  the  generating  circle.  The  area  of  a 
parabola  is  exactly  two-thirds  of  that  of  the  circumscribing 
parallelogram.  The  area  of  the  cycloid  is  exactly  three 
times  that  of  the  generating  circle.  These  are  truths  that 
we  could  never  ascertain,  nor  even  verify  by  observation  ; 
for  any  finite  amount  of  difierence,  vastly  less  than  what 
the  senses  can  discern,  would  falsify  them.  There  are 
again  geometrical  relations  which  we  cannot  assign  ex- 
actly, but  can  carry  to  any  desirable  degree  of  approxi- 
mation. Thus,  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle  is  that  of  3*  141 59265358979323846. . . . 
to  I,  and  the  approximation  may  be  carried  to  any  ex- 
tent by  the  expenditure  of  suflBcient  labour,  as  many  as  607 
places  of  figures  having  been  calculated."  Some  years  since, 
I  amused  myself  by  trying  how  near  I  could  get  to  this 
ratio,  by  the  careful  use  of  compasses,  and  I  did  not  come 
u  '  English  Cyclopredia/  art.  Tahlea. 
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nearer  than  i  paxt  in  540.  We  might  imagine  meaBure- 
ments  so  accurately  executed  as  to  give  us  eight  or  tenfl 
places  correctly.  But  the  power  of  the  hands  and  senses™ 
must  soon  stop,  whereas  the  mental  powers  of  deductive 
reasoning  can  proceed  to  an  unlimited  degree  of  approxi- 
mation. Geometrical  truths,  then,  are  incapable  of  verifi- 
cation ;  and,  if  so,  they  cannot  even  be  learnt  by  observa- 
tion»  How  can  I  have  learnt  by  observation  a  proposition 
of  which  I  cannot  even  prove  the  truth  by  observation, 
when  I  am  in  possession  of  it  1  All  that  observation  or 
empirical  trial  can  do  is  to  suggest  propositions,  of  wliich 
the  truth  may  afterwards  be  proved  deductively.  By 
drawing  a  number  of  right-angled   triangles  on  paper, 

with    squares   upon    their    sides,    and    cutting   out   and 

weighing  these  squares  very  accurately,  I  might  have 
reason  to  suspect  the  existence  of  the  relation  of  equality 
proved  in  Euclid's  47th  Proposition  ;  but  no  process  of 
weighing  or  measuring  could  ever  prove  it,  nor  could  it 
ever  aesure  me  that  the  like  degree  of  approximation 
would  exist  in  untried  cases. 

Much  has  been  said  about  the  peculiar  certainty  of 
mathematical  reasoning,  but  it  is  only  certainty  of  deduc- 
tive reasoning,  and  equal  certainty  attaches  to  all  correct 
logical  deduction.  If  a  triangle  be  right-angled,  the 
luare  on  the  hypothenuse  will  undoubtedly  equal  the 
Bum  of  the  two  squares  on  the  other  sides  ;  but  I  can 
never  be  sure  that  a  triangle  is  riglit-angled  :  so  I  can  bo 
certain  that  nitric  acid  will  not  dissolve  gold,  provided  I 
know  that  the  substances  employed  really  correspond  to 
those  on  which  I  tried  the  experiment  previously.  Here 
is  like  certainty  of  inference,  and   like  doubt  as  to  the 


I 


tiicte. 
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Discrimination  of  Certainty  and  Probability  in  the 
Inductive  Process. 

We  can  never  recur  too  often  to  the  truth  that  our 
knowledge  of  the  laws  and  future  events  of  the  external 
world  is  only  probable.  The  mind  itself  is  quite  capable 
of  possessing  certain  knowledge,  and  it  is  well  to  discri- 
minate carefully  between  what  we  can  a!nd  cannot  know 
with  certainty.  In  the  first  place,  whatever  feeling  is 
actually  present  to  the  mind  is  certainly  known  to  that 
mind.  If  I  see  blue  sky,  I  may  be  quite  sure  that  I 
do  experience  the  sensation  of  blueness.  Whatever  I  do 
feel,  I  do  feel  beyond  aU  doubt.  We  are  indeed  ^ery 
likely  to  confuse  what  we  really  feel  with  what  we  are 
inclined  to  associate  with  it,  or  infer  inductively  from 
it;  but  the  whole  of  our  consciousness,  as  far  as  it  is 
the  result  of  pure  intuition  and  free  from  inference,  is 
certain  knowledge  beyond  all  doubt. 

In  the  second  place,  we  may  have  certainty  of  inference ; 
the  first  axiom  of  Euclid,  the  fundamental  laws  of  thought, 
and  the  rule  of  substitution  (p.  ii),  are  certainly  true; 
and  if  my  senses  could  inform  me  that  A  was  indistin- 
guishable in  colour  from  B,  and  B  from  C,  then  I  should 
be  equally  certain  that  A  was  indistinguishable  from  C. 
In  short,  whatever  truth  there  is  in  the  premises,  I  can 
certainly  embody  in  their  correct  logical  result.  But 
practically  the  certainty  generally  assumes  a  hypothetical 
character.  I  never  can  be  quite  sure  that  two  colours 
are  exactly  alike,  that  two  magnitudes  are  exactly  equal, 
or  that  two  bodies  whatsoever  are  identical  even  in  their 
apparent  qualities.  Almost  all  our  judgments  involve 
quantitative  relations,  and,  as  will  be  shown  in  succeeding 
chapters,  we  can  never  attain  exactness  and  certainty 
where  continuous  quantity  enters.    Judgments  concerning 


diseontmuoua  quantity  or  numbers,  howev^er,  allow  of  cer- 
tainty ;  for  I  may  establish  beyond  doubt,  for  instance,  tliat 
tlie  difference  of  the  squares  of  1 7  and  1 3  is  the  product 
of  17  4- 13  and  17-13,  and  is  therefore  30  x  4,  or  120. 

Inierencc^  which  we  draw  concerning  natural  objects 
are   never    certain    except   in   a   hypothetical    point    of 
view.     It  might  seem,  indeed,  to  be  certain  that  iron  is 
magnetic,  or  that  gold  is  incapable  of  solution  in  nitiic 
acid ;  but,    if  we  carefully    investigate  the  meanings  of 
these  statements,  thev  will  be  found  to  involve  no  cer- 
tmnty  but  that  of  consciousness  and  that  of  hypothetical 
inference.     For  what  do  I  mean  by  ii'on  or  gold  1     If  I 
choose  a  remarkable  piece  of  yellow   substance,  call  it 
gold,  and  then  immerse  it  in  a  liquid  which  I  call  nitric 
acid,  and  find  that  there  is  no  change  called  solution, 
then  consciousness  has  certainly  informed  me  that  with 
my  meaning  of  the  terms,  '  Gold  is  insoluble  in  nitric 
acid/     I  Duty  fiuther  be  certain  of  something  else  :  for  if 
this  gold  and  nitric  acid  remain  what  they  were,  I  may  be 
sure  there  ^ill  be  no  solution  on  again  trying  the  experi- 
ment.    If  I  tiike  other  portions  of  gold  and  nitric  jicid, 
uTid  am  sure  that  they  really  are  identical  in  properties 
with  the  former  poi-tions,  I  can  be  ceii;ain  that  there  will 
be  no  solution.     But  at  this  point  my  knowledge  becomes 
purely  hypothetical ;  for  how  can  I  be  sure  without  trial 
that  the  gold  and  acid  are  really  identical  in  natm^e  witlx 
what  I  formerly  c<dled  gold  and   nitric   acid.       How  do 
I  know  gold  when  I  see  it  ^     If  I  judge  by  the  appa- 
nmt  ciuaii ties— colour,  ductility,  specific  gravity,  &c.,  I 
mav  be  misled,  because  there  may  always  exist  a  sub- 
nlame  which  to  the  colour,  ductility,  specific  gravity,  and 
ui\m  «i>eeified  qualities,  joins  others  which  we  do  not 
cxyiacl.    SimiWly,  if  iron  is  magnetic,  as  shown  by  an 
*>  ^  wiili  objects  answering  to  those  names,  then 

^v,  iiMM  I  uufc^u^\Ac  meaning  all  pieces  of  matter  identical 
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with  my  assumed  piece.  But  in  trying  to  identify  iron,  I 
am  always  open  to  mistake.  Nor  is  this  liabiUty  to  mis- 
take a  matter  of  speculation  only  v. 

The  history  of  chemistry  shows  that  the  most  confident 
inferences  may  have  been  falsified  by  the  confusion  of  one 
substance  with  another.  Thus  strontia  was  never  discri- 
minated from  baryta  until  Klaproth  and  Haiiy  detected 
differences  between  some  of  their  properties  ^.  Accordingly 
chemists  must  often  have  inferred  concerning  strontia 
what  was  only  true  of  baryta,  and  vice  versd.  There  is 
now  no  doubt  that  the  recently  discovered  substances, 
caesium  and  rubidium  were  long  mistaken  for  potassiumy. 
Other  elements  have  often  been  confused  together,  for 
instance,  tantalum  and  niobium  ;  sulphur  and  selenium ; 
cerium,  lanthanum,  and  didymium ;  yttrium  and  erbium. 

Even  the  best-established  laws  of  pliysical  science  do 
not  exclude  false  inference.  No  law  of  nature  has  been 
better  established  than  that  of  universal  gravitation,  and 
we  believe  with  the  utmost  confidence  that  any  body 
capable  of  affecting  the  senses  will  attract  other  bodies, 
and  fall  to  the  earth  if  not  prevented.  Euler  remarks 
that,  although  he  had  never  made  trial  of  the  stones 
which  compose  the  church  of  Magdeburg,  yet  he  had 
not  the  least  doubt  that  all  of  them  were  heavy,  and 
would  fall  if  unsupported.  But  he  adds,  that  it  would 
be  extremely  diflBcult  to  give  any  satisfactory  explanation 
of  this  confident  beliefs.  The  fact  is,  that  the  behef  ought 
not  to  amount  to  certainty  until  the  experiment  has  been 
tried,  and  in  the  meantime  a  slight  amount  of  uncer- 

^'  Professor  Bowen   has   excellently   stated   this   view.     *  Treatise  on 
Logic/     Cambridge,  U.S.A.,  1866.     P.  354. 

X  Whewell's  *  History  of  the  Inductive  Sciences,'  vol.  iii.  p.  174. 

y  Roscoe's  'Spectrum  Analysis,'  ist  edit.  p.  99. 

z  Euler's   *  Letters   to   a   German   Princess,'   translated  by    Hunter. 
2nd  ed.  vol.  ii.  pp.  17-18. 
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tainty  enters,  because  we  cannot  be  sure  that  the  stones  of 
the  Magdeburg  church  resemble  other  stones  in  all  their 
properties. 

In  like  manner,  not  one  of  the  inductive  trutfis  which 
men  have  established,  or  think  tliey  have  estiibhshed,  is 
really  safe  from  exception  or  reversal.  Lavoisier,  when 
laying  the  foundations  of  chemistry,  met  with  so  many 
instances  tending  to  show  the  existence  of  oxygen  in 
all  acids,  that  he  adopted  a  general  conclusion  to  that 
effect,  and  devised  the  name  oxygen  accordingly.  He 
entertained  no  appreciable  doubt  that  the  acid  existing 
in  sea  salt  also  contained  oxygen**  ;  yet  subsequent  ex- 
perience falsified  his  expectations. 

This  instance  refem  to  a  science  in  its  infancy,  speaking 
relatively  to  the  possible  achievements  of  men.  But  all 
sciences  are  and  wUl  ever  remain  in  then'  infancy,  relatively 
to  the  extent  and  complexity  of  the  universe  which  they 
undertake  to  investigate.  Eider  expresses  no  more  tluui 
the  truth  when  he  says  that  it  would  be  impossible  to  fix 
on  any  one  thing  really  existing,  of  whicli  we  could  have 
so  perfect  a  knowledge  as  to  put  us  beyond  the  reac*h  of 
mistake  K 

Like  remarks  may  be  made  concerning  all  other  in- 
ductive inferences.  We  may  be  quite  c^ertain  that  a  comet 
will  go  on  moving  in  a  similar  path  if  all  circumstances 
remain  the  same  as  before  ;  but  if  we  leave  out  this  exten- 
aive  qualification,  um*  predictions  will  always  be  subject 
to  the  chance  of  falsification  by  some  wholly  unexpected 
vveut,  such  as  the  division  of  Biela's  comet,  or  the  un- 
illWWH?u  interference  of  some  planetary  or  other  gravitating 

My. 

fefllvK^ivc  inference  might   attain  to   certainty  if  our 


I 


I 


"  Cheumtry,*  intnslated  by  Kerr.     3rd  edit.  pp.  114,  121, 
t  Kuler's  *  Letters/  vol  ii,  p.  21. 
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knowledge  of  the  agents  existing  throughout  the  universe 
were  complete,  and  if  we  were  at  the  same  time  certain 
that  the  same  Power  which  created  the  imiverse  would 
allow  it  to  proceed  without  arbitrary  change.  There  is 
always  a  possibility  of  causes  being  in  existence  without 
our  knowledge,  and  these  may  at  any  moment  produce 
an  unexpected  eflfect.  Even  when  by  the  theory  of  pro- 
babilities we  succeed  in  forming  some  notion  of  the  com- 
parative confidence  with  which  we  should  receive  in- 
ductive results,  it  yet  appears  to  me  that  we  must  make 
an  assumption.  Events  come  out  like  balls  from  the  vast 
ballot-box  of  nature,  and  close  observation  will  enable  us 
to  form  some  notion,  as  we  shall  see  in  the  next  chapter, 
of  the  contents  of  that  ballot-box.  But  we  must  still 
assume  that  between  the  time  of  an  observation  and  that 
to  which  our  iaferences  relate,  no  change  in  the  ballot-box 
shall  have  been  made. 


T    2 


CHAPTER  XII. 

THE  INDUCTIVE  OR  INVERSEf  APPLICATION   OF  THE 
THEORY   OF   PROBABILITIES- 

We  have  hitherto  considered  the  theory  of  probability 
only  in  its  simple  deductive  employment,  by  which  it 
enables  us  to  determine  from  given  conditions  the  probable 
character  of  events  happening  under  those  conditions. 
But  as  deductive  reasoning  when  inversely  applied  con- 
stitutes the  process  of  induction,  so  the  calculation  of 
probabilities  may  be  inversely  applied ;  from  the  known 
character  of  certain  events  we  may  argue  backwards  to 
the  probability  of  a  certain  law  or  condition  governing 
those  events.  Having  satisfactorily  accomplished  this 
work,  we  may  indeed  calculate  forwards  to  the  probable 
character  of  future  events  happening  under  the  same  con- 
ditions; but  this  part  of  the  process  is  a  direct  use  of 
deductive  reasoning  (p.  260). 

Now  it  is  highly  instructive  to  find  that  whether  the 
theory  of  probabilities  be  deductively  or  inductively  ap- 
plied, the  calculation  is  always  performed  according  to 
the  principles  and  rules  of  deduction.     The  probability 
that  an  event  has  a  particular  condition  entirely  depends 
upon  the  probability  that  if  the   condition  existed  the 
cnront  would  follow.     If  we  take  up  a  pack  of  common 
pkqfing  cards,  and  observe  that  they  are  arranged  in  per- 
fcid  niODficiicBl  Older,  we  conclude  beyond  all  reasonable 
iwh^  tiiijt  tiwy  have  been  thus  intentionally  arranged 
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by  some  person  acquainted  with  the  usual  order  of 
sequence.  This  conclusion  is  quite  irresistible,  and  rightly 
so  ;  for  there  are  but  two  suppositions  which  we  can  make 
as  to  the  reason  of  the  cards  being  in  that  particular 
order : — 

1.  They  have  been  intentionally  arranged  by  some  one 
who  would  probably  prefer  the  numerical  order. 

2.  They  have  fallen  into  that  order  by  chance,  that  is, 
by  some  series  of  conditions  which,  being  wholly  unknown 
in  nature,  cannot  be  known  to  lead  by  preference  to  the 
particular  order  in  question. 

The  latter  supposition  is  by  no  means  absurd,  for  any 
one  order  is  as  likely  as  any  other  when  there  is  no  prepon- 
derating tendency.  But  we  can  readily  calculate  by  the 
doctrines  of  permutation  the  probability  that  fifty-two 
objects  would  fall  by  chance  into  any  one  particular  order. 
Fifty-two  objects  can  be  arranged  in — 

52X51X50X....  x4x3x2xior  8066  x  (10)^ 
possible  orders,  the  number  obtained  requiring  68  places 
of  figures  for  its  full  expression.  Hence  it  is  excessively 
unlikely,  and,  in  fact,  practically  impossible,  that  any  one 
should  ever  meet  with  a  pack  of  cards  arranged  in  perfect 
order  by  pure  accident.  If  we  do  meet  with  a  pack  so 
arranged,  we  inevitably  adopt  the  other  supposition,  that 
some  person  having  reasons  for  preferring  that  special 
order,  has  thus  put  them  together. 

We  know  that  of  the  almost  infinite  number  of  possible 
orders  the  niunerical  order  is  the  most  remarkable ;  it  is 
useful  as  proving  the  perfect  constitution  of  the  pack,  and 
it  is  the  intentional  result  of  certain  games.  At  any  rate, 
the  probability  that  intention  should  produce  that  order  is 
incomparably  greater  than  the  probability  that  chance 
should  produce  it;  and  as  a  certain  pack  exists  in  that 
order,  we  rightly  prefer  the  supposition  which  most 
probably  leads  to  the  observed  result. 


Z7§ 


Tff£  PJUMCirtJU  OF  XiZSCE. 


aad  r$3aAf  mnwt^  ^  cMAmkmn  ainwriimfing  to 
iMDtj.  Wkenercr  we  obKnre  m  perfect 
bcrtwacffi  iw0  olgeetf,  M^  for  imtaaoe,  two  printed 
two  MgwriDg^  two  coinf^  two  lbot^iriiit«.  weare 
in  Jii^CTtiiy  Hist  ib^  prooeed  fron  the  mne  tjpe,  tfae 
eenie  fAUe^  tiie  Mtne  petr  of  die%  cr  the  aame  booC  And 
wti}r  t  BecMM  it  in  aknoet  imposible  that  with  diflermt 
frpM,  ptat^n,  dka,  or  boots  iooie  miitute  i&tiDCtioa  c^ 
ftboakl  not  be  discoirered.  It  m  barely  ponble  fior 
lli#  bend  of  the  moet  iMlf ul  artkt  to  mehe  two  obfeote 
«iliki9«  mo  that  mechanical  repetitioti  m  the  only  probable 
#5xpilanatiori  of  exact  Himilarity.  We  can  often  eetabliah 
with  extreme  prrJiahtUty  that  one  document  id  copied 
frofn  another.  Htippowe  that  each  document  contams 
lo/xx)  mtmU,  and  that  the  nine  word  is  incorrectly 
HfMflt  in  e4ir;h.  There  \b  then  a  probability  of  le»s  than 
1  in  io,<xx>  that  the  name  mbtake  ehould  be  made 
eiicli* 

If  we  meet  with  a  second  error  occiuring  in  each  docu- 
uif5rit,  tlie  proUihility  im  Icsk  than  i  in  lofioo  x  9999»  that 
mich  two  coincidonoes  ahonld  occiir  by  chance,  and  the 
niiinl>eni  grow  with  extn'tnc  rapiJity  for  more  numerous 
ef>incidenoof«.  We  cannot  iiuleed  make  iiny  precise  calcu- 
latiorwi  withotit  taking  inti  account  the  character  of  the 
errom  cijrnniitted,  c^mcerning  the  conditions  of  which  wo 
have  no  accunit4>  niL»an»  of  estimating  probabilities. 
Ncv<5rthc!li?f?H,  alnindant  ovidencc  may  thus  be  obtained 
fi«  to  tli«^  derivation  of  (locurnfMjtH  from  each  other.  In 
IIh?  (examination  of  many  Hcts  of  logaritlimic  tablee,  six 
rnmarkablo  crrtirn  were  fi^und  to  be  present  in  all  but 
two,  and  It  wan  prov(»d  tlmt  tahloH  printed  at  Paris,  Berlin^ 
Flitreiic(\   Avignon,  and  even   in  China,  besides  thirteen 

,  between   ( 
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1823,    wrrc   tlorivcd    directly    or   indirectly    from    some 
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common  source*.  With  a  certain  amount  of  labour,  it 
is  possible  to  establish  beyond  reasonable  doubt  the  rela- 
tionship or  genealogy  of  any  number  of  copies  of  one 
document,  proceeding  possibly  from  parent  copies  now- 
lost.  Tischendorf  has  thus  investigated  the  relations 
between  the  manuscripts  of  the  New  Testament  now 
existing,  and  the  same  work  has  been  performed  by 
German  scholars  for  several  classical  writings. 

Principle  of  the  Inverse  Method. 

The  inverse  application  of  the  rules  of  probability 
entirely  depends  upon  a  proposition  which  may  be  thus 
stated,  nearly  in  the  words  of  Laplace  *".  If  an  event  can 
he  produced  by  any  one  of  a  certain  number  of  different 
causeSy  the  probabilities  of  the  existence  of  these  causes  05 
inferred  from  the  events  are  proportional  to  the  proba- 
bilities of  the  event  as  derived  from  these  causes.  In  other 
words,  the  most  probable  cause  of  an  event  which  has 
happened  is  that  which  would  most  probably  lead  to  the 
event  supposing  the  cause  to  exist ;  but  all  other  possible 
causes  are  also  to  be  taken  into  account  with  probabilities 
proportional  to  the  probability  that  the  event  would  have 
happened  if  the  cause  existed.  Suppose,  to  fix  our  ideas 
clearly,  that  E  is  the  event,  and  Cj  Cg  Cg  are  the  three 
only  conceivable  causes.  If  C^  exist,  the  probability  is  pi 
that  E  would  follow  ;  if  Oj  and  C3  exist,  the  like  pro- 
babilities are  respectively  ^3  and  p^.  Then  as  pi  is  iopi^  so 
is  the  probability  of  Ci  being  the  actual  cause  to  the 
probability  of  Ca  being  it ;  and,  similarly,  as  pz  is  to  j^3,  so 
is  the  probability  of  Cg  being  the  actual  cause  to  the 
probability  of  Cg  being  it.    By  a  very  simple  mathematical 

*  Lardner,  'Edinburgh  Review,'  July  1834,  p.  277. 
*>  'M^moires  par  divers  Savans/  torn,  vi.;  quoted  by  Todhunter  in  his 
'  History  of  Tlieory  of  Probability/  p.  458. 
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process  we  arrive  at  the  conclusion  that  the  actual  pro- 
bability of  0,  being  the  cause  is 


Pi  +  />.  +  ;>3 
and  the  simihir  probabilities  of  the  existence  of  C^  and 

^'''''^'  P'  and    i^ 

Ih  +  /^a  +  1^3  2?,  +  /?,  +  2>3 

The  sum  of  these  three  fractions  amounts  to  unity,  which 
ccjrrectly  expresses  the  certainty  that  one  cause  or  other 
must  be  in  operation. 

We  may  thus  state  the  result  in  general  language. 
If  it  is  certain  that  one  or  other  of  the  supposed  causes 
exiHts,  the  probabiUty  that  any  one  does  exist  is  the 
probability  that  if  it  exists  the  event  happens,  divided  by 
tlio  Huin  of  all  the  similar  probabilities.  There  may  seem 
to  1)0  an  intricacy  in  this  subject  which  may  prove  dis- 
Uwteful  to  some  readers ;  but  this  intricacy  is  essential 
Uy  tliii  subject  in  hand.  No  one  can  possibly  understand 
the  jirinciples  of  inductive  reasoning,  unless  he  will  taka 
tho  trouble  to  master  the  meaning  of  this  rule,  by  which 
wo  ro(HMle  from  an  event  to  the  probabiUty  of  each  of  its 
])OHHiblo  (uiuses. 

This  rule  or  principle  of  the  indirect  method  is  that 

which  conunon  sense  leads  us  to  adopt  almost  instinctively, 

bcforo  we  have  any  comprehension  of  the  principle  in  its 

tfcnoral  form.     It  is  easy  to  see,  too,  that  it  is  the  rule 

which  will,  out  of  a  great  multitude  of  cases,  lead  us  most 

oilct^  to  tho  tnith,  since  the  most  probable  cause  of  an 

0vont  really  means   that  cause   which   in   the   greatest 

imtnber  of  cases  produces  the  event.     But  I  have  only 

IMdi  wiUi  one  attempt  at  a  general  demonstration  of  the 

|p|iiMil{AOi    PoiBBon  imagines   each   possible   cause  of  an 

^^MMi  to  \n  fepicaented  by  a  distinct  ballot-box,  containing 

\J||AmA«U%^^  Buch  ratio  tliat  the  probability  of 

dra^m  is  equal  to  that  of  the  event 


THE  I y DUCT  LYE  Oil  IN  VERSE  METHOD,  281 


happening.  He  farther  supposes  that  each  box,  as  is 
possible,  contains  the  same  total  numljer  of  balls,  black 
and  white  ;  and  then,  mixing  all  the  contents  of  the  Ixix^.-s 
together,  he  shows  that  if  a  white  ball  be  drawn  from  the 
aggregate  ballot-box  thus  formed,  the  probability  tliat  it 
proceeded  from  any  particular  ballot-box  is  representee! 
by  the  number  of  white  balls  in  that  particular  IxiX, 
divided  by  that  total  number  of  white  Ixills  in  all  the 
boxes.  This  result  corresponds  to  that  given  by  the 
principle  in  question  ^ 

Thus,  if  there  be  three  boxes,  each  containing  ten  l>alls 
in  all,  and  respectively  containing  seven,  four,  and  three 
white  balls,  then  on  mixing  all  the  balls  together  we  liave 
fourteen  white  ones  ;  and  if  we  draw  a  white  Ijall,  tliat  is 
if  the  event  happens,  the  probability  that  it  came  out  of 

the  first  box  is  ^V  5  which  is  exactly  equal  U)  — — i/l__.^.,the 
fraction  given  by  the  rule  of  the  Inverse  Method. 

Simple  Applications  of  tJie  Inverse  Method, 

In  many  cases  of  scientific  induction  we  may  apply  the 
principle  of  the  inverse  method  in  a  simple  manner.  If 
only  two,  or  at  the  most  a  few  hypotheses,  may  be  made 
as  to  the  origin  of  certain  phenomena,  or  the  connection  of 
one  phenomenon  with  another,  we  may  sometimes  easily 
calculate  the  respective  probabilities  of  these  hypotheses. 
It  was  thus  that  Professors  Bunsen  and  Kirchhoflf  esta- 
blished, with  a  probability  little  short  of  certainty,  that 
iron  exists  in  the  sun.  On  comparing  the  spectra  of  sun- 
light and  of  the  light  proceeding  from  the  incandescent 
vapour  of  iron,  it  became  apparent  that  at  least  sixty 
bright  lines  in  the  spectrum  of  iron  coincided  with  dark 

^  Poisson,  'Eecberches  sur  la  Probabilite  des  Jugemcnts/  Paris,  1837, 
pp.  82,  83. 
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lines  in  the  sun's  spectrum.  Such  coincidences  could 
never  be  observed  with  certainty,  because,  even  if  the  lines 
only  closely  approached,  the  instrumental  imperfections  of 
the  spectroscope  would  make  them  apparently  coincident, 
and  if  one  line  came  within  half  a  millemetre  of  another, 
on  the  map  of  the  spectra,  they  could  not  be  pronounced 
distinct.  Now  the  average  distance  of  the  solar  lines  on 
Kirchhoffs  map  is  2  millemetres,  and  if  we  throw  down 
a  line,  as  it  were,  by  pure  chance  on  such  a  map,  the  pro- 
bability is  about  one-half  that  the  new  line  will  fall  within 
^  millemetre  on  one  side  or  the  other  of  some  one  of  the 
solar  lines.  To  put  it  in  another  way,  we  may  suppose 
that  each  solar  line,  either  on  account  of  its  real  breadth 
or  the  defects  of  the  instrument,  possesses  a  breadth  of 
^  millemetre,  and  that  each  line  in  the  iron  spectrum  has 
a  like  breadth.  The  probability  then  is  just  one-half  that 
the  centre  of  each  iron  line  will  come  by  chance  within 
I  millemetre  of  the  centre  of  a  solar  line,  so  as  to  appear 
to  coincide  with  it.  The  probability  of  casual  coincidence 
of  each  iron  line  with  a  solar  line  is  in  like  manner  \. 
Coincidence  in  the  case  of  each  of  the  sixty  iron  lines  is 
a  very  imlikely  event  if  it  arises  casually,  for  it  would 
have  a  probability  of  only  {\Y^  or  less  than  i  in  a  trillion. 
The  odds,  in  short,  are  more  than  a  million  million  millions 
to  unity  against  such  casual  coincidence  <*.  But  on  the 
other  hypothesis,  that  iron  exists  in  the  sun,  it  is  highly 
fcobable  that  such  coincidences  would  be  observed  ;  it  is 
immenaely  more  probable  that  sixty  coincidences  would 
\k  ohKrved  if  iron  existed  in  the  sim,  than  that  they 
from  chance.  Hence  by  our  principle  it  is 
'  probable  that  iron  does  exist  in  the  sun. 
ML  te  (Aer  interesting  results  given  by  the  com- 
,  rest  upon  the  same  principle  of  proba- 
,  QQ  the  Solar  Spectrum.'     Firbt  part,  tians- 


bllity.  The  almost  complete  coincidence  between  the 
spectra  of  solar,  lunar,  and  planetary  light  renders  it  prac- 
tically certain  that  the  light  is  all  of  solar  origin,  and  is 
reflected  from  the  surfaces  of  the  moon  and  planets, 
suffering  only  slight  alteration  from  tlie  atmospheres  of 
some  of  the  planets.  A  fresh  confirmation  of  the  truth  of 
the  Copeniican  theory  h  thus  furnished. 

A  vast  probability  may  be  shown  to  exist  that  the  heat, ' 
liglit,  and  chemiea!  efteets  of  the  sun  are  due  to  tlic  same 
rays,  and  are  so  many  difterent  manifestations  of  the  same 
undidations.  For  a  pliotogroph  of  the  spectrum  corre- 
sponds exactly  with  what  the  eye  observes,  allowance  being 
made  for  the  great  differences  of  chemical  activity  in  dif- 
ferent parts  of  the  spectrum  ;  and  delicate  experiments 
with  the  thermopile  also  show  that,  where  there  is  a  dark 
line,  there  also  the  heat  of  the  rays  is  absent. 

Sir  J.  Herschel  proved  the  connexion  between  the  di- 
rection of  the  oblique  faces  of  symmetrical  quartz  crystals, 
and  the  direction  in  which  the  same  crystals  rotate  the 
plane  of  the  polarisation  of  light.  For  if  it  is  tbund  in  a 
second  crvstal  that  the  relation  is  the  same  as  in  the  first, 
the  probability  of  this  happening  by  chance  is  ^  ;  tlie 
probability  that  in  another  crystal  also  the  dii'ection 
would  be  the  same  is  ^,  and  so  on.  The  probability  that 
in  n  +  I  crystals  there  would  be  casual  agreement  of  direc- 
tion is  the  //t^^  power  of  ^,  Thus,  if  in  examining  fourteen 
crystals  the  same  relation  of  the  two  phenomena  is  dis- 
covered in  each,  the  probability  that  it  proceeds  from 
uniform  conditions  is  more  than  8och3  to  i  ''.  Kow,  since 
the  first  observations  on  this  subject  were  made  in  1820, 
no  exceptions  have  been  observed,  so  that  the  probability 
of  invariable  connexion  is  incalcidably  great. 

e  *Eclinburgh  Review/  No.  185,  vol.  xeii.  July  1850,  p.  32  ;  Herschere 
'Essays/  p.  421;  *  Tj*ansactioTi9  of  tlie  Cambritlgc  PhiloBopJucal  Stjciety/ 
vol  i.  p.  43. 
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A  good  iii8ta.nce  of  this  method  is  furnished  by  the 
agreement  of  numerical  statements  with  the  truth.  Thus, 
ina  manuecript  of  Diodorus  SiculuB,  as  Dr.  Young  stutes'^, 
the  ceremony  of  au  ancient  Egyptian  fiuieral  is  described 
as  requiring  the  presence  of  forty-two  persons  sitting  in 
judgment  on  the  merits  of  the  deceased,  and  in  many 
ancient  papyrus  rolls  the  same  number  of  persons  are 
fuund  delineated.  The  probability  is  l)ut  slight  tliat  Dio- 
dorus, if  inventing  his  statements  or  writing  without 
projjer  inftjrmation,  would  Iiave  chosen  such  a  number  as 
ibrty-two,  and  though  there  are  not  the  data  for  an  exact 
calculation,  Dr.  Young  considers  that  the  probability  in 
favour  of  the  correctness  of  the  manuscript  and  the 
Teracity  of  the  writer  on  this  ground  alone,  is  at  least 
lOO  to  I. 

It  is  exceedingly  probable  that  the  ancient  Egyptians 
had  exactly  recorded  the  eclipses  occurring  during  long 
periods  of  time,  for  Diogenes  Laertins  mentions  that  373 
solar  and  832  hmar  eclipses  had  been  observed,  and  the 
ratio  between  these  numbers  exactly  expresses  that  which 
would  hold  true  of  the  eclipses  of  any  long  period,  of 
say  1200  or  1300  years,  as  estimated  on  astronomical 
grounds  *V 

It  is  evident  that  an  agreement  between  small  numbers, 
or  customary  numbers,  such  as  seven,  one  hundi'ed,  a 
myriad,  &c*,  is  much  more  likely  to  happen  from  chance^ 
and  therefore  gives  much  less  presumption  uf  dependence. 
If  two  ancient  writers  spoke  of  the  sacrifice  of  oxen,  they 
would  in  all  probability  describe  it  as  a  hecatomb,  and 
there  would  be  notliing  remarkable  in  the  coincidence. 

On  similar  grounds,  we  must  inevitably  believe  in  the 
human  origin  of  the  flint  flakes  so  copiousl)^  cEscovered  of 
late  years.     For  though  the  accidental  stroke  of  one  stone 

K  Yoyng*s  *  Works,'  vol,  11.  pp.  18,  19. 

'»  *Hi8tory  of  Astroiiotny,*  Librarj''  uf  Usefuf  Knowledge,  p.  14. 
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against  another  may  often  produce  flakes,  such  as  are 
oocasionally  foimd  on  the  sea-shore,  yet  when  several 
jBakes  are  found  in  close  company,  and  each  one  bears 
evidence,  not  of  a  single  blow  only,  but  of  several  suc- 
cessive blows,  all  conducing  to  form  a  symmetrical  knife- 
like form,  the  probability  of  a  natural  and  accidental 
origin  becomes  incredibly  small,  and  the  contrary  suppo- 
sition, that  they  are  the  work  of  intelligent  beings, 
approximately  certain  \ 

An  interesting  calculation  concerning  the  probable  con- 
nexion of  languages,  in  which  several  or  many  words  are 
similar  in  sound  and  meaning,  was  made  by  Dr.  Young  ^. 

AppliccUion  of  the  Theory  of  ProhabilUies  in 
Astronomy. 

The  science  of  astronomy,  occupied  with  the  simple 
relations  of  distance,  magnitude,  and  motion  of  the 
heavenly  bodies,  admits  more  easily  than  almost  any 
other  science  of  interesting  conclusions  founded  on  the 
theory  of  probability.  More  than  a  century  ago,  in 
1 767,  Michell  showed  the  extreme  probability  of  bonds 
connecting  together  systems  of  stars.  He  was  fetnick 
by  the  imexpected  number  of  fixed  stars  which  have 
companions  close  to  them.  Such  a  conjunction  might 
happen  casually  by  one  star,  although  possibly  at  a 
great  distance  from  the  other,  happening  to  lie  on  the 
same  straight  line  passing  near  the  earth.  But  the 
probabilities  are  so  greatly  against  such  an  optical  union 
happening  often  in  the  expanse  of  the  heavens,  that 
Michell  asserted  the  existence  of  a  bond  between  most  of 

>  Evans'  'Ancient   Stono   Implements   of   Great   Britain/     London, 
1872  (Longmans). 
^  * Piiilosoplucal  Transactions/  18 19;   Young's  *Works/  vol.  ii.  pp. 
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the  double  stars.  It  has  since  been  estimated  by  Struve, 
that  the  odds  are  9570  to  i  against  any  two  stars  of  not 
less  tlian  the  seventh  magnitude  falling  within  the  appa- 
rent distance  of  four  seconds  of  each  other  by  chance,  and 
yet  ninety-one  such  cases  were  known  when  the  estimation 
was  made,  and  many  more  cases  have  since  been  discovered- 
There  were  also  four  known  triple  stars,  and  yet  the  odds 
against  the  appearance  of  any  one  such  conjunction  are 
173*524  to  I  ^.  The  conclusions  of  Michell  have  been  en- 
tirely verified  by  the  discovery  that  many  double  stars  are 
in  connexion  under  the  law  of  gi'avitation. 

Michell  also  investigated  the  probability  that  the  six 
brightest  stars  in  the  Pleiades  should  have  come 
by  accident  into  such  striking  proximity.  Estimating 
the  number  of  stars  of  equal  or  greater  brightness  at 
1500,  he  found  the  odds  to  be  nearly  500,000  to  i 
against  casual  conjunction.  Extending  the  same  kind  of 
argument  to  other  clusters,  such  as  that  of  Proesepe,  the 
nebula  in  the  hilt  of  Perseus'  sword,  he  says'"  :  '  We 
may  with  the  highest  probability  conclude,  the  odds 
against  the  contrary  opinion  being  many  million  millions 
to  one,  that  the  stai^s  are  really  collected  together  in 
clusters  in  some  places,  where  they  form  a  kind  of  system, 
while  in  others  there  are  either  few  or  none  of  them,  to 
whatever  cause  this  may  be  owing,  whether  to  their 
mutual  gravitation,  or  to  some  other  law  or  appointment 
of  the  Creator.' 

The  calculations  of  Michell  have  been  called  in  question 
by  the  late  James  P.  Forbes",  and  Mr.  Todhunter  vaguely 

1  Heracbel,  *  Outlines  of  Astronomy,'   1849,  p.  565;  Imt  Todhunter, 
in  bw  'Historj'  of  the  Theory  of  Probability,'   j).  335,  states  that  tlie 
«ikukdoixB  do  not  agree  with  those  publislieil  by  Struve. 
^  'PbiloBopWcd  Transactions,'  1767,  vol.  Ivii.  p.  431- 
^  '  FbikiBopbical  Magazine,'  3rd  Series,  vol.  xxxvii.  !>.  401,  December, 
i^^o  ,  liWi  Xujgust,  1&49. 
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countenances  his  objections  <^,  otherwise  I  should  not  have 
thought  them  of  much  weiglit.  Certainly  Laplace  accepts 
Michell's  views  P,  and  if  Michell  be  in  error,  it  is  in  the 
methods  of  calculation,  not  in  the  general  validity  of  his 
conclusions. 

Similar  calculations  might  no  doubt  be  appUed  to  the 
peculiar  diifting  motions  which  have  been  detected  by 
Mr.  R.  A.  Proctor  in  some  of  the  constellations  %  Against 
a  general  tendency  of  stars  to  move  in  one  direction  by 
chance,  the  odds  are  very  great.  It  is  on  a  similar  ground 
that  a  considerable  proper  motion  of  the  sun  is  found  to 
exist  with  immense  probability,  because  on  the  average 
the  fixed  stars  show  a  tendency  to  move  apparently  from 
one  point  of  the  heavens  towards  that  diametrically  op- 
posite. The  sun's  motion  in  the  contrary  direction  would 
explain  this  tendency,  otherwise  we  must  believe  that 
myriads,  of  stars  accidentally  agree  in  their  direction  of 
motion,  or  are  urged  by  some  common  force  from  which  the 
sun  is  exempt.  It  may  be  said  that  the  rotation  of  the 
earth  is  proved  in  like  manner,  because  it  is  immensely 
more  probable  that  one  body  would  revolve  than  that 
the  sun,  moon,  planets,  comets,  and  the  whole  of  the  stars 
of  the  heavens  should  be  whirled  round  the  earth  daily, 
with  a  uniform  motion  superadded  to  their  own  peculiar 
motions.  This  appears  to  be  nearly  the  reason  which  led 
Gilbert,  one  of  the  earUest  English  Copemicans,  and  in 
every  way  an  admirable  physicist,  to  admit  the  rotation 
of  the  earth,  while  Francis  Bacon  denied  it »". 

In  contemplating  the  planetary  system,  we  are  struck 
with  the  similarity  in  direction  of  nearly  all   its  move- 

o  *  History,'  &c.,  p.  334. 
P  *  Essai  Philosophique/  p.  57. 

a  *  Proceedings  of  the  Royal  Society,*  20  January,  1870.  *  Philosophical 
Magazine,'  4th  Series,  vol.  xxxix.  p.  381. 

r  Hallara*8  *  Literature  of  Europe,'  ist  ed.  vol.  ii.  p.  464. 
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ments.  Newton  remarked  upon  the  regularity  and  uni- 
formity of  these  motions,  and  contra^sted  them  with  the 
eecentricity  and  irregidarity  of  the  cometary  orbits  ■• 
Could  we»  in  fact*  look  down  upon  the  system  from  the 
liortbern  aide,  we  should  see  all  the  planets  moving  round 
from  west  to  east,  the  satellites  moving  round  their 
primaries  and  the  sun,  planets,  and  all  the  satelhtes 
rotating  in  the  same  direction,  with  some  exceptions  on 
the  verge  of  the  system.  Now  in  the  time  of  Laplace 
eleven  pliinets  were  known,  and  the  directions  of  rotation 
were  known  for  the  sun,  six  planets,  the  satellites  of  Jupiter, 
Suturn\s  rintr.  and  one  of  his  satellites.  Thus  there  were 
altogether  43  motiunvS  all  concurring,  namely  :- 

Orhital  motions  of  eleven  planets 


Orbital  niotiuns  of  eighteen  satellites  , 
Axial  roUitions  ,         .         .         .         . 


r  1 


14 

43 


The  probability  ttiat  43  motions  independent  of  each 
other  wmdd  coincide  by  cliance  is  the  42nd  power  of  ^,  so 
that  tlie  odds  are  alKjut  4,400,000,000,000  to  i  in  favour 
of  some  common  cause  for  the  uniformity  of  direction.  This 
jirobtibiflty,  as  Laplace  observes*,  is  higher  than  that  of 
many  historical  events  which  we  undoubtingly  believe. 
In  the  present  day,  the  probaljility  is  much  increased  by 
the  discovery  of  additional  planets,  and  the  rotation  of 
other  satellites,  and  it  is  only  slightly  weakened  by  the 
fact  that  some  of  the  outlying  satellites  are  exceptional  in 
direction,  there  being  considerable  evidence  of  an  acci- 
dental disturbance  in  the  more  distant  parts  of  the 
system. 

Hardly  less  remarkable  than  the  uniformity  of  motion 

*>  *  Principia,'  Ik.  iu     Geueml  Bcbolmm. 

'  '  Essai  P]jilostij>lji<jue,'  p.  55.  Laplnce  appears  to  eoimt  tlie  nngs  of 
Siituni  m  ji^iving  Iwu  imlepoiiileiit  T^ToviiM-iif^. 
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is  the  near  approximation  of  all  the  orbits  of  the  planets 
to  a  common  plane.  Daniel  Bernouilli  roughly  estimated 
the  probability  of  such  an  agreement  arising  from  accident 
at  7-^6,  the  greatest  inclination  of  any  orbit  to  the  suns 

equator  being  i-i2th  part  of  a  quadrant.  Laplace  de- 
voted to  this  subject  some  of  his  most  ingenious  investi- 
gations. He  found  the  probability  that  the  sum  of  the 
inclinations  of  the  planetary  orbits  would  not  exceed  by 
accident  the  actual  amount  ('914187  of  a  right  angle  for 
the  ten  planets  known  in  1801)  to  be  y^^  (•914187)^®,  or 
about  •oooocx>ii235.  This  probability  may  be  combined 
with  that  derived  from  the  direction  of  motion,  and  it 
then  becomes  immensely  probable  that  the  constitution  of 
the  planetary  system  arose  out  of  uniform  conditions,  or, 
as  we  sav,  from  some  common  cause". 

If  the  same  kind  of  calculation  be  applied  to  the  orbits 
of  comets  the  result  is  very  differenty.  Of  the  orbits 
which  have  been  determined  48*9  per  cent,  only  are  direct 
or  in  the  same  direction  as  the  planetary  motions  ^  Hence 
it  becomes  apparent  that  comets  do  not  properly  l)elong 
to  the  solar  system,  and  it  is  probable  that  they  are  stray 
portions  of  nebulous  matter  which  have  become  accidently 
attached  to  the  system  by  the  attractive  powers  of  the 
sun  or  Jupiter. 

Statement  of  the  General  hiverse  Problem. 

In  the  instances  described  in  the  preceding  sections, 
we  have  been  occupied  in  receding  from  the  occurrence 

^  Lubbock,  'Essay  on  Probability/  p.  14.  De  Morgan,  'Encyc. 
Metrop.'  art.  Probability ^  p.  412.  Todhunter's  *  History  of  the  Theory  of 
Probability,'  p.  543.  Concerning  the  objections  raised  to  these  conclu- 
sions by  the  late  Dr.  Boole,  see  the  '  Philosophical  Magazine/  4th  Series, 
vol.  ii.  p.  98.    Boole's  *  Laws  of  Thought/  pp.  364-375. 

y  Laplace,  *  Essai  Philosophique,'  pp.  55,  56. 

*  Chambers's  *  Astronomy,'  2nd  ed.  pp.  346-49. 
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of  certain  .siinilur  everite  to  the  probability  that  there 
must  have  been  a  condition  or  cause  for  such  events.  We 
have  fpund  that  the  theory  of  probability,  although  never 
yielding  a  certain  result,  often  enables  us  to  establish  an 
hypothesis  beyond  the  reach  of  reasonable  doubt.  There 
is,  hovp'ever,  anotlier  method  of  applying  the  theory^ 
which  possesses  for  us  even  greater  interest,  because  it 
illustrates,  in  the  most  complete  manner,  the  theory  of 
inference  adopted  m  tliis  work,  which  theory  indeed  it 
suggested.     Tlie  problem  to  be  solved  is  as  follows  : — 

An  event  lutving  haj^pened  a  certain  nnmher  o/times^ 
and  failed  a  eeiiain  iiumher  of  times,  required  the  pro- 
hahiliiy  that  it  will  happen  any  given  number  of  times 
in  thefiiture  under  the  same  circtimMances. 

All  the  larger  planets  hitherto  discovered  move  in  one 
diiection  round  the  sun ;  what  is  the  probidjility  that,  if  a 
new  planet  exterior  to  Neptune  be  discovered,  it  will  move 
in  the  same  direction  1  All  known  permanent  gases,  ex- 
cept chloiine,  are  colourless  ;  wliat  is  the  probabiUty  that, 
if  some  new  permanent  gas  shoidd  l>e  discovered,  it  mil 
be  colourless  '?  In  the  general  solution  of  this  problem,  we 
wish  to  infer  the  future  happening  of  any  event  fi*om  the 
number  of  times  that  it  has  already  been  observed  to 
hajipen.  Now,  it  is  very  instructive  to  find  that  there  is 
no  kno\vn  process  l)y  which  we  am  pass  directly  from  the 
data  to  the  conclusion.  It  is  always  requisite  to  recede 
from  the  data  to  tlie  probability  of  some  hypothesis,  and 
to  make  that  hypothesis  the  ground  of  our  inference 
concerning  luture  liappenings.  Mathematicians,  in  fact, 
make  every  liypothesis  which  is  applicable  to  the  question 
hi  hand ;  they  then  calculate*  by  tlie  inverse  method,  the 
probability  of  every  such  hypothesis  according  to  the 
data,  and  the  probability  that  if  eacli  hypothesis  be  true, 
the  require^!  future  event  will  happen.  The  total  pro- 
bability  that    the  event  will    happen,  is  the  sum  of  the 
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separate  probabilities  contributed  by  each  distinct  hypo- 
thesis. 

To  illustrate  more  precisely  the  method  of  solving  the 
problem,  it  is  desirable  to  adopt  some  concrete  mode  of 
representation,  and  the  ballot-box,  so  often  employed  by 
mathematicians,  will  best  serve  our  purpose.  Let  the 
happening  of  any  event  be  represented  by  the  drawing  of 
a  white  ball  from  a  ballot-box,  while  the  failure  of  an 
event  is  represented  by  the  drawing  of  a  black  ball.  Now, 
in  the  inductive  problem  we  are  supposed  to  be  ignorant 
of  the  contents  of  the  ballot-box,  and  are  required  to 
ground  all  our  inferences  on  our  experience  of  those  con- 
tents as  shown  in  successive  drawings.  Rude  common 
sense  would  guide  us  nearly  to  a  true  conclusion.  Thus 
if  we  had  drawn  twenty  balls,  one  after  another,  replacing 
the  ball  after  each  drawing,  and  the  ball  had  in  each  case 
proved  to  be  white,  we  should  believe  that  there  was  a 
considerable  preponderance  of  white  balls  in  the  urn,  and 
a  probability  in  favour  of  drawing  a  white  ball  on  the 
next  occasion.  Though  we  had  drawn  white  balls  for 
thousands  of  times  without  fail,  it  would  still  be  possible 
that  some  black  balls  lurked  in  the  urn  and  would  at  last 
appear,  so  that  our  inferences  could  never  be  certain.  On 
the  other  hand,  if  black  balls  came  at  intervals,  I  should 
expect  that  after  a  certain  number  of  trials  the  future 
results  would  agree  more  or  less  closely  with  the  past 
ones. 

The  mathematical  solution  of  the  question  consists  in 
nothing  more  than  a  close  analysis  of  the  mode  in  which 
our  common  sense  proceeds.  If  twenty  white  balls  have 
been  drawn  and  no  black  ball,  my  common  sense  tells  me 
that  any  hypothesis  which  makes  the  black  balls  in  the 
urn  considerable  compared  with  the  white  ones  is  im- 
probable ;  a  preponderance  of  white  balls  is  a  more  pro- 
bable  hypothesis,  and  as   a   deduction   from   this  more 

u   2 


probable  hypothesis,  I  expect  a  recuiTence  of  white  balls. 
Tlie  mathematician  merely  reduces  this  process  of  thought 
to  exact  numbers.  Takh^g,  for  instance,  the  hypothesis 
that  there  are  99  white  and  one  black  ball  in  the  urn, 
he  can  calculate  the  probability  that  20  white  balls 
should  be  drawn  in  succession  in  those  eircumstances ;  he 
thus  forms  a  definite  estimate  of  the  probability  of  this 
hypothesis,  and  knowing  at  the  same  time  the  probability 
of  a  white  ball  reappearing  if  snch  be  the  contents  of  the 
urn,  he  combines  these  probabUitiea,  and  obtains  an  exact 
estimate  that  a  white  ball  will  recur  in  consequence  of 
this  hypothesis.  But  as  this  hypothesis  is  only  one  out 
of  many  possible  ones,  since  the  ratio  of  white  and  black 
balls  may  be  98  to  2,  or  97  to  3,  or  96  to  4,  and  bo  on, 
he  has  to  repeat  the  cistimate  for  every  such  possible 
hypothesis.  To  make  the  method  of  solving  the  problem 
perfectly  evident,  I  wUl  describe  in  the  next  section  a 
very  simple  case  of  tlie  problem,  origmally  devised  for  the 
purpose  by  Condorcet,  which  w^as  also  ado|)ted  by  Laeroix'^, 
.d  has  passed  into  the  works  of  De  Morgan,  Lubl)ock, 
.nd  others. 

Sviiple  IIhstratio7i  of  the  Inverse  Prohlem. 

Suppose  it  to  be  known  that  a  ballot-box  contains  only 
four  black  or  white  balls,  the  mtio  of  black  and  white  balls 
being  unknown,  Foin*  drawings  having  been  made  wnth 
replacement,  and  a  white  boll  having  appeared  on  each 
occasion  but  one,  it  is  required  to  determine  the  proba- 
bility that  a  wdiite  ball  will  appear  next  time.  Now  the 
hypotheses  wliicli  can  be  made  as  to  the  contents  of  the 
urn  aie  very  limited  in  number,  and  are  at  most  the 
following  five : — 

»  *TniJt^  ^I^mentairc  du  Calcul  des    Prolmbilit^jB/  3rd   ed.  (1833), 

p.  1 48. 
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The  actual  occurrence  of  black  and  white  balls  in  the 
drawings  renders  the  first  and  last  hypotheses  out  of  the 
question,  so  that  we  have  only  three  left  to  consider. 

If  the  box  contains  three  white  and  one  black,  the 
probability  of  drawing  a  white  each  time  is  f ,  and  a  black 
\ ;  so  that  the  compound  event  observed,  namely,  three 
white  and  one  black,  has  the  probability  |  x  f  x  f  x  i,  by 
the  rule  already  given  (p.  233).  But  as  it  is  indifierent 
to  us  in  what  order  the  balls  are  drawn,  and  the  black 
ball  might  come  first,  second,  third,  or  fourth,  we  must 
multiply  by  four,  to  obtain  the  probability  of  three  white 
and  one  black  in  any  order,  thus  getting  fj. 

Taking  the  next  hypothesis  of  two  white  and  two 
black  balls  in  the  urn,  we  obtain  for  the  same  proba- 
bility the  quantity  ^  x  ^  x  ^  x  ^  x  4,  or  \j,  and  from  the 
third  hypothesis  of  one  white  and  three  black  we  deduce 
likewise  i  x  ^  x  ^  x  f  x  4,  or  ~.  According,  then,  as  we 
adopt  the  first,  second,  or  third  hypothesis,  the  proba- 
bility that  the  result  actually  noticed  would  follow  is  f^, 
\{,  and  -^g.  Now  it  is  certain  that  one  or  other  of  these 
hypotheses  must  be  the  true  one,  and  their  absolute 
probabilities  are  proportional  to  the  probabilities  that  the 
observed  events  would  follow  from  them  (see  p.  279).  All 
we  have  to  do,  then,  in  order  to  obtain  the  absolute  pro- 
bability of  each  hypothesis,  is  to  alter  these  fractions  in 
a  uniform  ratio,  so  that  their  sum  shall  be  unity,  the 
expression  of  certainty.  Now  since  27  4-  16  +  3  =  46, 
this  will  be  effected  by  dividing  each  fraction  by  46  and 
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multiplying  by  64.  Thus  the  probabilities  of  the  first, 
second,  and  third  hypotheses  are  respectively — 

27        16       j^ 
46'       46*       46" 

The  inductive  part  of  the  problem  is  now  completed,  since 
we  have  found  that  the  urn  most  likely  contains  three 
white  and  one  black  ball,  and  have  assigned  the  exact 
probability  of  each  possible  supposition.  But  we  are  now 
in  a  position  to  resume  deductive  reasoning,  and  infer  the 
probability  that  the  next  drawing  will  yield,  say  a  white 
ball.  For  if  the  box  contains  three  white  and  one  black 
ball,  the  probability  of  drawing  a  white  one  is  certainly  f ; 
and  as  the  probability  of  the  box  being  so  constituted  is 
fj,  the  compound  probability  that  the  box  will  be  so  filled 
and  will  give  a  white  ball  at  the  next  trial,  is 

27       3        81 
-1  X  ^  or  — -. 
46      4       184 

Again,  the  probability  is  44  that  the  box  contains  two 
white  and  two  black,  and  under  those  conditions  the 
probability  is  \  that  a  white  ball  will  appear ;  hence  the 
probability  that  a  white  ball  will  appear  in  consequence 

of  that  condition,  is 

16        I         32 
--   X  -  or  -^. 
46        2        184 

From  the  third  supposition  we  get  in  like  manner  the 
probability 

3        I  3 

— -  X  —   or  — —  . 

46  "^  4  184 

Now  since  one  and  not  more  than  one  hypothesis  can  be 
true,  we  may  add  together  these  separate  probabilities, 
and  we  find  that 

ii   +  Jl   4.  J.  or  ii^ 
184        184         184        184 

is  the  complete  probability  that  a  white  ball  will  be  next 
drawn  under  the  conditions  and  data  supposed. 
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Geiieral  Sohiiion  of  the  Inverse  Problem. 

In  the  instance  of  the  inverse  method  described  in  the 
last  section,  a  very  few  balLs  were  supposed  to  be  in  the 
ballot-box  for  the  purpose  of  simplifying  the  calculation. 
In  order  that  our  solution  may  apply  to  natural  phe- 
•  nomena,  we  must  render  our  hypothesis  as  little  arbitrary 
as  possible.  Having  no  d  priori  knowledge  of  the  con- 
ditions of  the  phenomena  in  question,  there  is  no  limit 
to  the  variety  of  hypotheses  which  might  be  suggested. 
Mathematicians  have  therefore  had  recourse  to  the  most 
extensive  suppositions  which  can  be  made,  namely,  thai 
the  ballot-box  contains  an  infinite  number  of  balls ;  they 
have  thus  varied  the  proportion  of  white  balls  to  black 
balls  continuously,  from  the  smallest  to  the  greatest 
possible  proportion,  and  estimated  the  aggregate  proba- 
bility which  results  from  this  comprehensive  supposition. 

To  explain  their  procedure,  let  us  imagine  that,  instead 
of  an  infinite  number,  the  ballot-box  contained  a  large 
finite  number  of  balls,  say  looo.  Then  the  number  of 
white  balls  might  be  i  or  2  or  3  or  4,  and  so  on,  up 
to  999.  Supposing  that  three  white  and  one  black  ball 
have  been  drawn  from  the  urn  as  before,  there  is  a  certain 
very  small  probability  that  this  would  have  occurred  in 
the  case  of  a  box  containing  one  white  and  999  black 
balls ;  there  is  also  a  small  probability  that  from  such  a 
box  the  next  baU  would  be  white.  Compound  these 
probabilities,  and  we  have  the  probability  that  the  next 
ball  really  will  be  white,  in  consequence  of  the  ex- 
istence of  that  proportion  of  balls.  If  there  be  two 
white  and  998  black  balls  in  the  box,  the  probability 
is  greater,  and  will  increase  imtil  the  balls  are  supposed 
to  be  in  the  proportion  of  those  drawn.  Now  999  different 
hypotheses  are  possible,  and  the  calculation  is  to  be  made 
for  each  of  these,  and  their  aggregate  taken  as  the  final 


THE  PRINCIPLSS  OF  SCIENCE, 


remilt.  It  Is  apparent  that  as  the  number  of  baUs  in  the 
box  is  increased,  the  absolute  probability  of  any  one  hypo- 
thesis concerning  the  exi^ct  proportion  of  balls  is  decreased, 
but  the  aggregate  resultB  of  all  the  hy|Dotheses  will  assume 
the  character  of  a  wide  average. 

Wlien  we  take  the  step  of  supposing  the  Imlls  within 
the  urn  to  be  infinite  in  number,  the  possible  proportions 
of  white  and  black  balls  also  become  infinite,  and  the 
prolraljillty  of  any  one  proportion  actually  existing  is 
iiilinitely  small.  Hence  the  final  result  that  the  next  Imll 
drawn  will  be  white  is  really  the  sum  of  an  infinite 
iMiiiiber  of  infinitely  small  quantities.  It  might  seem, 
iiuh'ed,  utterly  impossible  to  calculate  out  a  problem 
having  an  infinite  number  of  hypotheses,  but  the  wonderful 
reHQurces  of  the  integral  calculus  enable  this  to  be  done 
with  far  greater  facility  than  if  we  supposed  any  large 
liTiifv  number  of  balls,  and  then  actually  cumputed  tlie 
inHHlts.  1  will  not  attempt  to  describe  the  processes  by 
wliicli  Laphice  finally  accomplished  the  complete  solution 
of  the  pr<»l>lem.  They  are  to  be  found  described  in  several 
Kn^dinh  w«»rks,  especially  De  Morgans  *  Treatise  on  Proba- 
bibll*^N/hfc  the  'Encyclopaedia  Metropolitana,'  and  Mr,  Tod- 
himierH  '  History  of  the  Theory  of  Probability.'  The  ab- 
blwiHllug  power  of  mathematical  analysis  was  never  more 
hirikiijgly  shown.  But  I  may  add  that  though  the  integral 
niilniluM  in  emj^loyed  lus  a  means  of  summing  infinitely 
IHUniTtHiH  rehults,  we  in  no  way  abandon  the  principles  of 
(KM  11  hi  nut  hum  idrcady  treated.  We  calculate  the  values  of 
lldhiiti'ly  HumivrouH  factorials,  not,  however,  obtaioing  their 
aetual  prnductH,  whieh  woulil  lead  to  an  infinite  number  of 
llgni'i^H,  Kilt  tibtaining  tlie  fimd  answer  to  the  problem  by 
dnvinnn  which  ran  nnly  be;  comprehended  after  study  of  the 
in<4t^nd  eaKnilns, 

It  nuiNl  bn  alltiwcil  Uiat  the  hypothesis  adopted  by 
L*»|»liu'n  IN  In  hiMhi*  ilcgnn*  arbitrary,  so  tliat  tlicre  was  some 
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opening  for  the  doubt  which  Boole  has  cast  upon  it^. 
But  it  may  be  replied,  (i)  that  the  supposition  of  an  infinite 
number  of  balls  treated  in  the  manner  of  Laplace  is  less 
arbitrary  and  more  comprehensive  than  any  other  that 
could  be  suggested.  (2)  The  result  does  not  differ  much 
from  that  which  would  be  obtained  on  the  hypothesis  of 
any  very  large  finite  number  of  balls.  (3)  The  supposition 
leads  to  a  series  of  simple  formulae  which  can  be  applied 
with  ease  in  many  cases,  and  which  bear  all  the  appearance 
of  truth  so  far  as  it  can  be  independently  judged  by  a 
sound  and  practiced  understanding. 

Rules  of  the  Inverse  Method. 

By  the  solution  of  the  problem,  as  described  in  the  last 
section,  we  obtain  the  following  series  of  simple  rules. 

I.  To  find  the  probability  that  an  event  tohich  has  not 
hitherto  been  observed  to  fail  will  happen  once  more, 
divide  the  number  of  times  the  event  has  be^en  observed 
increased  by  one,  by  the  same  number  increased  by  tivo. 

If  there  have  been  m  occasions  on  which  a  certain  event 
might  have  been  observed  to  happen,  and  it  has  happened 
on  all  those  occasions,  then  the  probability  that  it  will 


happen  on  the  next  occasion  of  the  same  kind  is 


m+2' 

For  instance,  we  may  say  that  there  are  nine  places  in 
the  planetary  system  where  planets  might  exist  obeying 
Bode's  law  of  distance,  and  in  every  place  there  is  a 
planet  obeying  the  law  more  or  less  exactly,  although 
no  reason  is  known  for  the  coincidence.  Hence  the  pro- 
bability that  the  next  planet  beyond  Neptune  will 
conform  to  the  law  is  \^. 

2.  To  find  the  probability  tJuit  an  event  which  has  not 
hitherto  failed  will  not  fail  for  a  certain  number  of  new 
occasions,  divide  the  number  of  times  the  event  has  Imp- 

^  *Laws  of  Thought,*  pp.  368-375. 


298  THE  PRINCIPLES  OF  SCIENCE. 

pened  increased  hy  one^  by  the  same  number  increased  by 
one  and  the  number  of  times  it  is  to  happen. 

An  event  having  happened  m  times  without  fail,  the 

probability  that  it  will  happen  w  more  times  is  -^---, 

Thus  the  probability  that  three  new  planets  would  obey 
Bode  s  law  is  fl,  but  it  must  be  allowed  that  this,  as  well 
as  the  previous  result,  would  be  much  weakened  by  the 
fact  that  Neptune  can  barely  be  said  to  obey  the  law. 

3.  An  event  having  hapj)ened  and  failed  a  certain 
number  of  times,  to  find  the  probability  that  it  will  happen 
the  next  time,  divide  the  number  of  times  the  event  has 
happened  increased  by  one,  by  the  whole  number  of  times 
the  event  has  happened  or  failed  increased  by  two. 

Thus,  if  an  event  has  happened  m  times  and  failed  n  times, 
the  probability  that  it  will  happen  on  the  next  occasion 

ifl •   -  • 

7/1  I- nf  2 

Thus,  if  we  assume  that  of  the  elements  yet  discovered 
50  arc  metallic  and  14  non-metallic,  then  the  proba- 
bility that  the  next  element  discovered  will  be  metallic 

Af^ain  since  of  37  metals  which  have  been  suflSciently 
(examined  only  fom-,  namely,  sodium,  potassium,  lan- 
thiininn  and  lithium,  are  of  less  density  than  water,  the 
probability  that  the  next  metal  examined  or  discovered 

will  l)c»  loKH  dense  than  water  is  — — ^  or  A 

37  +  2        39. 

Wtj  may  state  the  results  of  the  method  in  a  more 
giiuoml  munnt^r  thus, — If  under  given  cii'cumstances  cer- 
\\\\\\  (^'oiUh  a,  li,  C,  &c.,  have  happened  respectively  m,  n, 
p,  Ac.,  tinu^B,  and  one  or  other  of  these  events  must 
huppon,  Www  the  j)robabilities  of  these  events  are  propor- 
tional to  m  I-  1,  74 -f  I,  j9+  I,  &c.,  so  that  the  probability 

of  A  will  bo  ^^^.^J    But  if  new  events 
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may  happen  in  addition  to  those  which  have  l)een  ob- 
served, we  must  assign  imity  for  the  probability  of  such 
new  event.  The  proportional  probabilities  then  become 
I  for  a  new  event,  w  -I- 1  for  A,  n  -I- 1  for  B,  and  so  on,  and 

the  absolute  probability  of  A  is ^— i ^ 

It  is  very  interesting  to  tiuce  out  the  variations  of 
probability  according  to  these  rules  under  diverse  circum- 
stances. Thus  the  first  time  a  casual  event  happens  it  is 
I  to  I,  or  as  likely  as  not  that  it  will  happen  again  ;  if  it 
does  happen  it  is  2  to  i  that  it  will  happen  a  third  time  ; 
and  on  successive  occasions  of  the  like  kind  the  odds 
become  3,  4,  5,  6,  Ac,  to  i.  The  odds  of  course  will  be 
discriminated  from  the  probabilities  which  are  successively 
i>  \y  i»  Ac.  Thus  on  the  first  occasion  on  which  a  person 
sees  a  shark,  and  notices  that  it  is  accompanied  by  a  little 
pilot  fish,  the  odds  are  i  to  i,  or  the  probability  ^,  that  the 
next  shark  will  be  so  accompanied. 

When  an  event  has  happened  a  very  great  number  of 
times,  its  happening  once  again  approaches  nearly  to  cer- 
tainty. Thus  if  we  suppose  the  sun  to  have  risen  demon- 
stratively one  thousand  million  times,  the  probability  that  it 
will  rise  again,  on  the  ground  of  this  knowledge  merely,  is 

1,000,000,000  +  1  B^^  ^.j^^^  ^^^  probability  that  it  will 
1,000,000,000+ 1  + 1  ^  *' 

continue  to  rise  for  as  long  a  period  as  we  know  it  to  have 

risen  is   only  '>^^^>^^^-^^',  or  almost  exactly  4.     The 
•^   2,000,000,000+1  •^    ^ 

probability  that  it  will  continue  so  rising  a  thousand  times 
as  long  is  only  about  j^^.  The  lesson  which  we  may 
draw  from  these  figures  is  quite  that  which  we  should 
adopt  on  other  grounds,  namely  that  experience  never 
affords  certain  knowledge,  and  that  it  is  exceedingly  im- 
probable that  events  will  always  happen  as  we  observe 

c  De  Morgan's  'Essay  on  Probabilities,'  Cabinet  Cyclopjedia,  p.  67. 
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them.  InferenccB  pushed  far  beyond  their  data  soon  lose 
any  considerable  probability.  De  Morgan  has  said**,  *  No 
finite  experience  whatsoever  can  justify  us  ui  saying  that 
the  future  hhall  coincide  with  tlie  past  in  all  time  to  comep 
or  that  there  is  any  probability  for  such  a  conclusion/  On 
the  other  liand,  we  gain  the  assurance  that  experience 
sufficiently  extended  and  prolonged  will  give  us  the 
knowledge  of  future  events  with  an  unlimited  degree  of 
probability,  provided  indeed  that  those  events  are  not 
suljject  to  arbitrary  interlereuce. 

It  must  be  clearly  understood  that  these  probabilities  are 
only  such  as  arise  from  the  mere  happening  of  the  events, 
irrespective  of  any  knowledge  derived  from  other  sources 
coneeroing  those  events  or  the  general  laws  of  nature. 
All  our  knowledge  of  nature  is  indeed  founded  in  like 
manner  ujion  observation,  and  is  therefore  only  probable. 
The  law  of  gravitation  itself  is  only  probably  true.  But 
when  a  number  of  different  facts,  observed  under  the  most 
diverse  circumstances,  are  found  to  be  hannonixsed  under  a 
supposed  law  of  nature,  the  probability  of  the  law  approxi- 
mates closely  to  certainty.  Each  science  rests  upon  so 
many  observed  facts,  and  derives  so  much  support  from 
analogies  or  direct  connections  w4th  other  sciences,  that 
there  are  comparatively  few  cases  where  our  judgment  of 
the  proliability  of  an  event  depends  entirely  upon  a  few 
antecedent  events,  disconnected  from  the  general  body  of 
physical  science. 

Events  may  often  again  exhibit  a  regularity  of  suc- 

ceesion  or  preponderance  of  character,  wluch  the  simple 

Cmnula  will  not  take  into  account.     For  instance,  the 

Btsiority  of  the  elements  recently  discovered  are  metals, 

»Uat  the  probability  of  the  next  discovery  being  that  of 

^  md^m  doubtless  greater  than  we  calculated  (p.  298). 

Ai  ^  wm^  distant  parts  of  the  planetary  system,  there 

#  ^\a^m^  fWmbility,'  Caliinet  OvclqiatUa,  p.  128. 
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are  symptoms  of  disturbance  which  would  prevent  our 
plaxnng  much  reliance  on  any  inference  from  the  prevailing 
order  of  the  known  planets  to  those  undiscovered  ones 
which  may  possibly  exist  at  great  distancea  Tliese  and 
all  like  complications  in  no  way  invalidate  the  theoretic 
truth  of  the  formulsB,  but  render  their  sound  aj^plication 
much  more  difficult. 

Erroneous  objections  have  been  raised  to  the  theory  of 
probability,  on  the  ground  that  we  ought  not  to  trust  to 
our  d  priori  conceptions  of  what  is  likely  to  happen,  but 
shoidd  always  endeavour  to  obtain  precise  experimental 
data  to  guide  us®.  This  course,  however,  is  perfectly  in 
accordance  with  the  theory,  which  is  our  best  and  only 
guide,  whatever  data  we  possess.  We  ought  to  be  always 
applying  the  inverse  method  of  probabilities  so  as  to  take 
into  account  all  additional  information.  When  we  throw 
up  a  coin  for  the  first  time,  we  are  probably  quite  ignorant 
whether  it  tends  more  to  fall  head  or  tail  upwards,  and 
we  must  therefore  assume  the  probability  of  each  event 
as  \.  But  if  it  shows  head,  for  instance,  in  the  first  throw, 
we  now  have  very  slight  experimental  evidence  in  favour 
of  a  tendency  to  show  head.  The  chance  of  two  heads  is 
now  slightly  greater  than  i,  which  it  appeared  to  be  at 
first^,  and  as  we  go  on  throwing  the  coin  time  after  time, 
the  probability  of  head  appearing  next  time  constantly 
varies  in  a  slight  degree  according  to  the  character  of  our 
previous  experience.  As  Laplace  remarks,  we  ought 
always  to  have  regard  to  such  considerations  in  common 
life.  Events  when  closely  scrutinized  will  hardly  ever 
prove  to  be  quite  independent,  and  the  slightest  pre- 
ponderance one  way  or  the  other  is  some  evidence  of 
connexion,  and  in  the  absence  of  better  evidence  should 
be  taken  into  account. 

«  J.  S.  MDl,  *  System  of  Logic/  5th  Edition,  l)k.  iii.  chap,  xviii.  §  3. 
'Todhunter's  'History/  pp.  472,  598. 
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The  grand  object  of  seeking  to  estimate  tLe  probability 
of  future  events  from  past  experience,  seems  to  have  l>een 
entertained  by  James  Bemoiiilli  and  De  Moivre,  at  leo,st 
such  was  the  opinion  of  Condorcet;  and  BernouiUi  may  be 
said  to  liave  solved  one  cxise  of  the  problem r.  The  English 
writers  Bayes  and  Price  are,  however,  undoubtedly  the 
first  who  put  foDvard  any  distinct  ndea  on  the  subject'*. 
Condorcet  and  Fcveral  other  eminent  mathematicians  ad- 
vanced the  inathematicul  theory  of  the  subject;  but  it  was 
reserved  to  the  immortal  Laplace  to  bring  to  the  subject 
the  full  power  of  his  genius,  and  carry  the  solution  of  the 
problem  almost  to  perfection.  It  is  instructive  to  observe 
that  a  theoiy  which  arose  from  the  con.si deration  of  the 
most  petty  games  of  chance,  the  rules  and  the  very  names 
of  which  are  in  many  cases  forgotten,  gradually  advanced, 
until  it  embraced  the  most  sublime  problems  of  science, 
and  finally  undertook  to  measure  the  value  and  certainty 
uf  all  our  inductions. 
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Fortuitoits  Coincidences. 


We  should  have  studied  the  theoiy  of  probability  to 
very  little  purpose,  if  we  thought  that  it  would  ftirnish 
us  with  an  infallible  guide.  The  theory  itself  points  out 
the  ]KiS8ibility,  or  rather  the  approximate  certainty,  that 
we  shall  sometimes  be  deceived  by  extraordinary,  but 
fortuitous  coincidences.  There  is  no  nui  of  luck  so  ex- 
treme that  it  may  not  happen,  and  it  may  happen  to  us, 
or  in  our  time,  as  well  as  to  other  persons  or  in  other 
times.  We  may  be  forced  by  all  correct  calculation  to 
refer  such  coincidences  tu  some  necessary  cause,  and  yet 
we  may  be  deceived.     All  that  the  calculus  of  probability 
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pretends  to  give,  is  the  result  in  the  long  ruUy  as  it  is 
called,  and  this  really  means  in  an  injinity  of  case^. 
During  any  finite  experience,  however  long,  chanccis  nmy 
be  against  us.  Nevertheless  the  theory  is  the  best  guide 
we  can  have.  If  we  always  think  and  act  according  to 
its  well  interpreted  indications,  we  shall  have  the  Ixist 
chance  of  escaping  error ;  and  if  all  persons,  througliout 
all  time  to  come,  obey  the  theory  in  like  manner,  they 
will  undoubtedly  thereby  reap  the  greatest  advantage. 

No  rule  can .  be  given  for  descriminating  l)etwceii 
coincidences  which  are  casual  and  those  which  are  the 
effect  of  law  or  common  conditions.  By  a  fortuitous  or 
casual  coincidence,  we  mean  an  agreement  between  events, 
which  nevertheless  arise  from  wholly  independent  and 
different  causes  or  conditions,  and  which  will  not  always 
so  agree.  It  is  a  fortuitous  coincidence,  if  a  penny  thrown 
up  repeatedly  in  various  ways  always  falls  on  the  same 
side;  but  it  would  not  be  fortuitous  if  there  were  any 
similarity  in  the  motions  of  the  hand,  and  the  height  of 
the  throw,  so  as  to  cause  or  tend  to  cause  a  uniform 
result.  Now  among  the  infinitely  numerous  events,  ob- 
jects, or  relations  in  the  universe,  it  is  quite  likely  that 
we  shall  occasionally  notice  casual  coincidences.  There 
are  seven  intervals  in  the  octave,  and  there  is  nothing  very 
improbable  in  the  colours  of  the  spectrum  happening  to 
be  apparently  divisible  into  the  same  or  similar  series  of 
seven  intervals.  It  is  hardly  yet  decided  whether  this 
apparent  coincidence,  with  which  Newton  was  much 
struck,  is  well  founded  or  notS  but  the  question  will 
probably  be  decided  in  the  negative. 

It  is  certainly  a  casual  coincidence  which  the  ancients 
noticed  between  the  seven  vowels,  the  seven  strings  of  the 
lyre,  the  seven  Pleiades,  and  the  seven  chiefs  at  Thelxjs*^. 
i  'Nature,'  vol.  i.  p.  286. 
k  Aristotle's  'Metaphysics/  xiii.  6.  3. 
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The  accidents  connected  with  the  number  seven  have  mis- 
led the  human  intellect  throughout  the  historical  period. 
Pythagoras  imagined  a  connection  hetween  the  seven 
planets,  and  the  seven  intervals  of  the  iiionochord.  The 
alchemists  were  never  tired  of  dmwing  inferences  from 
the  coincidence  in  numbers  of  the  seven  planets  and  the 
seven  metals,  not  to  speak  of  the  seven  days  of  the 
%veek. 

A  singular  circumstance  was  pointed  out  concerning 
the  dimensions  of  the  earth,  sun,  and  moon ;  the  sun's 
diameter  was  almost  exfictly  no  times  as  great  as  the 
earth's  diameter,  while  In  almost  exactly  the  same  ratio 
the  mean  distance  of  the  earth  was  greater  than  the  sxni  s 
diameter,  and  the  mean  distance  of  the  moon  from  the 
earth  was  greater  than  the  moon^s  diameter^.  The  agree- 
ment was  so  close  that  it  might  have  proved  more  than 
casual,  but  its  fortuitous  character  is  sufficiently  shown 
by  the  fact,  that  the  coincidence  ceases  to  be  remarkable 
when  we  adopt  tlie  amended  dimensions  of  the  pkuietary 
system. 

A  considerable  number  of  tlie  elements  have  atomic 
weights,  which  are  apparently  exact  multiples  of  tliat 
of  hydrogen.  If  this  be  not  a  law  to  be  ultimately  ex- 
tended to  all  the  elements,  as  supposed  by  Prout,  it  is  a 
most  remarkable  coincidence*  But,  as  I  have  observed, 
we  have  no  means  of  absolutely  discriminating  accidental 
coincidences  from  those  which  imply  a  deep  producing 
cause.  A  coincidence  must  either  be  very  strong  in 
itself,  or  it  must  be  corroborated  by  some  explanation  or 
connection  with  other  laws  of  nature.  Little  attention 
was  ever  given  to  the  coincidence  concerning  ilie  dimcn- 
siotis  of  the  sun,  earth,  and  inoon,  because  it  was  not  very 
strong  in  itself,  and  had  no  apparent  connexion  with  tlie 
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*  Cliaml»t'rH*B  *  Astroiuimv,*  ikI.  tnl,  p,  23. 
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principles  of  physical  astronomy.  Front's  Law  bears  more 
probability  because  it  would  bring  the  constitution  of  the 
elements  themselves  in  close  connexion  with  the  atomic 
theory,  representing  them  as  built  up  out  of  a  simpler 
substance. 

In  historical  and  social  matters,  coincidences  are  fre- 
quently pointed  out  which  are  due  to  chance,  although 
there  is  always  a  strong  popular  tendency  to  regard  them 
as  the  work  of  design,  or  as  having  some  hidden  cause. 
It  has  been  pointed  out  that  if  to  1794,  the  number  of 
the  year  in  which  Robespieixe  fell,  we  add  the  sum  of  its 
digits^  the  result  is  181 5,  the  year  in  which  Napoleon 
fell;  the  repetition  of  the  process  gives  1830,  the  year 
in  which  Charles  the  Tenth  abdicated.  Again,  the  French 
Chamber  of  Deputies,  in  1830,  consisted  of  402  members, 
of  whom  221  formed  the  party  called,  *La  queue  de  Robes- 
pierre,' while  the  remainder,  181  in  number,  were  named 
*  Les  honn^es  gens.'  If  we  give  to  each  letter  a  numerical 
value  corresponding  to  its  place  in  the  alphabet,  it  will 
be  found  that  the  sum  of  the  values  of  the  letters  in  each 
name  exactly  indicates  the  number  of  the  party™. 

A  number  of  such  coincidences,  often  of  a  very  curious 
character,  might  be  adduced,  and  the  probability  against 
the  occurrence  of  each  may  be  enormously  great.  They 
must  be  attributed  to  chance,  because  they  cannot  be 
shown  to  have  the  slightest  connexion  with  the  general 
laws  of  nature  ;  but  persons  are  often  found  to  be  greatly 
influenced  by  such  coincidences,  regarding  them  as  evidence 
of  fatality,  that  is  of  a  system  of  causation  governing 
human  afiairs  independently  of  the  ordinary  laws  of  nature. 
Let  it  be  remembered  that  there  are  an  infinite  number  of 
opportunities  in  life  for  some  strange  coincidence  to  pre- 
sent itself,  so  that  it  is  quite  to  be  expected  that  remark- 
able conjunctions  will  sometimes  happen. 

m  S.  B.  Gould's  *  Curious  Myths/  p.  222. 
X 


In  all  matters  of  judicial  evidence,  we  must  bear  in 
mind  the  na:essary  occurrence  from  time  to  time  of  un- 
accountable coincidences.  The  Roman  jurists  refused  for 
this  reason  to  invalidate  a  testamentary  deed,  the  vat- 
nesses  of  which  had  sealed  it  with  the  same  seal.  For 
witnesses  independently  using  their  o^^ii  seals  might  be 
found  to  possess  identical  ones  by  accident '*.  It  is  weU 
known  that  circumstantial  evidence  of  apparently  over- 
wlielming  completeness  wOl  sometimes  lead  to  a  mistaken 
judgment,  and  as  absolute  certainty  is  never  really  attain- 
able, every  court  must  act  upon  probabilities  of  a  very 
liigh  amount,  and  in  a  certain  small  proportion  of  eases 
they  must  idmost  of  necessity  condemn  the  innocent 
victinjB  of  a  lemLirkable  conjunctm-e  of  circumstances^. 
Popular  judgments  usually  turn  upon  probabilities  of 
far  less  amomit,  as  when  the  palace  of  Nicomedia,  and 
even  the  bedchamber  of  Diocletian,  having  been  on  fire 
twice  within  fifteen  days,  the  people  entirely  refused  to 
believe  that  it  could  be  the  result  of  accident.  The 
Romans  believed  that  there  was  a  fatality  connected  with 
the  name  of  Sextus. 

'  Beiu]>er  sub  Sextie  pcrditft  Roma  fuit.' 

The  utmost  precautions  will  not  provide  against  all 
contingencies.  To  avoid  eiTors  in  important  calculations, 
it  is  usual  to  have  them  repeated  by  different  computers, 
but  a  case  is  on  record  in  which  three  computers  made 
exactly  the  same  calculations  of  the  place  of  a  star,  and 
yet  all  did  it  wrong  in  precisely  the  same  manner,  for 
apparent  reason  p. 


I 


1 


am.     m 


n  PoBSunt  autem  omne8  testes  et  mio  annulo  Bignare  testament  um. 
Quid  enim  si  septem  annuli  ima  H€ulptura  fueriiit,  Becundum  quod  Pom- 
punio  visum  est  1—^^  Justinian/  ii,  tit.  x.  5*  ^^ 

®  See  Wills  on  *  Circumstantial  Evidence,'  p,  148.  ^^ 

p  *  Memoii^  of  the  Royal  Astrouooiical  Society/  vol.  iv.  p,  290,  qooied 
l>y  Lardner^  *  Edinburgh  Review/  July  1834,  p,  278, 
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Summary  of  the  Tlieory  of  Inductive  Inference. 

The  theory  of  inductive  iuference  adopted  in  this  and 
the  previous  chapter,  waa  chiefly  suggested  by  the  study 
of  the  Inverse  Method  of  Probabilities,  but  it  also  bears 
much  resemblance  to  the  so-called  Deductive  Method 
described  by  Mr.  J.  S.  Mill,  in  his  well  known  '  System  of 
Tjo^c^I  Mr.  Mill's  views  concerning  the  Deductive  Method, 
probably  form  the  most  original  and  valuable  part  of  his 
treatise,  and  I  should  have  ascribed  the  doctrine  entirely 
to  him,  had  I  not  found  that  the  opinions  put  forward  in 
other  parts  of  his  work  are  entirely  inconsistent  with  the 
theory  here  upheld.  As  this  subject  is  the  most  impor- 
tant and  difficult  one  with  which  we  have  to  deal,  I  will 
tiy  to  remedy  the  imperfect  manner  in  which  I  have 
treated  it,  by  giving  a  brief  recapitulation  of  the  views 
adopted. 

All  inductive  reasoning  is  but  an  inverse  application 
of  deductive  reasoning.  Being  in  possession  of  certain 
particular  facts  or  events  expressed  in  propositions,  we 
imagine  some  more  general  proposition  expressing  the 
existence  of  a  law  or  cause  ;  and,  deducing  the  particular 
results  of  that  supposed  general  proposition,  we  observe 
whether  they  agree  with  the  facts  in  question.  Hypo- 
thesis is  thus  always  employed,  consciously  or  unconsci- 
ously. The  sole  conditions  to  which  we  need  conform  in 
framing  any  hypothesis  is,  that  we  both  have  and  exercise 
the  power  of  inferring  deductively  from  the  hypothesis, 
to  the  particular  logical  combinations  or  results,  which  are 
to  be  compared  with  the  known  facts.  Thus  there  are 
but  three  steps  in  the  process  of  induction  : — 

(i)  Framing  of  some  hypothesis  as  to  the  character  of 
the  general  law. 

4  Book  iii.  chap,  ii, 
X  2 
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(2)  Deducing  consequences  from  that  law. 

(3)  Observing  whether  the  consequences  agree  with  the 
particuhir  facts  under  consideration. 

In  veiy  fsimple  aises  of  inverse  reiiBoning,  hypothesis 
may  Bometimes  seem  altogether  needless.  Thus,  to  take 
numbers  agixin  as  a  convenient  illustration,  I  have  only 
to  look  at  the  series, 

I,  2,  4,  8,  16,  32,  Ac, 
to  know  at  onoe  that  the  general  law  is  that  of  geo- 
metrical progression  ;  I  need  no  successive  trial  of  vari- 
ous hypotheses,  because  I  am  familiar  with  the  series, 
and  Iiave  long  since  learnt  from  what  general  formula 
it  proceeds.  In  the  same  way  a  mathematician  becomes 
acquainted  with  the  integriils  of  a  number  of  commou 
formula?,  so  that  we  have  no  need  to  go  tlu'ough  any  pro- 
cess of  dlBCovery.  But  it  is  none  the  less  true  that  when- 
ever previous  reasoning  does  not  furnish  the  knowledge,, 
hypotheses  must  be  framed  and  tried.    (See  p.  142.) 

There  naturally  arise  two  different  cases,  according  n» 
the  nature  of  tlie  subject  admits  of  certain  or  only  pro- 
bable deductive  reasoning.  Certainty,  indeed,  is  but  a 
singular  case  of  probability,  and  the  general  principles  of 
procedure  are  always  the  same.  Nevertheless,  when 
certiiinty  of  Inference  is  possible  the  process  is  simplified. 
Of  several  mutually  inconsistent  hypothcBes,  tlie  results  of 
wliich  can  be  certainly  compared  with  flict,  but  one  hypo- 
thesis can  ultimately  be  entertained.  Thus  in  the  inverse 
logical  problem^  two  logically  distinct  conditions  could  not 
yield  the  same  series  of  possible  combinations.  Accord- 
ingly in  the  case  of  two  terms  we  had  to  choose  one  of 
seven  different  kinds  of  propositions,  or  in  the  case  of 
three  teiins,  our  clioice  lay  among  192  possible  distinct 
hypotheses  (pp.  1 54-- 164).  Natural  laws,  however,  are  often 
quantitative  in  ehanieter,  and  the  possible  hjrpotheses  ara 
then  infinite  in  variety. 
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When  deduction  is  certain,  comparison  with  fact  is 
needed  only  to  assure  ourselves  that  we  have  rightly 
selected  the  hypothetical  conditions.  *  The  law  establishes 
itself^  and  no  number  of  particular  verifications  can  add 
to  its  probability.  Having  once  deduced  from  the  prin- 
ciples of  algebra  that  the  diflFerence  of  the  squares  of  two 
numbers  is  equal  to  the  product  of  their  siun  and  dif- 
ference, no  number  of  particular  trials  of  its  truth  will 
render  it  more  certain.  On  the  other  hand,  no  finite 
number  of  particular  verifications  of  a  supposed  law  will 
render  that  law  certain.  In  short,  certainty  belongs  only 
to  the  deductive  process,  and  to  the  teachings  of  direct 
intuition ;  and  as  the  conditions  of  nature  are  not  given 
by  intuition,  we  can  only  be  certain  that  we  have  got  a 
correct  hypothesis  when,  out  of  a  limited  number  con- 
ceivably possible,  we  select  that  one  which  alone  agrees 
with  the  facts  to  be  explained. 

In  geometry  and  kindred  branches  of  mathematics, 
deductive  reasoning  is  conspicuously  certain,  and  it  would 
often  seem  as  if  the  consideration  of  a  single  diagram 
yields  us  certain  knowledge  of  a  general  proposition. 
But  in  reality  all  this  certainty  is  of  a  purely  hypothetical 
character.  Doubtless  if  we  could  ascertain  that  a  sup- 
posed circle  was  a  true  and  perfect  circle,  we  could  be 
certain  concerning  a  multitude  of  its  geometrical  pro- 
perties. But  geometrical  figiu-es  are  physical  objects,  and 
the  senses  can  never  assure  us  as  to  their  exact  forms. 
The  figures  really  treated  in  Euclid's  *  Elements'  are 
imaginary,  and  we  never  can  verify  in  practice  the  con- 
clusions which  we  draw  with  certainty  in  inference; 
questions  of  degree  and  probability  enter. 

Passing  now  to  subjects  in  which  deduction  is  only 
probable,  it  ceases  to  be  possible  to  adopt  one  hypothesis 
to  the  exclusion  of  the  others.  We  must  entertain  at  the 
same  time  all  conceivable  hypotheses,  and  regard  each 


aifi 


THE  PHINCIPLES  OF  SCIENCE, 


with    tlio   degree  of  esteem  proportionate  to  its  proba- 
liilily.     We  go  through  the  same  steps  aa  before* 
(j)  We  frame  an  hypothesis. 

(2)  We  deduce  the  prol)ability  of  various  series  of  pos- 
sible consequences. 

(3)  We  compare  the  consequences  with  the  particidar 
facts,  and  observe  the  probability  that  such  fact«  would 
happen  under  the  hypothesis. 

The  above  processes  must  be  performed  for  every  con- 
ceis^able  hypothesis^  and  then  the  absolute  prolmbility  of 
each  will  be  yielded  by  the  principle  of  the  inverse 
method  (p»  279).  As  In  the  ease  of  certainty  we  accept 
that  hypothesis  whicli  ceitainly  gives  the  required  results, 
80  now  we  accept  as  most  probable  that  hypothesis  which 
most  probably  gives  the  results ;  but  we  are  obliged  to 
entertain  at  the  same  time  all  other  hypotheses  with 
d<»gi-ees  of  probability  proportionate  to  the  probabilities 
tluit  they  would  give  the  results. 

S(»  far  we  have  treated  only  of  the  process  by  which 
\vr  puss  from  special  facts  to  general  laws,  that  inverse 
application  of  deduction  which  constitutes  induction. 
Hill  |Im«  direct  employment  of  deduction  is  often  com- 
\\\\{v\\  with  the  inverse.  No  sooner  have  we  established 
li  |{init»nil  law,  than  the  mind  rapidly  draws  other  particular 
*HiUHiH|UonoeH  from  it.  In  geometry  we  may  almost  seem 
Ut  hilVr  thai  because  one  equilateral  triangle  is  eqiii- 
■1  mIju',  (horefnre  another  is  so.  In  reality  it  is  not 
iiHo  niir  is  that  another  is,  but  because  all  are.  The 
gvonu*(rii»al  tmrulitions  are  perfectly  general,  and  by  what  is 
itkiwtlintvi  oallod  parity  of  reasoning  whatever  is  true  of 
Vlio  v\p»ilHtprul  trianglci  so  far  as  it  is  equilateral,  is  true 
i.r  ..11  ....i.:i,tMt-Hl  triangles. 

hi  all  other  cases  of  inductive  inference, 
whoiv  wv*  miolu  lo  jHiHs  from  some  particular  instances  to 
^  IWW  i^^iiUiUOis  wu  go  through   the  same  process,     We 
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form  an  hypothesis  as  to  the  logical  conditions  under 
which  the  given  instances  might  occur;  we  calculate 
inversely  the  probability  of  that  hypothesis,  and  com- 
pounding this  with  the  probability  that  a  new  instiuice 
would  proceed  from  the  same  conditions,  we  gain  the 
absolute  probability  of  occurrence  of  the  new  instance  in 
virtue  of  this  hypothesis.  But  as  several,  or  many,  or 
even  an  infinite  number  of  mutually  inconsistent  hypo- 
ilieses  may  be  possible,  we  must  repeat  the  calculation  for 
each  such  conceivable  hypothesis,  and  then  the  complete 
probability  of  the  future  instance  will  be  the  sum  of  the 
separate  probabilities.  The  complication  of  this  process 
is  often  very  much  reduced  in  practice,  owing  to  the  fact 
that  one  hypothesis  may  be  nearly  certainly  true,  and 
other  hypotheses,  though  conceivable,  may  be  so  im- 
probable as  to  be  neglected  without  appreciable  error. 
But  when  we  possess  no  knowledge  whatever  of  the  con- 
ditions from  which  the  events  proceed,  we  may  be  unable 
to  form  any  probable  hypotheses  as  to  their  mode  of 
origin.  We  have  now  to  fall  back  upon  the  general 
solution  of  the  problem  effected  by  Laplace,  wliich  consists 
in  admitting  on  an  equal  footing  every  conceivable  ratio 
of  favourable  and  unfavourable  chances  for  the  production 
of  the  event,  and  then  accepting  the  aggregate  result  as 
the  best  which  can  be  obtained.  This  solution  is  only  to 
be  accepted  in  the  absence  of  all  better  means,  but  like 
other  results  of  the  calculus  of  probabilities,  it  comes 
to  our  aid  where  knowledge  is  at  an  end  and  ignorance 
begins,  and  it  prevents  us  from  over-estimating  the  know- 
ledge we  possess.  The  general  results  of  the  solution  are 
in  accordance  with  common  sense,  namely,  that  the  more 
often  an  event  has  happened  the  more  probable,  as  a 
general  rule,  is  its  subsequent  occurrence.  With  the 
extension  of  experience  this  probability  indefinitely  in- 
creases, but  at  the  same  time  the  probability  is   slight 
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that  events  will  long  continue  to  happen  as  they  have 
previously  happened. 

We  have  now  pursued  the  theory  of  inductive  inference, 
as  far  as  can  be  done  with  regard  to  simple  logical  or 
numerical  relations.  The  laws  of  nature  deal  with  time 
and  space,  which  are  indefinitely,  or  rather  infinitely,  divi- 
sible. As  we  passed  from  pure  logic  to  numerical  logic, 
so  we  must  now  pass  from  questions  of  discontinuous, 
to  questions  of  continuous  quantity,  encountering  fresh 
considerations  of  much  difficulty.  Before,  therefore,  we 
consider  how  the  great  inductions  and  generalizations  of 
physical  spience  illustrate  the  views  of  inductive  reason- 
ing just  explained,  we  must  break  off  for  a  time,  and 
review  the  means  which  we  possess  of  measuring  and 
comparing  magnitudes  of  time,  space,  mass,  force,  mo- 
mentum, energy,  and  the  various  manifestations  of  energy 
in  motion,  heat,  electricity,  chemical  change,  and  the  other 
phenomena  of  nature. 


BOOK  III. 

METHODS  OF  MEASUREMENT. 


CHAPTER  XIII. 

THE  EXACT  MEASUREMENT  OF  PHENOMENA. 

As  physical  science  advances,  it  becomes  more  and 
more  accurately  quantitative.  Questions  of  simple  logical 
fact  after  a  time  resolve  themselves  into  questions  of 
degree,  time,  distance,  or  weight.  Forces  hardly  suspected 
to  exist  by  one  generation,  are  clearly  recognised  by  the 
next^  and  precisely  measured  by  the  third  generation. 
But  one  condition  of  this  rapid  advance  is  the  invention 
of  suitable  instruments  of  measurement.  We  need  what 
Francis  Bacon  called  Instantice  citantes,  or  evocantcs^ 
methods  of  rendering  minute  phenomena  perceptible  to 
the  senses ;  and  we  also  require  Instantice  radii  or  curri- 
culi,  that  is  measuring  instruments".  Accordingly,  the 
introduction  of  a  new  instrument  often  forms  an  epoch  in 
the  history  of  science.  As  Davy  said,  *  Nothing  tends  so 
much  to  the  advancement  of  knowledge  as  the  application 
of  a  new  instrument.  The  native  mtellectual  powers  of 
men  in  diflferent  times,  are  not  so  much  the  causes  of  the 
different  success  of  their  labours,  as  the  peculiar  nature 
of  the  means  and  artificial  resources  in  their  possession^'. 

In  the  absence  indeed  of  advanced  theory  and  analyti- 

*  *  Novum  Organum/  bk.  ii.     Aphoiisnis  40,  45  and  46. 
•>  'Chemical  Philosophy,'  Works,  vol.  iv.  p.  39.     Quoted  by  Young, 
Works,  vol.  i.  p.  576. 


t\il  power,  a  very  precise  instrument  would  be  useless. 
Measuring  apparatus  and  mathematical  theory  should  ad- 
Ymwvpciri  passu,  mid  with  jimt  such  precision  as  the  theorist 
can  anticipate  results^  the  cxperirDentalist  should  be  able 
to  compare  them  with  experience.  Tlie  hiboriousand  scrupu- 
lously accurate  observations  of  Flamsteed,  were  the  proper 
n>m}»leraent  to  the  intense  mathemetical  pow^ei"s  of  Newton. 
Every  branch  of  knowledge  commences  with  quantita- 
tive notions  of  a  very  rude  character.  After  ^ve  have  far 
progressed,  it  is  often  amusing  to  look  back  into  the 
infancy  of  the  science,  and  contrast  present  with  past 
methods.  At  Greenwich  Observatory  m  the  present  day, 
the  hundredth  part  of  a  second  is  not  thought  an  in- 
considerable portion  of  time.  The  ancient  Chaldaeans 
recorded  an  eclipse  to  the  nearest  hour,  and  even  the 
«mrly  Alexandrian  astronomers  thought  it  superfluous  to 
distinguish  between  the  edge  and  centre  of  the  sun. 
Hy  tlie  introduction  of  the  astrolabe,  Ptolemy  and  the 
Int^T  Alexandrian  astronomers  could  determine  the  places 
uf  the  heavenly  bodies  wathin  about  ten  minutes  of  arc, 
Bui  liltln  progress  then  ensued  for  thirteen  centuries, 
until  *l)'cho  Brahe  made  the  first  great  step  towards 
mvumey,  not  only  by  employing  better  instriiments, 
bul  fivon  ntore  by  ceasing  to  regard  an  instrument 
iH^rm^tu  Tyeho,  in  fact,  determined  the  errors  of  his 
lllitMilh,  Hiid  corrected  liis  observations.  He  also  t<x»k 
i»f  ihv  efleitts  of  atmospheric  retraction,  and  suc- 
iMhUhI  in  uttiiiiiing  an  accxu'acy  often  sixty  times  as  great 
IMI  tkM(  s\(  nuKnny*  Yet  Tycho  and  Hevelius  often  erred 
u^H  in  the  detennination  of  a  stars  place,  and 
f  uriiievoment  of  Roerner  and  Flamsteed  to 
\\\^V  to  fteionds,  Bradley,  the  modem  Hip- 
|Ulk  Vfkl'VkHl  \m  the  improvement,  liis  errors  in  right 
i\|t  vuuli^r  otie  Becond  of  time,  and  those  of 
li\u»i*  VHuW  fi*ur  niH}onda  of  arc  according  to  Bessel. 
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In  the  present  day  the  average  error  of  a  single  observa- 
tion is  probably  reduced  to  the  half  or  quarter  of  what  it 
was  in  Bradley's  time;  and  further  extreme  accuracy  is 
attained  by  the  multiplication  of  observations^  and  their 
aldlfiil  combination  according  to  the  theory  of  error. 

Some  of  the  more  important  constants,  for  instance  that 
of  nutation,  have  been  determined  within  the  tenth  part 
of  a  second  of  space  ^. 

It  would  be  a  matter  of  great  interest  to  trace  out  the 
dependence  of  this  vast  progress  upon  the  introduction  of 
new  instruments.  The  astrolabe  of  Plotemy,  the  tele- 
scope of  Galileo,  the  pendulum  of  Galileo  and  Huygens, 
the  micrometer  of  Horrocks,  and  the  telescopic  sights  and 
micrometer  of  Gascoygne  and  Picard,  Rcemer  s  transit  in- 
strument, Newton's  and  Hadleys  quadrant,  DoUond's 
achromatic  lenses,  Hairison's  chronometer,  and  Ramsden  s 
dividing  engine — such  were  some  of  the  principal  addi- 
tions to  astronomical  apparatus.  The  result  is,  that  we 
now  take  note  of  quantities,  3CX),ooo  or  4CX),ooo  times  as 
small  as  in  the  time  of  the  Chaldseans. 

It  would  be  interesting  again  to  compare  the  scrupulous 
accuracy  of  a  modem  trigonometrical  survey  with  Erato- 
•  sthenes'  rude  but  ingenious  guess  at  the  diflference  of  lati- 
tude between  Alexandria  and  Syene — or  with  Norwood's 
measurement  of  a  degree  of  latitude  in  1635.  *  Sometimes 
I  measured,  sometimes  I  paced,'  said  Norwood ;  *  and  I 
believe  I  am  within  a  scantling  of  the  truth.'  Such  was 
the  germ  of  those  elaborate  geodesical  measurements 
which  have  made  the  dimensions  of  the  globe  known  to 
us  within  a  few  hundred  yards. 

In  other  branches  of  science,  the  invention  of  an  instru- 
ment has  usually  marked,  if  it  has  not  made,  an  epoch. 
The  science  of  heat  might  be  said  to  commence  with  the 

c  Baily,  *  British  Association  Catalogue  of  Stars,'  pp.  7,  23. 


construction  of  tlie  thermometer,  and  it  has  recently  been 
advanced  by  the  introduction  of  the  thermo-electric  pile. 
Chemistry  has  been  created  chiefly  by  the  careful  use  of 
the  balance,  which  forms  a  unique  instance  of  tm  instru- 
ment remaining  substantially  in  the  form  in  which  it  was 
first  applied  to  scientific  purposes  by  Archimedes-  The 
balance  never  has  been  and  probably  never  can  be  im- 
proved>  except  in  details  of  constraction.  On  the  other 
hand,  the  torsion  balance,  introduced  by  Coulomb  towards 
the  end  uf  hist  century,  has  rapidly  become  essential  in 
many  branches  of  investigation.  In  the  hands  of  Caven- 
dish and  Baily,  it  gave  a  determination  of  the  earths 
dcuKity  ;  applied  in  the  galvanometer,  it  gave  a  deUcate 
meaHure  of  electrical  forces,  and  was  essential  to  the 
introduction  of  the  thermo-electric  pile.  This  balance  is 
made  by  simply  suspeniling  any  light  rod  by  a  thin  wire 
or  thread  attached  to  the  middle  point.  And  we  owe  to 
it  almost  all  the  more  delicate  investigations  in  the  theo* 
ries  of  heat,  electricity,  and  magnetism. 

Though  we  can  now  take  note  of  the  millionth  of  an 

inch  in  space,  and  the  millionth  of  a  second  in  time,  %ve 

must  not  overlook  the  fact  that  in  other  operations  of 

science  we  are  yet  in  the  position  of  the  Chalda^ans.    Not 

many  years  have   elapsed  smce  the   magnitudes  of  the 

gtars,  meaning  the   amount   of  light   they  send   to   the 

observers  eye,  were  guessed  at  in  the  rudest  manner,  and 

llie  astronomer  adjudged  a  star  to  this  or  that  order  of 

jlj3gnit\ide  by  a  rougli  comparison  with  other  stars  of  the 

gg0xe  order.    To  the  late  Sir  John  Herschel  we  owe  an 

attempt  to  introduce  an  xmiform  method  of  measurement 

-jxd  expression,  I  tearing  some  relation  to  the  real  photo- 

roetxic  magnitudes  of  the   stars  ^.     Previous  to  the  re- 
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i  ^CMuMiot  JbtTouomy,'  4th  ed.  Beet,  781,  p.  533. 
» lA  te  Cifie  of  Qt)ad  Hope,' &c.,  p,  3  7 1 , 
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searches  of  Bunsen  and  Eoscoe  on  the  chemical  action  of 
light,  we  were  absolutely  devoid  of  any  mode  of  measuring 
the  energy  of  light ;  even  now  the  methods  are  tedious, 
and  it  is  not  clear  that  they  give  the  energy  of  light  so 
much  as  one  of  its  special  ejffects.  Many  natural  phe-' 
nomena  have  hardly  yet  been  made  the  subject  of  mea- 
surement at  all,  such  as  the  intensity  of  sound,  the  phe- 
nomena of  taste  and  smell,  the  magnitude  of  atoms,  the 
temperature  of  the  electric  F^park  or  of  tlie  sim's  photo- 
sphere. 

To  suppose,  theiLj  that  quantitative  science  treats  only  of 
exactly  measurable  quantities,  is  a  gi^oss  if  it  be  a  common 
mistake.  Whenever  we  are  treating  of  an  event  which 
either  liappens  altogether  or  does  not  happen  at  all,  we  are 
engaged  with  a  non-quantitative  phenomenon,  a  matter  of 
fact,  not  of  degree ;  but  whenever  a  thing  may  be  greater  or 
less,  or  twice  or  thrice  as  great  as  another,  whenever,  in  short, 
ratio  enters  even  in  the  rudest  mamier,  tliere  science  will 
have  a  quantitative  character.  There  can  be  little  doubt, 
indeed,  that  every  science  as  it  progresses  will  become 
gradually  more  and  more  quantitative.  Numerical  pre-. 
cision  is  doubtless  the  very  soul  of  science,  as  Herschel 
said^  and  as  all  natural  objects  exist  in  space,  and  involve 
molecular  movements,  measurable  in  velocity  and  extent, 
there  is  no  apparent  limit  to  the  ultimate  extension  of 
qnantitntive  science.  But  the  reader  must  not  for  a 
moment  suppose  that,  because  we  depend  more  aiid  more 
upon  mathematical  methods,  we  leave  logical  methods 
behind  us.  Number,  as  I  have  endeavoured  to  show, 
is  lugieal  in  its  origin,  and  quantity  is  but  a  development 
of  number,  or  is  analogous  thereto. 


«  *  Frelimiuary  Discourse  on  the  Study  of  Natural  Philosophy,'  p.  122. 
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DiVisioji  of  the  StihjecL 

The  general  subject  of  quantitative  investigation  will 
liave  to  be  divided  into  several  parts.  We  shall,  firstly, 
consider  the  means  at  our  disposal  for  measuring  phe- 
nomena, and  thus  rendering  them  more  or  less  amenable 
to  mathematical  treatment.  This  task  will  involve  an 
auah^sis  of  the  principles  on  which  accurate  methods  of 
measurement  are  founded,  forming  the  subject  of  the 
remainder  of  the  present  chapter.  As  measurement,  how- 
ever,  only  yields  ratios,  we  have  in  the  next  chapter 
(XIV)  to  consider  the  establishment  of  unitary  mag- 
nitudes, in  terms  of  which  our  results  may  l>e  expressed. 
As  every  plienomeuon  m  usually  the  sum  of  several  dis- 
tinct quantities  proceeding  from  different  causes,  we  have ' 
next  to  investigate  in  Chapter  XV  the  methods  by  which 
we  may  disentangle  complicated  effects,  and  refer  each 
part  of  the  joint  eifect  to  its  separate  cause. 

It  yet  remains  for  us  in  subsequent  chapters  to  treat  of 
quantitative  induction,  properly  so  called.  We  must 
follow  out  the  inverse  logical  method,  as  it  present-s  itself 
in  problems  of  a  far  higher  degree  of  difficulty  than  those 
which  ti-eat  of  objects  related  in  a  simple  logical  manner, 
Had  incapable  of  merging  into  each  other  by  addition  and 
subtraction. 

Contimiotis  Quantity, 

phenomena  of  nature  are  for  the  most  part  mani- 

m  q[tiantities  which  increase  or  decrease  continu- 

V^ea  we  inquire  into  the    precise  meaning  of 

^qfBAQtity,  we  find  that  it  c^n  only  be  described 

B  ^visible  wdtliout  limit.     We  can  divide 

x^  tm,  or  one  hundred,  or  one  tliousand,  or 

«K  «ni  mentally  at  any  rate  we  can  carry 
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on  the  process  ad  infinitum.  Any  finite  space,  then,  must 
be  conceived  as  made  up  of  an  infinite  number  of  parts, 
each  of  which  must  consequently  be  infinitely  small.  We 
cannot  entertain  some  of  the  simplest  geometrical  notions 
without  allowing  this.  The  conception  of  a  square  in- 
volves the  conception  of  a  side  and  diagonal,  which,  as 
Euclid  admirably  proves  in  the  1 1 7th  proposition  of  his 
tenth  book,  have  no  common  measure^,  meaning,  as  I 
apprehend,  no  finite  common  measure.  Incommensurable 
quantities  are,  in  fact,  those  which  have  for  their  only 
common  measure  an  infinitely  small  quantity.  It  is 
somewhat  startling  to  find,  too,  that  in  theory  incommen- 
surable quantities  will  be  infinitely  more  irequent  than 
commensurable.  Let  any  two  lines  be  drawn  haphazard  ; 
it  is  infinitely  unlikely  that  they  will  be  commensurable, 
so  that  the  commensurable  quantities,  which  we  are  sup- 
posed to  deal  with  in  practice,  are  but  singular  cases 
among  an  infinitely  greater  number  of  incommensurable 
cases. 

Practically,  however,  we  treat  all  quantities  as  made  up 
of  the  least  quantities  which  our  senses,  assisted  by  the 
best  measuring  instruments,  can  appreciate.  So  long  as 
microscopes  were  uninvented,  it  was  sufficient  to  regard 
an  inch  as  made  up  of  a  thousand  thousandths  of  an 
inch ;  now  we  must  treat  it  as  composed  of  a  million 
millionths.  We  might  apparently  avoid  aU  mention  of 
infinitely  small  quantities,  by  never  carrying  our  approxi- 
mations beyond  quantities,  which  the  senses  can  appreciate. 
In  geometry,  as  thus  treated,  we  should  never  assert  two 
quantities  to  be  equal,  but  only  to  be  apparently  equal. 
Legendre  really  adopts  this  mode  of  treatment  in  the 
twentieth  proposition  of  the  first  book  of  his  Geometry ; 
and  it  is  practically  adopted  throughout  the  physical 
sciences,  as  we  shall  afterwards  see.  But  though  our 
^  See  De  Morgan,  *  Study  of  MatbcmaticB/  in  TJ.  K.  S.  Library,  p.  81. 
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fingers,  and  senses^  and  inBtniinenta  must  stop  somewhere, 
there  is  no  reason  why  the  mind  should  not  go  on.  We 
can  see  that  a  proof  which  is  only  carried  through  a  few 
steps,  in  fact,  might  be  carried  on  without  limit,  and  it  is 
this  consciousness  of  no  stopping  place,  which  renders 
Euclid  s  proof  of  his  1 1 7th  proposition  so  impressive.  Try 
how  we  will  to  circumvent  the  matter,  we  cannot  really 
avoid  the  consideration  of  the  infinitely  small  and  the 
infinitely  great.  The  same  methods  of  approximation 
which  seem  confined  to  the  finite,  mentally  extend  them- 
lives  to  the  infinite  8^. 
One  result  which  immediately  follows  from  these  con- 
siderations is,  that  we  cannot  possibly  adjust  any  two 
quantities  in  absolute  equality.  The  suspension  of  Ma-- 
homet^s  coffin  between  two  precisely  eqmd  magnets,  is 
theoretically  conceivable  but  pmcticiUly  impossible.  The 
story  of  the  *  Merchant  of  Venice/  turns  upon  the  infinite 
improbability,  that  an  exact  quantity  of  flesh  could  be 
cut.  Unstable  equilibrium  cannot  exist  in  nature,  for  it 
is  that  which  is  destroyed  by  an  infinitely  small  displace- 
ment It  might  be  possible  to  balance  an  egg  on  its  end 
practically,  because  no  egg  has  a  suriace  of  perfect  curva- 
ture. Suppose  the  egg  shell  to  be  perfectly  smooth,  and 
the  fefit  would  become  impossible- 


The  Fallacious  Indications  of  the  Serises. 


I  may  briefly  remind  the  reader  how  little  we  can  trust 
to  our  unassisted  senses  in  estimating  the  degree,  quantity, 
or  magnitude  of  any  phenomenon.  The  eye  cannot  cor- 
rectly estimate  the  coinparative  briglitness  of  two  lumi- 
nous bodies  which  differ  much  in  brilliancy ;  for  we  know 
that  the  iris  is  constantly  adjusting  itself  to  the  intensity 

«  Lacroix,  'Essai  sur  rEnseigiiement  on  manifere  d'tStudier  lea  Mutlie- 
roatiques/  2nrl  ecL     Pam,  1816,  pp.  292-294. 
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of  the  light  received,  and  thus  admits  more  or  less  light 
according  to  circumstances.  The  moon  which  shines  with 
almost  dazzling  brightness  by  night,  is  pale  and  nearly 
imperceptible  while  the  eye  is  yet  affected  by  the  vastly 
more  powerftil  light  of  day.  Much  has  been  recorded 
concerning  the  comparative  brightness  of  the  zodiacal 
light  at  different  times  **,  but  it  would  l>e  difficult  to  prove 
that  these  changes  are  not  due  to  the  varying  darkness 
at  the  time,  or  the  different  ticuteness  of  the  observer's 
eye.  For  a  like  reason  it  is  exceedingly  difilcult  to  esta- 
blish the  existence  of  any  change  in  the  form  or  compara- 
tive brightness  of  nebula? ;  the  appearance  of  a  nebula 
greatly  depends  upon  the  keenness  of  sight  of  the  ob- 
server, or  the  accidental  condition  of  freshness  or  fatigue 
of  his  eye  ;  the  same  is  true  of  lunar  observations ' ;  and 
even  the  use  of  the  best  telescope  fails  to  remedy  this 
di£Sculty.  In  judging  of  colours  again,  we  must  remember 
that  light  of  any  given  colour  tends  to  dull  the  sensibility 
of  the  eye  for  light  of  the  same  colour. 

Nor  is  the  eye  when  unassisted  l)y  instruments  a  much 
better  judge  of  magnitude.  Our  estimates  of  the  size  of 
minute  bright  points,  such  as  the  fixed  stars,  are  com- 
pletely falsified  by  the  effects  of  irradiation.  Tycho  calcu- 
lated from  the  apparent  size  of  the  star-discs,  that  no 
one  of  the  principal  fixed  stars  could  be  contained  wuthiu 
the  area  of  the  earth  s  orbit.  Apart,  however,  from  irradia- 
tion or  other  distinct  causes  of  error,  our  visual  estimates 
of  sizes  and  shapes  are  often  {ustonishingly  incorrect. 
Artists  almost  invariably  draw  distant  mountains  or  other 
objects  in  ludicrous  disproportion  to  nearer  olyects,  as  a 
comparison  of  a  sketch  with  a  j)hotograph  at  once  shows. 
The  extraordinary  apparent  difference  of  size  of  the  sun 

1»  *  Cosmos/  Translated  by  Ott<5,  vol.  i.  pp.  131-134. 
i  'Report  of  the  British  Association,'  1871,  j).  84.     Oruut's  *  History 
of  Physical  Astronomy/  pp.  568-9. 
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or  nioon,  according  (is  it  is  high  in  the  lietivens  or  near 
the  horizon,  should  be  sufficient  to  make  us  aiutious  in 
accepting  the  plainest  indications  of  our  senses,  unassisted 
by  inatnimental  measurement.  As  to  statements  concern- 
ing the  height  of  the  aurora  and  the  distance  of  meteors, 
they  are  to  be  utterly  distrusted.  AATien  Captain  Parry 
says  that  a  ray  of  the  aurora  shot  suddenly  downwards 
between  him  and  the  land  which  was  only  3000  yards  dis- 
tant, we  must  consider  him  subject  to  an  error  of  sensed 

It  Is  true  that  errors  of  observation  are  more  usually 
errors  of  judgment  than  of  sense.  That  which  is  actually 
seen  must  be  truly  seen  so  far ;  and  if  we  correctly 
interpret  the  metming  of  the  phenomenon,  there  would 
be  no  error  at  all.  But  thu  weakness  of  the  bare  senses 
as  measuring  instruments,  arises  from  the  fact  that  they 
import  varying  conditions  of  imknown  amount,  and  we 
cannot  make  the  requisite  corrections  and  allowances  as  in 
tlie  case  of  a  solid  and  invariable  instrument. 

Bacon  has  excellently  stated  the  insufficiency  of  the 
senses  for  estimating  the  magnitudes  of  objects,  or  de- 
tecting the  degrees  in  which  phenomena  present  them- 
selves. *  Things  escape  the  senses/  he  says  ^\*  because  the 
object  is  not  sufficient  in  quantity  to  strike  the  sense  :  as 
all  minute  bodies ;  because  the  percussion  of  the  object  is 
too  great  to  be  endured  by  the  senses  :  as  the  form  of  the 
sun  when  looking  directly  at  it  in  mid-day  ;  because  the 
time  is  not  proportionate  to  actuate  tlie  sense  :  as  the 
motion  of  a  bullet  in  the  air,  or  the  quick  circular  motion 
of  a  firebrand,  which  are  too  fast,  or  the  hour-hand  of 
a  common  clock,  which  is  too  slow  ;  from  the  distance 
of  the  olject  as  to  place:  as  the  size  of  the  celestial 
bodies,  and  the  size   and  nature   of  all   distant  bodies ; 
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firom  prepossession  by  another  object :  as  one  powerful 
smell  renders  other  smells  in  the  same  nwm  imper- 
ceptible ;  firom  the  interruption  of  interposing  bodies  : 
as  the  internal  parts  of  animals ;  and  because  the  object 
is  unfit  to  make  an  impression  upon  the  sense:  as  the 
air  or  the  invisible  and  untangible  spirit  which  is  in- 
cluded in  every  living  body/ 

Complexity  of  Quantitative  Questions. 

One  remark  which  we  may  well  make  in  entering 
upon  quantitative  questions,  has  regard  to  the  great  variety 
and  extent  of  phenomena  presented  to  our  notice.  So 
long  as  we  deal  only  with  a  simply  logiciil  question,  that 
question  is  merely.  Does  a  certain  event  happen  %  or,  Does 
a  certain  object  exist  ?  No  sooner  do  we  regard  the  event 
or  object  as  capable  of  more  or  less,  than  one  question 
branches  out  into  many.  We  must  now  ask,  How  much 
is  it  compared  with  its  cause  or  necessary  condition  ? 
Does  it  change  when  the  amount  of  the  cause  changes  ? 
If  so,  does  it  change  in  the  same  or  opposite  direction  ?  Is 
the  change  in  simple  proportion  to  that  of  the  ciiusc  '?  If 
not,  what  more  complex  law  of  connection  holds  true? 
This  law  determined  satisfactorily  in  one  series  of  cir- 
cumstances may  be  varied  under  new  conditions,  and  the 
most  complex  relations  of  several  quantities  may  ultimately 
be  established. 

In  every  question  of  physical  science  there  is  thus  a 
series  of  steps  of  progress,  the  first  one  or  two  of  which 
are  usually  made  with  ease,  while  the  succeeding  ones 
demand  more  and  more  careful  measurement.  We  cannot 
lay  doA^Ti  any  single  invariable  series  of  questions  which 
must  be  asked  from  nature.  The  exact  character  of  the 
questions  will  vary  according  to  the  nature  of  the  case, 
but  they  will  usually  be  of  a  very  evident  kind,  and  we 
may  readily  illustrate  them  by  actual  examples.    Suppose, 

Y    2 


for  instance,  that  we  are  investigating  the  solution  of  some 
salt  in  water.  The  fii-st  is  a  purely  logical  question  :  Is 
there  solution,  or  is  there  not  'i  Assuming  the  answer  to 
be  in  the  affirmative,  we  next  inquire,  Does  the  solubility 
vary  with  the  temperature,  or  not  ?  In  all  probability 
Dme  variation  will  be  found  to  exist,  and  we  shall  have 
'at  the  same  time  an  answer  to  the  further  question, 
Does  the  quantity  dissolved  increase,  or  does  it  diminish 
with  the  temperature  ?  In  by  far  the  greatest  number  of 
cases  salts  and  substances  of  all  kinds  dissolve  more  freely 
the  higher  the  temperature  of  the  water,  but  there  are  a 
few  salts,  such  fis  calcium  sulphate,  which  follow  the 
ppposite  rule.     A  considerable  number  of  salts  resemble 

Hum  sulphate  in  becoming  more  soluble  up  to  a  certain 
temperature,  and  then  varying  in  the  opposite  direction. 
We  next  require  to  ajssigu  the  amount  of  variation  as 
compared  with  that  of  the  t-emperaturCj  assuming  at  first 
tluit  tlie  increase  of  solubility  is  proportional  to  the  in- 
crease of  temperature.  Common  salt  is  an  instance  of 
veiy  slight  variation,  and  potassium  nitrate  of  very  con- 
siderable increase  with  temperature.  Very  accurate  ob- 
Bcrvatious  will  probably  show,  however,  that  the  simple 
law  of  i-iroportionate  variation  is  only  approximately  true, 
and  some  more  complicated  law  involving  the  second, 
tlurd,  or  higher  powers  of  the  temperature  may  ultimately 
l>e  estublit^lied.  All  these  investigations  have  to  be 
carried  out  tor  each  salt  separately,  since  no  distinct  prin- 
ciples bv  which  we  may  infer  from  one  substance  to 
anatlier  have  yet  been  detected.  There  is  still  an  in- 
detbute  field  for  furtlifT  research  open  ;  tor  the  solubility 

'^    -^'^  would  i*robably  vary  with   tbe   pressure   under 

lie  mcilium  is  placed  ;  the  presence  of  other  salts 

ikwdv  i&eaVved  may  have  effects  yet  unknown.     The 

,  abeady  effected  as  regards  the  solvent  power  of 

be  wpeated  as  regards  aleohoh  ether,  carbon 
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bisulphide,  and  otlier  media,  8<>  that  iiuless  general  laws 
can  be  detected,  this  one  phenomenon  of  solution  can 
never  be  exhaustively  treated.  The  same  kind  of  questions 
recur  as  regards  the  solution  or  absorption  of  gases  in 
liquids,  the  pressure  as  well  as  the  temperature  having 
then  a  most  decided  effect,  and  Professor  Roscoe  s  re- 
searches on  the  subject  present  an  excellent  example  of 
the  successive  determination  of  various  complicated  laws". 

There  is  hardly  a  single  branch  of  scientific  research 
in  which  similar  complications  are  not  ultimately  en- 
countered. In  the  case  of  gravity,  indeed,  we  arrive  at 
the  final  law,  that  the  force  is  invariably  the  same  for  all 
kinds  of  matter,  and  depends  only  on  the  distance  of 
action.  But  in  other  subjects  the  laws,  if  simi)le  in  their 
ultimate  nature,  are  disguised  and  complicated  in  their 
apparent  results.  Tlius  the  effect  of  heat  in  expanding 
solids,  or  the  reverse  effect  of  forcible  extension  or  com- 
pression upon  the  temperature  of  a  body,  will  vary 
from  one  substance  to  another,  will  vary  as  the  tem- 
perature is  already  higher  or  lower,  and  will  probably 
foDow  a  highly  complex  law,  which  in  some  cases  gives 
negative  or  exceptional  results.  In  crystalline  substances 
the  same  researches  have  to  be  repeated  in  each  distinct 
axial  direction. 

In  the  sciences  of  pure  observation  again,  such  as  those 
of  astronomy,  meteorology,  and  terrestrial  magnetism,  wc 
meet  with  many  interesting  series  of  quantitative  deter- 
minations. Tlie  so-called  fixed  stars,  as  Giordano  Bruno 
divined,  are  not  really  fixed,  and  may  be  more  truly 
described  as  vast  wandering  orbs,  each  pursuing  its  o\vn 
path  tlu-ough  space.  Wc  must  then  determine  separately 
for  each  star  the  following  questions  : — 

1 .  Does  it  move  1 

2.  In  what  direction  ? 

n  Watt's  'Dictionary  of  ChemiBtry,'  vol.  ii.  p.  790. 
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3.  At  what  velocity  ? 

4.  Is  this  velocity  variable  or  uniform  1 

5.  If  variable,  according  to  what  law  ? 

6.  Is  the  direction  uniform  ? 

7.  If  not,  what  is  the  form  of  the  apparent  path  ? 

The  successive  answers  to  such  questions  in  the  case  of 
certain  binary  stai-Sj  have  afTorded  a  proof  that  the 
motions  are  due  to  a  central  force  coinciding  in  law  with 
gravity,  and  doubtless  identical  with  it.  In  other  casea 
the  motions  are  usually  so  srnaU  that  it  is  exceedingly 
difficult  to  distmguish  them  with  certainty,  A  coincidence 
of  motions  in  ^ome  constellations  has  been  pointed  out 
by  Mr.  Proctor,  and  the  parallactic  effect  due  to  the  sun's 
proper  motion  has  been  surely  detected  ;  but  the  time  is 
yet  fiir  off  when  any  general  results  as  regards  stellar 
motions  can  be  established. 

The  variation  in  the  brightness  of  stars  opens  an  un- 
limited field  for  curious  observation.  There  is  not  a  star 
in  the  heavens  concerning  wliich  we  might  not  have  to 
determine — 

1 ,  Does  it  vary  in  briglitncE^  % 

2,  Is  the  briglitness  increasing  or  decreasing  ? 

3,  Is  the  variation  uniform,  that  is,  simply  proportional 

to  time  % 

4,  If  not,  accf)rding  to  wdiat  law  does  it  vary  ? 

In  a  majority  of  cases  the  change  will  probably  be 
Ibmid  to  have  a  periodic  character,  in  which  case  several 
utber  questions  will  arise,  such  eis— 

5.  What  is  the  length  of  the  period  ? 

6,  Aro    there     minor    periods    w^ithin    the    principal 

(tnud! 

•   Wliat  ys  tiic  ibmi  or  law  of  variation  within  the 


T%  Awx  diaiige  in  the  amount  of  variation  ? 
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9.  If  80,  is  it  a  secular,  i.  e.  a  continiKilly  growing 
change,  or  does  it  give  evidence  of  a  greater  j)eriod  ? 

Already  the  periodic  changes  of  a  ceitain  niiml>er  of 
stars  have  been  determined  with  accuracy,  and  the  lengths 
of  the  periods  vary  from  less  than  three  days  up  to  in- 
tervals of  time  at  least  250  times  as  great.  Periods 
within  periods  have  also  been  detected  o. 

There  is,  perhaps,  no  subject  in  which  more  comjJicated 
quantitative  conditions  have  to  be  determined  than  ter- 
restrial magnetism.  Since  the  time  when  the  declination 
of  the  compass  was  first  noticed,  as  some  suppose  by 
Columbus,  we  have  had  successive  discoveries  from  time 
to  time  of  the  progressive  change  of  declination  from 
century  to  century ;  of  the  periodic  character  of  this 
change;  of  the  difference  of  the  declination  in  various 
parts  of  the  earth's  surface ;  of  the  varying  laws  of  the 
change  of  declination  ;  of  the  dip  or  inclination  of  th(j 
needle,  and  the  corresponding  laws  of  its  periodic  changeH  ; 
the  horizontal  and  perpendicular  intensities  huv(j  also 
been  the  subject  of  exact  measurement,  and  have  l;<'en 
found  to  vary  by  place  and  time,  like  the  directions  of  iJie 
needle ;  daily  and  yearly  periodic  changes  have  also  Ix'cn 
detected,  and  all  the  elements  are  found  to  be  subject  to 
occasional  storms  or  abnormal  perturbations,  in  which  the 
eleven  year  period,  now  known  to  be  common  to  many 
planetary  relations,  is  apparent.  The  complete  solution 
of  these  motions  of  the  compass  needle  involves  nothing 
less  than  a  determination  of  its  position  and  oscillations  in 
every  part  of  the  world  at  any  epoch,  the  like  deter- 
mination for  another  epoch,  and  so  on,  time  after  time, 
until  the  periods  of  all  changes  are  ascertained,  and  the 
character  of  the  variations  determined.  This  one  subject 
oflTers  to  men  of  science  an  almost  inexhaustible  field  for 

o  Humboldt's  'Cosmos,'  translated  by  Ott6,  vol.  iii.  p.  228. 


interestijig  quantitative  research  P,  in  which  we  shall 
doulitless  at  some  future  time  discover  the  operation  of 
causes  now  most  mysterious  and  unaccountable. 

Tfi^e  Methods  of  Acctante  MeasureineiU. 

In  study it^  the  modes  by  which  physiciFfts  have  ac^ 
<  r^rapliBhed  very  exact  mea^siuements,  we  find  that  they 
are  very  various,  but  that  they  may  perhaps  be  reduced 
under  the  following  three  classes  ; — 

1,  The  increase  or  decrease  of  the  quantity  to  be 
measured  in  some  determinate  ratio,  so  as  to  bring  it 
within  the  scope  of  our  senses,  and  to  equate  it  with  the 
standard  unit,  or  some  determinate  multiple  or  sub-mul- 
tiple of  this  unit. 

2.  The  discovery  of  some  natural  conjunction  of  events 
which  will  enable  us  to  compare  directly  the  multiples  of 
the  quantity  with  those  of  the  unit,  or  a  quantity  related 
in  a  definite  ratio  to  that  unit. 

3*  Indirect  measurement,  wljieli  gives  us  not  the  quan- 
tity itself,  but  some  other  quantity  connected  with  it  by 
known  mathematical  relations. 

Conditions  of  AccurcUe  Meamirement. 

Several  conditions  are  requisite  in  order  that  a  mea- 
surement may  be  made  witli  great  accuracy,  and  that 
the  result  may  be  closely  accordant  when  several  inde- 
]unident  measurements  are  made. 

In  tlie  lir^t  place  the  magnitude  must  be  exactly  defined 
l»y  sharp  ternuiiations,  or  precise  marks  of  inconsiderable 
thicktioHs.  When  a  bomidary  is  vague  and  graduated, 
like  the  penumbra  in  a  lunar  eclipse,  it  is  impossible  to 
aay  where  the  end  rerdly  is,  and  different  people  will  come 

iQnmfi^     HJeiieml    Theary     of     Terrestrial    Magnetism';    Taylors 
'8iuemi(ic  Memoir^/ vol.  ii.  p.  228. 
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to  different  results.  We  may  sometimes  ovcrcomi*  this 
difficulty  to  a  oertain  extent,  by  observations  repeati^l  in 
a  special  manner,  as  we  shall  afterwards  see ;  but  when 
possible,  we  should  choose  opportunities  for  measure- 
ment when  precise  definition  is  easy.  The  moment  of 
oocultation  of  a  star  by  the  moon  can  be  observed  with 
great  accuracy,  because  the  star  disiippears  with  perfeet 
suddenness;  but  there  are. many  other  astronomienl  eon- 
jimctions,  eclipses,  transits,  &e.,  which  occupy  a  certain 
length  of  time  in  happening,  and  thus  open  the  way  lo 
differences  of  opinion.  It  would  be  impossible  to  ol)servo 
with  precision  the  movements  of  a  body  possessing  no 
definite  points  of  reference.  The  spots  on  the  sun,  for 
instance,  furnish  the  only  direct  criterion  of  its  rotation, 
and  the  possibility  that  these  spots  have  a  tendency  to 
move  in  one  direction  throws  a  doubt  ui)on  all  deter- 
minations of  the  sun  s  axial  movement. 

The  colours  of  the  complete  spectrum  shade  with  perfect 
continuity  into  each  other,  so  that  their  separation  is 
entirely  an  arbitrary  matter.  Exact  determinations  of 
refractive  indices  would  have  been  impossible,  had  we  not 
the  fixed  dark  lines  of  the  solar  spectnnn  as  precise  points 
for  measurement,  or,  what  comes  to  the  same  thing,  various 
Idnds  of  homogeneous  light,  such  as  that  of  sodium,  pos- 
sessing a  nearly  uniform  length  of  vibration. 

In  the  second  place,  we  cannot  measure  accurately 
unless  we  have  the  means  either  of  multiplying  or  dividing 
a  quantity  >vithout  considerable  error,  so  tliat  we  may 
correctly  equate  one  magnitude  with  the  multiple  or  sub- 
multiple  of  the  other.  In  some  cases  we  operate  upon  the 
quantity  to  be  measured,  and  bring  it  into  accurate  coin- 
cidence with  the  actual  standard,  as  when  in  photometry 
we  vary  the  distance  of  our  luminous  body,  initil  its 
illuminating  power  at  a  certain  point  is  equal  to  that  of  a 
standard  lamp.     In  other  cases  we  repeat  the  unit  until  it 


no 
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equals  the  object,  as  in  surveying  land,  or  determining  a 

wt^ight  by  the  balance,  Tlie  requisites  of  accuracy  now 
are  : — ( i )  That  we  can  repeat  unit  after  unit  of  exactly 
equal  magnittide  ;  (2)  That  these  can  be  joined  together 
80  that  the  aggregate  shaD  really  be  the  sum  of  tlie 
parts.  The  same  conditionB  apply  to  subdivision,  which 
may  be  regarded  as  a  multiplication  of  subordinate  units. 
In  order  to  roeasure  to  the  thousandth  of  an  inch,  we 
must  be  able  to  add  thousandth  after  thousandth  without 
f*rror  in  the  magnitude  of  these  spaces,  or  in  their  con- 
junct ion. 

Tlie  condenser  electrometer,  as  remarked  by  Thomson 
and  Tait^i,  is  a  good  example  of  an  instrument  unfitt-ed  to 
give  any  sure  measure  of  electro-motive  force,  because  the 
friction  between  the  parts  of  the  condenser  often  produces 
more  electricity  than  the  original  quantity  which  was  to 
bo  measured* 


Measuring  Tnstruments, 


h  consider  the  mechanical  construction  of  scientific 
instruments,  is  no  part  of  my  purpose  in  this  book.  I 
winh  to  point  out  merely  the  general  purpose  of  such 
instruments,  and  the  methods  adopted  to  carry  out  that 
puj*po80  with  great  precision.  In  the  first  place  we  must 
distinguish  between  the  instruraeut  which  effects  a  com- 
parison between  two  quantities,  and  the  standard  mag- 
uitudti  which  often  fonns  one  of  the  quantities  compared* 
The  astronomer's  clock,  for  in6tanc43,  is  no  standard  of  the 
viWnx  of  time ;  it  serves  but  to  subdivide,  with  approxi- 
mate iiocnracy*  the  interval  of  successive  passages  of  a 
star  across  the  meridian,  which  it  may  effect  perhaps  to 
the  tenth  part  of  a  second,  or  ^  g  /<^  ^  5  part  of  the  whole. 


n  'Elemeiite  of  Natural  PbiloBophy,*  Bcct  326,  p.  loS. 
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The  moving  globe  itself  is  the  real  standard  dtH'k,  and  llir 
transit  instrument  the  finger  of  the  clock,  while  the  stai-s 
are  the  hour,  minute^  and  second  marks,  nono  the  less 
useful  or  accurate  because  they  are  dispi>8iHl  at  nno(|ual 
intervals.  The  photometer  is  a  simple  instmniont,  by 
which  we  compare  the  relative  intensity  of  rays  of  li^ht 
filling  upon  a  given  spot.  The  galvanometer  shows  the 
comparative  intensity  of  electric  currentu  j^aesing  through 
a  wire.  The  calorimeter  guages  the  quantity  of  heat 
passing  from  a  given  object.  But  no  such  instruments 
furnish  the  standard  unit  in  terms  of  which  our  results  are 
to  be  expressed.  In  one  peculiar  case  aloni*  does  the  sanje 
instrument  combine  the  unit  of  mciusuivnuMit  and  the 
means  of  comparison.  A  theodolite?,  mural  circle,  sextant, 
or  other  instrument  for  the  moaHurcment  of  angular  mag- 
nitudes has  no  need  of  an  additional  physical  unit  ;  for 
the  very  circle  itself,  or  complete  revolution,  is  the  natural 
unit  to  which  all  greater  or  lesser  amounts  of  angular 
magnitude  are  referred. 

The  result  of  every  measurement  is  to  make  known  the 
purely  numerical  ratio  existing  between  the  magnitude 
to  be  measured,  and  a  cert^iin  other  magnitude,  which 
should,  when  possible,  be  a  fixed  unit  or  standard  magni- 
tude, or  at  least  an  intermediate  unit  of  which  the  value 
can  be  ascertained  in  terms  of  the  ultimate  standard.  But 
though  a  ratio  is  the  required  result,  an  equation  is  the 
mode  in  which  the  ratio  is  determined  and  expressed.  In 
every  measurement  we  equate  some  multijjle  or  submul- 
tiple  of  one  quantity,  with  some  multiple  or  submultiple 
of  another,  and  equality  is  always  the  fact  which  we 
ascertain  by  the  senses.  By  the  eye,  the  ear,  or  the  touch, 
we  judge  whether  there  is  a  discrc^pancy  or  not  between 
two  lights,  two  sounds,  two  intervals  of  time,  two  bars  of 
metal  Often  indeed  we  substitute  one  sense  for  the  other, 
as  when  the  efflux  of  time  is  judged  by  the  marks  upon 
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a  ino\nng  slip  of  paper,  so  that  equal  intervala  of  time  are 
represented  by  equal  lengths.  There  is,  perhaps,  a  ten- 
dency to  reduce  all  coniparieons  to  the  comparison  of  space 
maOTitiides,  but  in  anv  c-ase  one  of  the  senses  must  be  the 
ultimate  judge  of  coincidence  or  non-coincidence. 

Since  the  equation  to  be  established  may  exist  between 
any  multiples  or  submultiples  of  the  quantities  compared, 
there  natiinilly  arise  several  different  modes  of  comparison 
adapted  to  different  cases.  Let  p  he  the  magnitude  to 
lie  measured,  and  q  that  in  terms  of  which  it  is  to  be 
expressed.     Then  we  wish  to  find  such  numbers  x  and  y, 

that  the  equation  p^~q  may  be  true.     Now  this  same 

equation  may  be  presented  in  four  slightly  different  formSj 
namely : — 

First  Form.         Secoiul  Fonn.         Third  Form.         Fourth  For 

9 

y 

Each  of  these  modes  of  expressing  the  same  equation  cor- 
responds to  one  mode  of  effecting  a  measurement 

When  the  standard  quantity  is  greater  than  that  to  be 
measured,  we  often  adopt  the  first  mode,  and  subdivide 
the  imit  until  we  get  a  magnitude  equal  tt3  that  measured. 
The  angles  observed  in  surveying,  in  astronomy,  or  in 
mmionietry  are  usually  smaller  than  a  whole  revolution, 
niid  the  measuring  circle  is  divided  by  the  use  of  the 
iiiioi^>«^^f>P^*  <»iitl  screw,  until  we  obtain  an  angle  midistin- 
MiWmblo  from  that  observed.  The  dimensions  of  muiute 
^^vt?*  tin*  determined  by  subdividing  the  inch  or  centi- 
,|lil^iv^  tin^  ^^rew  micrometer  being  the  most  accurate 
s^^^^^i^  ^'l*  HuUliviHion.  Ordinary  tcDipetutures  are  esti- 
\yMf^  bv  ^livUion  of  the  standard  interval  between  the 
t'fwui^^(  *^*^   b*.»iUng  points  of  water,   as   marked   on   a 

ku^  iUi'  s«vutcp  number  of  caBes,  perhaps,  we  multiply 


X 


p'i-<i 


p, 

X 


^ 
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the  standard  unit  until  we  get  a  magnitude  equal  to  that 
to  be  measured.  Ordinary  measurement  by  a  fcH:)t  nile, 
a  surveyor  8  chain,  or  the  exceseively  careful  meiisiiremeuts 
of  the  base  line  of  a  trigonometrical  survey  l»y  standard 
bars  form  a  sufficient  instance  of  this  ca^se. 

In  the  second  case,  where  p-  =  q,  we  multiply  or  divide 

a  magnitude  imtil  we  get  what  is  equal  to  the  unit,  or  to 
some  magnitude  easily  comparable  with  it.     As  a  genenil 
rule    the    quantities    whicli    we   desire   to    measui-e   in 
physical  science  are  too  small  rather  than  too  great  for 
easy  determination,  and  the  problem  consists  in  nuiltiply- 
ing  them  without  introducing  error.     Thus  the  expansion 
of  a  metallic  bar  when  heated  from  o"  C  to  loo''  may  be 
multiplied  by  a  train  of  levers  or  cog  wheels.     In  the 
common  thermometer  the  expansion  of  the  mercury  is 
rendered  very  apparent,  jind   easily  measurable  by  the 
fineness   of  the  tube,  and   many  other  cases   might  be 
quoted.     There  are  some   phenomena,  on   the   contrary, 
which  are  too  great  or  rapid  to  come  within  the  easy 
range  of  our  senses,  and  our  task  is  then  the  opposite 
one  of  diminution.     Galileo  found  it  difficult  to  measure 
the  velocity  of  a  falling  body,  owing  to  the  very  consider- 
able velocity  acquired  in  a  single  second.     He  adopted 
the  elegant  device,  therefore,  of  lessening  the  rapidity 
by  letting  the  body  roll  down  an  inclined  plane,  which 
enables  us  to  reduce  the  accelerating  force  in  any  re([uired 
ratio.     The  same  purpose  is  effected  in  the  well  known 
experiments  performed  on  Attvvoods  machine,   and  the 
measurement  of  gravity  by  the  pendulum  really  depends 
on  the  Siune  principle  applied  in  a  far  more  advantageous 
manner.     Sir  Charles  Wheatstone  has  invented  a  beauti- 
ful method  of  galvanometiy  for  strong  cuiTents,  which 
consists  in  drawing  off  from  the  main  current  a  certain 
determinate  portion,  which   is  ecjuated  by  the  galvano- 
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meter  to  a  Btandard  current ''.  In  short,  he  measures  not 
the  cuiTent  itself  but  a  known  fraction  of  it. 

In  many  electrical  and  other  experiments,  we  wish  to 
measure  the  movements  of  a  needle  or  other  body,  which 
are  not  only  very  slight  in  themselves,  but  the  manifes- 
tations of  exceedingly  small  forces.  We  cannot  even 
a|iproach  a  delicately  balanced  needle  without  disturbing 
it.  Under  these  circumstances  the  only  mode  of  proceed- 
ing with  accuracy,  is  to  attach  a  very  small  mirror  to  the 
movhig  body,  and  employ  a  ray  of  light  reflected  from 
the  mirror  as  an  index  of  its  movements.  The  ray  may 
be  considered  quite  incapable  of  affecting  the  body,  and 
yet  by  alluwing  the  ray  to  pass  to  a  sufficient  distance, 
the  motions  of  the  mirror  may  be  increased  to  ahnost  any 
extent,  A  ray  of  light  is  in  fact  a  perfectly  weightless 
finger  or  index  of  indefinite  length,  with  the  additional 
advantage  that  the  angular  deviation  is  by  the  law  of 
reflection  double  that  of  the  mirror.  This  method,  was 
introduced  by  Gauss,  and  is  now  of  great  importance ; 
but  in  WoUastons  reflecting  goniometer  a  ray  of  light 
had  previously  been  employed  as  an  index  finger,  Lavoi- 
sier and  Laplace  had  also  used  a  telescope  in  connection 
with  the  pyrometer. 

It  is  a  great  advantage  in  some  instruments  that  they 
can  be  readily  made  to  man i test  a  phenomenon  in  a  greater 
or  less  degree,  by  a  very  slight  change  in  the  construction. 
Thus  either  by  enlarging  the  bulb  or  contracting  the  tube 
of  the  thermometer,  we  can  make  it  give  more  conspicuous 
indicatitms  of  change  of  temperature.  The  barometer,  on 
the  other  hand,  always  gives  tlio  variations  of  pressure 
on  one  scale.  The  toi^ion  balance  is  especially  remark- 
able  tor  the  extreme  delicacy  which  may  be  attained 
)n  increasing  the  length  and  lightness  of  the  rod,  and  the 
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length  and  thinness  of  the  8U])porting  thread.  Furces  m 
minute  as  the  attraction  of  gravitation  Ixjtween  two  bidls, 
or  the  magnetic  and  diamagnetic  attraction  of  common 
liquids  and  gases,  may  thus  be  made  aj)purcnt,  and  even 
measured  The  common  chemical  balance,  too,  is  capable 
theoretically  of  indefinite  sensibility «, 

The  third  mode  of  measurement,  which  may  be  called 
the  Method  of  Bepetition,  is  of  such  great  importance  and 
interest  that  we  must  consider  it  in  a  separate  section.  It 
consists  in  multiplying  both  magnitudes  to  be  compared 
until  some  multiple  of  the  first  is  found  to  coincide  very 
nearly  with  some  multiple  of  the  second.  If  the  multi|>li- 
cation  can  be  effected  to  an  indefinite  extent,  without  the 
introduction  of  countervailing  errors,  the  accuiacy  with 
which  the  required  ratio  can  l^e  determined  is  unlimited, 
and  we  thus  account  for  the  extra<jrdiiiary  ja'ccision  witli 
which  intervals  of  time  in  astronomy  are  compared  io- 
gether. 

The  fourth  mode  of  measurement  in  which  wu  eciuate 
Bubmultiples  of  two  magnitudes  is  comparatively  seldom 
employed,  because  it  does  not  conduce  to  accuracy.  In 
the  photometer,  perhaps,  we  may  be  said  to  use  it ;  we 
compare  the  intensity  of  tAvo  sources  of  light,  by  i)lacing 
them  both  at  such  distances  from  a  given  surface,  tliat  the 
light  falling  on  the  surface  is  tolerable  to  the  eye,  and 
equally  intense  from  each  source.  Since  the  intensity  of 
rays  diminishes,  as  the  inverse  squares  of  the  dLstunces, 
the  relative  intensities  of  the  luminous  bodies  are  ]>roj>or- 
tional  to  the  squares  of  their  distances.  The  equality  of 
intensity  of  two  rays  of  similarly  coloured  light,  may  be 
most  accurately  ascertained  in  the  mode  suggested  by 
Arago,  namely,  by  causing  the  rays  to  pass  in  opposite 
directions  through  two  nearly  flat  lenses  pressed  together. 

8  Watt'H  *  Dictionary  of  Clieiiiistr}'/  art.  Balnncf,  vol.  i.  p.  487. 
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There  is  an  exact  equation  between  the  intensities  of  the 
beams  when  Newton's  rings  disappear,  the  ring  created 
by  one  ray  being  exactly  the  complement  of  that  created 
by  the  other*. 

The  Method  of  Repetition. 

Tl)e  ratio  of  two  quantities  can  be  determined  witli 
unlimited  accumcy,  if  we  can  multiply  Injlh  tlie  object 
of  measurement  and  the  standard  unit  without  error,  and 
then  observe  what  muUii)le  of  the  one  coincides  or  nearly 
coincides  with  some  multiple  of  the  other.  Although  jjer- 
feet  coincidence  can  never  be  really  attained,  the  error 
tlius  arising  may  be  indefinitely  reduced.  For  if  the 
equation         py  =  qx         l>e  uncei'tain  to  the  amoimt  e,  so 

that      ]jy  —  qx±€t      then  we  have       p  =  J  ^  ±  - »       find 

fi8  we  are  supposed  to  be  able  to  make  y  as  gi'eat  as  we 
like  without  increasing  the  error  e^  it  follows  that  we 
can  approximate  as  closely  as  we  like  to  the  required 
ratio  x-i-y. 

This  method  of  repetition  is  naturally  employed  wlien- 
ever  quantities  can  be  repeated,  or  repeat  themselves 
without  error  of  juxtaposition,  which  is  es])ecial]y  the 
case  with  the  motions  uf  tlie  earth  and  heavenly  bodies. 
In  determining  the  length  of  the  sidereal  day,  we  really 
determine  the  ratio  between  the  earths  revolution  round 
the  sun,  and  its  rotation  on  its  own  axis.  We  mi^rht 
ascertain  the  ratio  by  observing  the  successive  passages 
of  a  star  across  the  zenith,  and  comparing  the  interval  by 
a  good  clock  with  that  between  two  passages  of  the  sun, 
the  ditlereneo  being  due  to  the  angular  movement  of  the 
earth  round  the  sun.  In  such  observations  we  should 
liave  an  error  of  a  congidemble  part  of  a  second  at  each 


*  Iliiniholdfs  •  Cosmos,'  (Bohn)»  vol  iii.  p»  129. 
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observation,  in  addition  to  the  irregularities  uf  the  clock. 
But  the  revolutions  of  the  earth  repeat  themselves  day 
after  day,  and  year  after  year,  without  the  slightest  in- 
terval between  the  end  of  one  period  and  the  beginning 
of  another.  The  operation  of  multi{)licatioii  is  perfectly 
performed  for  us  by  nature.  If,  then,  we  can  lind  an  obser- 
vation of  the  passage  of  a  star  across  the  meridian  a  hun- 
dred years  ago,  that  is  of  the  inten^al  of  time  between 
the  passage  of  the  sun  and  the  stiu*,  the  instrumental 
errors  in  measuring  this  interval  by  a  clock  and  telesiNjpe 
may  be  greater  than  in  the  present  day,  but  will  be 
divided  by  about  36,524  days,  and  rendered  excessively 
small.  It  is  thus  that  astronomers  have  been  able  to 
ascertain  the  ratio  of  the  mean  solar  to  the  sideral  day 
to  the  8th  place  of  decimals  (roo2 73791  to  i),  or  to  the 
hundred  millionth  part,  probably  the  most  lUTurate  result 
of  measurement  in  the  whole  range  of  science. 

The  antiquity  of  this  mode  of  comparison  is  almost  as 
great  as  that  of  astronomy  itself.  Hipparchus  made  the 
first  clear  application  of  it,  when  he  compared  his  own 
obeervations  with  those  of  Aristarchus,  made  145  years 
previously  ",  and  thus  ascertained  the  length  of  the  year. 
This  calcidation  may  in  fact  be  regarded  as  the  earliest 
attempt  at  an  exact  determination  of  the  constants  of 
nature.  The  method  is  the  main  resource  of  iistronomers  ; 
Tycho,  for  instance,  detected  the  slow  diminution  of  tlie 
obliquity  of  the  earth's  axis,  by  the  comparison  of  ob- 
servations at  long  intervals.  Living  astronomers  use  the 
method  as  much  as  earlier  ones ;  but  so  suj)erior  in  ac- 
curacy are  all  observations  taken  during  the  last  hundred 
years  to  all  previous  ones,  that  it  is  often  foiuid  pre- 
ferable to  take  a  shorter  interval,  rather  than  incur  the 
risk  of  greater  instrumental  errors  in  the  earlier  observa- 
tions. 

n  Montucla,  *  Histoire  dcs  Math^matiqueB,'  vol.  i.  p.  258. 
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It  18  obvious  that  many  of  the  slower  changes  of  the 
heavenly  bodies  must  require  the  lapse  of  large  intei'\"als 
of  time  to  render  their  amount  perceptible.  Hipparchus 
could  not  possibly  have  discovered  many  of  the  smaller 
inequalities  of  the  heavenly  motions,  because  there  were 
no  previous  observations  of  sufficient  age  or  exactness  to 
exliibit  them.  And  just  as  the  observations  of  Hipparchus 
tbrmed  the  starting-point  for  suVjsequeut  comparisons,  so 
a  large  part  of  the  labour  of  present  astronomers  is  di- 
rected to  recording  the  present  state  of  the  heavens  so  ■ 
exactly,  that  future  generations  of  astronomers  may  detect 
many  changes,  which  cannot  possibly  become  known  in 
the  present  age. 

The  principle  of  repetition  w^as  very  ingeniously  em- 
ployed in  an  instrument  first  proposed  by  Mayer  in  1767, 
and  carried  into  practice  in  the  Repeating  Circle  of  Borda  ^, 
The  exact  measurement  uf  angles  is  indispensable,  not 
only  in  astronomy  but  also  In  trigonometrical  surveys,  and 
the  highest  skill  m  the  mechanical  execution  of  the  giudu- 
ated  circle  and  telescope  will  not  prevent  teiminal  erroi's 
of  considerable  amoinit.  If  instead  of  one  telescope,  the 
circle  be  provided  with  two  similar  telescopes,  these  may 
be  alternately  directed  to  two  distant  points,  say  tlie 
marks  in  a  trigonometrical  survey,  so  that  the  circle  shall 
be  turned  through  any  multiple  of  the  angle  subtended 
by  those  mai'ks,  before  the  amount  of  tlie  angular  revolu- 
tion is  read  off  upon  the  graduated  circle.  Theoretically 
speaking,  all  error  arising  from  imperfect  graduation  might 
thus  be  indefinitely  reduced,  being  divided  by  the  number 
of  repetitions.  In  practice,  however,  the  advantage  of 
the  invention  is  not  found  to  be  great,  probably  because 
a  certain  error  is  introduced  at  erijch  observation  in  the 
changing  or  fixing  of  the  telescopes.     It  is  moreover  in- 
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applicable  to  moving  objects  like  the  lieaveiily  b(Klies,  so 
that  its  use  is  confined  to  important  trigonometrical 
surveys. 

The  pendulum  is  the  most  perfect  of  all  instruments, 
chiefly  because  it  naturally  admits  of  almost  indefinite 
repetition.  Since  the  force  of  gravity  never  ceases,  one 
swing  of  the  pendulum  is  no  sooner  ended  than  the  other 
is  begun,  so  that  the  juxtaposition  of  successive  units  is 
absolutely  perfect.  Provided  that  the  oscillations  be  ecjual, 
then  one  thousand  oscillations  will  occupy  exactly  one 
thousand  times  as  great  an  inten'al  of  time  as  one  oscil- 
lation. Not  only  is  the  subdivision  of  time  entirely  de- 
pendent on  this  fact,  but  in  the  accurate  measurement  of 
gravity,  and  many  important  dcteimination  it  is  of 
the  greatest  service.  In  the  deepest  mine,  we  could  not 
observe  the  rapidity  of  fall  of  a  body  for  more  than  a 
quarter  of  a  minute,  and  the  meiisurement  of  its  velocity 
would  be  difficult,  and  subject  to  uncertain  errois  from 
resistance  of  air,  &c.  In  the  pendulum,  we  have  a  body 
which  can  be  kept  rising  and  falling  lor  many  hours,  in 
a  mediiun  entirely  under  our  command  or  if  desirable  in 
a  vacuum.  Moreover,  the  comj)aralive  force  of  gravity  at 
different  points,  at  the  top  and  bottom  of  a  mine  for 
instance,  can  be  determined  with  wonderful  precision,  by 
comparing  the  oscillations  of  two  exactly  similar  pendu- 
lumSy  with  the  aid  of  electric  clock  signals.  To  ascertiun 
the  comparative  lengths  of  vibration  of  two  pendulums,  it 
is  only  requisite  to  swing  them  one  in  front  of  the  other, 
to  record  by  a  clock  the  moment  when  they  coincide  in 
swing,  so  that  one  hides  the  other,  and  then  count  the 
number  of  vibrations  until  they  again  come  to  similar 
coincidence.  If  one  pendulum  makes  m  vibrations  and 
the  other  //,  we  at  once  have  our  equation  pn  =  <pii\ 
which  gives  the  length  of  vibration  of  either  pendulum  in 
terms  of  the  other.     This  method  of  coincidence,  embody- 
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ing  tlie  principle  of  repetitiou  in  perfection,  was  employed 
with  wonderful  skill  by  Sir  George  Airy,  in  his  experi- 
ments on  tlie  Density  of  the  Earth  at  the  Harton  Colliery  ;! 
the   pendulums   above    and   below  being  compared  with] 
clocks,  which  again  were  compared  with  each  other  by  I 
electric  signals.    So  exceedingly  accurate  was  this  method 
of  obsei-vation,  as  carried  out  by  Sir  George  Aiiy,  that  he] 
was  able  to  measure  a  total  difference  in  the  vibrations  atj 
the  top  and  bottom  of  the  shaft,  amounting  to  only  2*24" 
seconds  in  the  twenty-four  hours,  with  an  error  of  lessj 
than    one    bundredth    part   of  a   second,  or  one  part  iul 
8,640,000  of  tlie  whole  day  ^. 

The  principle  of  repetition  has  been  elegantly  ai'iplied' 
in  observing  the  motion  of  weaves  in  water*  If  the  canal 
in  which  the  experiments  are  made  be  short,  say  twenty 
feet  long,  the  waves  w^ill  pass  through  it  so  rapidly  that 
an  observation  of  one  length,  as  practised  by  Walker,  will 
be  subject  to  much  terminal  error,  even  when  the  obsers^er 
is  very  skiliuL  But  it  is  a  result  of  the  undulatorj^  theory 
that  a  wave  is  quite  unaltered,  and  loses  no  time  by  com- 
plete reflection,  so  that  it  may  be  allowed  to  travel  back- 
wards and  forwards  in  the  same  canal,  and  its  motion,  say 
through  sixty  lengths,  or  1 200  feet,  may  be  observed  with 
the  same  accuracy  as  in  a  canal  1200  feet  long,  with  tlie 
advantage  of  greater  uniformity  in  the  condition  of  the 
canal  and  water  >\  It  is  always  desirable,  if  possible,  to 
bring  an  experiment  into  a  small  compass,  so  as  to  be  well 
under  command,  and  yet  we  may  often  by  repetition 
enjoy  at  the  same  time  the  advantage  of  extensive  obser- 
Tation. 

One  reason  of  the  great  acciuracy  of  weighing  with  a 
good  balance  is  the  fact,  that  weights  placed  m  the  same 

»  •Philosophical  Transactions,'  (1856)  vol.  146,  Part  i.  p.  297. 
y  Airj',  *  On  Tides  and  Waves/  Encyclopedia  Meti-opolitana,  p.  345, 
Scott  Russell,  *  British  Association  Report/  1837,  p.  432, 
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scale  are  naturally  added  together  without  the  sliglitost 
error.  There  is  no  difficulty  in  the  precise  juxtaj)ositi«)n 
of  two  grammes,  but  the  juxtaposition  of  two  metre  mea- 
gnres  can  only  be  effected  with  tolerable  accuracy,  by  the 
use  of  microscopes  and  many  precautions.  Hence,  the 
extreme  trouble  and  cost  attaching  to  the  exact  ineasure- 
Ddent  of  a  base  line  for  a  sui-vey,  tlie  ripk  of  error  entering 
at  every  juxtaposition  of  the  measuring  bars,  and  indefatig- 
able attention  to  all  the  requisite  precautions  being  lures- 
saiy  throughout  the  operation  *. 

Measurements  by  NaUnxd  Coincidence. 

In  certain  cases  a  peculiar  conjunction  of  circunhstanccs 
enables  us  to  dispense  more  or  less  with  instrumental 
aids,  and  to  obtain  the  most  exact  numerical  results  in 
the  simplest  manner.  The  mere  fact,  for  instance,  that 
no  human  being  has  ever  seen  a  difterent  face  of  the  moon 
finom  that  familiar  to  us,  conclusively  proves  that  the 
period  of  rotation  of  the  moon  on  its  own  axis  is  equal 
to  that  of  its  revolution  round  the  earth.  Not  only  have 
we  the  repetition  of  these  movements  during  looo  or 
20CX)  years  at  least,  but  we  have  observations  made  Ibr 
us  at  very  remote  periods,  free  from  instrumental  eiTor, 
no  instrument  being  needed.  We  learn  that  the  seventh 
satellite  of  Saturn  is  subject  to  a  similar  law,  beaiuse  its 
light  undergoes  a  variation  in  each  revolution,  owing  to 
the  existence  of  some  dark  tract  of  land  ;  now  this  failure 
of  light  always  occurs  while  it  is  in  the  same  position 
relative  to  Saturn,  clearly  proving  the  equality  of  the 
axial  and  revolutional  periods,  as  Huyghens  perceived  *^ 

»  Herschers,  *  Familiar  Lectures  on  Scientific  Subjects/  p.  184. 
»  'Hugcnii  Cosmotbcoros,'  pp.  1 17-18.    Laplace's  '  Systcnio,'  trans- 
lated, vol.  i.  p.  67. 


A  like  peculiarity  in  the  motions  of  Jupiter *s  fourth  satel- 
lite was  similarly  detected  by  Maraldi  in  1713, 

Reniarkaljle  conjunctious  of  the  planets  may  sometimes 
allow  US  to  compare  their  periods  of  revolution,  through 
long  intervals  of  time,  with  great  accuracy.  Laplace  in 
t  explaining  the  long  inequality  in  the  motions  of  Jupiter 
and  Saturn,  was  much  a>ssisted  by  a  conjunction  of  these 
planets,  observed  by  Ibyn  Jounis  at  Cairo,  towards  the 
I  close  of  the  eleventh  century,  Laplace  calculated  that 
Hsuch  a  conjunction  must  have  happened  on  the  3i8t  of 
October,  A,  D*  1087  ;  and  the  discordance  between  the  dis- 
tances of  tlie  planets  as  recorded,  and  aa  assigned  by 
L^  theory,  was  less  than  one-fifth  of  the  apparent  diameter 
^M  of  tlie  sun.  This  difference  being  less  than  the  probable 
^1  ern>r  of  the  early  record,  his  theory  was  confirmed  as  far 
^HMf  facts  were  available*^. 

^^^'The  ancient  astronomers  often  shewed  the  highest  iii- 
II p     goniiity   in   turning   any  opportunities   of  measurement 
H  which  occurred  to  good  account.     Eratostlienes,  as  early 
H  as  250  B.  c,  happening  to  hear  that  the  sun  at  Syene,  in 
^  Upper  Egypt,  was  \asible  at  the  summer  solstice  at  the 
l>ottom  of  a  well,  proving  that  it  was  in  the  zenith,  pro- 
posted  to  determine  the  dimensions  of  the  earth,  by  mea- 
I  miring  tlie  length  of  the  shadow  of  a  rod  at  Alexandria  on 
the   same  day   of  tlio   year.     He   thus  learnt   in  a  rude 
mwiner  the  difterence  of  latitude  between  Alexandria  and 
8ywic  and  fhiding  it  to  be  about  one  fiftieth  part  of  the 
trhaio  circumference,  he  ascertained  the  dimensions  of  the 
«rth  within  about  one  sixth  part  of  the  trntli.     The  use 
it  wi^Hs  in  astronomical  observation  appears  to  have  been 
QQCMionaUy  pnictisod  in  comparatively  recent  times,  as 
\ft  F\im8teed  ia  1679^,     Ilipparchus  employed  the  moon 
m  tii  itiitnunent  of  measurement   in  several   sagacious 

^  Ch«AC«.  *  History  of  Physi<?al  Astronomy/  p.  1 29. 
•  My\ '  Account  of  FkniPtcecl/  p.  lix. 
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modes.  When  the  moon  is  exactly  half  full,  the  moon, 
sun,  and  earth,  are  at  the  angles  of  a  right-angled  triangle. 
He  proposed  therefore  at  such  a  time  to  measure  the 
moon's  elongation  from  the  sun,  which  would  give  him 
the  two  other  angles  of  the  triangle,  and  enable  him  to 
judge  of  the  comparative  distances  of  the  moon  and  sun 
from  the  earth.  His  result,  though  veiy  rude,  was  far 
more  accurate  than  any  notions  previously  entertained, 
and  enabled  him  to  form  some  estimate  of  the  comparative 
magnitudes  of  the  bodies.  Eclipses  of  the  moon  were  also 
very  useful  in  ascertaining  the  longitudes  of  the  stars, 
which  were  invisible  when  the  sun  was  above  the  horizon. 
For  the  moon  when  eclipsed  must  be  i8o°  distant  from 
the  sun ;  hence  it  was  only  requifc*ite  to  measure  the 
distance  of  a  fixed  star  in  longitude  from  the  eclipsed 
moon  to  obtain  with  ease  its  angular  distance  from  the 
sun. 

In  later  times  the  eclipses  of  Jupiter  have  usefully 
served  to  give  a  mejisuro  of  an  angle  ;  for  at  the  middle 
moment  of  the  echpse  the  satellite  must  1)0  exactly  in  the 
same  straight  line  with  the  planet  and  sun,  so  that  we 
can  learn  from  the  known  laws  of  movement  of  the 
satellite  the  longitude  of  Jupiter  as  seen  from  the  sun. 
If  at  the  same  time  we  meiusure  the  elongation  or  aj)- 
parent  angular  distance  of  Jupiter  from  the  sun,  as  seen 
from  the  earth,  we  have  all  the  angles  of  the  triangle 
between  Juj)iter,  the  sun,  and  the  earth,  and  can  cal- 
culate the  comparative  magnitudes  of  the  sides  of  the 
triangle  by  simple  trigonometry. 

The  transits  of  Venus  over  the  sun's  face  are  other 
natural  events  which  seem  to  give  most  accurate  measure- 
ments of  the  sun's  parallax,  or  apparent  difference  of 
position  as  seen  from  distant  points  of  the  earth  s  surface. 
The  sun  forms  a  kind  of  background  on  which  the  place 
of  the  planet  is  marked,  and  serves  jus  a  measuring  inslru- 


ment  free  from  all  the  errors  of  constraction,  which  affect  | 
human  instriiiiienta.   The  rotation  of  the  earth,  too,  by 
varioii»ly  atVocting   the  apparent   velocity  of  ingress  or^ 
egreHH  of  Veniin,  aa  seen  from  different  places,  discloses^ 
the  lunount   of  the   parallax.     It   has   been    sufficiently 
nhown  that  by  rightly  choosing  the  moments  of  obser^H 
vat  ion,  the  planetary  bodies  may  often  be  made  to  reveal 
thoir  ivhUivu  distance^  to  measure  theur  own  position,  to 
iwonl  tht^ir  own  movements  with  a  high  degi*ee  of  ac- 
ouriuw.     With  the  improvement  of  astronomical  instru- 
luoiiiiii  «uch    conjunctions    become  less   necessary  to   the 
\  ;  of  the  science,  but  it  will  always   remain  ad- 

l\       ^  '>Urt    to    choose   those    moments    for    observation 
rfhou  iurttrumental  errors  enter  with  the  least  effect. 
lu  other  Huionces,  exact  quantitative  laws  can  occasion- 
iJly  Ih>   oIUhuuhI   without    instrumental   measurement,  as 
\\h^\  wo  loiiru  Lho  exactly  equal  velocity  of  sounds  of 
ijiifeivut  |»itoli,    by  observing  that  a   peal  of  bells  or  a 
|]UPiMt  |Mjrfi»rmHnco  is  heard  harmoniously  at  any  dis- 
|\»  whioti  the  sound  penetrates;   this  could  not  be 
mh   ^  Newton  remarked,  if  one  sound   overtook 
othor,    thio  of  tln^  most  important  principles  of  the 
•  Vi  wtvi  proved  by  imphcation,  before  the  use 
ivvd  was   introduced  into  chemistry.     W^nzel 
"^'   '777»  that  when  two  neutral  substances 
•  othrr,  the  resulting  salts  are  also  neutral. 
{\\\\M    Mulphate   and    barium    nitrate,    we 
'    Uvritun    aidphate    and   neutral   sodium 
it   run  Id   not  follow  unless  the  nitric 
hu^uto   one   atom    of  sodium,  were 
uHjuired  by  one  atom  of  barium, 
^^  wniKl    take  place  without  leaving 

w^iUCipK^  of  mechanics  may  also  be 
.     JklV^ic  TheorjV  p.  30. 
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established  by  a  simple  acousticiil  observation.  WIumi 
a  rod  or  tongue  of  metal  fixed  at  one  end  is  wt  in 
vibration,  the  pitch  of  the  sound  mciy  \hi  ohscrv^Ml  to 
be  exactly  the  same,  whether  tlie  vibrations  l)c  snjull  or 
great;  hence  the  oscillations  are  isochronous,  or  cMjually 
rapid,  independently  of  their  magnitude.  On  the  ground 
of  theory,  it  can  be  shown  that  fiuch  a  result  only 
happens  when  the  flexure  is  proportional  to  tluj  (h^llrijting 
force.  Thus  the  simple  observation  that  the  pitirh  of 
the  sound  of  a  harmonium,  for  instance,  does  not  change 
with  its  loudness,  establishes  an  exact  law  of  nature  *-. 

A  closely  similar  instance  is  found  in  the  proof  that  the 
mtensity  of  light  or  heat  rays  varies  inversely  as  the 
square  of  the  distance  increases.  For  the  apparent  mag- 
nitude certainly  varies  according  to  this  law;  hence,  if  the 
intensity  of  light  varied  Jiccordnig  to  any  other  law,  the 
brightness  of  an  object  would  l)e  different  at  different 
distances,  which  is  not  observed  to  l)e  the  ease.  Melloni 
applied  the  same  kind  of  reasoning,  in  a  somewhat  dif- 
ferent form,  to  the  radiation  of  heat-rays^. 


Modes  of  Indirect  Measurement. 

Some  of  the  most  conspicuously  beautiful  experiments 
in  the  whole  range  of  science,  have  been  devised  for  the 
purpose  of  indirectly  measuring  quantities,  which  in  their 
extreme  greatness  or  smallness  surpass  the  powers  of 
sense.  All  that  we  need  to  do,  is  to  discover  some 
other  conveniently  measurable  phenomenon,  which  is  re- 
lated in  a  known  ratio  or  according  to  a  known  law, 
however  complicated,  with  that  to  be  measured.     Having 

0  Jamin,  'Cours  dc  Physique,'  vol.  i.  p.  152. 

f  Balfour  Stewart's,  *  Elementary  Treatise  on  Heat,'  ist  edit.  pp.  164, 
165. 
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once  obUiined  experimental  data,  there  is  no  further 
difficulty  beyond  that  of  arithmetic  or  algebraic  calcu- 
lation. 

Gold  is  reduced  by  the  gold-beater  to  leaves  so  thin, 
that  the  most  powerful  microscope  would  not  detect  any 
measurable  thickness.  If  we  laid  several  hundred  leaves 
upon  each  other  to  multiply  the  thickness,  we  should 
still  have  no  more  than  i-^th  of  an  inch  at  the  most  to 
measure,  and  the  errors  arising  in  the  superposition  and 
measurement  would  be  considerable.  But  we  can  readily 
obtain  an  exact  result  through  the  connected  amount  of 
weight.  Faraday  weighed  2000  leaves  of  gold,  each 
3  J  inch  square,  and  found  them  equal  to  384  grains. 
From  the  known  specific  gravity  of  gold,  it  was  easy  to 
calculate  that  the  average  thickness  of  the  leaves  was 
— ji^^ofaninchK. 

We  must  ascribe  to  Newton  the  honour  of  leading  the 
way  in  methods  of  minute  measurement.  He  did  not 
call  waves  of  light  by  their  right  name,  and  did  not 
understand  their  nature ;  yet  he  measul^ed  their  length, 
though  it  did  not  exceed  the  2,000,000th  part  of.  a  metre 
or  the  one  fifty  thousandth  part  of  an  inch.  He  pressed 
together  two  lenses  of  very  large  but  known  radii.  It 
was  not  difficult  to  calculate  the  interval  between  the 
lenses  at  any  point,  by  measuring  the  distance  fi:om  the 
iHMitral  point  of  contact.  Now,  with  homogeneous  rays  the 
Huwessive  rings  of  light  and  darkness  mark  the  points  at 
\\\\\v[\  the  interval  between  the  lenses  is  equal  to  one 
luiir.  or  any  multiple  of  half  a  vibmtion  of  the  light,  so 
thut  the  length  of  the  vibration  became  known.  In  a 
Hiuiilur  manner  many  phenomena  of  interference  of  rays 
of  li^ht  aduut  of  the  measurement  of  the  wave  lengths, 
'Iho  tVin^^H  of  interference  arise  from  rays  of  light  which 
ii'oKrt  i^u*h  (>thor  at  a  small  angle,  and  an  excessively 
^  Kunulftv,  *  Chemical  Researches,'  p.  393. 
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minute  difference  in  the  lengtlis  of  the  wjivcs  inakos  a 
very  perceptible  difference  in  the  position  of  the  \v\u\X 
at  which  two  rays  will  interfere  and  produco  (l;»rkiu»ss. 

M.  Fizeau  has  recently  emploved  Newton's  riii^^^s  in  \\n 
inverse  manner,  to  measure  Hmall  aniounU  of  motion.  Itv 
merely  counting  the  numbtT  of  rings  of  sodium  mono- 
chromatic light  passing  a  certsiin  point  whcro  two  ghiss 
plates  are  in  close  proximity,  he  is  able  to  ascertain  with 
the  greatest  accuracy  and  ease  tlie  change  of  (hstancr 
between  these  ghnsses,  produced,  for  instance,  Ijy  the  ex- 
pansion of  a  metallic  bar,  connected  with  (»ne  of  the  {(lass 
plates^. 

Nothing  excites  more  admiration  than  tlie  moiK*  in 
which  scientific  observei's  can  occasionally  mcjusure  (pian- 
tities,  which  seem  beyond  the  bounds  of  human  obser- 
vation. We  know  the  anraf/e  dvpih  of  the  Pacific^ 
Ocean  to  be  14,190  feet,  not  by  actual  sounding,  which 
would  be  impracticable  in  sufiicient  detail,  but  by  notici]i;r 
the  rate  of  transmission  of  oarth(piake  waves  from  the 
South  American  to  the  opposite  coasts,  the  rate  of  move- 
ment being  connected  by  theory  with  the  dcj)th  of  the 
waters  In  the  same  way  the  avenij^c  dei)tli  of  the 
Atlantic  Ocean  is  inferred  to  be  no  less  than  22,157  feet, 
from  the  velocity  of  tlie  ordinary  tidal  waves.  A  ti<lal 
wave  again  gives  beautiful  evidence  of  an  (effect  of  th(^ 
law  of  gravity,  which  we  could  never  in  any  other  way 
detect.  Newton  estimated  that  tlie  moon  s  force  in  mov- 
ing the  ocean  is  onlv      „  '        part  of  the  whole  force  of 

°  ."     2,871,400  * 

gravity,  which  even  the  pendulum,  used  with  the  utmost 
skill,  would  fail  to  render  apparent.  Yet  the  immcaise 
extent  of  the  ocean  allows  the  accumulation  of  the  effect 
into  a  very  palpable  amount ;   and  from  the  comparative 

>>  'Proceedings  of  the  Royal  Society,*  3otli  Xoveinbcr,  1866. 
*  Herschel,  *  Pliysical  (icogrnphy,*  §  40. 
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heights  of  the  lunar  and  solar  tides,  Newton  rougWy 
estiraated  the  comi>arative  forces  of  the  moon  s  and  sun's 
gravity  at  the  earth  ^. 

A  few  years  ago  it  might  hav^e  seemed  impossible  that 
we  should  ever  measure  the  velocity  with  which  a  8tar 
approaches  or  recedes  from  the  earth,  since  the  apparent 
position  of  the  star  is  thereby  unaltered.  But  the  spec- 
troscope now  enables  us  to  detect  and  even  measure  such 
motion  with  considerable  accuracy,  by  the  alteration  which 
it  causes  in  the  apparent  rapidity  of  vibration,  and  conse- 
quently in  the  refraogibility  of  rays  of  light  of  definite 
colour.  And  while  our  estimates  of  the  lateral  move- 
ments of  stars  depend  upon  our  veiy  uncertain  know- 
ledge of  their  distance,  the  .spectroscope  gives  the  motion 
in  another  direction  in  absolute  quantity^  irrespective  of 
all  other  quantities  known  or  unknown,  excepting  the 
motion  of  the  earth  itself. 

Tim  rapidity  of  vibration  for  each  musical  tone,  hav- 
ing been  accurately  determined  by  comparison  with  the 
Syren  (p.  12),  we  can  use  sounds  as  indirect  indieutions  of 
rapid  vibrations.  It  is  now  known  tliat  the  contraction  of 
a  muscle  arises  from  the  periodical  contractions  of  ea^h 
ske|)imite  fibre,  and  from  a  faint  souml  or  susurrus  which 
:)mpanie8  the  action  of  a  muscle,  it  is  inferred  that 

Cttdi  contraction  lasts  for  about  -^  of  a  second.     Minute 

300 

quantities  of  raiUant  heat  are  now  always  measured  indi- 

fWtly  by  the  electricity  which  they  produce  when  faUing 

mHin  a  thermopile*     The  extreme  delicacy  of  the  method 

icVfiLS  to  be  due  to  the  power  of  multiplication  at  several 

Milts  in  the  apparatus.    The  number  of  elements  or  junc- 

li^ow^  of  different  metals  in  the  thermopile  can  be  increased 

•     t.>-.-»fjiiJ  Ur  ui    Prop.  37 1  *  Corolliiries,*  2  and  3,     MoUe's  trana- 

,   *§fmimm.  AuslyBis,    let  ed.  p.  396, 
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80  that  the  tension  of  the  electric  current  derived  from 
the  same  intensity  of  radiation  is  niidti])lied  ;  the  efit^'t  of 
the  current  upon  the  magnetic  needle  can  he  niultiplicd 
^rithin  certain  bounds,  by  passing  the  cuirent  many  Wuwh 
round  it  in  a  coil ;  the  excursions  of  the  needh?  win  \\v. 
increased  by  rendering  it  astatic  and  increasing  the  deH- 
cacy  of  its  suspension  ;  histly,  the  angular  divi'rg(*ncc  can 
be  observed,  with  any  required  accuracy,  by  the  use  of  an 
attached  mirror  and  distant  scale  viewed  tlirou^^h  a  iAv- 
scope  (p.  234).  Such  is  the  delicacy  of  this  method  ol' 
measuring  heat,  that  Dr.  Joide  Kuccee<le(l   in   making  a 

thermopile  which  would  indicate  a  <litference  *»f     '     part 

of  a  degree  centigrade  ^. 

A  striking  case  of  indirect  measurement  is  furnislied  l.y 
the  revolving  mirror  of  Wheatstone  and  Fouc^inlt,  wherehv 
a  minute  interval  of  time  is  estimated  in  the  form  of  an 
angular  deviation.  Wheatstone  viewed  an  ele<trie  spark 
in  a  mirror  rotating  so  rapidly,  that  if  the  duration  of  lla* 

spark  had  been  more  than    -  of  a  se^rond,  th«^  point  of 

light  would  have  appeared  elongat<;d  tr>  an  anj^nilar  extent 
of  one-half  degree.  In  the  spark,  as  drawn  directly  fr<»m  a 
Leyden  jar,  no  elongation  was  a])parent,  ho  that  the  dura- 
tion of  the  spark  was  imnje^isurably  small  ;  hut  wlien  th(i 
discharge  took  place  through  a  biul  conductor,  the  elon^rji- 
tion  of  the  spark  denoted  a  sensible  duration".  In  tlie 
hands  of  Foucault  the  rotating  mirror  gave  a  measure 
of  the  time  occupied  by  light  in  passing  through  a  few 
metres  of  space. 

Comjxtrative  Use  of  Measuring  Instrtnnvhts, 
In  almost  every  case  a  measuring  instrument  seiTes, 

"»  'Philosophical  Transactions'  (1859),  vol.  cxlix.  j).  94. 
«  Watts'  *  Dictionary  of  Chemistry,'  vol.  ii.  p.  393. 
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and  should  serve  only  as  a  means  of  comparison  between 
two  or  more  magnitudefi.  As  a  general  nde,  we  sliould 
not  even  attempt  Ux  make  the  divisions  of  the  measuring 
scale  exact  multiples  or  eubmidtiples  of  the  unit,  but, 
regarding  them  as  arbitrary  marks,  should  determine  their 
values  by  comparison  witli  the  standard  itself  Thus  the 
perpendicular  wires  in  the  field  of  a  transit  telescope^  are 
fixed  at  nearly  equal  but  arbitraiy  distances,  and  tliose 
distances  are  afterwards  determined,  as  first  suggested  by 
Malvasia,  by  watching  the  passage  of  star  after  star  across 
them,  and  noting  the  intervals  of  time  by  the  clock. 
Owing  ti>  tlie  perfectly  regular  motion  of  the  earth,  these 
time  intervals  give  an  exact  determination  of  the  angidar 
intervals^  In  the  same  way,  the  angular  value  of  each 
turn  of  tlie  screw  micrometer  attached  to  a  telescope,  can 
easily  and  accurately  ascertained. 

When  a  thermopile  is  used  to  observe  radiant  heat,  it 
would  be  almost  impossible  to  calculate  on  A  priori 
grounds  what  is  the  value  of  each  division  of  the  galvano- 
meter  circle,  and  still  more  difficult  to  construct  a  galva- 
nometer, so  thut  each  division  should  have  a  given  value. 
But  this  is  quite  unnecessary,  because  by  placing  the  ther- 
mui>ile  before  a  body  of  known  dimensions,  at  a  knuwn 
distance,  with  a  known  temperature,  and  radiating  power, 
we  measm-e  a  known  amount  of  radiant  heat,  and  in- 
versely measure  the  value  of  the  indications  of  the  ther- 
mopile. In  a  similar  way  Mr,  Joule  ascertained  the  actual 
temperature  produced  by  the  compression  of  bars  of  metal* 
For  having  inserted  a  simple  thermopile  composed  of  a 
sitigle  junction  of  copper  and  iron  wh'e,  and  noted  the 
defiections  of  the  galvanometer,  he  had  only  to  dip  the 
bars  into  water  of  difterent  temperatures,  until  he  pro- 
duced a  like  deflection,  in  order  to  ascertaiu  the  temperature 
developed  by  pressure*^, 

"  * Pliilosophical  TrniisactuMia'  (1859),  voL  cxlix,  p,  rig,  &c. 
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In  many  instances  we  are  indeed  obliged  to  accept  a 
very  carefully  constructed  iBstrumeiit  as  a  standard,  aa  in 
the  case  of  a  standard  barometer.  But  it  is  tlien  best  to 
treat  all  inferior  instruiiients  comparatively  only,  and 
detennine  the  values  of  their  scales  by  comparison  with 
the  assutred  sttmdard* 


Systematic  Perfonnance  of  Measurements. 

When  a  larcre  number  of  accurate  measurements  have 
to  be  effected*  it  is  usually  desirable  to  make  a  certain 
number  of  determinations  with  scrupulous  care,  and  after- 
wards use  them  as  points  of  reference  for  the  remaining 
determinations.  In  the  trigonometric;il  survey  of  a  coun- 
try, the  principal  tri angulation  fixes  the  relative  positions 
and  distances  of  a  few  points  with  rigid  accm^acy.  A 
minor  triangulation  refers  eveiy  juoininent  liill  or  village 
to  one  of  the  principal  points,  and  then  the  details  are 
filled  in  by  reference  to  the  secondary  points.  The  survey 
of  the  heavens  is  effected  in  a  like  manner.  The  ancient 
astrononiei-s  compared  the  right  ascensions  of  a  few  prin- 
cipal stars  with  the  moon>  and  thus  a^certamed  their  po.si- 
tions  with  regiard  to  the  sun  ;  the  minor  stars  were  after- 
wards referred  to  the  principal  stars.  Tycho  followed 
the  same  method,  except  that  he  used  the  more  slowly 
moving  planet  Venus  instead  of  the  moon.  Flamsteed 
was  in  the  habit  of  using  about  seven  stars,  favourably 
situated  at  points  all  round  the  heavens.  The  distances 
of  the  other  stars  from  these  standard  points,  were  deter- 
mined in  his  early  observations  by  the  use  of  the  quadrant P» 
Even  since  the  introduction  of  the  transit  telescope  and 
mural  circle,  tables  of  standard  stars  are  formed  at 
Greenwich,  the   positions  being   determined  with   every 

V  Baily'e  *  Account  of  Flamsteed/  pp,  378-380, 


possible  accuracy,  so  that  they  can  be  employed  for  pur- 
poses of  reference  by  all  astronomers. 

In  ascertaining  the  specific  gravities  of  substances,  all 
gases  are  referred  to  atmospheric  air  at  a  given  tempera- 
ture and  pressure  ;  all  liquids  and  solids  ai*e  referred  to 
water.  We  recjuire  to  compai'e  the  densities  of  water 
and  air  with  great  care,  and  the  comparative  densities  of 
any  two  substances  wdiatever  can  then  be  with  ease 
ascertained. 

In  compaiing  a  very  great  with  a  very  small  magni- 
tude, it  is  usually  desirable  to  break  up  the  process  into 
several  steps,  using   intermediate   terras   of  comparison. 
We  should  never  tliink  of  measuring  the  distance  from 
London   to   Edinburgh  by  laying  down   measuring  rods 
throughout  the  whole  distance.     A  base  of  several  miles 
in  length  is  selected  on  level  groimd,  and  compared  on 
the  one  liand  with  the  standard  yard,  and  on  the  other 
with  tlie  distance  of  Londoii  and  Edinburgh,  or  any  other 
two  points,  by  trigonometrical  survey.     It  would  be  ex- 
ceedingly difficult  to  compare  the  light  of  a  star  with 
that  of  the  sun,  which  w^ould  be  about  thirty  thousand 
million  times  greater;  but  Sir  J,  HerscheH  effected  the 
comparison  by  using  the  full  moon   as  an  intermediate      i 
unit,     Wollaston  ascertained  that  the  sun  gave  801,072    f 
times    as   much    light  a-s   the   fidl  moon,   and   Herschel 
determined  that  the  light  of  the  latter  exceeded  that  of  m 
a  Centaur i   27,408   times,  so  that  we  find  the  ratio  be-  " 
tween  the  light  of  the  sun  and  star  to  be  that  of  about 


I 


Tfie  Pendulmn. 

'%^  the  most  perfect  and  beautiful  of  all  instru- 
i^  iue4ti*urenient   is   the    pendulum.      Consisting 


%  MftmW*  •  Astronomy/  §  817,  4th.  ed,  p.  553. 
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merely  of  a  heavy  body  BUB}>eiKlod  IVculy  at  an  invari- 
able difitance  from  a  fixed  point,  it  is  tliu  most  simple 
in  construction ;  and  yet  all  the  highest  problems  ufphy- 
sic^il  measurement  depend  upon  its  careiul  us(>.  Its 
excessive   value   arises   from    two   eireumstances,    wliidi 

render  it  at  once  most  accurate  and  inilispensiiliK*. 
(i)  The  method  of  repetition   is  cMninuntly  ajipliraMo 

to  it,  as  already  described  (p.  339.) 

(2)  Unlike  any  other  instrument,  it  connects  tn^rrtlur 

three  different  variable  quantities,  those  of  spaei*,  tim«\ 

and  force. 

In  most  works  on  natural  philosophy  it  is  shown,  that 

when  the  oscillations  of  the  pendulum  are  infinihrly  small, 

the  square  of  the  time  occupied  by  an  uscillation  is  <lin*(rtly 

proportional  to  the  length  of  the  pendulum,  and  indirectly 

proportional  to  the  force  aflecthig  it,  of  wlialevi?r  kiml. 

The  whole  theory  of  the  jjcndulum   is  eontaim^d  in  tin; 

formula,  first  given  by  Huyghens  in  his  Ilorologinm  <)s(^iU 

latorium, 

time   of  oscillation  =3- 14 1 59.  .    ^      / ^''^tl.  of  ,k.Mi.1iii.. 

V  force. 

The  quantity  3-14159  is  the  constant  ratio  of  the  circum- 
ference and  radius  of  a  circle,  and  is  of  coiu-se  known  with 
accuracy.  Hence,  any  two  of  the  three  ([uantitics  <-on- 
cemed  being  given,  the  tliird  may  be  found  ;  or  any  two 
being  maintained  invariable,  the  third  will  be  invariahN;. 
Thus  a  pendulum  of  invariable  length  suspended  at  the 
same  place,  where  the  force  of  gravity  may  he  eonsidercil 
uniform,  furnishes  a  theoretically  perfect  measure  of  time. 
The  same  invariable  pendulum  l>eing  made  to  vibrate  at 
different  pomts  of  the  earths  surface,  and  the  time  of 
vibration  being  astronomicidly  determined,  the  force  of 
gravity  becomes  accurately  known.  Finally,  with  a  known 
force  of  gravity,  and  time  of  vibration  ascertained  by  refer- 
ence to  the  stars,  the  length  is  determinate. 

A  a 
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In  the  first  use  all  astronoiniciil  observations  depend 
upon  it.  In  the  second  eniidoyment  it  has  been  almost 
equally  indispensable.  The  primary  principle  that  gravity 
is  equal  in  all  matter  was  proved  by  Newton's  and  Gauss' 
pendulum  experiments.  The  torsion  pendulum  of  Michell, 
Cavendish,  and  Baily,  depending  ui)on  exactly  the  same 
principles  as  the  ordinary  pendulum,  gave  the  density  of 
the  earth,  one  of  the  foremost  natural  constiints.  Kater 
and  Sabine,  by  pendulum  observations  in  different  parts 
of  the  earth,  ascertained  the  variation  of  gravity,  whence 
coujes  a  determination  of  the  earth  s  ellipticity.  The  laws 
of  electric  and  magnetic  attraction  have  also  been  deter- 
mineil  by  the  method  of  vibrations,  which  is  in  constant 
use  in  the  measurement  of  the  horizontal  force  of  terres- 
trial magnetism. 

We  must  not  confuse  with  the  ordinary  use  of  the 
jiendulum  its  appliciition  by  Newton,  to  show  the  absence 
i>f  iuternal  friction  against  space^,  or  to  ascertain  the  laws 
of  motion  and  elasticity ».  In  such  cases  the  extent  of 
vibration  is  the  quantity  measured,  and  the  principles  of 
the  instrument  are  different. 

Attainahle  Accuracy  of  Measurement. 

It  is  a  matter  of  some  interest  to  compare  the  degi-ees 
i»f  accurm-v,  which  can  be  attained  in  the  measurement  of 
ditfeient  kinds  i»r  nuigiiitude.  Few  measurements  of  any 
kind  aiv  exact  to  more  than  six  significant  figures*,  but  it 
iiL  ^cldv.>ni  that  such  a  point  of  accuracy  can  be  hoped  for. 
'lime  is  the  magnitude  which  seems  to  be  capable  of  the 
lii-c'L  cxacl  discriuiination,  owing  to  the  properties  of  the 

rVuiUfc^W  l»k.  ii.  Si'ct.  6.  rrop.  31.     Muttc's  Translation,  vol.  ii. 

I'.  ■■  m7 • 

Ibia.  uk.  1.  Law  iii.  Coivlkry  6.     M«)tte*8  Translutioii,  vol.  i.  p.  33. 
riiumi-lLauu  l\u;*  •  Naluwl  riiilosopliy,'  vol.  i.  p.  333. 


TUE  EXACT  MEASUREMEST  HF  VllESUMESA.      :J5:. 


pendulum,  and  the  princiiilo  of  repetition  already  described 
(PP-  339f  353)'  A.8  regards  short  intervals  of  time,  it  has 
already  been  stated  that  Sir  George  Airy  was  able  to 
estimate  a  difference  of  2^  seconds  per  day,  between  two 
pendulums  with  an  uncertainty  of  less  than  'oi  of  a  second, 
or  one  part  in  8^640,000,  an  exactness,  as  he  truly  rt^niarks, 
'almost  beyond  conception^'.  The  ratio  between  tlic  mean 
solar  and  the  sidereal  day,  too,  is  known  to  about  one  part 
in  one  hundred  millions,  or  to  the  eighth  place  of  decimals 

(P-337)- 

Determinations  of  weight  seem  to  come  next  in  exact- 
ness, owing  to  the  fact  that  repetition  without  error  is 
applicable  to  them  (p.  340).  An  ordinary  good  balance 
should  show  about  one  part  in  ^00,000  of  tlie  load'^.    The 

finest  balance  employed  by  M.  Stas,  turned  witli        of  a 

milligramne,  when  loaded  with  25  grannnes  in  each  i)an, 
that  is,  \i'ith  one  part  in  825,000  of  the  load>'.  l>ut  l)alances 
have  certainly  been  constructed  to  show  one  j)art  in  a 
million^,  and  Ramsden  is  commonly  Fiiid  to  have  con- 
structed a  balance  for  the  Royal  Society,  to  indicate  one 
part  in  seven  millions,  th<nigh  this  is  hardly  credible. 
Professor  Clerk  Maxwell  takes  it  for  granted  that  oni; 
part  in  five  millions  can  be  detected,  but  we  ought  to 
discriminate  between  what  a  balance  can  do  when  lirst 
constructed,  and  when  in  contiiuious  use. 

Determinations  of  lengths,  unless  performed  with  extra- 
ordinary care,  are  open  to  much  error  in  the  junction  of 
the  measuring  bare.  Even  in  measuring  the  baj^e  line  of 
a  trigonometrical  survey,  the  accuracy  generally  attained 
is  only  that  of  about  one  part  in  60,000,  or  an  inch  in  the 

u  'Philosophical  Transactions/  (1856),  vol.  cxlvi  pp.  330-1. 
^  Thomson  and  Tait,  *Natunil  rhilosojihy,'  vol.  i.  p.  333. 
y  'First  Annual  Report  of  the  Mint,'  p.  106. 
''  Jevons,  in  Watt»'  *  Dictionary  of  Clioinistry,'  vol.  i.  p.  483. 
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mile* ;  but  it  is  said  that  in  four  measurements  of  a 
base  line  carried  out  very  recently  at  Cape  Comorin,  the 
greatest  error  was  0*077  i^^ch  in  i'68  mile,  or  one  part  in 
1,382,400,  an  almost  incredible  degree  of  accuracy^.  Sir  J. 
Wliitworth  has  shown  that  touch  is  even  a  more  delicate 
mode  of  measuring  lengths  than  sight,  and  by  means  of  a 
splendidly  executed  screw,  and  a  small  cube  of  iron  placed 
between  two  flat-ended  iron  bars,  so  as  to  be  suspended 
when  touching  them,  he  can  detect  a  change  of  dimension 
in  a  bar,  amounting  to  no  more  than  one-millionth  of  an 
inch^. 

•  Thomson  and  Tait,  *  Natural  Philosophy,'  vol.  i.  p.  333. 
^  'Athenaeum/  February  28,  1870,  p.  295. 

c  British  Association,  Glasgow,  1856,     'Address  of  the  President  of 
the  Uechauical  Section.' 


CHAPTER    XIV. 


UNITS   AND   STANDARDS   OF   MEASUUEMKNT. 

Instruments  of  measurement  are,  as  wo  have  wm, 
only  means  of  comparison  l)etween  one  niagnitudo  an<l 
another^  and  as  a  general  rule  we  must  asHunie  some 
one  arbitrary  magnitude,  in  terms  of  wliich  all  results 
of  measurement  are  to  be  expressed.  Men*  ratios  l)r- 
tween  any  series  of  objects  will  never  U'U  ns  llicir 
absolute  magnitudes;  we  must  have  at  least  mn^  ratio 
for  each,  and  we  must  have  one  absolute  quantity.  Tho 
number  of  ratios  7i  are  expressible  in  n  equations,  whic^h 
will  contain  at  least  ?i  +  i  quantities,  so  that  il'  we 
employ  them  to  make  known  ?i  niagnitudrs,  we  must 
have  one  magnitude  known.  Hence,  whether  we  are 
measuring  time,  space,  density,  weight,  mjuss,  enerj^y,  or 
any  other  physical  quantity,  we  must  refer  to  soni(i  con- 
crete standard,  some  actual  object,  which  if  once  lost  and 
irrecoverable,  all  our  measures  lose  their  absolute  nuian- 
ing.  This  concrete  standard  is  in  all,  exc(^})t  two,  cases 
alwolutely  arbitrary  in  point  of  theory,  and  its  selection 
a  question  of  practical  convenience. 

Of  the  two  cases  in  which  a  natural  standard  unit  is 
ready  made  for  us,  one  case  is  that  of  number  itself. 
Abstract  number  needs  no  special  unit ;  for  any  object 
by  existing  or  being  thought  of  as  separate  from  other 
objects  (p.  176),  furnishes  us  with  a  unit,  and  is  the  only 
standard  required. 
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Angular  magnitude  is  the  second  case  in  which  we 
have  a  natural  and  almost  necessary  unit  of  reference, 
namely,  the  whole  revolution  or  peHgoriy  as  it  has  been 
called  by  Mr.  Sandeman*\ 

It  is  a  necessary  result  of  the  uniform  properties  of 
space,  that  all  complete  revolutions  are  equal  to  each 
other,  so  that  we  need  not  select  any  one,  and  can  always 
refer  anew  to  space  itself.  Whether  we  take  the  whole 
perigon,  its  half,  or  its  quarter,  is  really  immaterial ; 
Euclid  took  the  right  angle,  because  the  Greek  geome- 
ters had  never  generalized  their  notions  of  angular 
magnitude  sufficiently  to  conceive  clearly  angles  of  all 
magnitude,  or  of  unlimited  quantity  of  revolution.  But 
Euclid  defines  a  right  angle  as  half  that  made  by  a  line 
with  its  own  continuation,  not  called  by  him  an  angle,  and 
which  is  of  course  equal  to  half  a  revolution.  In  mathe- 
matical analysis,  again,  a  different  fraction  of  the  perigon 
is  taken,  namely,  such  a  fraction  that  the  arc  or  portion 
of  the  circumference  included  within  it  is  equal  to  the 
nidius  of  the  circle.  This  angle,  called  by  De  Morgan  the 
arcual  unit,  is  equal  to  about  57°,  if,  44''*8,  or  decimally 
57'''2957795i3 ,  and  is  such  that  the  half  revolu- 
tion contiiins  3T41 59265  ....  such  unitsK  Though  this 
standard  angle  is  naturally  employed  in  mathematical 
analysis,  and  any  other  unit  would  introduce  needless 
wniplcxity,  w^e  must  not  look  upon  it  as  a  distinct  unit, 
since  its  amount  is  connected  with  that  of  the  half  peri- 
gon, by  a  natural  constant  3-14159 usually  signified 

by  the  letter  tt. 

When  we  pass  to  other  species  of  quantity,  the  choice 
of  unit  is  found  to  be  entirely  arbitrary.     There  is  abso- 

»  "  P«&©teticB,  or  the  Science  of  Quantity  ;  an  Elementary  Treatise  on 
Ale^mi.uii  iw  snroundwork  Arithmetic'  By  Archibald  Sandcman,  M.A, 
Unihniljni    ITWncitou.  Bell,  and  Co.)  1868,  p.  304. 

'■  !>• 'lirtigiM 3  ■  Tiw^winotry  and  Double  Algebra,'  p.  5. 
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lately  no  mode  of  defining  a  length,  Imt  hy  folccting  soino 
physical  object  exhibiting  tliat  length  l)et\v<m  eorUiin 
obvious  {>oint8 — as,  for  instance,  tlic  extremities  of  a  Iwir, 
or  marks  made  upon  its  surface. 

Standard  Unit  of  Time, 

Time  is  the  great  independent  variable  of  all  change, 
that  which  itself  flows  on  uninterruptedly,  and  brings  the 
variety  which  we  call  life  and  motion.  When  we  reflect 
upon  its  intimate  nature.  Time,  like  every  otli<*r  element  of 
existence,  proves  to  be  an  inscrutable  mystery.  We  can 
only  say  with  St.  Augustin,  to  .one  who  asks  us  what  is 
time,  *  I  know  when  vou  do  not  ask  me/  The  mind  of 
man  will  ask  what  can  never  be  answered,  but  one  result 
of  a  true  and  rigorous  logical  j>hilosophy  must  be  to 
convince  us,  that  scientific  explanation  ciui  only  take  place 
between  phenomena  which  have  something  in  common, 
and  that  when  we  get  down  to  primary  notions,  like  those 
of  time  and  space,  the  mind  nnist  meet  a  point  of  mystery 
beyond  which  it  cannot  penetnite.  A  definition  of  time 
must  not  be  looked  for;  if  we  say  with  Ilobbcs^',  that  it 
is  'the  phantasm  of  before  and  after  in  motion,*  or  with 
Aristotle  that  it  is  'the  number  of  motion  according  to 
former  and  latter ; '  we  obviously  gain  nothing,  because 
the  notion  of  time  is  involved  in  the  expressions  before 
and  ajler,  former  and  latter.  Time  is  imdoubtedly  one 
of  those  primary  notions  which  can  only  be  defined  physi- 
cally, or  by  observation  of  phenomena  which  proceed  in 
time. 

If  we  have  not  advanced  a  step  beyond  Augustin's  acute 
reflections  on  this  subject <',  it  is  curious  to  observe  the 

^  *  English  Works  of  Thos.  Ilobbos,'  Edit,  by  Molesworth,  vol.  i.  p.  95. 
^  *  Confessions/  bk.  xi.  chapters  20-28. 
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wundei-fiLl  advances  which  have  been  made  m  the  practical 

meamirement  of  its  efflux.  The  rude  sun-dial  or  the 
rising  of  a  conspicuous  star,  gave  points  of  reference,  while 
the  flow  of  water  from  the  clepsydra,  the  burning  of  a 
candle,  or,  in  the  monastic  ages,  even  the  continuous 
equable  chanting  of  psalms,  gave  the  means  of  roughly 
Bubdividmg  periods,  and  marking  the  hours  of  the  day  and 
night  ^.  The  sun  and  starn  still  furnish  the  standard  of 
time,  but  means  of  acciu*ate  subdivision  have  become 
requisite,  and  this  has  been  furnished  by  the  pendulum 
and  the  chronoscope.  By  the  penduhim  we  cBXk  accurately 
divide  tlie  day  into  seconds  of  time.  By  the  chronogi^aph 
we  Gku\  Hubdivide  the  second  into  a  hundred,  n  thousand, 
or  oven  a  million  parts.  Wheatstone  measured  the  dura- 
tion of  an  electric  spark,  and  found  it  to  be  no  more  than 

^  ^^^QQ  part  of  a  second,  while  more  recently  Captain  Noble 

has  been  able  to  appreciate  intervals  of  time,  not  exceed- 
ing the  millionth  part  of  a  second. 

When  we  come  to  inquire  precisely  what  phenomenon 
it  is  that  we  thus  so  minutely  measure,  we  meet  insur- 
mountable difficultieB,  Newton  distinguished  time  accord- 
ing as  it  was  absolute  or  aj>parent  time,  in  the  following 
words : — 

•  Absolute,  true,  and  mathematical  time  of  itself  and 
from  its  own  nature,  flows  equably  without  regard  to  any- 
thing external,  and  by  another  name  is  called  duration; 
relative,  apparent  and  common  time,  is  some  sensible  and 
external  measure  of  duration  by  the  means  of  motion^*. 
Though  we  are  ]»erhaps  obliged  to  assume  the  existence 
of  a  uniformly  increasing  quantity  which  we  call  time 

^  Sir  0,  C.  Lewis  gives  many  curious  particukra  concerning  the  men- 
surement  of  time,  'Astrotiomy  of  the  Andentw,'  pp.  241,  &e. 

f  *  PHncipia/ bkj.  *Sclioliiim  to  DefinitioiiR:'  Tmnslated  by  MutU>, 
vol*  f .  p.  ix.     Sec  also,  p,  i  x. 
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yet  we  cannot  feel  or  know  al)stract  and  absr»hitc  tim(». 
Duration  must  be  made  manifest  to  us  by  the  recurrence 
of  some  phenomenon.  Tlie  succession  and  chango  of  our 
own  thoughts  is  no  doubt  the  first  and  sinij)lest  nicusure 
of  time,  but  a  very  rude  one,  because  in  sonic  persons  and 
circumstances  the  thoughts  evidently  flow  with  much 
greater  rapidity  than  in  other  persons  and  circunistjiiices. 
In  the  absence  of  all  other  phenomena,  the  interval  be- 
tween one  thought  and  another,  would  necessarily  become 
the  unit  of  time.  The  earth,  as  I  have  already  said,  is 
the  real  clock  of  the  astronomer,  and  is  practically  assume<l 
as  invariable  in  its  movements.  But  on  what  ground  is 
it  so  assumed  ?  According  to  the  first  law  of  motion,  eveiy 
body  perseveres  in  its  state  of  rest  or  of  uniform  motion 
in  a  right  line,  unless  it  is  compelled  to  change  that  state 
by  forces  impressed  thereon.  Rotatory  motion  is  subject 
to  a  like  condition,  namely,  that  it  perseveres  uniformly 
imless  disturbed  by  extrinsic  forces.  Now  uniform  mo- 
tion means  motion  through  equal  spaces  in  equal  times, 
80  that  if  we  have  a  body  entirely  free  from  all  resistance 
or  perturbation,  and  can  measure  equal  spaces  of  its  path, 
we  hjive  a  perfect  measure  of  time.  But  let  it  be  remem- 
bered at  the  same  time,  that  this  law  has  never  Ix'en 
absolutely  proved  by  experience ;  for  we  cannot  point  to 
any  body,  and  say  that  it  is  wholly  unresisted  or  undis- 
turbed ;  and  even  if  we  had  such  a  lx)dy,  we  should  need 
some  entirely  independent  standard  of  time  to  ascertain 
whether  its  motion  was  reallv  unifonn.  As  it  is  in  moving 
bodies  that  we  find  the  best  standard  of  time,  we  cannot 
theoretically  speaking  use  them  to  prove  the  unitbrmity 
of  their  own  movements,  which  would  amount  to  a  lyetitio 
principii.  Our  experience  amounts  to  this,  that  when 
we  examine  and  compare  the  movements  of  bodies  which 
seem  to  us  nearly  free  from  disturbance,  we  find  them 
give  nearly  harmonious  measures  of  time.     If  any  oiu» 


body  wljich  seems  to  us  to  move  uniformly  is  not  doing 
so,  but  is  subject  to  fits  and  starts  unknown  to  us.  because  i 
we  have  no  absobite  BfandarJ  of  time,  then  iJl  other 
bodies  must  he  subject  to  exactly  ilie  Hume  arbitrary  fits 
and  starts,  otlierwine  there  wtnild  be  a  discreiianey  be- 
tween them  disclosing  the  irregularities.  Just  as  in  com- 
paruig  together  a  number  of  chronometers,  we  shouhl 
goon  detect  bad  t*nes  i)y  their  irregular  going,  ao  measiired 
by  the  others,  so  in  nature  we  detect  tlisturlied  movement 
by  its  discrepancy  from  that  of  other  bodies,  which  we] 
believe  to  be  undisturbed,  and  which  agree  very  nearly 
among  themselves.  But  inasmuch  as  the  measure  of  motion 
involves  time,  and  the  measure  of  time  involves  motion, 
there  must  be  ultimately  an  assumption.  We  may  define 
equal  times,  as  times  during  which  a  moving  body  under 
the  influence  of  no  force  describes  equal  spaces*?,  but  all 
we  can  say  in  its  support  is,  that  it  leads  us  into  no 
known  difficulties,  and  that  to  the  best  of  our  experience, 
one  freely  moving  body  gives  exactly  the  same  results  as 
any  other. 

Wlien  we  inquire  where  the  freely  moving  liody  is,  no 
satisfiictory  answer  can  be  given.  Practictdly  the  rotating 
globe  is  sufficiently  accurate,  and  Thomson  fuid  Tait  say : 
'  Equal  times  are  times  during  which  the  earth  turns 
through  equal  angles^'.  No  long  time  has  passed  since 
astronomers  thought  it  impossible  to  detect  any  inequality 
in  its  mnvement,  Poisson  was  supposed  to  Imve  proved 
that  a  change  in  the  length  of  the  sidereal  day,  amonnting  , 
to  one  ten-millionth  part  in  2500  years,  was  hicompatible  I 
with  an  ancient  eclipse  recorded  by  the  Ohaldaeans,  and 
similar  calculations  were  made  by  I^place.  But  it  Ls  now 
kntjwn  that  these  calculations  were  somewhat  in  error. 


8   Raj ik hie,  *  riiiloi!io[4iical  ^tngnaiine/  Feb.  1867,  vol  xxxiii.  p.  91 J 
•'  ♦Tmitise  on  Niituial  Pliilostipliy/  vol.  i.  p.  179. 
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and  that  the  dissipation  of  energy  arisinj^r  out  of  tlie  fric- 
tion of  tidal  waves,  and  the  nuliation  of  the  heat  into 
space,  has  slightly  decreafiod  the  r.ti)idity  of  the  eartlTs 
rotatory  motion.  The  sidereal  day  is  now  loiij^er  hy  one 
part  in  2,700,000,  than  it  wax  in  720  n.<'.  Evtn  lK*foix» 
this  discovery,  it  was  certain  that  the  invariahU*  rotation 
depended  upon  the  perfect  maintenance  of  the  earth's 
internal  heat,  which  is  reqniHitc  in  order  that  the  earth's 
dimensions  shall  be  unaltered.  Now  th(^  earth  heiiijnr  Ww 
superior  in  temperature  to  empty  si)aco,  must  co<»l  more 
or  less  rapidly,  so  that  it  cannot  furnish  an  ahsohito 
measure  of  time.  Similar  olyections  could  he  rais<Ml  to 
all  other  rotating  liodies  within  our  cojini/ance. 

The  moon's  motion  round  the  eartli,  an<l  the  earths 
motion  round  the  sun,  form  the  next  hest  mensure  of 
time.  They  are  subject,  indeed,  to  all  kinds  <»f  disturb- 
ance from  other  planets,  but  it  is  UJieved  that  these? 
must  in  the  course  of  time  run  through  tluMr  rhylhmicil 
courses,  and  leave  the  mean  distances  unafl'e<'t<'<|,  and  con- 
sequently, by  the  third  Law  of  Ki^pler,  the  perio<li(^  times 
unchanged.  But  there  is  more  reason  than  not  to  helii've. 
that  the  earth  encounters  a  certain  slight  resistance  in 
passing  through  splice,  like  that  whicrh  is  so  a])])arent  in 
Encke's  comet.  There  may  also  be  a  (jertnin  clissi|»:i.tion 
of  energy  in  the  electrical  relations  of  the  <'arth  to  the 
sun,  possibly  identiad  with  that  which  is  manifested  in 
the  retardation  of  comets  ^  It  is  probably  an  uritnie 
assumption  then,  that  the  earth's  orbit  remains  quit<i 
invariable,  and  if  so  our  hist  hripo  of  getting  a  really 
uniform  measure  of  time  disapj^ears,  and  we  are  reduced 
to  accepting  such  as  arc  sufficient  for  all  practic^'d  p\u-- 
poses. 

>  *  Prococdinjjs  of  tlic  ALuichestcr  Philosophicul  Society/  28tli  Xov. 
1871,  vol.  xi.  p.  33. 


It  is  just  possible  that  in  the  course  of  time,  some  other  | 
body  may  be  found  to  funiish  a  better  staDdard  of  time 
thati  the  earth  in  its  anuual  motion.  The  greatly  superior 
mass  of  Jupiter  and  its  eatelHtes,  and  their  greater 
distance  from  the  sun,  may  render  the  electrical  dissipa- 
tion of  energy  less  considerable  even  than  in  the  case  of  | 
the  earth.  But  tlie  choice  of  the  best  measure  will  always 
be  an  open  one,  and  whatever  moving  body  we  iissume, 
may  ultimately  l>e  shown  to  be  subject  to  disturbing 
forces.  '  I 

The  poiiduliim,  fdtliough  so  admirable  an  instrument 
for  snljfli vision  of  time,  entirely  fails  as  a  st:tndard  ;  for 
thntigli  the  same  pendulum  affected  by  the  same  force  of 
gravity  would  perform  equal  vibrations  in  equal  times, 
yet  the  filightest  change  in  the  form  or  weight  of  thej 
pendulum,  the  slightest  coiTosion  of  any  part,  or  the  most 
minute  displacement  nf  the  point  of  suspension,  would 
falsify  the  residts,  and  there  enter  many  other  diffi- 
cult questions  of  temperature,  resistance,  length  of  vibra- 
tion, &c. 

Thomson  and  Tait  are  of  opinion*^  that  the  ultimate 
standard  of  chronometry  must  be  founded  on  the  physical 
properties  of  some  body  of  more  constant  character  than 
the  earth ;  for  instance,  a  carefully  arranged  metallic 
spring,  hermetically  sealed  in  an  exhausted  glass  vessel* 
Although  tlieir  suggestion  is  no  doubt  theoretically  cor- 
rect, it  is  hard  to  see  how  we  can  be  sure  that  the  dimen- 
sions ami  elasticity  of  a  piece  of  wrought  metal  will 
remain  perfectly  unchanged  for  the  few  millions  of  years 
contemplided  by  them.  A  nearly  perfect  gas,  like  hydrogen, 
is  perhaps  the  oidy  kind  of  sidistance  in  tlie  unchanged 
elasticit}^  of  which  we  could  have  confiderice*  Moreover  J 
it  is  difficult  hi  perceive  how  the  undulations  of  such  a  I 


^  *Tlie  Elements  uf  NatiirHl  FluWopliy/  part  i.  p.  if9« 


flTS  AND  STAND  Alios  OF  MEASUREMENT.       3G5 


Bpring  could  be  observed  witb  tbe  requisite  accuracy.  We 
thus  appear  to  be  dt'void  of  any  hope  of  establishing  a 
8ure  standard  of  tbe  efflux  of  time. 


The  Unit  of  Space  and  the  Bar  Standard. 

Next  in  importance  after  tbe  measurement  of  time  18 
that  of  space.  Time  comes  first  in  theuiy,  because  pheno- 
mena, our  internal  thoughts  for  instance,  may  cliange  in 
time  witliout  regard  to  space  magnitude.  As  to  tbe  plie- 
nomena  of  outw  ard  nature,  they  tend  mure  and  more  to  re- 
solve themselves  into  the  motion  of  molecules,  and  motion 
cannot  be  conceived  or  measured  without  reference  both 
to  time  and  space. 

Turning  now  to  space  measurements,  we  find  it  abnost 
equally  diflScult  to  fix  and  define  once  and  for  ever,  a  unit 
magnitude.  There  are  three  difft'rent  modes  in  which 
it  has  been  proposed  to  attempt  tbe  perpetuation  of  a 
standard  length. 

(i)  By  constructing  an  actuid  specimen  of  the  standai^d 
.  yard  or  metre,  in  the  form  of  a  bar. 

(2)  By  assuming  tbe  globe  itself  to  be  the  ultimate 
standard  of  magnitude,  the  practical  unit  being  a  sub- 
multiple  of  some  dimension  of  the  globe* 

(3)  By  adopting  the  length  of  a  simple  pendulum, 
beating  seconds  as  a  stimdard  of  reference. 

At  tirst  sight  it  might  seem  that  there  was  no  great 
difficulty  in  this  matter,  and  that  any  one  of  these  methods 
might  serve  well  enough ;  but  the  more  minutely  we 
inqub^e  into  tlie  details,  the  more  hopeless  appears  to  he 
the  attempt  to  establisii  an  mvai'iable  standard.  We  must 
in  the  tirst  place  point  out  a  principle  not  of  an  obvious 
character,  namely,  that  the  standard  length  mifst  he  dejificd' 
by  one  single  object  K     To  make  two  bars  of  exactly  the 

*  See  Harris'  *  Es&iiy  upou  ^lom-y  and  CoitiK."  imrt  ii,  [175^]  jl  127. 
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MhH'  leiigtb»  or  even  two  bare  bearing  a  perfectly  defined 
mtio  to  each  other,  is  beyond  the  power  of  human  art.    If 
l^v  t»pies  of  the  standard  metre  Ijg  made  and  declared  j 
i^|uallv  correct,  future  investigators  will  certainly  discover  i 
4;tnne  discrepancy  between  them,  proving  of  course  that  they 
ctinnot  buth  be  the  standard,  and  giving  cause  for  dispute ' 
as  tu  what  magnitude  should  then  be  taken  as  correct. 

If  one  invariable  liar  could  be  constructed  and  main- 
tained as  the  absolute   standard,  no   such  iuconvenience 
could  arise.     Each  successive  generation  as  it  acquired 
liiglier  powers  of  measmement,  would  detect  errors  in  J 
the  copies  of  tlie  standard,  Imt  the  htandard  itself  would 
be  uniuipeached,  and  would,  as  it  were,  become  by  degrees  ^ 
more  and  more  accurately  known.     Unfortunately  to  con-  ■ 
struct  and  preserve  a  metre  or  yard  is  also  a  task  which 
is  either  impossible,  or  what  conges  nearly  to  the  same  ■ 
thing,  cannot  be  shown  to  ho^  possible.     Passing  over  the  W 
practical  difHculty  of  defining  the  ends  of  the  standard 
length  with  eomplL»te  accuracy,  whether  by  dots  or  lines 
im  \\\v  surface,  or  by  the  terminal  points  of  the  bar,  we 
have  no  means  of  proving  that  substances  remain  of  in- 
variable dinii^nsions*     Just  as  we  cannot  tell  whether  the  _ 
rotation  of  the  earth  is  uniform,  except  by  comparing  it  | 
witli  other  moving  bodies,  believed  to  be  more  unifbmi 
in  motion,  so  we  cannot  detect  the  change  of  length  in  a  ■ 
bar,  except  by  comparing   it  with  some  other  bar  sup-  ■ 
])Osed  to  be  invariable.     But  how  are  we  t4j  know  which 
is   the   invariable   bar  ?      It   is   certain  that  many  rigid 
and   apparently   iuvariable   substances  do  change  in  di- 
mensions.    The  bulb  of  a  thermometer  certainly  contracts 
by  age,  besides  undergoing  rapid  changes  of  dimensions 
wlien  warmed  or  cooled  tlirough   loo'  Cent."'     Can  we 

TO  Watts'  *  Dictionary  of  Chemistry,'  vol.  \%  jip.  766,  767.  Dr.  Joule  I 
lius  recently  confirmecl  tho  Btatementa  eoncernmg  tbe  eoiiti-actiow  of  ai 
tlioriu  oni  et  cr  *Ihi1  b. 
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be  sure  that  even  the  most  solid  iiietallic  l»;irs  dn  not 
slightly  contract  by  age,  or  inuK'rgn  vjirintinns  in  lln'ir 
structure  by  change  of  tcnipenituro.  M.  Fi/r.Mi  wjin  in- 
duced to  try  whether  a  quiirtz  cryslitl,  snljjrrtril  Id  h^'VitiiI 
hundred  alternations  of  temponituro,  wouM  In*  innilifird  in 
it«  physical  propertieu,  and  he  waH  unal)lr  to  dctfrt  nny 
change  in  the  coefiicients  of  expansion".  I(  diM>H  nn( 
follow  however,  that,  because  no  aj^parml  «'li;in;^r  wjim 
discovered  in  a  qmirtz  crystal,  newly rnnsliiK-ltd  l.jin;  n| 
metal  would  undergo  no  change. 

The  only  principle,  as  it  Hecnis  to  nir,  n|M»n  \\\\u'\i  iln' 
perpetuation  of  a  sUmdard  of  h'n;^tli  <'an   hr  ultimati-ly 
rested,  is  that,  if  a  variation  of  Icngtli  orniiH,  if   will  in 
all  probability  be  of  difluivnt  amount    in   dillnrnl    rtiili 
stances.     If  then  a  great  nunilxT  of  standard  nirln;'.  wtvr 
constructed  of  all  kinds  of  <lif)4*nMit  ni(^tals,  hIIumi;   li.itil 
rocks,  such  as  gnmite,  serjKMitinc,  slalr,  i|Marl/.  limr.'.ti .m-  . 
artificial  substances,  such  as  j)orc<»l;iin,  {^Ijihm,  Ar..  Ai- ,  r.ii*- 
ful  comparison  would  show   from  time  to  linn'  IIm-  runi 
parative  variations  of  length  oi'tlirHi*  din'rniii  r.nlirihuH-ni 
The  most  variable  Huhstancr's  would  Im-  IIm*  nior:(  divii/M-nl, 
and  the  true  standard  would   \ni  rnrnihlKMl   hy   iIm-  nicin 
length  of  those  which  agrtHMJ  most  <loH-ly  with  <;irli  j»1Iiii. 
just  a«  uniform  motion  is  that  of  IIioh-  bodir-i  wliirji  .xyitr 
most  closely  in  indicating  (In;  elllnx  of  liinr. 

T/ir   Tcmstrldl  Sfifmlffi'tl. 

The  second  method  assuin<;s  tli:it.  ihr  ^doln*   il.MeU'  In  a 
body  of  invariable  diuH'nsions.     Tlic  I'onndriM  of  I. lie  me 
trical  system  selected  the    ten-millionth  |>art  ol"  (Im  d!ji 
tance  from  the  equator  to  the  jjoIc;  as  the  definition  of  (he 
metre,  and  the   late   Sir   Jolin    llers<^hel    proposcid"  that 

n  ' Philusophicttl  Magiizinc,'  (i868j,  4th  Scrii'H,  vol.  xxxvi.  |).  .}2. 
o  *  Fuiniliiir  Lectures  on  Sciont'tic  Siibjcris/  (1866)  j).  191. 
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me  length,  or  even  two  bars  bearing  a  pei 
,tio  to  each  other,  is  beyond  the  power  of  1 
kvo  copies  of  the  standard  metre  be  made 
qually  correct,  future  investigators  will  ceri 
»ome  discrepancy  between  them,  proving  of  cc 
3annot  both  be  the  standard,  and  giving  cai 
as  to  what  magnitude  should  then  be  taken 
If  one  invariable  bar  could  be  construct 
tained  as  the  absolute   standard,  no   such 
could  arise.     Each  successive  generation  2 
higher  powers  of  measurement,  would  dei 
the  copies  of  the  standard,  but  the  standar 
be  unimpeached,  and  would,  as  it  were,  beco] 
more  and  more  accurately  knoA\Ti.     Unfortu 
struct  and  preserve  a  metre  or  yard  is  also 
is  either  impossible,  or  what  comes  neailj 
thing,  cannot  be  shown  to  be  possible.     Pa 
practical  diflBcidty  of  defining  the  ends  of 
length  w-ith  complete  accuracy,  w^hether  b; 
on  the  surface,  or  by  the  terminal  points 
have  no  means  of  proving  that  substance 
variable  dimensions.     Just  as  we  cannot 
rotation  of  the  earth  is  uniform,  except 
with  other  moving  bodies,  believed  to  1 
in  motion,  so  we  cannot  detect  the  chaiif 
bar,  except  by  comparing  it  with  souk 
posed  to  be  invariable.     But  how  are  \> 
is   the   invariable   bar  ?      It   is   certain 
and  apparently  invariable   substances 
mensions.     The  bulb  of  a  thermometer 
by  age,  besides  undergoing  nipid  clia 
when  warmed  or  cooled  through   loc 

™  Watts'  'Dictionarj' of  Chcmifctiy/  vol.  v. 
lias  recently  confirmed  the  statt'iiients  concern 
thermometer-bulb. 


the  English  inch,  which  is  now  alinost  exactly  the 
500,500,000th  part  of  the  polar  axis  of  the  earth,  should 
be  miide  exactly  equal  to  the  500,000,000th  part,  and  be 
adopted  as  our  standard.  The  first  imperfection  in  such 
a  method  is  that  the  earth  is  certainly  not  invariable  in 
size;  for  we  know  that  it  is  superior  in  temperature  to  sur- 
rounding apace,  and  must  be  slowly  cooling  and  contmct- 
ing.  There  le  much  reason  to  believe  that  all  eai thqnakes^ 
volcanoes,  mountain  elevations,  and  changes  of  sea  level, 
are  evidences  of  this  contraction  as  asserted  by  Mr.  Mai  let  i\ 
But  such  is  the  vast  bulk  of  the  earth  and  the  duration 
of  its  past  existence,  that  this  contraction  is  perhaps  less 
rapid  in  proportion  than  that  of  any  bar  or  other  material 
stiindard  which  we  can  construct. 

The  second  and  chief  difficulty  of  this  method  arises 
from  the  vast  size  of  the  earth,  which  prevents  us  from 
making  any  comparison  with  the  ultimate  standard,  ex- 
cept by  a  trigonometrical  survey  of  a  most  elaborate  and 
costly  kind*  The  French  pliysicists,  who  first  proposed 
the  method,  attempted  to  obviate  tliis  inconvenience  by 
carrying  out  the  survey  once  for  all,  and  then  constructiog 
a  standard  metre,  which  should  be  exactly  the  one  ten 
millionth  part  of  the  distance  from  the  pole  to  the 
equator.  But  since  all  measuring  operations  are  merely 
approximate,  as  so  often  stated  in  previous  pages,  it  was 
im possible  that  this  operation  could  be  perfectly  achieved. 
Accordingly  it  was  shown  by  Colonel  PuisStUit  in  i838» 
that  the  supposed  French  metre  was  erroneous  to  the  con- 
siderable extent  of  one  part  in  5527,  the  quadrant  of  the 
earths  circumference  measuring  io»ooi,789  instead  of 
10,000,000  of  such  metres.  It  then  became  necessary 
either  to  alter  the  length  of  the  assumed  metre,  or 
otherwise  to  abandon  its  supposed  relation  to  the  earth  s 
dimensions. 

I'  *ProccetliDg8  of  the  Royal  Society,*  20tli  June,  1872,  vol  xx,  p.  438. 
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The  French  Government  and  the  ]»reseiit  IiiUriKitiiuiul 
Metrical  Commiasion  have  for  obvious  reiisonK  decideil  in 
fiivoor  of  the  latter  course,  and  have  thus  reverted  t<»  the 
firet  method  of  defining  the  metre  by  a  given  ))ar.  Ah 
from  time  to  time  the  ratio  between  thi.s  assumed 
standard  metre  and  the  dimensions  of  the  earth  becomes 
more  and  more  accurately  known,  we  have  tlie  better 
means  of  restoring  that  metre  l»y  actual  reference  to  the 
globe  if  required.  But  until  lost,  destroyed,  or  Ibr  some 
dear  reason  discredited,  the  bar  metre  and  not  tlie  };lol>e 
is  the  standard.  Any  of  the  more  accurate  measuremeuts 
of  the  English  trigonometi ical  sunxy  niiglit  in  like 
manner  be  employed  to  restore  our  stiuidard  yard,  in  terms 
of  which  the  results  are  recorded**. 

The  Pendiditm  SUmdanh 

The  third  method  of  defining  a  standard  lengtli,  by 
reference  to  the  seconds  pendulum,  was  first  j)ruiiosed  by 
HnyghenSy  and  was  at  one  time  adopted  l>y  the  English 
Government.  From  the  principle  of  the  pendulum  (j).  353) 
it  clearly  appears  that  if  the  time  of  oscillation  and  the 
force  actuating  the  pendulum  be  the  same,  the  length 
must  be  the  same.  We  do  not  get  rid  of  theoretical 
difficulties,  for  we  must  practically  assume  the  attraction 
of  gravity  at  some  point  of  the  ciirtli's  surface,  say 
London,  to  be  unchanged  from  tune  to  time,  and  the 
sidereal  day  to  be  invariable,  neither  assumption  being 
absolutely  correct  so  far  as  we  ain  judge.  The  pendulum, 
in  short,  is  only  an  indirect  means  of  making  one  physi- 
cal quantity  of  space  depend  upon  two  other  physical 
quantities  of  time  and  force. 

The  practical  difficulties  are,  however,  of  a  far  more 

q  ThomBon  and  Tait's  *  Elements  of  Natural  Philosophy,'  Part  i. 
p.  119. 
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fifnvju'ri  t:]iixriif:U^r  Ihaii  the  tLeoreti^^^il  ouef?..  Ttjc  itri^inii 
of  a  |>*-ij<luJuT/j  ]?!  not  the  ordinar}-  leuirth  of  tLr  iLL?Tru- 
rneut,  wljj'ch  rnigljt  hie  greatly  varied,  ^^-ithc'iit  tiS'^i-rmg 
the  duraliofj  of  a  vibration,  but  the  distance  froic  the 
centre  of  fciji^jx-nsion  to  the  centre  of  oscillatir^n.  There  is 
no  direct  rn^^nK  of  detennining  thi>  centre,  which  dejiends 
ijjxifi  the  average  momentum  of  all  the  particles  of  the 
pendulum  a«  regards  the  centre  of  suspension.  Huyghens 
diiKyAX're'l  that  the  centn-s  of  susfension  and  c«scillati<:«n 
are  interchangeable,  and  Captain  Kater  pointed  out  that 
if  a  pendulum  vibrates  with  exactly  the  same  rapidity 
when  suspended  from  two  diffeient  points,  the  distance 
li^^tween  these  points  is  the  true  length  of  the  equivalent 
simple  i>endulum''.  But  the  practical  difficulties  in  em- 
ploying Kater  H  reversible  penduliun  are  considerable,  and 
qucKtions  regarding  the  disturbance  of  the  air,  the  force 
of  gnivity  or  even  the  interference  of  electrical  attractions 
have  t()  be  entertained.  It  Iwih  bi^cjii  shown  that  all  the 
experiments  made  under  tlui  uutlu»rity  of  government  for 
estiiblishing  the  ratio  betw«H>n  Ihu  Ktaiidard  yard  and  the 
Wiconds*  pendulum,  were  vitiutod  by  an  eiror  in  the  correc- 
tions for  the  resisting,  adlioront  or  buoyant  power  of  the 
air  in  which  the  pendulum  swiuig.  Even  if  such  correc- 
tions were  rendered  unnoooHsary  by  operating  in  a  vacuum, 
other  difficult  ((uestionH  roinain*.  Gauss  mode  of  com- 
paring tin*  vibrutionH  of  a  wire  pendulum  when  suspended 
at  two  diffoitint  loagths  is  open  to  equal  or  greater  practi- 

u]  difficulties.  ThuH  it  is  found  that  the  pendulum 
»^taijdard  cannot  oompeto  in  accuracy  and  certainty  with 
\.\m'  sirnjile  bar  standard,  and  the  method  would  only  he 

u,s<^ful  Jis  an  acceBBcny  mode  of  restoring  the  bar  standards 

il  ill  nnv  time  again  destroyed. 

■    Kntirs 'TreatMeonMechanics,' Cabinet  Cyclopaedia,  p.  154. 
•    ( :nmt^  *  History  of  Thyrical  Astronomy/  p.  156. 
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Unit  of  Deusity. 


Before  we  c«in  measure  and  define  the  phenomena  of 
nature,  we  require  a  thinl  independent  unit,  which  shall 
enable  us  to  define  the  quantity  of  mattiT  which  occupies 
any  given  space.  All  the  motions  and  chanjfos  of  nature, 
as  we  shall  see,  are  probably  so  many  manifestations  of 
energy  ;  but  energy  requires  some  substratum  or  material 
machinery  of  molecules,  in  and  by  which  it  may  l)o 
exerted.  Very  little  obser\'ation  shows  that,  ns  regsirda 
force,  there  may  be  two  modes  of  variation  of  matter. 
The  force  required  to  set  a  body  in  motion,  varies  in 
simple  proportion  to  the  bulk  or  cubic  dimensions  of  the 
matter,  but  also  according  to  its  quality.  Two  cubic 
inches  of  iron  of  uniform  (lujdity,  will  require  twici*  as 
much  force  to  produce  a  certain  velocity  in  a  given  time 
as  one  cubic  inch  ;  but  one  cubic  inch  of  gold  will  require 
more  force  than  one  cubic  inch  of  iron.  There  is  then 
some  new  measurable  quality  in  matter  aj)art  from  its 
bulk,  which  we  may  call  density,  and  which  is,  strictly 
speaking,  indicated  by  its  capacity  to  resist  and  absorb 
the  action  of  force.  For  the  unit  of  density  we  \\\\\y 
aasume  that  of  any  subsUince  which  is  uniform  in  (juality, 
and  can  readily  be  referred  to  from  time  to  time.  Piu-e 
water  at  any  definite  temperature,  for  instance  that  of 
snow  meltuig  under  an  inappreciable  pressin-e,  fiu-nishes 
a  natural  and  invariable  standard  of  density,  and  by 
testing  equal  bulks  of  various  substances  compared  with  a 
like  bulk  of  ice-cold  water,  as  regards  the  velocity  pro- 
duced in  a  iniit  of  time  by  the  same  force,  we  should 
ascertain  the  densities  of  those  substances  as  expressed  in 
that  of  water. 

Practiadly  the*  force  of  gravity  is  used  to  measure 
density  ;  for  a  sinij)le  and  beautiful  experiment  with  the 
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:\;:v'l'  'urii.  ivitonut>il  by  Newton  and  Ganss,  kIiows  tliat 
.4  i  v'-A.'5i  /t'  matter  oqually  gmvitate,  tliat  is,  the  attractive 
:v\vvi  ,l"  z\.  suUstanoo  is  exat^tly  proportional  to  its  density. 
l^v^.'  !.\'iCK'ns  of  matter  then  which  are  in  QquiUbriiim  in 
iho  !xilan».\\  nuiy  Ih)  jvssumed  to  possess  equal  inertia,  and 
■  iicii  don^iiios  will  therefore  be  invei^sely  as  their  cubic 
aiMu-ujxiv»a.>L 

Unit  of  Mass. 

Muhlplyin^  the  niunber  of  units  of  density  of  a  portion 

oi  !iu4iu*r,  l»y  the  number  of  units  of  space  occupied  by  it, 

wo  aiiivc  at  the  quantity  of  matter,  or,  as  it  is  usually 

va!li\l.  llic  units  of  y/j«A\s,  as  indicated  by  the  inertia  and 

^i.o  \K\  it  i»i»s.sosseH.     To  proceed  in  the  most  simple  and 

ic»i;ual  uiiuinor,  the  unit  of  mass  ought  to  be  that  of  a 

vul»u-    unit   i»f   matter   of   the   standard   density.       The 

«ouiuU'is  of  the  French  metrical  system  took  as  their  unit 

.  i  uuv.^^,  i'J»o  I'ubir  centimetre  of  water,  at  the  temperature 

;    ua.\inuuu  density  (about  4°  Centigrade).     They  called 

suo    uut  of  mass  the  (jramme,  and  constructed  standard 

.^vv*siioius  Kjt'  the  kilogram,  w-hich  might  be  readily  re- 

v^v  ,>..  M.*  by  all  who  required  to  employ  accurate  weights. 

.  .va.aai^iK,  however,  the  determination  of  the  bulk  of 

^•.  s  v^ eight  i»f  water  at  a  certain  temperature  is  an 

_^s.*,K.    juvJving   many  practical  and   theoretical  dif- 

X  *.>'>-v  ^*^^  '^  '^**^"  '^**^  ^^^  ])erfonned  in  the  present  day 

^  V       o^-*^'  c-\vU'tut^ss  than  that  of  about  one  part  in 

,^^,   -V     w^xiiiw  ol  oareful   observers  being  sometimes 

^,,„  •  .    5/*>  •>  'HUoh  as  one  part  in  locx)*. 

NV.^-^^v    ^^    "^''*  ^^thor  hand,  can   be  compared   with 

.^  ,^  ,kK;,    *    **    W^uxC  one  part  m  a  million.     Hence  if 

iWV'.v?'  ^NN^v*^^'^'^  ^'^^*  kilogram  be  prepared  by  direct 

-  ^'^kA  ^^K'^^'^  ^11itM»r>-  of  Heat;  p.  79. 
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weighing  against  waiter,  they  will  not  agree  very  closely 
with  each  other  ;  and,  as  a  matter  of  fact,  the  two  principal 
standard  kilograms  neither  agree  with  each  other,  nor 
with  their  true  definition  ^  Tlie  so-called  Kilogram  des 
Archives  weighs  15432'34874  grains  according  to  Prof, 
W  IL  Miller,  while  the  kilogram  depogited  at  the 
Ministry  of  the  Interior  in  Paris,  as  the  standard  for 
commercial  purposes,  weighs  1 5432*344  grains\ 

Now  since  a  standard  weight  constructed  of  platinum, 
or  platinum  and  iridium,  can  be  preserved  in  all  proba- 
bility fi*ee  from  any  appreciable  alteration,  and  since  it 
can  lie  very  accurately  compared  with  other  weights,  we 
shall  ultimately  attain  the  greatest  exactness  in  our 
recorded  raefisurements  pf  weight  and  mass,  by  assuming 
some  single  standtird  kilogram  as  a  provisional  standard, 
leaving  the  determination  of  its  actual  mass  in  units  of 
space  and  density  for  future  uivestigation.  This  is  what 
is  practically  dune  at  tlie  present  day,  and  thus  a  unit  of 
mass  takes  the  place  of  the  unit  of  density,  both  in  the 
French  and  the  present  English  systems.  The  English 
pound  is  defined  by  a  certain  lump  of  platinum,  carefully 
preserved  at  Westminster,  and  is  an  entirely  arbitrary 
mass,  made  to  agree  as  nearly  as  possible  with  old  English 
pounds.  The  gallon,  the  old  English  unit  of  cubic  mea- 
surement, is  defined  by  the  condition  that  it  shall  con- 
tain exactly  ten  pounds  weight  of  water  at  62''  Fahr,;  and 
although  it  is  stated  that  it  has  the  capacity  of  about 
277*274  cubic  inches,  this  ratio  between  the  cubic  and 
linear  system  of  measurement  m  not  legally  enact^^d,  but 
is  left  open  to  investigation  from  time  to  time.  While 
the  French  metric  system  as  originally  designed  was 
theoretically  pertect,  it  does  not  seem  to  difler  practically 
in  this  point  from  the  English  system. 

«  ThoTiisan    and    Tail's    *  Treatise    on   KatErul   Philosophy/    voL    i. 
j».  325.  *  lliitl 


Suhsidiary  UniU. 

Having  once  established  the  stiindnrd  units  of  time, 
spiice,  and  density  or  mass,  we  miglit  empluy  them  for  the 
eacpi"ession  of  all  quantities  of  such  nature.  But  it  is  often 
found  convenient  in  particvilar  branches  of  science,  to  Ujse 
multiples  or  submidtiples  of  the  original  units,  for  the  ex- 
pression of  qiuintities,  in  a  clear  and  simple  manner.  We 
use  the  mile  rather  than  the  yard  when  treating  of  the 
magnitude  of  the  globe,  and  the  mean  distance  of  the  earth 
and  sun  is  not  too  large  a  vmit  when  we  have  to  describe 
the  distances  of  the  stars.  On  the  other  hand,  when  we  are 
occupied  witli  microscopic  objects,  the  inch,  the  line  or  the 
millimetre,  become  the  most  convenient  terms  of  expressiom 

It  is  allowable  for  a  scientific  man  to  introduce  a  new 
unit  in  any  branch  of  knowledge,  provided  that  it  assists 
precise  expression,  and  is  carefully  brought  into  relation 
with  the  primary  units*  Thus  Prof.  A.  W.  Williamson 
has  proposed  as  a  convenient  unit  in  chemical  science,  an 
absolute  volume  equal  to  about  11*2  litres,  representing 
the  bulk  of  one  gramme  of  hydrogen  gas  at  standard 
temperature  and  pressure,  or  the  equivalent  weight  of  any 
other  gas,  such  as  1 6  grammes  of  oxygen,  1 4  grammes 
of  nitrogen,  &c.  ;  in  short,  the  bulk  of  that  quantity  of 
\y  orie  of  those  gases  which  weighs  as  many  grammes 

(here  are  units  in  the  number  expressuig  its  atomic 
weight'"^.  Professor  Hofmann  lias  also  proposed  a  new  con- 
••wti^  unit  for  chemists,  called  a  crith,  to  be  defined  by  the 
^vi^U  of  i>ne  cubic  decimetre  or  litre  of  hydrogen  gas 
^  ,  -i'  -v1  o"76mm„  weighing  about  o'o896  gi-ammes', 
^<  'inits  if  adopted  must  be  regarded  as  purely 

uuitH»  ultimately  defined  by  reference  to  the 
»d  not  involving  any  new  assumption. 

H.'  by  A.  W.  Williamsou.     Clarendon  Pre^ 
«  *  Tiitrod.  to  Chemistrj/  p. 


Derived  Umts, 

The  standard  units  of  time,  space,  and  mass  having  been 
once  fixed,  it  becomes  obvious  that  many  kinds  of  magnitude 
are  naturally  measured  by  units  immediately  derived  from 
one  or  more  of  the  three  principal  ones.  From  tlie  standard 
metre  of  hnear  magnitude  follows  in  tlie  moyt  obvious 
manner  the  ceutaire  or  square  meti^e,  the  unit  of  super- 
ficial magnitude,  and  the  litre  or  cube  of  the  tenth  part 
of  a  metre,  tlie  standard  of  cupaeity  or  volume.  Velocity 
of  motion,  again,  is  expressed  by  the  ratio  of  the  sp^xce 
passed  over,  when  the  motion  is  uniform,  to  the  time 
occupied ;  hence  the  unit  velocity  will  be  that  of  a 
body  which  passes  over  a  unit  of  space  in  a  unit  of  time, 
say  one  metre  per  second.  Momentum  is  measured  by 
the  mass  moving,  regard  being  pitid  ijotli  to  the  amount 
of  matter  and  the  velocity  at  which  it  is  moving.  Hence 
the  unit  of  momentum  will  be  that  of  a  unit  volume  of 
matter  of  the  unit  density  moving  with  tbe  unit  velocity, 
or  in  tbe  French  system,  a  cubic  centimetre  of  water  of 
the  maximimi  density  moving  one  metre  per  second. 

An  accelerating  force  is  measured  by  the  ratio  of  the 
momentum  generated  to  the  time  occupied,  the  force 
being  supposed  to  act  imifonnly.  The  unit  of  force  will 
therefore  be  that  winch  generates  a  unit  of  momentum 
in  a  unit  of  time,  or  which  causes,, in  the  Frencli  system ^ 
one  cubic  centimetre  of  water  at  maximum  density  to 
acquire  in  one  second  a  velocity  of  one  metre  per  second. 
The  force  of  gravity  is  tlie  most  familiar  kind  of  force, 
and  as  when  acting  unimpeded  upon  any  substance  it 
produces  in  a  second  a  velocity  of  9*80868  ....  metres 
per  second  in  Paris,  it  follows  that  the  absolute  unit 
of  force  is  about  the  tenth  part  of  the  force  of  gravity. 
If  we  employ  British  weights  and  measures,  the  absolute 
unit  of  force  is  represented  by  the  gravity  of  about  half 
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an  Oiuice,  since  the  farce  of  gravity  of  any  portion 
matter  acting  upon  that  matter  during  one  second,  p 
duces  a  final  velocity  of  32*1889  feet  per  second  or  abo 
32  units  of  velocity.  Although  from  its  peq^etuul  presen 
and  approximate  uniformity  we  find  in  gravity  the  m 
ccmvenient  force  for  reference,  and  thus  habitually  employ 
it  'to  ^timate  quantities  of  matter  or  mass,  we  must  re- 
member that  it  is  only  one  of  many  instances  of  force. 
Strictly  speaking,  we  should  express  weight  in  terras  of 
force,  but  practically  we  express  all  forces  in  terms  of 
weight- 

We  still  require  the  unit  of  energy,  a  more  com- 
plex notion.  The  momentum  of  a  body  expresses  the 
quantity  of  motion  which  belongs  or  would  belong  to  the 
aggregate  of  the  particles,  but  when  we  consider  how  this 
motion  is  related  to  the  action  of  a  force  producing  or 
Temo\dng  it,  we  find  that  the  eSect  of  a  force  is  pro- 
portional to  the  mass  midtiplied  by  the  square  of  the 
velocity  and  it  is  most  convenient  to  take  half  this  product 

tlie  expression  required.  But  it  is  shown  in  books 
upon  Djmaraics  timt  it  will  be  exactly  the  same  thing  if 
we  define  energy  by  a  force  acting  through  a  certain  spac( 
The  natuml  unit  of  energy  will  then  be  that  which  ove] 
comes  a  unit  of  force  acting  through  a  unit  of  space  ;  when 
wi^  lift  oni^  kilogram  through  one  metre,  against  gravity, 
w^  tlu^returc  accomplish  g'8o86S  ....  units  of  work, 
iKat  JN  ^v<^^  tii'*^^  ^*^  many  units  of  potential  energy  ex- 
i^^  iu  tbo  muscles,  into  potential  energy  of  gravitation, 
%i  ttilMvtt  ^^^^^  pound  tht^ough  one  foot  there  is  in  like 
%iWftVcrsion  of  32*  1889  units  of  energy.  Accord- 
ant of  energy  will  be  that  required  to  lift  a 
I  ?dH)ut  one  tenth  part  of  a  metre  against 
KngliHh  flystem,  to  lift  onepoimd  through 
i  of :»  foot 
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qnantities  in  terms  of  any  unit  whu-h  iic  likrs  \i\  ;Mln|il. 
He  may  use  the  yard  for  linear  nirnsMri^incnt  ainl  tin* 
litze  for  cubic  measurement,  only  tlirro  will  tlim  Im>  a 
oompHcated  relation  between  his  (liileri'Mt  rcsuhs.  'I*lif 
system  of  derived  imits  which  wc  havr  hern  hrirllv  con- 
sidering, is  that  wliich  gives  the  most  simple  anW  n:ihn':il 
relation  between  quantitative  cxpn^ssions  of  dinrrcnt. 
kinds,  and  therefore  conduces  to  cas(^  of  roni|in*licii.sion 
and  saving  of  laborious  calculation. 

Provisionally  luilrprntfcut  I  hi  its. 

Ultimately,  as  we  can  hardly  douht-,  all  |ilM'nonH'Ma 
will  be  recognised  as  so  many  marnTistniioiiH  ofrtirr^y  ; 
.and,  being  expressed  in  terms  of  tlui  nnit  of  riHTj^^y,  will 
be  referable  to  the  primary  units  of  h|Ki('r,  liuM',  ;iriij 
mass.  To  effect  this  reduction,  howc^ver,  in  :iny  |i:n-(i(Milar 
case,  we  must  not  only  be  able  to  rotii|i.'in'  (liiVmiil 
quantities  of  the  plicnomcnon,  hut  to  \vivv{\  tlio  wliolc 
series  of  steps  by  which  it  is  connt^clcd  willi  {\\v.  priniary 
notions.  We  can  rejidily  observe  that,  tho  int<^nsily  oj' 
one  source  of  light  is  greater  llian  that  of  another  :  and, 
knowing  that  the  intensity  of  liglit  (h^<;reases  jis  the 
square  of  the  distance,  we  can  ejisily  determines  tlieir 
comparative  brilliance.  Hence  w(;  can  express  t,lie  inti^n- 
sity  of  light  falling  upon  any  surfjice,  if  W(j  have  n.  unit 
in  which  to  make  the  expression.  Lijrht  is  undouht^^lly 
one  form  of  energy,  and  the  unit  ought  therefore  t<i  Im^ 
the  unit  of  energy.  But  at  present  it  is  quite  impossible 
to  say  how  much  energy  there  is  in  any  particular 
amount  of  light.  The  question  then  arises, — Are  we  to 
defer  the  measurement  of  light  until  we  can  fully  and 
accurately  assign  its  relation  to  other  forms  of  energy  ? 
If  we  answer  Yes,  it  is  equivalent  to  saying  that  the 
science  of  light  must  stand  still  perhjips  for  a  generation  ; 
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atid  not  only  this  science  but  almost  every  other.     The 

true  course  evidently  is  to  select,  as  the  provisional  unit 
of  light,  some  light  of  convenient  intensity,  which  can  be 
reproduced  from  time  to  time  in  exactly  the  same  in-  j 
tensity,  and  which  is  defined  by  physical  circumstances. 
All  the  phenomena  of  light  may  be  experimeiitaUy  investi- 
gated relatively  to  this  unit,  for  instance  that  obtained 
after  much  labour  by  Buuden  and  Eoscoe*.  In  after 
years  it  will  become  a  matter  of  inquiry  what  is  the 
energy  exerted  in  such  unit  of  light  ;  hut  it  miiy  he  long 
before  the  relation  is  exactly  determined, 

A  provisionally  independent  unit,  then,  means  one  which 
is  assumed  and  physically  defined  in  a  safe  and  repro- 
ducible manner,  in  order  that  pmrticidar  quantities  may 
be  compared  inter  se  more  accurately  than  they  can  yet 
be  referred  to  the  primary  units.  In  reality  almost  all 
our  measurements  are  made  by  such  independent  units. 
Even  the  unit  of  mass  is  practically  an  independent  one, 
as  we  have  seen  (p.  373)- 

Similaily  the  unit  of  heat  ought  to  be  simply  the 
unit  of  energy,  already  described.  But  a  weight  can 
be  measured  to  the  onc-milljonth  part,  and  temperature 
to  less  than  the  thousandth  part  of  a  degree  Fahrenheit, 
and  tu  less  therefore  than  the  five-hundredth  thousandth 
part  of  the  absolute  temperature,  whereas  the  mechanical  fl 
equivalent  of  heat  is  probably  not  known  to  the  thousandth 
part.  Hence  the  need  of  a  provisional  unit  of  heat,  which 
is  often  taken  as  that  requisite  to  raise  a  unit  weight  of 
water  (say  one  gramme)  through  one  degree  Centigrade 
of  temperature,  that  is  from  o*"  to  r.  This  quantity  of 
heat  is  capable  of  approximate  expression  in  terms  of 
time,  space,  and  mass ;  for  by  the  natural  constant, 
determined    by    Dr.   Joule,   and    called    the   mechanical 
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eqmvalent  of  heat^  we  know  that  the  ussumed  unit  i»f 
lieat  is  equal  to  the  energy  of  423'55  ^tinixnc-URtivs, 
or  that  energy  which  will  raise  the  rna£:;s  of  423*55 
grammes  through  one  metre  agsiinst  9*80868  ahsnhitt* 
units  of  foroe.  Heat  may  also  be  expressed  in  terms  of 
the  quantity  of  ice  at  o'  Cent.,  whicli  it  is  capable  nt'  eon- 
verting  into  water  under  an  iiiappreciahle  pressure. 

The  science  of  electricity  has  lately  become  so  mueh  a 
matter  of  quantity,  that  it  is  necessary  to  have  s«>me 
means  of  accurate  expression.  When  we  kntjw  exaetly 
the  mechanical  equivalent  of  eletrtricitv,  we  ean  ex[)ress 
quantities  of  electricity  in  terms  of  energy,  hut  in  the 
meantime  we  need  some  easy  available  unit.  The  Hritish 
AflBOciation  accordingly  have  selected  as  the  unit  of 
electrical  force  that  which  can  just  overeome  the  resistanee 
offered  by  a  piece  of  pure  silver  wire  i  metre  in  h  iif^lli, 
and  I  millemetre  in  diameter.  This  unit  must  he  re- 
garded as  merely  a  convenient  provision  i(»r  workinj; 
purposes,  to  be  employed  for  the  easy  expression  (tf 
quantities  not  yet  brought  into  precise  relation  with  the 
ultimate  standards  of  time,  space?,  and  mass.  Th<Te  may 
also  be  other  provisionally  inde[)en(lent  units  employed 
in  electrical  science,  such  as  the  voltametric  unit  of  cur- 
rent strength,  namely,  that  current  whicli  by  (lec(.)nip()sinj; 
water  produces  one  cubic  centimetre  of  detonating  gas  at 
o'CJent.  and  760  mm.  of  pressure  in  one  minute.  The  unit 
of  electrical  quantity,  again,  is  that  quantity  which  when 
concentrated  in  a  point  and  acting  on  an  ec^ual  (juantity 
also  concentrated  in  a  point  at  a  unit  of  distance,  exerts 
a  repulsion  equal  to  the  unit  of  force.  There  must  also 
be  a  unit  of  electro-magnetic  force.  All  these  electrical 
units  must,  however,  be  definitely  related  to  each  other, 
and  to  the  fundamental  units,  and  it  is  a  matter  for 
continual  investigation  to  determine  such  relations  more 
and  more  accuratelv. 
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M'ithtnuttii'id   Consttthts. 
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to  reward  the  enonnous  lalxnir  which  must  hv  uiidcrtakeii 
m  these  calculations.  Such  hibours  once  sua-essfully  com- 
pleted must  benefit  the  whole  human  race  as  long  as  it 
shall  exist.  A  v.ihiable  account  of  all  the  chief  mathe- 
matical tables  yet  published  will  be  found  in  l)e  Morgan s 
article  on  Tables,  in  the  'English  Cycloj  a.'dia/  Division 
of  Arts  and  Sciences,  vol.  vii.  p.  976. 

P/n/sicul  Constahts. 

The  second  chiss  of  constants  contains  thos(»  which  refer 
to  the  actual  constitution  of  matter.  For  the  most  j)art 
they  depend  upon  the  peculiarities  of  the  chemical  sul>- 
stancc  in  question,  but  wo  may  l>egin  wMth  those  which 
are  of  the  most  general  character.  In  a  first  sub-class 
we  may  place  the  velocity  of  light  or  heat  undulations, 
the  numbers  expressing  the  relation  between  the  ItMigths 
of  the  undulations,  and  the  rapidity  of  the  undulations, 
these  numbers  depending  only  on  the  ])roperties  of  the 
ethereal  medium,  and  being  probably  the  same  in  all  parts 
of  the  universe.  The  theory  of  heat  gives  rise  to  several 
numbers  of  the  highest  importance,  especially  Joule's 
mechanical  equivalent  of  heat,  the  absolute  zero  of  tempe- 
rature, the  mean  temjierature  of  empty  space,  &c. 

Taking  into  account  the  diverse  properties  of  the 
elements  we  must  have  tables  of  the  atomic  wcn'ghls, 
the  specific  heats,  the  specific  gravities,  the  refractive 
powers,  not  only  of  the  elements,  but  their  ahnost  in- 
finitely numerous  compoiuids.  The  properties  of  hardness, 
elasticity,  vif^cosity,  expansion  by  heat,  conducting  powers 
for  heat  and  electricity,  must  also  be  determined  in 
immense  detail.  There  are,  however,  certain  of  these 
numbers  which  stand  out  prominently  because  they  serve 
as  intermediate  units  or  terms  of  comparison.  Such  are, 
for  instance,  the  absolute  coeflicients  of  exj^ansion  of  air, 
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Wrtlov,  Hhil  iu\  riury,  iIk*  lompcrature  of  the  maxiiniim 
il^Mmi(y  \y(  wutii  (au  loi  Fahn  or  4'o  Cent.),  the  latent 
Ihi^HU  uf  wittov  uimI  Httnim,  the  boiling-point  of  water 
\m\\^V  ttUu<Ul\l  j»i\V5irtUi\\  the  melting  and  hoi  ling-points 


*Vho  thii\l  giv>U  <'i  .-'-  ns^'»^^;s  oi  numm.^i'^  ptissessing  far 
Uisi^  '.  I  '  vulitv  lK?aiiusc  liuv  ivfer»  not  to  the  universal 
u\.  .  \if  u^ttt^»  Uit  la  tba  special  forms  and  dis- 

tM^^H^  \k\  which  matter  lias  been  disposed  in  the  part  of 
tho  Mmvm*«e  o{>en  to  our  examination.  We  have^  first  of 
uU.  to  iK^Aue  the  magnitude  and  form  of  the  earth,  its  mean 
dtHit*ity,  the  constant  of  aberration  of  light  expressuig  the 
Vi^tition  between  the  earth  s  mean  velocity  in  spK*e  and 
the  ViJiXsity  of  light*  From  the  earth,  as  our  observatory, 
wo  then  j>roceed  to  lay  down  the  mean  distances  of  the 
iiun»  and  of  the  planets  from  the  same  centre  ;  all  the 
oliMuents  of  the  phinetary  orbits,  the  magnitudes,  densities, 
Mm»8eH,  periods  of  axial  rotation  of  the  several  planets 
are  V>y  degrees  determined  with  growing  accuracy.  The 
Htune  labours  must  be  gone  through  for  the  satellites, 
(liitrtlogues  of  comets  with  the  elements  of  their  orbits, 
a«  Tar  as  ascertainable,  must  not  be  omitted* 

From  the  earth's  orbit  as  a  new  base  of  observations, 

we  next  proceed  to  survey  the  heavens  and  lay  down  the 

nppareiit  positions,  magnitudes,  motions,  distances,  periods 

of  variation,  &c.  of  the  stai*s.     All  catalogues  of  stars  from 

those  of  Ilipparchus  and  Tj^cho,  are  full  of  numbers  ex- 

pa\«wing  rudely  the  conformation  of  the  visible  universe, 

Hut  there  is  obviously  no  limit  to  the  labours  of  astrono- 

mcr*  ;  ^^^^  ^^'j  ^^*®  miUious  of  distant  stars  awaiting  their 

6r»1  measurements,  but  tliose  already  registered  require 

mdless  scnttiny  as  regards  their  movements  in  the  three 


I 


rSirS  ASD  STAyDAIWS  OF  JfKASrKEMLWT.      385 


dimensions  of  space,  tLt'ii'  periods  of  revolutiuii,  their 
changes  of  brilliancy  and  coKiui-s.  It  is  obvious  that 
though  astronomical  numbers  are  ct»nventionally  called 
constant,  they  are  in  all  cases  i«rul»ably  subject  to  more 
or  less  rapid  variation. 

Terrestrial  Xumhers. 

Our  knowledge  of  the  globe  we  inhabit  involves  many 
numerical  determinations,  which  have  little  or  no  con- 
nexion with  astronomical  theory.  The  extreme  heights 
of  the  principal  mountains,  the  mean  elevation  of  con- 
tinents, the  mean  or  extreme  depths  of  the  oceans,  the 
specific  gravities  of  rocks,  the  temiierature  of  mines,  jJl 
the  host  of  numbers  expressing  the  meteorological  (a* 
magnetic  conditions  of  every  part  of  the  surface  must 
fall  into  this  class.  Many  of  such  numl)ei*s  are  hardly 
to  be  called  constant,  being  subject  to  periodic  or  even 
secular  changes,  but  they  are  no  more  variable  in  fact 
than  many  which  in  astronomical  science  are  set  down 
as  constant.  In  many  cases  quantities  which  seem  most 
variable  may  go  through  rliythmicul  changes  resulting 
in  a  nearly  luiiform  average,  and  it  is  only  in  the  Jong 
progress  of  physical  investigation  that  we  can  hope  to 
discriminate  successfullv  between  those  elemental  ninn- 
bers  which  are  absolutely  fixed  and  those  which  vary. 
In  the  latter  case  the  law  of  variation  becomes  the 
constant  relation  which  is  the  object  of  our  search. 

Orc/a/ilc  Numbers. 

All  the  forms  and  j)roi)erties  of  brute  nature  having 
been  sufiiciently  defined  ])y  the  previous  classes  of  numbei-s, 
the  organic  world,  both  vegetable  and  animal,  remains 
outstanding,  und  olUirs  a  higher  series  of  phenomena  for 
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V 


our  investigation.  All  exact  knowledge  relating  to  the 
forms  and  sizes  of  living  things,  their  numbers,  the 
quantities  of  various  compounds  which  they  consume, 
contain,,  or  excrete,  their  muscular  or  nervous  energy,  &c. 
must  be  placed  apart  in  a  class  by  themselves.  All  such 
numbers  are  doubtless  more  or  less  subject  to  variation, 
and  but  in  a  minor  degree  capable  of  exact  determination. 
Man,  so  far  as  he  is  an  animal,  and  as  regards  his  physical 
form,  must  also  be  treated  in  tliis  class. 


Social  Numbers. 

Little  or  no  allusion  has  hitherto  been  made  in  this 
work  to  the  fact  that  man  in  his  economical,  sanitary, 
intellectual,  aesthetic,  or  moral  relations  may  become  the 
subject  of  exact  sciences,  the  liighest  and  most  usefid 
of  all  sciences*  Every  one  who  is  iii  any  degree  engaged 
in  statistical  inquiry  or  study  must  so  far  acknowledge 
the  possibility  of  natural  laws  governing  such  statistical 
facts.  Hence  we  must  certainly  allot  a  distinct  place  to 
all  numerical  information  relating  to  the  numl)ers,  ages, 
physical  and  sanitaiy  condition,  mortality,  of  all  difiei'ent 
peoples,  in  short,  to  vital  statistics.  Economic  statistics, 
oomprehendmg  the  quantities  of  commodities  produced, 
existing,  exchanged,  and  consumed,  constitute  another 
most  extensive  body  of  science.  In  the  progress  of  reason 
exact  investigation  may  possibly  subdue  regions  of  pheno- 
mena which  at  present  defy  all  analysis  and  scientific 
treatment.  That  scientific  method  can  ever  exhaust  the 
pheDomena  of  the  human  mind  is  on  the  other  hand  in- 
credible. 


CHAPTER  XV. 

ANALYSIS   OF  QUANTITATIVE   PHENOMENA. 

In  the  two  preceding  chapters  we  have  been  engaged 
in  considering  how  a  phenomenon  may  be  accurately 
measured  and  expressed.  So  delicate  and  complex  an 
operation  is  a  measurement  which  pretends  to  any  con- 
siderable degree  of  exactness,  that  no  small  part  of  the 
skill  and  patience  of  physicists  is  usiially  spent  upon  this 
operation.  Much  of  this  difficulty  arises  from  the  fact  that 
it  is  scarcely  ever  possible  to  measure  one  simple  pheno- 
menon at  a  time.  The  ultimate  object  must  be  to  discover 
the  mathematical  equation  or  law  connecting  a  quantitative 
cause  with  its  quantitative  effect;  this  piirpose  usually 
involves,  as  we  shall  see,  the  varying  of  one  condition  at 
a  time,  the  other  conditions  being  maintained  constant. 
The  labours  of  the  experimentalist  would  be  comparatively 
light  if  he  could  carry  out  this  rule  of  varying  one  circum- 
stance at  a  time.  He  would  then  obtain  a  series  of  cor- 
responding values  of  the  variable  quantities  concerned, 
from  whicli  he  might  by  proper  hypothetical  treatment 
obtain  the  required  law  of  connexion.  But  in  reality 
it  is  seldom  possible  to  carry  out  tliis  direction  except 
in  an  approximate  manner.  Before  then  we  proceed  to 
the  consideration  of  the  actual  process  of  quantitative 
induction,  it  is  necessary  to  review  the  several  devices 
by  which  the  complication  of  effects  can  be  disentangled. 
Every  phenomenon  measured  will  usually  be  the  sum 
difference  or  product  of  two  or  more  different  effects, 
nd  these  must  be  in  some  way  analysed  and  separately 
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measured    before  we    possess   the   materials   for    a 

iuductive  treatment. 


true 


% 


I 


Illustrations  of  the  Complication  of  Effects. 

It  is  easy  to  bring  forward  a  multitude  of  instances  to 
sliow  that  a  phenomenon  is  seldom  to  be  observed  simple 
and  alone*  A  more  or  less  elaborate  process  of  analysis 
is  almost  always  necessary.  Thus  if  an  experimentalist 
wishes  to  observe  and  measure  tlie  expansion  of  a  liquid 
by  heat,  he  places  it  in  a  thermometer  tube  and  registers 
the  rise  of  the  column  of  liquid  in  the  nan*ow  tube.  But 
he  cannot  heat  the  liquid  without  also  heating  the  glass, 
80  that  the  change  observed  is  really  the  difterence  between 
the  expansions  of  the  liquid  and  the  glass.  More  minute 
investigation  will  show  the  necessity  perhaps  of  allowing 
for  further  effects,  namely  the  compression  of  the  liquid 
or  the  expansion  of  the  bulb  due  to  the  increased  pressure 
of  the  column  as  it  becomes  lengthened. 

In  a  great  many  cases  an  observed  effect  will  be  ap- 
parently at  least  the   simple  sum  of  two   separate  and  fl 
independent  effects.     The  heat  evolved  in  the  combustion 
of  oil  is   partly  due   to  the   carbon   and  partly  to  the   _ 
hydrogen.    A  measurement  of  the  heat  yielded  by  the  two  B 
jointly,  cannot  inform  us  \iqw  much  proceeds  from  the 
one  and  how  much  from  the  other.     If  by  some  separate 
determination  we  can  ascertain  how  much  the  hydrogen 
yields,  then  by  mere  subtraction  we  learn  what  l3  due 
to  the  carbon ;  and  vice  versd.     The  heat  conveyed  by  a 
liquid,  may  be  partly  conveyed  by  true  conduction,  partly 
by  convection.     The  light  dispersed  in  the  interior  of  a 
liquid   consists    both    of  what   is    reflected   by   floating  h 
particles  and  what  is  due  to  true  fluorescence  **  ;   and  we  ■ 
must  find  some  mode  of  determining  one  portion  before 
we  can  learn  the  other. 
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The  apparent  moti(»n  of  the  spots  on  the  sun,  is  the 
algebraic  sum  of  the  sun's  axial  rotation,  ami  of  tho 
proper  motion  of  the  spots  upon  the  sun's  fiico ;  honoo 
the  difficulty  of  ascertaining  by  direct  observations  the 
period  of  the  sun's  rotation. 

We  cannot  obtain  the  weight  of  a  jwirtion  of  liquid 
in  a  chemical  balance  without  weighing  it  witli  tlio 
containing  vessel  Hence  to  have  the  real  wc^ight  of 
the  liquid  operated  upon  in  an  experiment,  we  miiHt 
have  a  separate  weighing  of  the  vessel,  with  or  without 
the  adhering  film  of  liquid  according  to  circumstanc<»H. 
This  is  likewise  the  mode  in  which  a  cart  and  its  load 
are  weighed  together,  the  tare  or  w(jight  of  tho  cart 
previously  ascertained  being  deducted.  The  variation 
in  the  height  of  the  bcirometer  is  a  joint  (^ttbct,  partly 
due  to  the  real  variation  of  the  atmospheric  i)rcHsuris 
partly  due  to  the  expansion  of  the  mercurial  column  by 
heat.  The  effects  may  l>e  discriminated,  if,  instead  of 
one  barometer  tube  we  have  two  tubes  pljKH»d  crlosely 
side  by  side,  so  as  to  have  exjictly  the  same  temperature. 
If  one  of  them  be  closed  at  the  bottom  so  as  to  Ihj 
unafiected  by  the  atmospheric  })ressure,  it  will  show 
the  changes  due  to  temperature  only,  and,  by  subtr.icting 
these  changes  from  those  shown  in  the  other  tube,  wo 
get  the  real  oscillations  of  atmospheric  ])rcssure.  But 
this  correction,  as  it  is  called,  of  the  barometric  reading, 
is  better  effected  by  calculation  from  the  readings  of 
an  ordinary  thcjrmometer. 

In  a  great  many  other  cases  a  quantitative  effect  will  be 
the  difference  of  two  causes  acting  in  opposite  directions. 
The  late  Sir  John  Herschel  invented  an  instrument  like  a 
large  thermometer  which  he  called  the  Actinometer  ^»,  and 
M.  Pouillet  const nicted  a  s^miewhat  similar  instrument 
*>  *Aclmirnlty  Minuial  of  Scientific  Enquiry,'  edited  by  Sir  John 
Herschel,  2nd  ed.  p.  299. 


called  the  Pyrhelioraeter,  for  ascertaining  the  heating 
power  of  the  suns  rays.  In  l)oth  instmmenta  the  heat 
of  the  sun  wa^  absorbed  by  a  reservoir  containing  water, 
and  the  rise  of  temperatine  of  the  water  was  exactly 
observed,  either  by  its  own  expansion  or  by  the  readings 
of  a  delicate  thermometer  immersed  in  it.  The  details 
of  the  construction  and  use  of  these  instruments  are  im- 
material to  our  immediate  purpose.  Now  in  exposing  the 
actinometer  to  the  sun,  we  do  not  obtain  the  full  effect 
of  the  lieat  ahsorl^ed,  because  the  receiving  surface  is  at 
the  siirae  time  radiating  heat  into  empty  space.  The 
observed  increment  of  temperature  is  in  short  the  dif- 
ference between  what  is  received  from  the  sim  and  lost  by 
radiation.  But  the  latter  quantity  is  capable  of  ready 
determination ;  we  have  only  to  shade  the  instrument 
from  the  direct  rays  of  the  sun,  while  leaving  it  exposed 
to  the  rest  of  the  open  sky,  and  we  can  observe  how 
much  it  cools  in  a  certain  time.  The  total  effect  of  the 
sun  8  rays  will  obviously  be  the  apparent  effect  ^^?ia  the 
cooling  effect  in  an  equal  time.  By  alternate  exposiu^e 
in  sun  and  shade  during  equal  intervals  the  desired  result 
may  be  obtained  with  considerable  accuracy  ^. 

Two  quantitative  effects  were  beautifully  distinguished 
in  an  experiment  of  John  Canton,  devised  in  1 76 1  for  the 
purpose  of  demonstrating  the  compressibihty  of  water  ^. 
He  constructed  a  thermometer  with  a  large  bulb  full  of 
water  and  a  short  capilhiry  tube,  the  part  of  which  above 
the  water  was  freed  from  air.  Under  these  circumstances 
the  water  was  relieved  from  the  pressure  of  the  atmo- 
sphere, but  the  glass  bulb  in  bearing  that  pressure  was 
somewhat  conti-acted.  He  next  placed  the  instrument 
under  the  receiver  of  an  air|>ump,  and  on  exhausting  the 
)bserved  the  water  sinlt  in  the  tube.     Ha^ 
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obtained  a  measure  of  the  effect  of  atmospheric  pressure 
on  the  bulb,  he  opened  the  top  of  the  thermometer  tube 
and  admitted  the  air.  The  level  of  the  water  now  sank 
still  more,  partly  from  the  pressure  on  the  bulb  l)cing 
now  compensated,  and  partly  from  the  compression  of  the 
water  by  the  atmospheric  pressure.  It  is  obvious  that 
the  amount  of  the  latter  effect  was  approximately  the 
difference  of  the  two  observed  depressions. 

Not  uncommonly  indeed  the  actual  phenomenon  which 
we  wish  to  measure  is  considerably  less  than  various 
disturbing  effects  which  enter  into  the  question.  Thus 
the  compressibility  of  mercury  is  considerably  less  than 
the  expansion  of  the  vessels  in  which  it  is  measured 
under  pressure,  so  that  the  attention  of  the  experi- 
mentalist has  chiefly  to  be  concentrated  on  the  change 
of  magnitude  of  the  vessels.  Many  astronomical  phe- 
nomena, such  as  the  parallax  or  proper  motions  of  the 
fixed  stars,  are  for  less  than  the  instrumental  imper- 
fections, and  the  other  phenomena  of  precession,  nutation, 
aberration,  &c.  Even  Flarnsteed  imagined  he  had  dis- 
covered the  parallax  of  the  pole  star^,  and  time  after 
time  astronomers  mistook  various  other  phenomena  for 
that  minute  motion  which  they  were  so  desirous  to 
discover. 

Methods  of  Eliminating  Error. 

In  any  particular  experiment  it  is  the  object  of  the 
experimentalist  to  measure  a  single  effect  only,  and  he 
endeavours  to  obtain  that  effect  free  from  any  interfering 
effects.  If  this  cannot  be,  as  it  seldom  or  never  can 
really  be,  he  makes  the  effect  as  considerable  as  possible 
compared  with  the  other  effects,  which  he  reduces  to  a 
minimum,  and  treats  as  noxious  errors.     Those  quantities, 

«•  Baily's  *  Account  of  the  Rev.  John  Flarnsteed/  p.  58. 


392 


THE  PRINCIPLES  OF  SCIENCE, 


which  are  callad  errors  in  one  case,  may  really  be  most 
important  and  interesting  phenomena  in  another  inves- 
tigation. When  we  speak  of  elirainating  error  we  really 
mean  disentangling  the  complicated  phenomena  of  nature. 
The  physicist  rightly  wishes  to  treat  one  thing  at  a  time, 
hut  as  this  object  can  seldom  be  rigorously  carried  into 
practice,  he  has  to  seek  some  mode  of  counteracting  the 
tendency  to  error. 

The  general  principle  of  the  subject  is  that  a  single 
observation  can  render  known  only  a  single  quantity. 
Hence  if  several  different  quantitative  effects  are  known 
to  enter  into  any  investigation,  we  must  have  at  least 
as  many  distinct  results  of  observation  as  there  are 
quantities  to  he  determined.  Every  complete  experiment 
will  therefore  consist  in  general  of  several  operatione. 
Guided  if  possible  by  previous  knowledge  of  the  causes 
in  action,  we  must  airange  these  determinations,  so  that 
by  a  simple  mathematical  process  we  may  distinguish  the 
separate  quantities.  There  appear  to  he  five  priacipal 
methods  in  which  we  may  accomplish  this  object ;  these 
methods  are  specified  below  and  illustrated  in  the  suc- 
ceeding sections, 

(i)  The  Method  of  Avoidance.  The  physicist  may  seek 
for  some  special  mode  of  experiment  or  opportunity  of 
observation,  in  wliich  the  error  is  non-existent  or  inap- 
preciable, 

(2)  The  Differential  Method,  He  may  find  opportunities 
of  observation  when  all  interfering  phenomena  remain 
constant,  and  only  the  subject  of  observation  is  at  one  time 
present  and  anotlier  time  absent ;  the  difference  between 
two  exact  ol^sen^ationR  then  gives  its  amount. 

(3)  Hie  Method  of  Correction.  He  may  endeavour  to 
estimate  the  amount  of  the  interfering  force  by  the  best 
available  mode,  and  then  make  a  corresponding  correction 
in  tJie  results  of  observation. 
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,\   TfiP  Method  of  Compensation.  He  may  invent  hoiiu* 

'1'  neutralizing  the  interfering  force   by  Inilaneing 

'-;i:;>'  it  an  exactly  equal  and  opposite  force  of  unknt)\vn 

:  i"Uiit. 

^5)   The  Method  of  Revcrsfd.     He  may  ko  con<luct  tlu» 

t.xperirnent  that  tho  interfering  force  may  act  in  oppositi^ 

directions,  in  alternate  observations,  the  mean  i-emilt  U»ing 

tree  from  interference. 

1.    Method  of  Avoidouve  of  Error. 

Astronomers  always  seek  opportmiities  of  observation 
when  errors  will  have  the  smallest  effect.  In  spite  of 
elaborate  observations  and  long  continu(»d  theoretical 
investigation,  it  is  not  found  pr)S8ible  to  assign  any 
satisfactory  law  to  the  refractive  power  of  the  atmo- 
sphere. Although  the  apparent  change  r)f  place  of  a 
heavenly  body  thus  produced,  may  l^e  mon»  or  less 
accurately  calculated,  yet  the  error  depends  upon  the 
temperature  and  pressure  of  the  atmos])liere,  and,  when 
a  ray  is  highly  inclined  to  the  perpend icidar,  the  lui- 
certainty  in  the  refraction  becomes  very  considerable. 
Hence  astronomers  always  make  their  obseiTations,  if 
possible,  when  the  object  is  at  the  highest  point  of  its 
daily  course,  i.e.  on  the  meridian.  In  some  kinds  of 
investigation,  as,  for  instance,  in  the  determination  of  the 
latitude  of  an  o])servatoiy,  the  astronomer  is  at  liberty 
to  select  one  or  more  stars  out  of  the  countless  number 
visible.  There  is  an  evident  advantage  in  such  a  case, 
in  selecting  a  star  which  pjisses  close  to  the  zenith, 
so  that  it  may  be  observed  almost  entirely  free  from 
atmospheric  refi-action,  as  was  done  by  Ilooke.  It 
was  ingeniously  suggested  by  Wallis  that  the  parallax 
of  the  fixed  stars  might  perhaps  be  detected  by  ob- 
servations of  the  greatest  azimuth  east  and  west  of  some 
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ciit^xinipolar  star,  Bince  the  refractive  power  of  the  atmo- 
spliere  which  aftects  only  the  altitude  would  thus  be 
entirely  avoided^. 

Astronomers  also  endeavour  to  render  tlieir  clocks  as 
ax3curate  as  possible,  by  removing  the  source  of  variation. 
The  pendulum  is  perfectly  isochronous  so  long  as  its 
length  remains  invariable,  and  the  vibrtitions  are  exactly 
of  equal  length.  They  render  it  nearly  invariable  in 
length,  that  is  in  the  distance  between  the  centres  of 
suspension  and  oscillation,  by  a  compensatory  arrangement 
for  the  change  of  temperature.  But  as  this  compensation 
may  not  be  perfectly  accomplished,  some  astronomers 
place  their  chief  controlling  clocks  in  a  cellar,  or  other 
apartment,  where  the  changes  of  temperature  may  be  as 
slight  as  possible.  At  the  Paris  Observatory  a  clock  has 
been  placed  in  the  caves  beneath  the  building,  where 
there  is  no  appreciable  difterence  between  the  summer 
and  winter  temperature. 

To  avoid  the  effect  of  unequal  oscillations  Huyghens 
made  his  beautiful  investigations,  which  resulted  in  the 
discovery  that  a  pendulum,  of  which  the  centre  of  oscil- 
lation moved  upon  a  cycloidal  path,  woidd  be  perfectly 
isochronous,  whatever  the  variation  in  the  length  of 
oscillations.  But  though  a  pendulum  may  be  rendered  in 
some  degree  cycloidal  by  the  use  of  a  steel  suspension 
spring,  it  is  found  that  the  mechanical  nrraugements 
requisite  to  produce  a  truly  cycloidal  motion  introduce 
more  error  than  they  avoid.  Hence  astronon^ers  seek  to 
reduce  the  error  to  the  smallest  amount  by  maintaining 
their  clock  pendulums  in  uniform  movement^;  and  in 
fact  while  a  clock  is  in  good  order  and  has  the  same 
weights,  there  need  be  little  change  in  the  length  of 
oscillation. 

^  Grant,  *  History  of  Physical  Astronomy/  p.  54B* 

«  Moutuehi,  *  llistoire  des  MHtb^mnticjucs/  vol  ii.  p.  420. 
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When  a  pendnlum  cannot  bo  m:ulo  to  swinor  unitonulx . 
as  in  experiments  ujxmi  the  toroo  of  irravliv,  i(  Iu^nmuos 
requisite  to  resort  to  the  thinl  motluvl.  ami  a  i*ornvtion 
is  introduced,  calculated  on  thooivtioal  «rnMnuls  iVoiu 
the  amount  of  the  oldened  ehangi^  in  i\w  longth  of 
vibration. 

It  has  been  mentioned  that  tho  appaivnt  o\|^a!isio!i 
of  a  liquid  by  heat,  when  containiHl  in  a  thonnomotor  (ulx* 
or  other  vessel,  is  the  difiorontv  Ivtwri^n  (ho  n»al  r\ 
pansion  of  the  liquid  and  that  of  tho  oontaiuiiij;:  \  rssrl.  T\\o 
effects  can  be  accurately  distinj^uishi'd  ]^rovi«hMl  that  \\*» 
can  learn  the  real  expansion  by  boat  of  any  imu*  ronvmionl 
liquid;  for  by  observinjj  tho  appaivnt  ox|>ansit»n  «»!'  Ilio 
same  liquid  in  any  requirod  vossol  wo  oan  by  dillornuM* 
learn  the  amount  of  expansion  of  (lu»  vi»ssol  ilnt»  lo  any 
pven  change  of  tempomturo.  Whon  wo  oun^  Know  tho 
change  of  dimensions  of  tho  vossol,  wo  oan  of  oi»inso 
determine  the  absolute  expansion  of  any  otlit^*  liijuid 
tested  in  it.  Thus  it  bcauno  an  all-importanl  objorl  in 
scientific  research  to  moasnro  with  aoonraoy  (lio  absolnlo 
dilatation  by  heat  of  sonu^  on<*  liquid,  and  niiToiny  owin?;; 
to  several  circumstanoos  wan  by  far  (lio  n»os(  suilabK*. 
Dulong  and  Petit  devised  a.  lu^antilul  uhmIo  of  olVoolin;^^ 
this  by  simply  avoiding  aliogoilior  Iho  <*lloo(  of  llio 
change  of  size  of  the  vossol.  Two  uprijrlii.  inbrH  lull  of 
mercury  were  connect<'d  by  a  fim^  lulx*  al  Iho  Imlimn, 
and  were  maintained  at  two  (lillon'ni  l<»ni|)oralnroM.  Am 
mercury  was  free  to  How  from  <»nn  lubo  Id  llio  nilior 
by  the  connecting  tulns  Llio  two  <'olnn!ns  nooowiarily 
exerted  equal  pressures  by  tho  j^rinoiph^s  of  liydrnsi alios. 
Hence  it  was  only  nccossary  to  ni(^asiu*t^  vory  aocurah'ly 
by  a  cathetumeter  the  diflbreiUH?  of  lovol  of  tho  sinfaooM 
of  the  two  columns  of  mercury,  to  l(\'irn  Um?  <linoronoo  of 
length  of  columns  of  equal  hydrostatic  jinissuro,  wliioli  at 
once  givos  tin;  dilToronoe  of  <l(»nsiiy  of  llio  moron ry,  and 


the  dilfitation  by  Leat.  The  changes  of  dimension  in  the 
containing  tubes  now  became  a  matter  of  entire  indifference, 
and  the  length  of  a  cokimn  of  mercury  at  different  tem- 
peratures was  measured  as  easily  as  if  it  had  formed  a 
Solid  bai*.  The  experiment  was  carried  out  by  Eegnault 
with  many  improvements  of  detail,  £md  the  absolute 
dilatation  of  mercury,  at  temperatures  between  o°  Cent, 
fmd  35o\  was  determined  almost  as  accurately  as  was 
needful  ^, 

The  presence  of  a  large  and  uncertain  amoimt  of  error 
may  often  render  a  metliod  of  experiment  vahieless. 
Foucaitlts  benutiful  mode  of  demonstrating  the  rotation 
of  the  earth  by  the  motion  of  a  pendulum  was  thus 
finistrated.  Tlie  slightest  lateral  ihsturbance  of  the 
pendulum  gave  it  an  elliptical  path  with  a  progressive 
motion  of  the  axis  of  the  ellipse,  and  this  motion  of  an 
unknown  amount  disguised  and  overpowered  that  due 
to  the  rotation  of  the  earth  I  Faraday  s  laborious  ex- 
periments on  the  relation  of  gravity  and  electricity  were 
much  obstructed,  too,  by  the  fact  that  it  is  almost  im- 
possible to  move  a  large  weight  of  iron  or  even  lead 
without  generating  cuiTcnts  of  electricity,  either  by  friction 
or  induction.  To  distinguish  the  electricity  directly  due 
to  the  action  of  gravity  fi*om  the  gi*eater  quantities 
indirectly  produced  would  have  been  a  problem  of  ex- 
cessiv'e  difficulty.  Baily  in  his  experiments  on  the  density 
of  the  earth  wa3  aware  of  the  existence  of  inexplicable 
disturbances  which  have  since  been  referred  to  tlie  action 
of  electricity  with  much  probability^  ^.  The  skill  and 
ingenuity  of  the  experimentalist  are  often  exhausted 
in  devising  a  form  of  apparatus  in  which  such  causes 
of  error  shall  be  reduced  to  a  minimum. 

^  Jamiu,  *  Cours  dc  Physique,'  vol.  ii.  pp.  1 5-28. 

*  •  PbjlosopLicnl  Magazine/  1851,  4th  Series,  vol.  xl  p<U8im, 

^  Ht'uni,  '  Plulosopbical  Tran8aotion&,'  1847,^0!.  cxxxvu.  pi>.  217-22 1 T 
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In  some  rudimentaiy  experiments  we  may  wish  iiu'ii'ly 
to  establish  the  existence  of  a  quantitative  ellect  witlioiit 
precisely  measuring  its  amount ;  if  there  exist  causes  of 
error  of  which  we  can  neither  render  the  ainoinit  known 
or  inappreciable,  the  best  w^ay  will  be  to  make  them  all 
negative  so  that  the  quantitative  eftects  will  be  less  than 
the  truth  rather  than  greater.  Mr.  Grove,  for  instance, 
in  proving  that  the  magnetization  or  demajjfnetizatiun  of 
a  piece  of  iron  raises  its  temperature,  took  care  to  niaintnin 
the  electro-magnet  by  which  the  iron  was  acted  ui'on  at 
a  lower  temperature,  so  that  it  w^ould  cool  rather  than 
warm  the  iron  by  radiation  or  conduction  ^ 

Rumford's  celebrated  experiment  to  prove  that  heat  was 
generated  out  of  mechanical  force  in  the  borinj^  <»!'  a 
cannon  was  subject  to  the  difficulty  that  heat  mij^ht  he 
brought  to  the  cannon  by  conduction  from  neighbonrin}^ 
bodies.  It  was  an  ingenious  device  of  Davy  to  produee 
friction  by  a  piece  of  clock-work  resting  uj)on  a  hlock 
of  ice  in  an  exhausted  receiver;  as  the  machine  rose  in 
temperature  above  32",  it  was  certain  that  no  heat  was 
received  by  conduction  from  the  support*".  In  many 
other  experiments  ice  may  be  em})loyed  to  prevent  the 
access  of  heat  by  conduction,  and  this  device,  tirst  [)ut  in 
practice  by  Murray's  is  beautifully  cmj)loyed  in  Bunsen's 
calorimeter. 

To  ohtain  the  true  temperature  of  the  air,  though 
apparently  so  easy,  is  really  a  very  diflicult  matter, 
because  the  thermometer  employed  is  sure  to  be  affected 
either  by  the  sun's  rays,  the  radiation  from  neighbouring 
objects,  or  the  esciipe  of  heat  into  space.     These  sources 

1  'The  Correlation  of  PhyHical  Forces/  aixl  ed.  p.  159. 

m  'Collected  works  of  Sir  H.  Davy/  vol.  ii.  pp.  12-14.  'Elements  of 
Chemical  Philosophy,'  p.  94- 

n  ' Nicholsoirs  Jouniai;  vol.  i.  p.  241;  quoted  in  'Treatise  on  Heat/ 
Useful  Knowledge  Society,  p.  24. 
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-  .  :.n  t*>o  lluotuiiting  to  allow  of  Lr-rrtviicn,  so  that 

\    uAur^ti*  mode  of  procedure  is  that  devised  by 

■'-        :  \v  s^i  surrounding  the  thermometer  w*iih  a  copper 

.\-     "lixMUOusly  udjusted  to  the  temperature  of  the 

t^  .N^>\^vilvd  hy  him,  so  that  the  effect  of  radiation 

..  .      V  -^V.itiod^ 

\\    .  .1   ;;n^  MvoiduiHUi  of  error  cannot  be   airried  into 

\,,.    1    NX  ill    \ot   Ih^  desirable   to   reduce   the   absolute 

iiiii  ..;  I  ho  iiUorlrring  error  as  much  as  possible  before 

..   .  :.'N  ■».'  ilio  sun-t'tMling  methods  to  correct  the  result, 

\  .  i    x;u'i:d   \^\\^'  wf  fun  detennine  a  quantity  with  less 

..,;,*  i;;.i»  \    t>  U   is  smnHer,  so  that  if  the  error  itself  be 

..;:  ,.i  liu'  v'iu»i  \\\  dt»termining  that  error  will  be  of  a  still 

U.\\*  I  .'uui  oT  mt^};:hitud(^    Rut  in  some  cases  the  absolute 

iMUMtiii  *»i  Ml  orior  is  of  no  consequence,  as  in  the  index 

lu.'i    I'l     *   dividoil   (MrcJc,   or  the   difference  between  a 

» lii,nv.mi  in    .ind   jislronouiical  time.     Even  the  rate  at 

\\!iii!i    I   » li'rU   >;ains  or  loses  is  a  matter  of  little  im- 

j.^.ii.ui.i    I'loxidrd    il  n^mains   constant,    so   that  a  sin-e 

,  .i!i  III. men  ^r  i(m  iunount  can  be  made. 

•J.    I>i(l\rrnt{id  Method. 

\\  lull  \M*  rannul   nvoid  the  entrance  of  error,  we  can 

u  ,   II   .Il    Willi   pywxl  success   to  the  second  mode  of 

.    Ill-   plhiu>iiuMia  under  such  circumstances  that  the 

.'t.iM    uni.iiu  nearly  or  quite  the  same  in  5x11  the 

.,      .  =  I'll  .  iMil  iioutralize  itself  as  regards  the  purposes 

,     ..       TIm  .   iii.ulo  is  iivjiilable  whenever  we  want  a 

'si\\*iO    quuutities    and    not    the    absolute 

.!il\,i.     'I'lie  determination  of  the  parallax 

V  .      »'i'  •   '-^   exceedingly  difficult,   because  the 

I  i  IV  Mi  l;ir  loss  than  most  of  the  con-ections 

,  iiK.M>    ui"   Hvttt;   p.   228.     'Proceedings   of  the 

MMi'iv.'  Nov.  26,  1867,  vol.  vii.  p.  35. 
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for  atmospheric  refraction,  nutation,  abermtion,  i)re- 
cesdon,  instrumental  irregularities,  &c.,  and  can  with 
difficulty  be  detected  among  these  phenomena  of  various 
magnitude.  But,  as  Galileo  long  ago  suggested,  all 
such  difficulties  would  be  avoided  by  the  differential 
observation  of  stars,  which  though  apparently  close 
together  are  really  far  separated  on  the  line  of  sight. 
Two  such  stars  in  close  apparent  proximity  will  be  sub- 
ject to  almost  exactly  equal  eiTors,  so  that  all  we 
need  do  is  to  observe  the  apparent  change  of  place  of 
the  nearer  star  as  refeiTcd  to  the  more  distant  one. 
A  good  telescope  furnished  with  an  accurate  micrometer 
is  alone  needed  for  the  application  of  the  method. 
Huyghens  appears  to  have  been  the  first  observer  who 
actually  tried  to  employ  the  method  practically  P,  but 
it  was  not  until  1835  that  the  improvement  of  telescopes 
and  micrometers  enabled  Struve  to  detect  in  this  way 
the  parallax  of  the  star  o  Lyraj. 

It  is  one  of  the  many  advantages  of  the  observation 
of  transits  of  Venus  for  the  determhiation  of  the  solar 
parallax  that  the  refraction  of  the  atmosphere  affects 
in  an  exactly  equal  degree  the  planet  and  the  portion 
of  the  sun  s  face  over  which  it  is  passing.  Thus  the 
observations  are  strictly  of  a  differential  nature. 

By  the  process  of  substitutive  weiglung  it  is  possible 
to  ascertain  the  equality  or  ineqmJity  of  two  weights 
with  almost  perfect  freedom  from  error.  If  two  weights 
A  and  B  be  placed  in  the  scales  of  the  best  balance 
we  cannot  be  sure  that  the  equilibrium  of  the  beam 
indicates  exact  equality,  because  the  arms  of  the  beam 
may  be  unequal  or  unbalanced.  But  if  we  take  B  out 
and  put  another  weight  C  in,  and  equilibrium  still 
exists,  it  is  apparent  that  the  same  causes  of  erroneous 

p  History  of  *  Physical  Astronomy/  p.  549.  Ilorechers  *  Outlines  of 
AstroDomy/  4tli  od.  p.  550. 


ii'eighiiig  exist  in  both  cases,  supposing  tliat  the  balance 
has  not  been  disarranged,  and  that  B  must  be  exactly 
equal  to  C,  since  it  lias  exactly  the  Eiame  effect  under 
the  same  circumstances*  In  like  manner  it  is  a  general 
rule  that,  if  by  any  uniform  mechanical  process  we  get 
a  copy  of  an  object,  it  is  unlikely  that  this  copy  will 
be  precisely  the  same  in  magnitude  and  form  as  the 
original,  but  two  copies  will  equally  diverge  from  the 
original,  and  will  tlierefore  almost  exactly  resemble  each 
other. 

Leslie's  Differential  Thermometer  *i  was  well  aditpted 
to  the  experimentH  for  wliicli  it  was  invented.  Having 
two  equal  bulbs  any  alteratiun  in  the  temperature  of  the 
air  will  act  equally  by  conduction  on  each  and  produce 
no  change  in  the  indications  of  the  instrument.  Only 
that  radiant  heat  which  is  purposely  thrown  upon  one 
of  the  bulbs  will  produce  any  effect.  This  tliermometer 
in  sliort  carries  out  the  principle  of  the  differential  method 
In  a  mechanical  manner. 


I 


3.  Method  of  Correction. 

Whenever  the  result  of  an  experiment  is  affected  by  an 
interfering  cause  to  an  amount  either  invariable  or  exactly 
calculable,  it  is  sufficient  simply  to  add  or  subtract  this 
calculated  amount.  We  are  said  to  connect  observations 
when  we  thus  eliminate  what  is  due  to  extraneous  causes, 
although  of  coui*se  we  are  only  separatijig  the  correct 
effects  of  severed  agents.  Thus  the  vaiiation  in  the  height 
of  the  bLirometriccd  column  is  partly  due  to  the  change 
of  teuiperature,  and  since  the  coefficient  of  absolute 
dilatation  of  mercury  has  been  exactly  determined,  as 
HliH3Uily  described  (p.  395),  we  have  only  to  make  caU 

i  Lealie's  *  Inquiry  into  tbe  Nature  of  Heat;  p.  10, 
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culations  of  a  simple  character,  or,  what  is  bettor  still, 
tabulate  a  series  of  such  calculatioiiH  for  <|[eiieral  use, 
and  the  correction  for  tem|x?rature  can  he  made  Avith 
all  desired  accuracy.  The  height  of  the  mercury  in  the 
barometer  is  also  affected  by  cjipillary  attraction,  which 
depresses  it  by  a  constant  amount  dei)ending  on  the 
diameter  of  tlic  tulxj.  The  requisite  corrections  can  In.* 
estimated  with  accumcy  sufficient  for  most  purposes,  more 
especially  as  we  can  check-  the  correctness  of  the  reading 
of  a  barometer  by  comparison  with  a  perfect  standanl 
bai'ometer,  and  introduce  if  need  Ije  an  index  terror 
including  both  the  error  in  the  affixing  of  the  scale 
and  the  effect  due  t<i  capillarity.  But  in  constructing 
the  standard  barometer  itself  we  must  take  gieater  ])ri»- 
cautious ;  tlie  Citpillary  depression  depends  somewluit 
ujx>n  the  quality  of  the  glass,  the  absence  of  air,  and 
the  perfect  cleanliness  of  the  mercury,  so  that  we  cannot 
with  confidence  assign  the  exact  amount  of  the  eftect. 
Hence  a  standard  barometer  is  constructed  with  a  wide 
tube,  sometimes  even  an  inch  in  diameter,  so  that  the 
capillary  effect  may  be  rendered  of  little  account*'. 
Gay  Luusiic  made  barometers  in  the  form  of  a  siphon  so 
that  the  capillary  forces  acting  equally  at  the  upper  and 
lower  surfaces  sho\ild  balance  and  destroy  each  other, 
but  the  method  fails  in  practice  Ixjcause  the  lower  surface, 
being  open  to  the  air,  becomes  sullicid  and  subject  to  a 
different  force  of  capillurity. 

In  a  great  many  mechanicid  experiments  Iriction  is 
an  interferuig  condition,  and  dniins  away  a  portion  of 
the  energy  intended  to  be  openited  upon  in  a  definite 
manner.  We  should  of  coiu'se  reduce  the  friction  in  the 
first  place  to  tlnj  lowest  possible  amount,  but  as  it  c^mnot 
be  altogetluM*  i)revented,  and  is  not  calculable  with  cer- 
tainty   from    any   general    laws,   we    must   determine    it 

'    Wjit1>^'  •  Dieiioinirv  <»f  CluMnisiry,'  vol.  i.  pj>.  .'i.^-T.^. 
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jparately  for  eiich  appaiutus  by  suitable  experimeots. 
Tlius  Smeaton,  in  his  admirable  but  now  almost  forgotten 
researches  concerning  water-wheels,  elimiiuited  friction  in 
the  most  simple  manner  by  determining  by  trial  what 
weight,  acting  by  a  cord  and  roller  upon  his  model  water- 
wheel,  would  make  it  turn  without  water  as  rapidly  as 
the  water  made  it  turn.  In  short,  he  ascertained  what 
weight  concurring  with  the  water  would  exactly  com- 
pensate for  the  frictioii  ^.  In  Dn  Joule's  experiments  to 
detennine  the  mechaniad  equivalent  of  heat  by  the  cou- 
densation  of  air,  a  considerable  amount  of  heat  was  pro- 
duced by  friction  of  the  condensing  pump,  and  a  small 
portion  by  stimng  tlie  water  employed  to  measure  the 
heat.  This  heat  of  friction  was  ascertained  by  simply 
repeating  the  experiment  in  an  exactly  similar  manner 
except  that  no  condensation  was  effected,  and  obsei'ving 
the  change  of  temperature  tljen  produced*. 

We  may  descriljo  as  test  experiments  any  in  which  we 
perform  operations  not  intended  to  give  the  quantity  uf 
the  principal  phenomenon,  but  some  quantity  which  wouhl 
iitherwise  remain  as  an  error  in  the  result  Thus  in 
ustiunumictd  observations  almost  every  source  of  eiTor 
miiy  be  avoided  by  increasing  the  number  of  observations 
und  ilistributing  them  in  such  a  manner  as  to  produce 
in  the  final  mean  as  much  error  in  one  way  as  iii  the 
other*  But  there  is  one  source  of  error,  first  discovered 
by  Miuikelyne,  wl»ich  cannot  be  avoided,  because  it  affects 
iJI  oliiiervationH  in  the  same  direction  and  to  the  same 

cnwff©  amount,  namely  the  Personal  Error  of  the  ob- 

or  the  inclination  to  record  the  passage  of  a  star 

»^i'*  wiits^  of  the  telescope  a  little  too  soon  or  a 

This  personal  error  was  first  described  in 

1  Journal  of  Science/  vol  i.  p.  178.     The 

Tinn^iactions/  vol  H.  p.  loo. 

^'      '  -Tne,'  jnl  Series,  vol.  xxvL  p,  372, 
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difference  between  the  judgment  of  observers  at  the 
Greenwich  Ob8er\"atory  usually  varies  from  ji^  to  J  of 
a  second,  or  even  a  little  more,  and  remains  pretty  con- 
stant for  the  same  obser\-ers  ^.  In  some  observers  it  has 
amounted  to  seven  or  eight-tenths  of  a  second*.  De 
Morgan  appears  to  have  entertained  the  opinion  that 
this  source  of  error  was  essentially  incapable  of  elimina- 
tion or  correction  y.  But  it  seems  clear  that  this  personal 
error  might  be  determined  absolutely  with  any  desirable 
degree  of  accuracy  by  test  experiments,  consisting  in 
making  an  artificial  star  move  at  a  considerable  distance 
and  recording  by  electricity  the  exact  moment  of  its 
passage  over  the  wire.  This  method  has  in  fact  been 
successfully  employed  in  Leyden,  Paris,  and  Neuchatel '. 

Newton  employed  the  pendulum  for  making  experi- 
ments on  the  impact  of  balls.  Two  balls  were  hung  in 
contact,  and  one  of  them,  being  drawn  aside  through  a 
measured  arc,  was  then  allowed  to  strike  the  other,  the 
arcs  of  vibration  giving  sufficient  data  for  calculating  the 
distribution  of  energy  at  the  moment  of  impact.  The 
resistance  of  the  air  was  an  interfering  cause  which  he 
estimated  very  simply  by  causing  one  of  the  balls  to 
make  several  complete  vibrations  and  then  marking  the 
reduction  in  the  length  of  the  arcs,  a  proper  fraction 
of  which  reduction  was  added  to  each  of  the  other  ob- 
served arcs  of  vibration  \ 

In  the  modern  use  of  the  pendulum,  to  measure 
terrestrial  gravity,  it  is   not  fomid  convenient  to  annul 

«  *  Greenwich  Observations  for  1 866/  p.  xlix. 

*  'Penny  Cyclopaedia/  ai-t.  Transit,  vol.  xxv.  pp.  129,  130. 

y    Ibid.  art.  Observation,  p.  390. 

z  'Nature/  vol.  i.  pp.  85,  337.  See  references  to  the  Memoii-M  de- 
scribing the  method. 

a  'Principitt/  Book  I.  liaw  III.  Corollary  VI.  Scholiiuu.  Motto's 
translation,  vol.  i.  p.  33. 
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the  resistance    of  the   air    by   operating   in   a    vacuum. 

Consequently  this  resistance  has  to  be  a!!scertaine(.l 
by  appropriate  and  tedious  aeries  of  experiments, 
which  should  be  made  if  |>(»SHible  upon  each  pendulum 
employed. 

The  exact  definition  <.»f  the  standard  of  length  is  one 
of  the  most  important,  as  it  is  one  of  the  most  difficult 
questions  in  physical  science,  and  the  different  practice  of 
ditierent  nations  introduces  wholly  needless  confusion. 
Were  all  standards  constructed  so  i\^  to  give  the  tine 
length  at  a  fixed  miiform  temperature,  for  instance  the 
freezing-point,  then  any  two  standards  could  be  compared 
without  the  interference  of  temperature  by  bringing  them 
both  to  exactly  the  same  fixed  temperature.  Unfortu- 
nately the  French  metre  is  defined  by  a  bar  of  platinum 
at  o^'C,  while  our  yard  is  defined  by  a  bronze  bar  at  62^F, 
It  18  quite  impossible,  then,  to  make  a  comparison  of  the 
yard  and  metre  without  the  introduction  of  a  correction, 
either  for  the  expansion  of  platinum  or  bronze,  or  both. 
Bars  of  met^l  differ  too  so  much  in  their  rates  of  expansion 
according  to  their  molecular  condition  that  it  is  dangerous 
to  infer  from  one  bar  to  another. 

When  we  come  to  use  instruments  with  gi'eat  accmmcy 
there  are  many  minute  Bources  of  error  wliich  must  be 
guarded  against.  If  a  thermometer  has  been  graduated 
when  perpendicular,  it  will  read  somewhat  differently 
when  laid  down,  as  tlie  pressure  of  a  column  of  mercury 
is  removed  from  the  bulb.  The  reading  may  also  be 
somewhat  altered  if  it  htis  recently  been  raised  to  a 
higher  temperature  than  usual,  if  it  be  placed  under  a 
vacuous  receiver,  or  if  the  tube  be  unequally  heated  as 
compared  with  the  bulb.  For  these  minute  causes  of 
error  we  may  have  to  Introduce  troublesome  corrections, 
unleas  we  adopt  the  simple  mode  ol'  using  the  tliermometer 
in  circumstances  of  position,  &c.  exactly  similar  to  those 
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in  which  it  was  grachiated  ^.  There  is  no  end  to  the 
number  of  minute  corrections  wliich  may  ultimately  be 
required.  A  very  large  number  of  experiments  on  gases, 
standard  weights  and  measures,  &c.  depend  upon  the 
height  of  the  barometer  ;  but  when  experiments  in  dif- 
ferent parts  of  the  world  are  compared  together  we  ought 
to  take  into  account  the  varying  force  of  gravity,  which 
even  between  London  and  Paris  makes  a  difference  of 
•008  inch  of  mercury. 

The  measurement  of  quantities  of  heat  is  a  matter  of 
great  diflSculty,  because  there  is  no  known  substance 
impervious  to  heat,  and  the  problem  is  therefore  as 
difficult  as  to  measure  liquids  in  porous  vessela  To 
determine  the  latent  heat  of  steam  we  must  condense  a 
certain  amount  of  the  steam  in  a  known  weight  of  water, 
and  then  observe  the  rise  of  temperature  of  the  water. 
But  while  we  are  carrying  out  the  experiment,  part  of  the 
heat  will  have  escaped  by  radiation  or  conduction  from 
the  condensing  vessel  or  calorimeter.  We  may  indeed 
reduce  the  loss  of  heat  by  using  vessels  with  double  sides 
and  bright  surfaces,  surroimded  with  swan's-down  wool  or 
other  non-conducting  materials  ;  and  we  may  also  avoid 
raising  the  temperature  of  the  water  much  above  that  of 
the  surrounding  air.  Yet  we  cannot  by  any  such  means 
render  the  loss  of  heat  inconsiderable.  Ruraford  ingeni- 
ously proposed  to  reduce  the  loss  to  zero  by  commencing 
the  experiment  when  the  temperature  of  the  calorimeter 
is  as  much  below  that  of  the  air  ias  it  is  at  the  end  of  the 
experiment  above  it.  Thus  the  vessel  will  first  gain  and 
then  lose  by  radiation  and  conduction,  and  these  opposite 
errors  will  approximately  balance  each  other.  But  Reg- 
nault  has  shown  that  the  loss  and  gain  do  not  proceed  by 
exactly  the  same  laws,  so  that  in  very  accurate  inves- 
tigations   llinnfords    method    is    not    sufHcient.     There 

f"  I'alfour  StewaH,  '  Elementary  Treatise  on  Heat/  p.  16. 
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remains  tlie  methcxl  of  correction  which  was  beautifully 
carried  out  by  Regnault  in  his  determination  of  the  latent 
heat  of  5team.  He  employed  two  calorimeters,  made  in 
exactly  the  same  way  and  alternately  used  to  condense  a 
certain  amount  of  steam,  so  that  while  one  was  measuring 
the  latent  heat,  the  other  calorimeter  was  engaged  in 
det-ermining  the  corrections  to  be  applied,  whether  on 
acctnuit  of  radiation  and  conduction  from  the  vessel  or 
ou  aci^ount  of  heat  reaching  the  vessel  by  means  of  the 
wnnwting  pipes  *^ 

4.  Method  of  Compensation, 

There  are  many  cases  in  which  a  cause  of  error  caimot 
wnvoniently  be  rendered  null,  and  is  yet  beyond  the 
x^\\d\  of  the  third  method,  that  of  calculating  the  requisite 
iH^rrection  from  independent  observations.  The  magnitude 
i^f  an  error  may  be  subject  to  continual  variations,  on 
aooo\mt  of  change  of  weather,  or  other  fickle  circumstances 
b^^yond  our  control  It  may  either  be  impracticable  to 
i>b8orvo  the  variation  of  those  circumstances  in  suflScient 
vWtail,  or,  if  observed,  the  calculation  of  the  amount  of 
cnK>r  may  be  subject  to  doubt.  In  these  cases,  and  only 
in  these  cases,  it  will  be  desirable  to  invent  some  artificial 
uic>ile  of  counterpoising  the  variable  error  against  an  equal 
vnx>r  aiibject  to  exactly  the  same  variation. 

NVu  wauot  weigh  any  object  with  great  accuracy  imless 
wv^  UAuko  a  oiu'i-cction  for  the  weight  of  the  air  displaced 
kk\  U»u  objuct.  and  add  this  to  the  apparent  weight.  In 
\\u'v  iwvuiatu  investigations  relating  to  standard  weights, 
jt  ij*  u»iual  ti>  note  the  barometer  and  thermometer  at  the 
un\o  ^»l*  making  a  weighing,  and,  from  the  measured  bulks 
..I   lUo  objuctrt  cxanpared,  to  calculate  the  weight  of  air 

1  ^i»,tlMnrs    ('Ihia'crtl  Reports  and  Memoirp/ Cavendish  Society,  pp. 
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displaced  ;  the  third  method  in  iUct  is  adopted.  To  make 
all  the  calculations  in  tlie  frequent  wt?ighings  requisite  in 
chemical  analysis  would  be  exceedingly  laborious,  hence 
the  correction  is  usually  neglected.  But  when  the  chemist 
wishes  to  weigh  a  quantity  of  gas  contained  in  a  gla^^s 
globe  for  the  purpose  of  detcTmining  its  specific  gra\'ity, 
the  correction  l)ecomes  of  much  importance.  Hence 
chemists  avoid  at  once  the  error,  and  the  labour  of  cor- 
recting it,  by  attaching  to  the  opi)osite  scale  of  tlu»  balance 
a  sealed  glass  globe  of  exactly  equal  caj>aoity  to  that 
containing  the  gas  to  be  weighed,  noting  only  the  dif- 
ference of  weight  when  the  glolxj  is  full  and  empty.  The 
correction,  being  exactly  the  same  for  both  glolies,  may  be 
entirely  neglected  ^. 

A  device  of  nearly  the  same  kind  is  employ(*d  in  the 
construction  of  galvanometei-s  which  measure  the  force  of 
an  electric  current  by  the  deflection  of  a  Husp<Mule<l 
magnetic  needle.  The  resistance  of  the  iie(»dle  is  ])artly 
due  to  the  directive  influence  of  tlu^  earths  magnetism, 
and  partly  to  the  t(jrsion  of  the  thread.  Rut  the  fornua- 
force  may  often  be  inconveniently  great  as  w(»ll  as 
troublesome  to  determine  fordiflerent  inclinations.  Hence 
it  is  customary  to  connect  together  two  exactly  equal 
needles,  with  their  poles  pointing  in  opposite  directions, 
one  needle  being  within  and  another  without  the  coil  of 
wire.  As  regards  the  earths  magnetism,  the  needles  are 
now  astatic  or  indifferent,  the  tendency  of  one  needle 
being  exactly  balanced  by  thjit  of  the  other. 

An  elegant  instance  of  the  elimination  of  a  disturbing 
force  by  compensation  is  found  in  Faraday's  researches 
upon  the  magnetism  of  gases.  To  observe  the  magnetic 
attraction  or  rei)uLsion  of  a  gas  seems  impossible  unless  we 
enclose  the  gas  in    an  envelope,  probably  best  made   of 

'•  RoffnaullV  'Cown*  I':l»meiit»iirf  do  Cliiinir.'  1851,  vol.  i.  i>    141 


(jIa^si  But  luiy  Huch  euvelopc  is  8urtj  to  be  moi*e  or  less 
iilVi*cttHl  by  the  magnet,  so  that  it  becomes  difficult  in 
diHtiriguish  lK*tweeTi  three  forces  which  enter  the  problem  ; 
nnmolv.  the  magnetism  of  tlie  gas  in  question,  that  of  the 
t>nvel(»|>t%  ami  that  of  the  siirromKling  atinoHpheric  air, 
Faraday  nvoitled  all  difficulties  by  employing  two  exactly 
equal  and  similar  glaiss  tubes  connected  together,  and  so 
suspended  from  tlie  arm  of  a  torsion  balance  tliat  the 
tubes  were  in  siroilar  parts  of  the  magnetic  field.  One 
tu})e  being  filled  with  nitrogen  and  the  other  with  oxygen, 
it  was  found  that  the  oxygen  seemed  to  be  attracted  and 
tliG  nitrogen  repelled.  The  suspending  thread  of  the 
balance  wa.s  then  turned  until  the  force  of  torsion  restored 
the  tubes  to  their  original  places,  where  the  magnetism  of 
the  tubes  aa  well  as  that  of  the  surrounding  ah-,  being 
exactly  the  same  and  in  the  opposite  direction  upon  the 
t\vt»  tubes,  could  not  produce  any  ioteHercnce,  The  force 
thus  required  to  restore  the  tubes  was  measured  by  the 
mnouut  of  torsion  of  the  thread,  and  it  indicated  correctly 
I  he  oomparative  attractive  powers  of  oxygen  and  nitrogen. 
The  oxygen  was  then  withdrawn  from  one  of  the  tubes, 
M)i\  41  second  experiment  made,  so  as  to  compare  a  vacuum 
\\\{\\  nitrogen.  No  force  was  now  required  to  maintain 
llW  tubes  in  their  places,  bo  that  nitrogen  was  found  to 
^  ^approximately  speaking,  indiflFerent  to  the  magnet, 
^1  ie»,  neither  magnetic  nor  diamagnetic,  while  oxygen 
v....^  luovod  tu  be  positively  magnetic  ^  It  required  the 
experimental  skill  on  the  part  of  Faraday  and 
lii  distingidsh  between  what  is  apparent  and  real 
attraction  and  repulsion. 

'    done  can  absolutely  decide  when   a  com- 

1    ugenient  is  conducive  to  accuracy.      As  a 

I    uiwhanical  compensation  is  the  last  resource. 


I 


*    ryudttUV  *  Farniby,' jti*.  114-15. 
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and  in  the  more  iiccurate  observations  it  is  likely  to 
introduce  more  uncertitinty  than  it  removes.  A  multitude 
of  instruments  involving  mechanical  compensation  have 
been  devised,  but  they  are  usually  of  an  \mscientific 
diaracterff,  because  the  errors  compensated  can  l>e  more 
accurately  determined  and  allowed  for.  But  there  are 
exceptions  to  this  rule,  and  it  seems  to  Ik?  proved  that  in 
the  delicate  and  tiresome  operation  of  mcjisuring  a  base 
line,  invariable  Imrs,  compensjited  for  expansion  by  heat, 
give  a  very  accurate  result,  the  observation  of  their  vary- 
ing temperature  and  the  calculation  of  the  corrections 
being  an  imcertain  and  tedious  work  ^K 

We  thus  see  that  the  choice  of  one  or  other  mode  of 
eliminating  a  simple  error  depends  entirely  upon  circum- 
stances and  the  object  in  view ;  but  we  may  safely  lay 
down  the  following  conclusions.  First  of  all,  seek  to  avoid 
the  source  of  error  altogether  if  it  can  1k»  conveniently 
done  ;  if  not,  make  the  experiment  so  that  the  error  may 
be  as  small,  but  more  especially  as  constant,  as  possible. 
If  the  means  are  at  hand  for  deterniinin«r  its  amount 
by  calculation  from  other  experiments  and  princij)les 
of  science,  allow  the  error  to  exist  and  make  a  correction 
in  the  result.  If  this  cannot  be  acciu\atcly  done  or  in- 
volves too  much  labour  for  the  purposes  in  view,  then 
throw  in  a  counteracting  error  which  shall  as  nearly  as 
possible  be  of  equal  amount  in  all  circiunstanccs  with 
that  to  be  eliminated.  There  yet  remains,  however,  one 
important  method,  that  of  Reversal,  which  will  form  an 
appropriate  transition  to  the  succeeding  chapters  on  the 
Method  of  Mean  Results  and  the  Lixw  of  Error. 

K  See,  for  instance,  the  Conipcnsatcil  Sympiesonicter,  *  PhiloBophical 
Magazine,'  4th  Series,  vol.  xxxix.  p.  371. 

^  Grant,  *  llistory  of  PhyBical  Astronomy,'  pp.  146,  147. 
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,..l'«ii  .»r  v'liiniii.'iting  err-T   :-  :...s:  p'»ront 

.  .V       \    \\l»i'iiovi»r  it   can  Ijc  fjpj  livi.  '-:•;:   it   re- 

.    Mi    .lull  Iv  al)lr  to  revcr?fe  i':.v  .•.rT;.ir::.:u>  aod 

vi^Aimr.  so  ;is  to  iiifike   the  ii.:Tr:-:r.: ;:  cause 

V    .»    V  .\    ;i  .»|'[Hvsito  (liivclions.     Ii*  "s^v   x-^:l  zc-i  two 

N,  .        .    ,..i  '.  .^uIk.  ono  of  which  is  as  much  :-  o  p-eat  as 

V     ...     .    .'x»  -.vmIK  tho  oiTor  is  equal  to  half  the  dif- 

i    »-'x*    irno   ivsult    is    the  mean  of  the    two 

^. i*i!.>s       Ii    is   an    unavoidable   defect    of  the 

k •..  ;r\v'.    tvi    instiuuv.  that  the  points  of  sns- 

,       N*   jsvu^i   ranuot    Iv   fixed   at   exactly  equal 

^ ^y..     i«s"    iNv>   xvuiro  of  sus])ension  of  the   beam. 

n,.,v  v.  \*vi..'Iun  wliirh  srem  to  balance  each  other 
^,  ,\  ..  « *  s  j'Mtv*  o|ual  in  ivality.  The  difference  is 
,i..v.i*  '^  '^-w  ^^iiM^»,  tho  Wrights,  and  it  may  be  esti- 
va.   ♦^   »- »•    \v  .vttliriont  small  weights  to  the  deficient 

.     V .»    .viuiUlMJiinu  and  then  taking  as  the  true 

^^,\.      K    ^»*'  ^'Mix*  moan  of  the  two  apparent  weights 

,. .»j»xt       If  tht*  tiilliTonce  is  small  the  arith- 

....^-  *   •^**''  '•  '^•*'*  ^'^^'  ^^"^^»  ^*^^y  be  substituted  for 
,...»..s-   N    ■•^^♦*^  *Vi'm  which  it  will  not  appreciably 

■  IMiv 

•I'l,,'    ..sm\v  >^  ^v\\M>4al  is  most  extensively  employed 

.»«.'    *v>r>\vN^tu\ .      T\\o   apparent   elevation  of  a 

\      ,.  \   is^•^   -^  .^Axvixovl   by  a  telescope  moving  upon 

,      I    •     ,..v.\\    \:\s^«    which    the    inclination    of   the 

»  1,     ,  ,    .:.  'svi^i  vM^*      Nv^^v  this  reading  will  be  erroneous 

I  .r*  .■i\»!v   ♦^^^^^  ^^'  toKwopo  have  not  accurately  the 

l^u  U'  >^^'  *'^'"^'  ^^^  ^*  ^b^'  same  time  both 

'^""    .i  l»u   uW^^nNV  ^^^^'  '***^'  i-eading  will  be  about  as 

M  fc*  iV  olhov  is  too  groat,  and  the  mean 

.„iU  tu»'  »»vm  vnw^'.     '"  pJ-nctioe  tho  obsorva- 
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tion  is  differently  conducted,  but  the  principle  is  tlie 
same ;  the  telescope  is  fixed  to  the  circle,  which  moves 
with  it,  and  the  angle  through  which  it  moves  is  read 
off  at  three,  six,  or  more  points,  disposed  of  at  equal 
intervals  round  the  circle.  The  older  astronomers,  down 
even  to  the  time  of  Flamsteed,  were  accustomed  to  use 
portions  only  of  a  divided  circle,  generally  quadrants,  and 
Romer  made  a  vast  improvement  when  he  introduced 
the  complete  circle. 

The  transit  circle,  employed  to  determine  the  meridian 
passage  of  heavenly  bodies,  is  so  constructed  that  the 
telescope  and  the  axis  bearing  it,  in  fact  the  whole  moving 
part  of  the  instrument,  can  be  taken  out  of  the  bearing 
socketa  and  turned  over,  so  that  what  was  formerly  the 
western  pivot  becomes  the  eastern  one,  and  vice  versd. 
It  is  impossible  that  the  instrument  could  have  been 
so  perfectly  constructed,  mounted,  and  adjusted  that  the 
telescope  sliould  point  exactly  to  the  meridian,  but  the 
effect  of  the  reversal  is  that  it  will  point  as  much  to 
the  west  in  one  position  as  it  does  to  the  east  in  the 
other,  and  the  mean  result  of  observations  in  the  two 
positions  must  be  free  from  such  Ciiuse  of  error. 

The  accuracy  with  which  the  inclination  of  the  compass 
needle  can  be  determined  depends  almost  entirely  on  the 
method  of  reversal.  The  dip  needle  consists  of  a  bar 
of  magnetized  steel,  suspended  like  the  beam  of  a  delicate 
balance  on  a  slender  axis  passing  through  the  centre  of 
gravity  of  the  bar,  so  that  it  is  at  liberty  to  rest  in  that 
exact  degree  of  inclination  in  the  magnetic  meridian 
which  the  magnetism  of  the  earth  induces.  The  in- 
clination is  read  off  upon  a  vertical  divided  circle,  but 
to  avoid  any  error  in  the  centring  of  the  needle  and 
circle,  both  ends  arc  read,  and  the  mean  of  the  results 
is  taken.  Tlu»  whole  instrument  is  now  turned  ciirefully 
round   Ihrough   J8o^  which  gives  two  new  readings,  in 
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which  any  error  due  to  the  wrong  position  of  the  zero 
of  tlie  division  will  be  reversed.  As  the  axis  of  the 
needle  may  not  be  exactly  horizontal,  it  is  now  reversed 
in  the  same  manner  as  the  transit  instrument,  the  end  of 
tlic  axi8  which  furraerly  pointed  east  being  made  to  point 
west,  and  a  new  set  of  readings  is  taken* 

Finally,  error  may  arise  from  the  axis  not  passing 
accurately  through  the  centre  of  gravity  of  the  biir,  and 
this  eiTor  can  only  be  detected  and  eliminated  on  re- 
versing the  magnetic  poles  of  the  bar  by  the  application 
of  a  strong  magnet.  Tlie  error  m  thus  made  U)  act  in 
opposite  directions.  To  ensure  all  possible  accuracy  each 
reversal  ought  to  be  combined  with  each  other  reversal, 
so  that  the  needle  will  be  observ^ed  in  eight  different 
positions  by  sixteen  diflerent  readings,  the  mean  of  the 
whole  of  which  will  give  the  required  inclination  free 
frc»m  all  eliminable  eixors^. 

There  are  certain  cases  of  experiment  in  which  a 
disturbing  cause  can  with  much  ease  be  made  to  act  in 
f^pposite  directions,  in  alternate  observations,  so  that  the 
mean  r  »f  the  results  will  be  free  from  disturbanc*e.  Thus 
in  direct  ex])eriment8  upon  the  velocity  of  sound  in 
passing  tlirough  the  air  between  stations  two  or  three 
miles  apart,  the  wind  is  a  cause  of  error.  It  wiU  be  well, 
in  the  fii'st  place,  to  choose  a  time  for  the  experiment 
when  the  air  is  very  nearly  at  rest,  and  the  disturbance 
slight,  but  if  at  tlie  same  moment  signal  sounds  be  made 
at  eacli  station  and  obsen'ed  at  the  other,  two  sounds  will 
be  passing  in  opposit-e  directions  thnjugh  the  same  body 
of  air  and  the  wind  will  accelerate  one  sound  almost 
exactly  as  much  as  it  retards  the  other  I  Again,  in 
trigonometrical   surveys   the  apparent  height  of  a  point 

^  Quet^lot,  *Sur  k  rijjsif|ije  tin  G!ohc/  p.  t74.  Jftmiiit  *Courfi  de 
rh)'fiic|iie/  vol,  i,  p.  504. 

I  Herediel,  On  Sound,  '  Encyclopsodia  Mctropnlitnnii,*  jk  74S. 
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will  be  affected  by  atmospheric  refraction  and  the 
curvature  of  the  earth.  But  if  in  the  case  of  two  points 
the  apparent  elevation  of  each  as  seen  from  the  other  be 
observed,  the  corrections  will  be  the  same  in  amount,  but 
reversed  in  direction,  and  the  mean  between  the  two 
apparent  differences  of  altitude  will  give  the  true  dif- 
ference of  level  ^. 

In  the  next  two  chapters  we  really  pursue  the  Method 
of  Reversal  into  more  complicated  applications. 

>»  Hutton,  '  Philosophical  Transactions/  abridgment,  vol.  xiv.  p.  422. 
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All  results  of  the  measurement  of  continuous  quantity- 
can  only  be  approximately  true.  Were  this  assertion 
doubted,  it  could  readily  be  proved  by  direct  experience. 
For  if  any  person,  using  an  instrument  of  the  greatest 
precision,  makes  and  registers  successive  observations  in 
an  unbiassed  manner,  it  will  almost  invariably  be  found 
that  the  results  diflFer  from  each  other.  When  we  operate 
with  sufficient  care  we  cannot  perform  so  simple  an 
experiment  as  weighing  an  object  in  a  good  balance 
without  getting  discrepant  numbers.  Only  the  rough 
and  careless  experimenter  will  think  that  his  observations 
agree,  but  in  reality  he  will  be  found  to  overlook  the 
differences.  The  most  elaborate  researches,  such  as  those 
undertaken  in  connexion  with  standard  weights  and 
measures,  always  render  it  apparent  that  complete  coinci- 
dence is  out  of  the  question,  and  that  the  more  accurate 
our  modes  of  observation  are  rendered,  the  more  numerous 
are  the  sources  of  minute  error  which  become  apparent. 
We  may  look  upon  the  existence  of  error  in  all  measure- 
ments as  the  normal  state  of  things.  It  is  absolutely 
impossible  to  eliminate  separately  the  multitude  of  small 
disturbing  influences,  except  by  balancing  them  off  against 
each  other.  And  even  in  drawing  a  mean  it  is  to  be 
expected  that  we  shall  come  near  the  truth  rather  than 
exactly  to  it.    In  the  measurement  of  continuous  quantity, 
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absolute  coincidence,  if  it  even  occurs  or  seems  to  occur, 
must  be  purely  casual,  and  is  no  indication  of  precision.  It 
is  one  of  the  most  embarrassing  things  we  can  meet  when 
experimental  results  agree  too  closely.  Such  coincidences 
should  raise  our  suspicion  that  the  apparatus  in  use  is  in 
some  way  restricted  in  its  operation,  so  as  not  really  to 
give  the  true  result  at  alb,  or  that  the  actual  results  have 
not  been  faithfully  recorded  by  the  assistant  in  charge  of 
the  apparatus. 

If  then  we  cannot  get  twice  over  exactly  the  same 
result,  the  question  arises,  How  can  we  ever  attam  the 
truth  or  select  the  result  which  may  be  supposed  to 
approach  most  nearly  to  it?  The  quantity  of  a  certain 
phenomenon  is  expressed  in  several  numbers  which  differ 
from  each  other ;  no  more  than  one  of  them  at  the  most 
can  be  true,  and  it  is  more  probable  that  they  are  all 
false.  It  may  be  suggested,  perhaps,  that  the  observer 
should  select  the  one  observation  which  he  judged  to  be 
the  best  made,  and  there  will  often  doubtless  be  a  feeling 
that  one  or  more  results  were  satisfactory,  and  the  others 
less  trustworthy.  This  seems  to  have  been  the  course 
adopted  by  some  of  the  early  astronomers.  Flam  steed 
when  he  had  made  several  observations  of  a  star  probably 
chose  in  an  arbitrary  manner  that  which  seemed  to  him 
nearest  to  the  truth**. 

When  Horrocks  selects  for  his  estimate  of  the  suns 
semidiameter  a  mean  between  the  results  of  Kepler  and 
Tycho  he  professes  not  to  do  it  from  any  regard  to  the 
idle  adage,  *  Medio  tutissimus  ibis,'  but  because  he 
thought  it  from  his  own  observations  to  be  correct*^.  But 
this  method  will  not  apply  at  all  when  the  observer  has 

a  Tliomson  and  Tait,  *  Treatise  on  Natural  Philosophy/  vol.  i.  p.  309. 
^  Bally *s  *  Account  of  Flamsteed/  p.  376. 

^  *The  Trannit  of  Venus  across  the  Sun/  by  Horrocks,  Lon(h)n,  1859, 
p.  146.  . 
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•.Q  iL-r  trMLily,  of.  ifce  several  qxtintitie** 

[iquiriiig  viiij  into  xhx  grjuni  of  this 

»id  t>38eDtial  to  'li^crve  that  tbis  one  ;mth- 

\s  really  applied  in  at  least  three  Jiffeient 

BiTv-r.t  purposes,  a&i  upon  different  principles, 

great  care  not  to*  C">nfii5e  one  applica- 

6S  with  another.     A  ia<*jm  rtsMU.  then, 

lay  doe  of  tl.e  f >Howing  significations. 

^ft  msT   civ^    a    merely   representative    number, 

th*r  _    »enil  magnitude  of  a  series  of  quantities. 

•^rvitig  convenient   mode  of  comparing   them 

ith  other  wmm  *t  quantities.    Such  a  number  is  pn^perly 

The  fief  itio'^f  ni^yju  or  The  atvn.i^  iY^*»<//. 
<2\  It  liipiv  4nve  a  result  approximately  free  from 
dirturl'ing  quantities,  which  are  known  to  affect  some 
results  in  one  direction,  and  other  residts  equally  in  the 
opposite  direction.  We  may  say  that  in  this  case  we  get 
a  Precis  mean  res^jlt. 

(3»  It  may  give  a  result  more  or  less  free  from  unknown 
and  uncertain  errors :  this  we  may  call  the  P9\^^iNe 
mean  rendt. 

Of  these  three  uses  of  the  mean  the  first  is  entirely  dif- 
ferent in  nature  from  the  two  last,  since  it  does  not  yield 
an  approximation  to  anv  natural  quantity,  but  furnishes 
us  with  an  arithmetic  result  comparing  the  aggregate  of 
certain  quantities  with  their  number.  The  third  u^^  of 
the  mean  rests  entirely  upon  the  theon'  of  prolx\bility» 
and  will  be  more  fully  considered  in  a  later  part  of  this 
chapter.  The  ^jecond  use  is  closely  connected,  or  even 
identical  with,  the  Method  of  Revereal  already  deseril^l 
(p.  410),  but  it  will  be  convenient  to  enter  somewhat  fully 
on  all  the  three  emplovments  of  the  Siime  arithmetical 
process. 
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The  signijications  of  the  terms  Mean 
*  and  Average. 

Much  confusion  exists  iii  the  popular,  or  even  the 
Bcientific  employment  of  the  terms  mean  and  average,  and 
they  are  commonly  taken  as  spionymous.  It  is  desirable 
to  ascertaiu  carefully  what  significations  we  ought  to 
attach  to  them.  The  English  word  uiean  is  exfictly  equi- 
valent to  medium,  being  derived  perhaps,  through  the 
French  fnoyen,  from  the  latin  medius^  wliich  again  is  tm- 
doid>tedly  kindred  mth  the  Greek  ^ueo-o?.  Etymologists 
believe,  too,  that  this  Greek  word  is  connected  witli  the 
preposition  junra,  the  German  mittej  and  the  true  English 
mid  or  middle  ;  so  that  after  all  the  mean  is  a  technical 
term  identical  in  its  root  with  the  more  popular  equivalent 
middle. 

If  we  inquire  what  is  a  mean  in  a  mathematical  point 
of  view,  the  true  answer  is  that  there  are  several  or  many 
kinds  of  means*  The  old  arithmeticians  recognised  at 
least  ten  kinds,  wliich  are  stated  by  Boethius,  and  even 
an  eleventh  was  added  by  Jordanus^. 

The  arithmetic  mean  is  the  one  by  ftir  the  most 
commonly  denoted  by  the  term,  and  that  which  we  may 
understand  it  to  signify  in  the  absence  of  any  qualification. 
It  is  the  sum  of  any  series  of  quantities  divided  by  their 
number,  and  may  be  represented  by  tlie  formula  \  {a  +  i). 
But  there  is  also  the  geometric  mean,  which  is  the  square 
root  of  the  product,  ^ax^lf,  or  that  quantity  the  logar- 
ithm of  which  is  the  arithmetic  mean  of  the  logarithms 
of  the  quantities*  There  is  also  the  harmonic  mean^ 
which  is  the  reciprocal  of  the  arithmetic  mean  of  the 
reciprocals  of  the  quantities.      Thus  if  a  and   b  be   the 

<i  De  Morgan,  Supplement  to  tbe  *  Penny  Cjclopa&dia/  art*  Old  Appel- 
la$ians  af  Numbers, 
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quantities,  as  before,  their  reciprocals  are  —  and  -i-,  the 
mean  of  which  is  ^  (—  +  y ),  and  the   reciprocal  again  is 

-^.  Other  kinds  of  means  mififht  no  doubt  be  invented 
for  particular  purposes,  and  we  might  apply  the  term,  as 

De  Morgan  pointed  out  ®,  to  any  quantity  a  function  of 
which  is  equal  to  a  function  of  two  or  more  other 
quantities,  and  is  such,  that  the  interchange  of  these  latter 
quantities  among  themselves  will  make  no  alteration  in 
the  value  of  the  fimction.  Symbolically,  if  ^  (y,  y,  y . . . .) 
=  ^  ( a?„  a;„  x^  .  .  , .),  then  y  is  a  kind  of  mean  of  the 
quantities  a;,,  x^y  &c. 

The  geometric  mean  is  necessarily  adopted  in  certain 
cases.  Thus  when  we  estimate  the  work  done  against 
a  force  which  varies  inversely  as  the  square  of  the 
distance  from  a  fixed  point,  the  mean  force  is  the  geo- 
metric mean  between  the  forces  at  the  beginning  and  end 
of  the  path  f.  When  in  an  imperfect  balance,  we  reverse 
the  weights  to  eliminate  error,  the  true  weight  will  be  the 
geometric  mean  of  the  two  apparent  weights  of  the  one 
body  (see  p.  410). 

In  almost  all  the  calculations  of  statistics  and  commerce 
the  geometric  mean  ought,  strictly  speaking,  to  be  used. 
Thus  if  a  commodity  rises  in  price  100  per  cent,  and 
another  remains  unaltered,  the  mean  rise  of  price  is  not 
50  per  cent,  because  the  ratio  1 50  :  200  is  not  the  same 
as  icxD  :  150.  The  mean  ratio  is  as  imity  to  yroox2-oo 
or  I  to  r4i.  The  difference  between  the  three  kinds  of 
mean  in  such  a  case,  as  I  have  elsewhere  shown  sf,  is  very 
considerable,  being  as  follows — 

e  *  Penny  Cyclopaedia,*  art.  Mean, 

f  Thomson  and  Tait,  *  Treatise  on  Natural  Philosophy/  vol.  i.  p.  366. 

^  '  Journal  of  the  Statistical  Society.'  June     865,  vol.  xxviii.  p.  296. 
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Aritlimetic  mean  50  per  cent 

Greometric      „      41        „ 

Harmonic  „  33  „ 
In  aU  calculations  concerning  the  average  rate  of 
progress  of  a  community,  or  any  of  its  operations,  the ' 
geometric  mean  slioulcl  be  employed.  For  if  a  quantity 
increases  100  per  cent  in  100  years,  it  would  not  on  the 
average  increase  10  per  cent,  in  each  ten  years,  ci*s  the 
10  per  cent,  would  at  the  end  of  each  decade  be  calculated 
upon  larger  and  larger  quantities,  and  give  at  the  end  of 
100  years  much  more  than  loo  per  cent,  in  fact  as  much 
as  159  per  cent.  The  true  «nean  rate  in  each  decade 
would  be  i^/2~  or  about  I'o/,  tbat  is,  the  increase 
would  be  about  7  per  eentp  in  each  ten  years.  But 
when  the  quautitiea  differ  but  little,  the  arithmetic  and 
geometric  me^ns  are  approximately  the  same.  Thus  the 
arithmetic  mean  of  I'ooo  and  i*CK)i  is  rooo5,  and  the 
geometric  mean  is  about  i  'cx)04998,  the  difference  being 
of  an  order  ioappreciLible  in  almost  all  scientific  or  prac- 
tical processes.  Even  in  the  comparison  of  standard  weights 
by  Gauss*  method  of  transposition  the  arithmetic  mean  may 
usually  be  substituted  for  the  geometric  mean  which  is 
the  true  result. 

Regarding  the  mean  in  the  absence  of  express  qualifica- 
tion to  the  contrary  as  the  common  arithmetic  mean,  we 
must  still  distinguish  between  its  two  uses  where  it 
defines  with  more  or  less  accuracy  and  probability  a 
really  existing  quantity,  and  where  it  acts  as  a  mere 
representative  of  other  quantities.  If  I  make  many 
experiments  to  det-erniine  the  specific  gravity  of  a  homo- 
geneous piece  of  gold  there  is  a  certain  definite  ratio 
which  I  wish  to  approximate  to,  and  the  mean  of  my 
^separate  results  will,  in  the  absence  of  any  reasons  to  the 
contrary,  be  the  most  probable  approximate  result.  When 
we  determine  on  the  other  hand  the  mean  density  of  the 
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earth,  it  is  exceedingly  unlikely  that  there  is  any  part  of 
the  earth  exactly  of  that  density,  and,  as  the  crust  is  only 
about  half  the  mean  density,  there  must  be  other  parts  of 
greater  density.  I  may  also  determine  the  mean  specific 
gravity  of  a  body  composed  of  iron  and  gold,  so  that 
there  will  certainly  be  no  portion  possessing  the  mean 
density. 

The  very  different  signification  of  the  word  '  mean '  in 
these  two  uses  has  been  fully  explained  by  M.  Quetelet^, 
and  the  importance  of  the  distinction  has  moreover  been 
pointed  out  by  Sir  John  Herschel  in  reviewing  his  work  *. 
It  is  much  to  be  desired  that  scientific  men  would  mark 
the  difference  by  using  the  word  mean  only  in  the  former 
sense  when  it  denotes  approximation  to  a  definite  exist- 
ing quantity ;  and  average^  when  the  mean  is  only  a 
fictitious  quantity,  used  for  the  convenience  of  thought 
and  expression.  The  etymology  of  this  word  '  average '  is 
somewhat  obscure  ;  but  according  to  De  Morgan^  it  comes 
from  averia,  *  havings  or  possessions,'  especially  applied  to 
farm  stock.  By  the  accidents  of  language  averagium 
came  to  mean  the  labour  of  farm  horses  to  which  the  lord 
was  entitled,  and  it  probably  acquired  in  this  manner  the 
notion  of  distributing  a  whole  into  parts,  a  sense  in  which 
it  was  very  early  applied  to  maritime  averages  or  contri- 
butions of  the  other  owners  of  cargo  to  those  whose  goods 
have  been  thrown  overboard  or  used  for  the  safety  of  the 
vessel. 

h  '  Letters'  on  the  Theory  of  Probabilities,'  transl.  by  Downes,  Part  ii. 
>  Herschers  *  Essays,'  &c.  pp.  404,  405. 

k  *  On  the  Theory  of  Errors  of  Observations,'  *  Cambridge  Philosophical 
Transactions/  vol.  x.  Part  iL  416. 


.  I   '  rage  HesiiU, 

Although  the  average  when  employed  in  its  proper 
sense  of  a  fictitious  mean,  represents  no  really  existing 
quantity,  it  is  yet  of  the  highest  scientifie  importance,  as 
enabling  us  to  conceive  in  a  single  result  a  multitude 
of  complex  details.  It  enables  us  to  make  a  hypothetical 
simplification  of  a  problem,  and  avoid  complexity  without 
committing  error.  Thus  the  aggregate  weight  of  a  body  is 
the  sum  of  the  weights  of  the  indefinitely  small  particles, 
each  acting  at  a  different  place,  so  that  the  simplest 
mechanical  problem  concerning  a  body  really  resolves  itself, 
strictly  speaking,  into  an  infinite  number  of  distinct  pro- 
blems. We  owe  to  Archimedes  the  first  introduction  of 
the  beautiful  idea  that  one  point  might  be  discovered  in 
a  gravitating  body  such  that  the  weight  of  all  the  par- 
ticles might  be  regarded  as  concentrated  in  that  point, 
and  yet  the  lieliaviour  of  the  whole  body  would  be  exacjtly 
represented  by  the  Ijehaviour  of  this  heavy  pouit.  Tliis 
Centre  of  Gravity  may  be  within  the  body,  as  in  the 
case  of  a  sphere,  or  it  may  be  in  empty  space,  as  in 
the  ease  of  a  ring.  Any  two  bodies,  whether  connected 
or  separate,  may  be  conceived  as  having  a  centre  of 
gravity  ;  that  of  the  Bun  and  earth,  for  instance,  lying 
within  the  sun  and  only  267  miles  from  its  centre. 

Although  we  most  commonly  xise  the  notion  of  a  centre 
or  average  point  with  regard  to  gravity,  the  same  notion 
is  applicable  to  many  other  cases.  Terrestrial  gravity 
is  only  one  case  of  approximately  parallel  forces,  so  that 
the  centre  of  gravity  is  but  a  special  case  of  the  more 
general  Centre  of  Parallel  Forces.  Wherever  a  number 
of  forces  of  whatever  amount  act  in  parallel  lines,  it 
is  possible  to  discover  a  point  at  which  the  algebraic 
sum  of  the  forces  may  he  imagined  to  act  with  exactly 
the  SLirae  effect.     Water  in  a  ciBtern  presses  against  the 
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side  with  a  pressure  varying  according  to  the  depth, 
but  always  in  a  direction  perpendicular  to  the  side. 
We  may  then  conceive  the  whole  pressure  as  exerted 
on  one  point,  which  will  be  one-third  from  the  bottom 
of  the  cistern,  and  may  be  called  the  Centre  of  Pressure. 
The  Centre  of  Oscillation  of  a  pendulum,  discovered  by 
Huyghens,  is  that  point  at  which  the  whole  weight  of 
the  pendulum  may  be  considered  as  concentrated,  without 
altering  the  time  of  oscillation  (see  p.  370).  Similarly 
when  one  body  strikes  another  the  Centre  of  Percussion 
is  that  point  in  the  striking  body  at  which  all  its  mass 
might  be  concentrated  without  altering  the  effect  of  the 
stroke.  Mathematicians  have  also  described  the  Centre 
of  Gyration,  the  Centre  of  Conversion,  the  Centre  of 
Friction,  &c. 

We  ought  however  carefully  to  distinguish  between 
those  circumstances  in  which  an  invariable  centre  can 
be  assigned,  and  those  in  which  it  cannot.  In  perfect 
strictness,  there  is  no  such  thing  as  a  true  invariable 
centre  of  gravity.  As  a  general  rule  a  body  is  capable 
of  possessing  an  invariable  centre  only  for  perfectly 
parallel  forces,  and  gravity  never  does  act  in  absolutely 
parallel  lines.  Thus,  as  usual,  we  find  that  our  concep- 
tions are  only  hypothetically  correct,  and  only  approxi- 
mately applicable  to  real  circumstances.  There  are  indeed 
certain  geometrical  forms,  called  Centroharic  \  such  that 
bodies  of  that  shape  would  attract  each  other  exactly 
as  if  the  mass  were  concentrated  at  the  centre  of  gravity, 
whether  the  forces  act  in  a  parallel  manner  or  not. 
Newton  shewed  that  uniform  spheres  of  matter  have 
this  property,  and  this  truth  proved  of  the  greatest  im- 
portance in  simplifying  his  calculations.  But  it  is  after 
all  a  purely  hypothetical  truth,  because  we  can  nowhere 
meet  with,  nor  can  we  construct,  a  perfectly  spherical 
1  Thomson  and  Tait,  'Treatise  on  Natural  Philosophy/  vol.  i.  p.  394. 
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and  hooiogeneous  body.  The  slightest  irregidarity  or  pro- 
trusion from  the  surftice  wtU  destroy  the  rigorous  cor- 
rectnc^ss  ot"  the  assumption.  The  spheroid,  on  the  other 
hand,  has  no  invariable  centre  at  which  its  mass  may 
always  be  regarded  as  concentrated  The  point  at  which 
its  resultant  attraction  acts  will  move  about  aooording 
to  the  distance  and  position  of  the  other  attracting  body, 
and  it  will  only  coincide  with  the,  centre  as  regards  an  in- 
finitely distant  body  whose  attractive  forces  may  be  con- 
sidered as  acting  in  parallel  lines. 

Physicists  speak  familiarly  of  the  pole  of  a  magnet, 
aiid  the  term  may  be  used  with  convenience.  But,  if 
we  attach  tmy  real  and  definite  meaning  to  it>  the  pole 
is  not  the  end  of  the  magnet,  nor  is  it  any  one  fixed 
point  within,  but  the  variable  point  from  which  the 
resultant  of  all  the  forces  exerted  by  the  particles  in 
the  whole  bar  upon  exterior  magnetic  particles  may  be 
eonsidered  as  acting.  The  pole  is,  in  short,  a  Centre  of 
Magnetic  Forces ;  but  as  those  forces  are  really  never 
parallel,  this  centre  wUl  vary  in  position  according  to 
the  relative  place  of  the  object  attracted.  Only  w4ien 
we  regard  the  m^ignet  as  attracting  a  very  distant,  or, 
strictly  speaking,  infinitely  distant  particle,  does  the 
centre  become  a  fixed  point,  situated  in  short  magnets 
approximntely  at  one  sixth  of  the  whole  length  from 
earli  end  of  the  bar.  We  have  in  the  above  instances 
of  centres  or  poles  of  force  sufficient  examples  of  the  mode 
in  which  the  Fictitious  Mean  or  Avenige  is  employed  in 
phyaieal  science. 

The  Precise  Mectn  Mestdt,  " 

Wc  now  turn  to  that  mode  of  employing  the  mean 
riMiuU  wl\ieh  is  analogous  to  the  method  of  reversal^  but 
wKieU  ii«  hriaiglit  into  ]rractice  in  a  most  extensive  manner 
Ummghout  many  brandies  of  physiciJ  science.     We  find 
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the  simplest  possible  case  in  the  determination  of  the 
latitude  of  a  place  by  observations  of  the  Pole-star. 
Tycho  Brahe  suggested  that  if  the  elevation  of  any  cir- 
cumpolar  star  were  observed  at  its  higher  and  lower 
passages  across  the  meridian,  half  the  sum  of  the  elevations 
would  be  the  latitude  of  the  place,  which  is  equal  to  the 
height  of  the  pole.  Such  a  stiir  is  as  much  above  the 
pole  at  its  highest  point,  as  it  is  below  at  its  lowest,  so 
that  the  mean  must  necessarily  give  the  height  of  the 
pole  itself  free  from  doubt,  except  as  regards  incidental 
errors  of  observation.  The  Pole-star  is  usually  selected 
for  the  purpose  of  such  observations  because  it  describes 
the  smallest  circle,  and  is  thus  on  the  whole  least  affected 
by  atmospheric  refi-action. 

Whenever  several  causes  are  in  action,  each  of  which 
at  one  time  increases  and  at  another  time  decreases  the 
joint  effect  by  equal  quantities,  we  may  apply  this  method 
and  disentangle  the  effects.  Thus  the  solar  and  lunar 
tides  roll  on  in  almost  complete  independence  of  each 
other.  When  the  moon  is  new  or  full  the  solar  tide  coin- 
cides, or  nearly  so,  with  that  caused  by  the  moon,  and  the 
joint  effect  is  the  sum  of  the  separate  effects.  When  the 
moon  is  in  quadrature,  or  half  full,  the  two  tides  are 
acting  in  opposition,  one  raising  and  the  other  dej)res8ing 
the  water,  so  that  we  observe  only  the  difference  of  the 
eflFects.     We  have  in  fact — 

Spring  tide  =  lunar  tide  -f  solar  tide 
Neap  tide  =  lunar  tide  —  solar  tide. 
We  have  only  then  to  add  together  the  heights  of  the 
maximum  spring  tide  and  the  minimum  neap  tide,  and 
half  the  sum  is  the  true  height  of  the  lunar  tide.  Half 
the  difference  of  the  spring  and  neap  tides  on  the  other 
hand  gives  the  solar  tide. 

Effects  of  very  small  amount  may  with  great  approach 
to  certainty  be  detected  among  much  greater  fluctuations, 


provided  that  we  have  a  series  of  observations  sufficiently 
numerous  and  long  continued  to  enable  us  to  balance  all 
the  larger  effects  against  each  other.  For  this  purpose 
the  observations  should  be  continued  over  at  least  one 
complete  cycle,  in  which  the  efiects  run  through  all  tlieir 
variations,  and  return  exactly  to  the  same  relative  position 
aiS  at  the  commencement.  If  casual  or  irregular  distiu-bing 
causes  exist,  we  should  probably  require  many  such  cycles 
of  results  to  render  theii^  effect  inap|)reciable.  We  obtain 
the  desiretl  result  by  taking  the  mean  of  all  the  observa- 
tions in  which  a  cause  acts  positively,  and  the  mean  of  all 
in  which  it  acts  negatively.  Half  the  difference  of  these 
means  will  lie  the  desired  quantity,  provided  indeed  that 
no  otlier  effect  happens  to  vary  in  the  same  period.' 

Since  the  moon  causes  so  considerable  a  movement  of 
the  ocean,  it  is  evident  that  its  attraction  must  have  some 
effect  npon  the  atmosphere.     The  laws  of  these  tides  were 
investigated  by  Laplace,  but  as  it  would  be  impracticable 
by  theory  to  calculate  their  amount,  we  can  only  determine 
them  by  observation,  as  Laphice  predicted  that  they  would 
one   day  be  determined  ^^-     But  the   oscillations  of  the 
barometer  thus  caused  are  far  smaller  than  the  oscillationaj 
due  to  several  other  causes.   Storms,  hurricanes,  or  changes* 
,  of  weather  produce   movements  of  the  barometer  some- 
timed  as  much  as  a  thousand  times  as  great  as  the  tide  in 
I  mestion.     There  are  also  regular  daily,  yearly,  or  other 
f  ^IC^toations,  all  greater  than   the  desired   quantity.     To 
JAmA  an<l  measure  the  atmospheric  tide  it  was  desinible 
ilMCt  iiteernitions  should  be  made  in  a  place  as  free  as 
\t  froim  irregidar  disturbances.      On  this   account 
Vng  series  of  observations  were   made   at  St. 
^  wm  the  barometer  is  far  more  regular  in  its 
thati  in  a  continental  climate.     The  effect  of 
i^tnmiioD  was  then  detected  by  taking  the 
to^  rhij«**4tlnnw  iuir  Ws  ProhiiMlit^/  pp,  4%  50. 
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mean  of  all  the  readings  when  the  moon  was  on  the  me- 
ridian and  the  similar  mean  when  she  was  on  the  horizon. 
The  difference  of  these  means  was  found  to  be  only 
'00365,  yet  it  was  possible  to  discover  even  the  variation 
of  this  tide  according  as  the  moon  was  nearer  to  or  further 
from  the  earth,  though  this  difference  was  only  'CXX556 
inch  ".  It  is  quite  evident  that  such  miiuite  effects  could 
never  be  discovered  in  a  purely  empirical  manner.  Having 
no  information  but  the  series  of  observations  before  us, 
we  could  have  no  clue  as  to  the  mode  of  grouj)ing  them 
which  would  give  so  small  a  difference.  In  appljring  this 
method  of  means  in  an  extensive  manner  we  must  gener- 
ally then  have  d  j>riori  knowledge  as  to  the  periods  at 
which  a  cause  will  act  in  one  direction  or  the  other. 

We  are  sometimes  able  to  eliminate  fluctuations  and 
take  a  mean  result  by  piu-ely  mechanical  arrangements. 
The  daily  variations  of  temperature,  for  instance,  become 
imperceptible  one  or  two  feet  below  the  surface  of  the 
earth,  so  that  a  thermometer  placed  with  its  bulb  at  that 
depth  would  give  very  nearly  the  tnie  daily  mean  tem- 
perature. At  a  depth  of  twenty  feet  even  the  yearly 
fluctuations  would  become  nearly  effaced,  and  the  thermo- 
meter would  stand  a  little  above  the  true  mean  tempera- 
ture of  the  locaUty.  In  registering  the  rise  and  fall  of  the 
tide  by  a  tide-guage,  it  is  desirable  to  avoid  the  oscilla- 
tions arising  from  surface  waves,  which  is  very  readily 
accomplished  by  placing  the  float  which  marks  the  level 
of  the  water  in  a  cistern  communicating  by  a  small  hole 
with  the  sea.  Only  a  general  rise  or  fall  of  the  level  is 
then  perceptible,  just  as  in  the  marine  barometer  the 
narrow  tube  prevents  any  casual  fluctuations  and  allows 
only  a  continued  change  of  pressure  to  manifest  itself. 

n  Grant,  '  History  of  Physical  Astronomy/  p.  163. 


provided  that  we  have  a  series  of  observations  sufficiently 
numerous  and  long  continued  to  enable  us  to  balance  all 
the  larger  effects  against  each  other.  For  this  purpose 
the  observations  shoidd  be  continued  over  at  least  one 
complete  cycle,  in  which  the  effects  rmi  tlirough  all  their 
variations^  and  return  exactly  to  the  same  relative  position 
as  at  the  commencement.  If  casual  or  irregular  distiu'bing 
causes  exist,  we  should  probably  recpiire  many  sucli  cycles 
of  results  to  render  tlieir  effect  inappreciable.  We  obtain 
the  desired  result  by  taking  the  mean  of  aU  the  observa- 
tions in  which  a  cause  acts  positively,  and  the  mean  of  all 
in  which  it  acts  negatively.  Half  the  difference  of  these 
means  will  be  the  desired  quantity,  provideil  indeed  that 
no  other  effect  happens  Uy  vaiy  in  the  same  period/ 

Smce  the  moon  causes  so  considerable  a  movement  of 
the  ocean,  it  is  evident  that  it^  attraction  must  have  some 
effect  upon  the  atmosphere.  The  laws  of  these  tides  were 
investigated  by  Laplace,  but  as  it  would  be  impracticable 
by  theory  to  calculate  their  amount,  we  can  only  determine 
tliem  by  observation,  as  Laplace  predicted  that  they  would 
one  day  be  determined  ™.  But  the  oscillations  of  the 
barometer  thus  caused  are  far  smaller  than  the  oscillations 
due  to  several  other  causes.  Stormsj  hurricanes,  or  changes 
of  weather  produce  movements  of  the  barometer  some- 
times as  much  as  a  thousand  times  as  great  as  the  tide  in 
question.  There  arc  also  regular  daily,  yearly,  or  other 
fluctuations,  all  greater  than  the  desired  quantity.  To 
detect  and  measure  the  atmospheric  tide  it  was  desirable 
that  observations  should  be  made  in  a  place  as  free  as 
possil>le  from  in^egular  disturbances.  On  this  account 
several  long  series  of  observations  were  made  at  St. 
Helena,  where  the  barometer  is  far  more  regular  in  its 
movements  than  in  a  continental  climate.  The  effect  of 
the  moon's  attraction  was  then  detected  by  taking  the 
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Determination  of  the  Zero  point  by  the  Method 
of  Means, 

There  are  a  number  of  important  observations  in  whicb 
one  of  the  chief  difficulties  consists  in  defining  exactly  the 
zero  point  from  whicli  we  are  to  measure.  We  can  point 
a  telescope  with  great  precision  to  a  star  and  can  measure 
the  angle  tlirough  which  the  telescope  is  raised  or  lowered 
to  a  second  of  arc  ;  but  all  this  precinion  will  be  useless 
unless  we  can  know  exactly  where  the  centre  point  of 
the  heavens  is  from  which  w^e  measure,  or,  what  comes  to 
the  same  thing,  the  horizon t  J  line  90**  distant  from  it. 
Since  tbe  fine  horizon  lias  reference  to  the  figure  of  the 
eaiih  at  the  place  of  observation,  we  can  only  determine 
it  by  the  direction  of  gravity,  as  marked  either  l:iy  the 
plumb-line  or  the  mir&ce  of  a  liquid.  The  question  re- 
solves itself  then  into  the  most  accurate  mode  of  observing 
the  direction  of  gravity,  and  as  the  plumb^Une  has  long 
been  found  hopelessly  inaccurate,  astronomers  generally 
employ  the  surface  of  mercury  in  repose  as  the  criterion 
of  horizontality.  They  ingeniously  observe  the  direction 
of  the  surface  by  making  a  star  the  index.  From  the 
Laws  of  Reflection  it  follows  that  the  angle  l:)etween  the 
direct  ray  from  a  star  and  that  reflected  from  a  surface 
of  mercury  will  be  exactly  double  the  angle  between  the 
surface  and  tbe  direct  ray  from  the  star.  Hence  the 
horizontfd  or  zero  point  is  the  mean  between  the  apparent 
place  of  any  star  or  other  very  dijstant  object  and  its 
reflection  in  mercury. 

A  plumb-line  is  perpendicular,  or  a  liquid  surface  is  hori- 
zontal only  in  an  approximate  sense  ;  for  any  irregularity 
of  the  siu^face  of  the  earth,  a  mountain,  or  even  a  house 
must  cause  some  deviation  by  its  attracting  power.  To 
detect  such  deviation  might  seem  very  difficult,  because 
every  other  phiiiib-line  or  liquid  Rurfaco  would  bo  equally 
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affected  by  the  very  principles  of  gravity.  Nevertheless 
it  can  be  detected  ;  for  if  we  place  one  plumb-line  to  the 
north  of  a  mountain,  and  another  to  the  south,  they  will 
be  about  equally  deflected  in  opposite  directions,  and  if 
by  observations  on  the  same  star  we  can  measure  the  angle 
between  the  plumb-lines,  half  the  inclination  will  be  the 
deviation  of  either,  after  allowance  has  been  made  for  the 
inclination  due  to  the  difference  of  latitude  of  the  two 
places  of  observation.  By  this  mode  of  observation  ap- 
plied to  the  mountain  Schehallien  the  deviation  of  the 
plumb-line  was  accurately  measured  by  Maskelyne,  and 
thus  a  comparison  instituted  between  the  attractive  forces 
of  the  mountain  and  the  whole  globe,  which  led  to  a  very 
probable  estimate  of  the  earth's  average  density. 

In  some  cases  it  is  actually  better  to  determine  the  zero 
point  by  the  average  of  equally  diverging  quantities  than 
by  direct  observations.  Thus  in  delicate  weighings  by  a 
chemical  balance  it  is  requisite  to  ascertain  exactly  the 
point  at  which  the  beam  comes  to  rest,  and  when  standard 
weights  are  being  compared  the  position  of  the  beam  is 
ascertained  by  a  carefully  divided  scale  viewed  through  a 
microscope.  But  when  the  beam  is  just  coming  to  rest, 
friction,  small  impediments  or  other  accidental  causes 
may  readily  obstruct  it,  because  it  is  near  the  point  at 
which  the  force  of  stability  becomes  infinitely  small. 
Hence  it  is  found  better  to  let  the  beam  vibrate  and 
observe  the  terminal  points  of  the  vibrations.  The  mean 
between  two  extreme  points  will  nearly  indicate  the  posi- 
tion of  rest.  Friction  and  the  resistance  of  air  tend  to 
reduce  the  vibrations,  so  that  this  mean  will  be  erroneous 
by  half  the  amount  of  this  effect  during  a  half  vibration. 
But  by  taking  several  observations  we  may  determine 
this  retardation  and  allow  for  it.  Thus  if  a,  fe,  c  be  the 
terminal  points  of  tliree  excursions  of  the  beam  from  the 
zero  of  the  scale,  then  ^  (a  +  6)  will  be  about  as  much 
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erroneous  in  one  rlirection  a^  ^  (i  +  f)  in  the  other,  so 
that  the  mean  of  these  two  means^  or  what  is  the  same, 
i  (a-f  2  i  +  c),  will  be  exceedingly  near  t^  the  point  of 
rest^-  A  still  closer  approximation  may  be  made  by 
taking  four  readings  and  reducing  them  by  tlie  formula 
i  {a  -I-  2  &  +  2  c  +  d). 

The  accuracy  of  Baily's  experiments,  directed  to  deter- 
mine the  density  of  the  earth,  entirely  depended  upon  this 
mode  of  observing  oscillations.  Tlie  balls  whose  gravi- 
tation was  measured  were  so  delicately  suspended  by  a 
torsion  balance  that  they  never  came  to  rest.  The  ex- 
treme points  of  the  oscillations  were  observed  both  when 
the  heavy  leaden  attracting  ball  was  on  one  side  and  on  the 
other.  The  difference  of  the  mean  points  when  the  leaden 
ball  wiis  on  tlie  right  hand  and  that  when  it  was  on  the 
left  hand  gave  double  the  amount  of  the  deflection. 

A  most  beautiful  instance  of  the  mode  of  avoiding  the 
use  of  a  zero  point  is  to  be  found  in  Mr.  E.  J.  Stone  b 
observations  on  the  radiated  heat  of  the  fixed  stars.  The 
great  difficulty  in  these  observations  arose  from  the  com- 
paratively great  amounts  of  heat  which  w^ere  sent  into  the 
telescope  from  the  atmosphere,  and  which  were  suflicient 
almost  entirely  to  disguise  the  feeble  heat  rays  of  a  star* 
But  Mr.  Stone  fixed  at  the  focus  of  his  telescope  a  double 
thermo-electric  pile  of  which  the  two  parts  were  reversed 
in  order.  Now  any  disturbance  of  temperature  which 
acted  upon  both  piles  uniformly  produced  no  effect 
upon  the  galvanometer  needle,  and  when  the  rays  of  the 
star  were  made  to  fall  alternately  upon  one  pile  and 
the  other,  the  total  amount  of  the  deflection  represented 
double  the  heating  power  of  the  star.  Thus  Mr,  Stone 
was  able  to  detect  with  much  certainty  a  heating  effect 
of  the  star  Arcturus,  which  even  w^hen  concentrated 
by  the  telescope  amounted  only  to  jl^th  of  a  degree 
*B  'Scieiitific  Memoii's,'  vol.  i 
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Fahrenheit,  and  which  represents  a  heating  effect  of  the 
direct  ray  of  only  about  o°'00oooi37  Fahrenheit,  equiva- 
lent to  the  heat  which  would  be  received  from  a  three- 
inch  cubic  vessel  full  of  boiling  water  at  the  distance  of 
400  yards  p.  It  is  probable  that  Mr.  Stone's  arrangement 
of  the  pile  might  be  usefully  employed  in  other  delicate 
thermometric  experiments  subject  to  considerable  disturb- 
ing influences. 

Determination  of  Maximum  Points. 

We  employ  the  method  of  means  in  a  certain  number 
of  observations  directed  to  determine  the  moment  at  which 
a  phenomenon  reaches  its  highest  point  in  quantity.  In 
noting  the  place  of  a  fixed  star  at  a  given  time  there  is 
no  difficulty  in  ascertaining  the  point  to  be  observed,  for  a 
star  in  a  good  telescope  presents  an  exceedingly  small  disc. 
In  observing  a  nebulous  body  which  from  a  bright  centre 
fades  gradually  away  on  all  sides,  it  will  not  be  possible 
to  select  with  certainty  the  middle  point.  In  many  such 
cases  the  best  method  is  not  to  select  arbitrarily  the  sup- 
posed middle  point,  but  points  of  equal  brightness  on 
either  side,  and  then  take  the  mean  of  the  observations  of 
these  two  points  for  the  centre.  As  a  general  rule,  a 
variable  quantity  in  reaching  its  maximum  increases  at  a 
less  and  less  rate,  and  after  passing  the  highest  point  be- 
gins to  decrease  by  insensible  degrees.  The  maximum  may 
indeed  be  defined  as  that  point  at  which  the  increase  or 
decrease  is  insensibly  small.  Hence  it  will  usually  be  the 
most  indefinite  point  in  the  whole  course,  and  if  we  can 
accurately  measiu*e  the  phenomenon  we  shall  best  deter- 
mine the  place  of  the  maximum  by  determining  points  on 
either  side  at  which  the  ordinates  are  equal.     There  is 

p  *  Proceedings  of  the  Royal  Society,'  vol.  xviii.  p.  159  (Jan.  13,  1870). 
'Philosophical  Magazine'  (4th  Series),  vol.  xxxix.  p.  376. 
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moreover  this  advantage  in  the  metliod  that  several  points 
may  be  determined  with  the  corresponding  ones  on  the 
other  side,  and  the  mean  of  the  whole  taken  as  the  true 
phice  of  the  maximum.  But  this  method  entirely  depends 
upon  the  existence  of  symmetry  in  the  curve,  so  that  of 
two  equal  ordinates  one  shall  be  as  far  on  one  side  of  the 
maximum  as  the  other  is  on  the  other  side.  The  method 
fails  wlien  other  laws  of  variation  prevail 

In  tidal  observations  great  difficulty  is  encountered  in 
fixing  the  moment  of  high  water,  because  the  rate  at 
which  the  water  is  then  rising  or  falling  is  almost  imper- 
ceptible. Dn  WheweD  proposed,  therefore,  to  note  the 
time  at  which  the  water  passes  a  fixed  point  somewhat 
below  the  oraximum  both  in  rising  and  falling,  and  take 
the  mean  time  as  that  uf  high  water.  But  this  mode  of 
proceeding  unfortunately  does  not  give  a  correct  result, 
because  the  tide  follows  different  laws  in  rising  and  in 
tailing.  There  is  a  difficulty  again  in  selecting  the  highest 
spring  tide,  another  oljject  of  much  ini|iortarice  in  tldology. 
Liiplace  discovered  that  the  tide  of  the  second  day  pre- 
ceding the  coujimction  of  the  sun  and  moon  is  neiirly 
equal  to  that  of  the  fiftli  day  following ;  and,  believing 
that  tlie  increase  and  decrease  of  the  tides  proceeded  in  a 
nearly  symmetrical  manner,  he  decided  that  the  higliest 
tide  would  occur  about  thirty-six  hours  after  the  con- 
junction, that  is  half-way  between  the  second  day  before 
and  the  fifth  day  afteru. 

This  method  is  also  employed  in  determining  the  time 
of  passage  of  the  middle  or  densest  point  of  a  stream  of 
meteors.  The  eiirth  tiikes  two  or  three  days  in  passing 
completely  through  the  November  stream  ;  but  astro- 
nomers need  for  their  calculations  to  have  some  definite 
iHiitit  tixi^l  withni  a  lew  minutes  if  possible.  ^\lien  near 
h\  thi»  middle  they  observe  the  numbers  of  meteors  w^hich 


<  Airy  '  On  Tides  and  Waves,'  Encjcl.  Metmp.  pp.  364*-366*. 
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come  within  the  sphere  of  vision  in  each  half  hour  or 
quarter  hour,  and  then,  assuming  that  the  law  of  varia- 
tion is  symmetrical,  they  select  a  moment  for  the  passage 
of  the  whole  body  equidistant  between  times  of  equal 
frequency. 

The  eclipses  of  Jupiter's  satellites  are  not  only  of  great 
interest  as  regards  the  motions  of  the  satellites  themselves, 
but  used  to  be,  and  perhaps  still  are,  of  importance  in  de- 
termining longitudes,  because  they  are  events  occurring 
at  fixed  moments  of  absolute  time,  and  visible  in  all  parts 
of  the  planetary  system  at  the  same  time,  allowance  being 
made  for  the  interval  occupied  by  the  light  in  travelling. 
But  as  is  excellently  explained  by  Sir  John  Herschel^  the 
moment  of  the  event  is  wanting  in  definiteness,  partly 
because  the  long  cone  of  Jupiter's  shadow  is  surrounded 
by  a  penumbra,  and  pari;ly  because  the  satellite  has  itself 
a  sensible  disc,  and  takes  a  certain  time  in  entering  the 
shadow.  Diflferent  observers  using  different  telescopes 
would  usually  select  different  moments  for  that  of  the 
eclipse.  But  it  is  evident  that  the  increase  of  light  in 
the  emersion  wiU  proceed  according  to  a  law  exactly  the 
reverse  of  that  observed  in  the  immersion,  so  that  if  an 
observer  notes  the  time  of  both  events  with  the  same  tele- 
scope, he  will  be  as  much  too  soon  in  one  observation  as 
he  is  too  late  in  the  other,  and  the  mean  moment  of  the 
two  observations  will  represent  with  considerable  accuracy 
the  time  when  the  satellite  is  in  the  middle  of  the  shadow. 
The  personal  error  of  judgment  of  the  observer  is  thus 
eliminated,  provided  that  he  takes  care  to  act  at  the 
emersion  as  he  did  at  the  immersion. 

'  *  Outlines  of  Astronomy/  4th  edition,  §  538. 
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To  bring  error  itself  under  law  might  seem  beyond 
human  power*  He  who  errs  surely  diverges  from  law, 
and  it  might  well  be  deemed  hopeless  to  suppose  that  out 
of  error  we  can  draw  truth.  One  of  the  most  remarkable 
achievements  of  the  human  intellect  is  the  establishment 
of  a  general  theory  which  not  only  enables  us  among  dis- 
crepant results  to  approximate  to  the  truth,  but  to  a^ign 
the  degree  of  probabihty  which  fairly  attaches  to  this  con- 
clusion. It  would  be  a  gross  misapprehension  indeed  to 
suppose  that  this  law  is  necessarily  the  best  giude  under 
all  circumstances.  Every  measuring  instiinnent  and  every 
form  of  experiment  may  have  its  own  special  law  of  error ; 
there  may  in  one  instrtmient  be  a  tendency  in  one  direc- 
tion and  in  another  in  the  opposite  direction.  Every  pro- 
cess has  its  peculiar  liabilities  to  mistake  and  disturbancet 
and  we  are  never  relieved  from  the  necessity  of  vigilantly 
providing  against  such  special  difficidties.  The  genertd 
Law  of  Error  is  the  best  guide  only  when  we  have  ex- 
hausted  all  other  means  of  approximation,  and  still  find 
discrepancies,  which  are  due  to  entirely  unknown  causes. 
We  must  treat  such  residual  differences  in  some  way  or 
other,  since  they  will  occur  in  all  accurate  experiments, 
and  as  their  peculiar  nature  and  origin  is  assumed  to  be 
unknown,  there  is  no  reason  why  we  should  treat  them 
difierently  in  different  cases.  Accordingly  the  ultimate 
Law  of  Error  must  be  a  uniform  and  general  one* 
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It  is  perfectly  recognised  by  mathematicians  that  in 
each  special  case  a  special  Law  of  Error  may  apply,  and 
should  be  discovered  and  adopted  if  possible.  '  Nothing 
can  be  more  unlikely  than  that  the  errors  committed  in  all 
classes  of  observations  should  follow  the  same  law*/  and 
the  special  Laws  of  Error  which  will  apply  to  certain  in- 
struments, as  for  instance  the  repeating  circle,  have  been 
investigated  by  M.  Bravais^.  He  concludes  that  every 
partial  and  distinct  cause  of  error  gives  rise  to  a  curve  of 
possibility  of  errors,  which  may  have  any  form  whatever, — 
a  curve  which  we  may  either  be  able  or  unable  to  discover, 
and  which  in  the  first  case  may  be  determined  by  con- 
siderations d  priori,  on  the  peculiar  nature  of  tliis  cause, 
or  which  may  be  determined  d,  posteriori  by  observation. 
Whenever  it  is  practicable  and  worth  the  labour,  we  ought 
to  investigate  these  special  conditions  of  error;  never- 
theless, when  there  are  a  great  number  of  different  sources 
of  minute  error,  the  general  resultant  will  always  tend  to 
obey  that  general  law  which  we  are  about  to  consider. 

Establishment  of  the  Law  of  Error. 

Mathematicians  agree  far  better  as  to  the  nature  of  the 
ultimate  Law  of  Error  than  they  do  as  to  the  manner  in 
which  it  can  be  deduced  and  proved.  They  agree  that 
among  a  number  of  discrepant  results  of  observation,  that 
mean  quantity  is  probably  the  most  nearly  approximate 
to  the  truth  which  makes  the  sum  of  the  squares  of  the 
errors  as  small  as  possible.  But  there  are  at  least  three 
different  ways  in  which  this  i)rinciple  has  been  arrived  at 
respectively  by  Gauss,  by  Laplace,  by  Quetelet  and  by 
Sir  John  Herschel.     Gauss  proceeds  much  upon  assump- 

a  'Philosophical  Magazine,'  3rd  Series,  vol.  xxxvii.  p.  324. 
^  '  Letters  on  the  Theory  of  Probahilitics/  hy  Quetelet,  transl.  by  O.  G. 
Downes,  Notes  to  Letter  XXVL  pp.  286-295. 
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t!^ttf»Aft^  iMll  Upon  gdotnetrical  canaderations ;  while 

md  Qmilafet  icgard  the  Law  of  Error  as  a  de- 

iif  tW  doctrme  of  combinations  ;  that  of  Gauss 

Law  of  Error  o^prMaw  tlie  oomparative  probability 
of  ein>r»  of  various  magmtude,  and  partly  from  ex- 
|weiKX\  partly  from  d  priori  considerations,  we  may 
Ttymlilv  lay  down  eertam  conditions  to  which  the  law  will 
ivrtaiuly  cvuiiortn.  It  may  fioriy  be  assumed  as  a  first 
|\riiK*ilvlt»  to  guide  us  in  the  selection  of  the  law,  that  lazge 
i^fTvuTH  will  be  fiur  kes  frequent  and  probable  than  small 
iMHtv  We  know  that  very  large  errorsi  are  almost  im- 
|KV!««ibIe,  so  that  the  probability  must  rapidly  decrease  as 
the  amount  of  the  error  increases,  A  second  principle  is 
tliat  positive  and  negative  errors  shall  be  equally  pro- 
bable, which  may  certainly  be  assumed,  boiause  we  are 
pposed  to  be  devoid  of  any  knowledge  as  to  the  causra 
of  the  residual  errors.  It  follows  that  the  probability  of 
the  ermr  must  be  a  function  of  an  even  power  of  the 
iHgnitude,  that  is  of  the  square,  or  the  fourth  power,  or 
lhi>  »ixtb  power,  otherwise  the  probability  of  the  same 
nut  of  en*or  would  vary  accordingly  as  the  error  was 
i^,,a.ive  or  uegative.  The  even  powers  x^  a:^  x\  &c.,  are 
l^lwf^VH  intrinsically  positive,  whether  x  be  positive  or 
iU*4liUivt\  There  is  no  d  priori  reason  why  one  rather 
unotlier  of  these  even  powers  should  be  selected, 
^^  vru*  himself  allows  that  the  fourth  or  sixth  powers  would 
R^UU  llu:  uunditions  as  well  as  the  second*^,  but  in  the 
kH)  t>f  any  theoretical  reasons  we  should  prefer  the 
M\\\  power,  because  it  leads  to  formulae  of  great  com- 
ivt^  Hirnplicity.  Did  the  Law  of  Error  necessitate  the 
W  th»i  higher  powers  of  the  error,  the  complexity  of 

t  -  Moiodrea  Carr&.*     *  Mdmotres  but  la  Combinaison  des 
li.  Fr.  Gauaa,     Traduit  en  Franr;ais  par  J.  Bertrand, 
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the  necessary  calculations  would  -much  reduce  the  utility 
of  the  theory. 

By  a  process  of  reasoning,  which  it  would  be  undesirable 
to  attempt  to  follow  in  detail  in  this  place,  it  is  shown 
that,  under  these  conditions,  the  most  probable  result  of 
any  series  of  recorded  observations  is  that  which  makes 
the  sura  of  the  squares  of  the  errors  the  least  possible. 
Let  a,  6,  c,  &c.,  be  the  results  of  observation,  and  x  the 
quantity  selected  as  the  most  probable,  that  is  the  most 
free  from  unknown  errors  :  then  we  must  determine  x  so 
that  (a  —  xY  +  (6  —  aj)*  +  (c  -  a:)*  +  . . . .  shall  be  the  least 
possible  quantity.  Thus  we  arrive  at  the  celebrated 
Method  of  Least  Squares,  as  it  is  usually  called,  which 
appears  to  have  been  first  distinctly  put  in  practice  by 
Gauss  in  1795,  while  Legendre  first  published  in  1806  an 
account  of  the  process  in  his  work,  entitled,  *  Nouvelles 
Methodes  pour  la  determination  des  Orbites  des  Comfetes.' 
It  is  worthy  of  notice,  however,  that  Roger  Cotes  had 
long  previously  recommended  a  method  of  equivalent 
nature  in  his  tract,  *  Estimatio  Erroris  in  Mixta  Mathesi^.' 

HerscheVs  Geometrical  Proof. 

A  second  method  of  demonstrating  the  Principle  of 
Least  Squares  was  proposed  by  Sir  John  Herschel,  and 
although  only  applicable  to  geometrical  notions,  it  is  re- 
markable as  showing  that  from  whatever  point  of  view 
we  regard  the  subject,  the  same  principle  will  be  detected. 
After  assimiing  that  some  general  law  must  exist,  and 
that  it  is  subject  to  the  general  principles  of  proba- 
bility, he  supposes  that  a  ball  is  dropped  from  a  high 
point  with  the  intention  that  it  shall  strike  a  given  mark 
on  a  horizontal  plane.  In  the  absence  of  any  known 
causes  of  deviation  it  will  either  strike  that  mark,  or,  as 

<l  De  Morgan,  'Penny  Cyclop»dia,*  art.  Least  Squares. 
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is  infinitely  more  probable,  diverge  from  it  by  an  amount 
wbicb  we  must  regard  as  error  of  unknown  origin.  Now, 
to  quote  tlie  words  of  Sir  J.  He^scbel^  *  the  probability  of 
that  error  is  the  unknown  function  of  its  square,  L  e,  of 
the  sum  of  tlie  squares  of  its  deviations  in  any  two  rect- 
angular directions.  Now,  the  probability  of  any  deviation 
depending  solely  on  its  magnitude,  and  not  on  its  direc- 
tion, it  follows  that  the  probability  of  each  of  these  rect- 
angular deviations  must  1x3  the  same  function  of  its  squara 
And  since  the  observed  oblique  deviation  is  equivalent  to 
the  two  rectangular  ones,  supposed  concurrent,  and  which 
are  essentially  independent  of  one  another,  and  is,  there- 
fore, a  compound  event  of  which  they  are  the  simple  in- 
dependent constituents^  therefore  its  probability  will  be 
the  product  of  their  separate  probabilities-  Thus  the 
form  of  our  unknown  function  comes  to  be  determined 
from  this  condition,  viz.,  that  the  product  of  such  functions 
of  two  independent  elements  is  equal  to  the  same  function 
of  their  sum.  But  it  is  shown  in  every  work  on  algebra 
that  tliis  property  is  the  peculiar  characteristic  of,  and 
belongs  only  to,  the  exponential  or  an ti logarithmic  frmction. 
This,  then,  is  the  function  of  the  square  of  the  error,  which 
expresses  the  probability  of  committing  tliat  error.  That 
probability  decreases,  therefore,  in  geometrical  progression, 
as  the  square  of  the  error  increases  in  arithmetical/ 


Laplace  s  and  Quetelets  Proof  of  the  Law 
of  Error, 

However  much  presumption  the  modes  of  determining 
the  Law  of  Error,  already  described,  may  give  in  favour 
of  the  law  usually  adopted,  it  is  difficult  to  feel  that  the 

•  •  Edinburgh  Review,'  July  1 850.  roL  xcii,  p.  1 7.    Reprbted  '  £ss«j6»' 
^J9g-    This  methcxi  of  demonstratioo  is  discussed  by  Boole,  *  Trana- 
of  RoTa]  Soc'ietj  of  Edinborgli,*  voL  xxi.  pp.  ^^27^30, 
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arguments  are  satisfactory  and  conclusive.  The  law 
adopted  is  chosen  rather  on  the  grounds  of  convenience 
and  plausibility,  than  because  it  can  be  seen  to  be  the 
true  and  necessary  law.  We  can  however  approach  the 
subject  from  an  entirely  different  point  of  view,  and  yet 
get  to  the  same  result. 

Let  us  assume  that  a  particular  observation  is  subject 
to  four  chances  of  error,  each  of  which  will  increase  the 
result  one  inch  if  it  occurs.  Each  of  these  errors  is  to  be 
regarded  as  an  event  independent  of  the  rest  and  we  can 
therefore  assign,  by  the  theory  of  probability,  the  com- 
parative probability  and  frequency  of  each  conjunction  of 
errors.  From  the  Arithmetical  Triangle  (pp.  208,  213)  we 
learn  that  the  ways  of  happening  are  as  follows  : — 

No  error  at  all    .  .         .1  way. 

Error  of  i  inch   . 


Error  of  2  inches 
Error  of  3  inches 
Error  of  4  inches 


4  ways. 
6  ways. 
4  ways. 
I  way. 


We  may  infer  that  the  error  of  two  inches  is  the  most 
likely  to  occur,  and  will  occur  in  the  long  run  in  gix  cafies 
out  of  sixteen.  Errors  of  one  and  three  inches  will  \jh 
equally  likely,  but  will  occur  less  frequently;  while  no 
error  at  all,  or  one  of  foiu:  inches  will  be  a  oomparativfrly 
rare  occurrence.  If  we  now  suppose  the  errors  tc.  y/t  ^ 
often  in  one  direction  as  the  other,  the  eflEect  wfj  r>^  xo 
alter  the  average  error  by  the  amount  of  two  iiichr>,  '^A 
we  shall  have  the  following  results  : — 

Negative  error  of  2  inches 

Negative  error  of  i  inch     .         .        .    x  -^  i; 

No  error  at  aU    . 

Positive  error  of  i  inch 

Positive  error  of  2  inches 

We  may  now  imagine  the  nymber  </  yi  .:«r; 
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increased  and  the  amount  of  each  error  decreased,  and  the 
arithmetical  triangle  will  always  give  us  the  proportional 
frequency  of  the  resulting  errors.  Thus  if  there  be  five 
positive  causes  of  error  and  five  negative  causes,  the  fol- 
lowing table  shows  the  comparative  numbers  of  aggregate 
errors  of  various  amoimt  which  will  be  the  result : — 


DirecUon  of  Error. 

PoflitiTe  Error. 

Negative  Error. 

Amount  of  Error. 

5.  4*    3.     a.      I 

o 

I.       «,     3.    4*  5 

Number  of  such  Errors. 

1.  lo,  45,  lao.  aio 

n^ 

2IO.  HO,  45.  ID,  I 

It  is  plain  that  from  such  numbers  I  can  ascertain  the 
probability  of  any  particular  amount  of  error  under  the 
conditions  supposed.     Thus  the  probability  of  a  positive 

error  of  exactlv  one  inch  is 


2IO 

1024' 


in  which  fraction  the 


numerator  is  the  exact  niunber  of  combinations  giving 
one  inch  positive  error,  and  the  denominator  the  whole 
number  of  possible  errors  of  all  magnitudes.  I  can  also, 
by  adding  together  the  appropriate  niunbers,  get  the  pro- 
bability of  an  error  not  exceeding  a  certain  amount.  Thus 
the  probability  of  an  error  of  three  inches  or  less,  positive 
or  negative,  is  a  fraction  whose  numerator  is  the  sum  of 
45  +  120+210+252  +  210+120  +  45,  and  the  denomi- 
nator, as  l)efore,  giving  the  result . 

We  may  see  at  once  that,  according  to  these  principles, 
the  prolmbility  of  small  errors  is  far  greater  than  of  large 
ones:  thus  the  odds  are  1002  to  22,  or  more  than  45  to  i, 
that  the  eri\)r  will  not  exceed  three  inches ;  and  the  odds 
are  1022  to  2  against  the  occurrence  of  the  greatest  pos- 
aiUo  error  of  five  indies.  The  existence  of  no  error  at  all 
is  tl\o  most  likely  event;  but  a  small  error,  such  as  that  of 
t>no  inoli  jHJsitivo,  is  little  less  likely. 


W  Of  MiiUOi 


If  any  case  should  arise  in  wbich  the  observer  knowe 
the  number  and  magnitude  of  the  independent  errore 
which  may  occur,  he  ought  certaudy  to  caJcidate  from  the 
Arithmetical  Triangle  the  special  Law  of  Error  which  would 
apply.  But  the  general  law,  of  which  we  are  in  searcli, 
is  to  be  used  in  the  dark,  when  we  have  no  knowledge 
whatever  of  the  sources  of  error.  To  assume  any  special 
numl)er  of  causes  of  error  is  then  an  aibitrary  proceeding, 
and  mathematicians  have  chosen  the  lea^t  arbitraiy  course 
of  imagining  the  existence  of  an  infinite  number  of  in- 
finitely small  errors,  just  as,  in  the  inverse  method  of 
probabilities,  an  infinite  number  of  infinitely  improbable 
hypotheses  were  submitted  to  calculation  (p,  296), 

The  reasons  in  favour  of  this  choice  are  of  several 
difterent  kinds, 

1.  It  cannot  Ijo  denied  that  there  may  exist  infinitely 
numerous  causes  of  error  in  any  act  of  observation. 

2.  The  residting  law  on  the  h}']j(jthesis  of  a  large  finite, 
or  even  a  moderate  iinite  number  of  causes  of  error,  does 
not  appreciably  differ  from  that  given  by  the  hypothesis 
of  infinity, 

3.  We  gain  by  the  hypothesis  of  infinity  a  general  law 
capable  of  ready  calculation,  and  applicable  by  uniform 
rules  to  all  problems. 

4.  This  law,  when  tested  by  comparison  with  extensive 
series  of  observations,  is  strikingly  verified,  as  will  be 
shown  in  a  later  section. 

When  we  imagine  the  existence  of  any  large  number  of 
causes  of  en*or,  for  instance  one  hundred,  the  numbers  of 
combinations  become  impraeticably  large,  as  may  l>e  seen 
to  Im3  the  case  from  a  glance  at  the  Arithmetical  Triangle 
(p,  208),  which  proceeds  only  up  to  the  seventeenth  line. 
M-  Quetelet,  by  suitable  abbreviating  processes,  succeeded 
in  ctdculating  out  a  table  of  prtjbabillty  of  errors  on  the 
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hypothesis  of  one  thousand  distinct  causes^;  but  mathe- 
maticians have  generally  proceeded  on  the  hypothesis  of 
infinity,  and  then,  by  some  of  the  beautiful  devices  of 
analysis,  have  substituted  a  general  law  of  easy  treatment. 
In  mathematical  works  upon  the  subject,  it  is  shown  that 
the  standard  Law  of  Error  is  expressed  in  the  formula 

y  =  Y.-"\ 

in  which  x  is  the  amount  of  the  error,  Y  the  maximum 
ordinate  of  the  curve  of  error,  and  c  a  nimiber  constant 
for  each  series  of  observations,  and  expressing  the  general 
amount  of  the  tendency  to  error,  but  varying  between 
one  series  of  observations  and  another,  while  e  is  the 

peculiar  constant,  2'7i828 the  base  of  the  Naperian 

logarithms.  To  show  the  close  correspondence  of  this 
general  law  with  the  special  law  which  might  be  derived 
from  the  supposition  of  any  moderate  number  of  causes 
of  error,  I  have  in  the  accompanying  figure  drawn  a 
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curved  line  representing  accurately  the  variation  of  y 
when  X  in  the  above  formula  is  taken  equal  to  o,  -,  i,  -,  2, 
&c.,  positive  or  negative,  the  arbitrary  quantities  Y  and  c 

^  *  Letters  on  the  Theory  of  Probabilities,*  Letter  XV.  and  Appendix, 
note  pp.  256-266. 
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being  both  assumed  equal  to  unity,  in  order  to  simplify 
the  calculations.  In  the  same  figure  are  inserted  eleven 
dots,  whose  heights  above  the  base  line  are  proportional 
to  the  numbers  in  the  eleventh  line  of  tlie  Arithmetical 
Triangle,  thus  representing  the  comparative  probabilities 
of  errors  of  various  amounts  arising  from  ten  equal  causes 
of  error.  It  is  apparent  that  the  correspondence  of  the 
general  and  the  special  Law  of  Error  is  almost  as  close  as 
can  be  exhibited  in  the  figure,  and  the  assumption  of  a 
greater  number  of  equal  causes  of  error  would  render  the 
correspondence  far  more  close. 

It  may  be  explained  that  the  ordinates,  for  instance 
NM,  nmy  n'm'y  represent  values  of  y  in  the  equation  ex- 
pressing the  Law  of  Error.  The  occurrence  of  any  one 
definite  amount  of  error  is  infinitely  improbable,  because 
an  infinite  number  of  such  ordinates  might  be  drawn. 
But  the  probability  of  an  error  occurring  between  certain 
definite  limits  is  finite,  and  is  represented  by  a  portion 
of  the  area  of  the  curve.  Thus  the  probability  that  an 
error,  positive  or  negative,  not  exceeding  unity  will  occur, 
is  represented  by  the  area  MmwnW,  in  short,  by  the  area 
standing  upon  the  line  nn'.  Since  every  observation 
must  either  have  some  definite  error  or  none  at  all,  it 
follows  that  the  whole  area  of  the  curve  should  be  con- 
sidered as  the  unit  expressing  certainty,  and  the  proba- 
bility of  an  error  falling  between  particular  limits  will 
then  be  expressed  by  the  ratio  which  the  area  of  the 
ciu^e  between  those  limits  bears  to  the  whole  area  of 
the  curve. 

Derivation  of  the  Lata  of  Error  from  Simjile 
Logical  Principles, 

It  is  worthy  of  notice  that  this  Law  of  Error,  abstruse 
though  the  subject  may  seem,  is  really  founded  upon  the 
simplest  principles.    It  arises  entirely  out  of  the  difference 
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between  pemmtations  and  combinations,  a  subject  upon 
whicb  I  may  seem  to  have  dwelt  with  unnecessary  pro- 
lixity in  previous  pages  (pp.  200-216).  The  order  in 
which  we  add  quantities  together  does  not  affect  the 
amount  of  the  suni>  so  that  if  there  be  three  positive 
and  five  negative  causes  of  error  in  operation,  it  does  not 
matter  in  which  order  they  are  considered  as  acting, 
Thej^  may  be  indifFerently  intermixed  in  any  arrange- 
ment, and  yet  the  result  will  be  the  name*  The  reader 
Bhould  not  fail  to  notice  how  laws  or  principles  w^hich 
appeared  to  be  absurdly  simple  and  evident  when  first 
noticed,  reappear  in  the  most  complicated  and  mysterious 
processes  of  scientific  method.  The  fimdamental  Laws 
of  Identity  und  Difference  gave  rise  to  the  Logical  Abe- 
cedarium,  which,  after  abstracting  the  character  of  the 
differenecH,  led  t<:»  the  Aiithmetical  Triangle  (p.  214). 
Tlie  Law  of  Error  is  defined  by  an  infinitely  high  line 
of  that  triangle,  and  the  law  proves  that  the  mean  is  the 
most  probable  result,  and  that  divergencies  from  the 
mean  become  much  less  probable  as  they  increase  in 
amount.  Now  the  comparative  greatness  of  the  numbers 
towards  the  middle  of  each  line  of  the  Arithmetical 
Triangle  is  entirely  due  to  the  indifierence  of  order  in 
apace  or  time,  wliich  was  first  prominently  pointed  out 
as  a  condition  of  logical  relations,  and  the  symbols  in- 
dicating them  ()»p.  40-42),  and  which  was  afterwards 
shown  to  attach  equally  to  numerical  symbols,  the  deri- 
vatives of  logical  terms  (pp,  180,  181). 


Verification  of  the  Law  of  Error. 

The  theory  of  error  which  we  have  been  considering 
resta  entirely  upon  an  assumption,  namely  that  when 
known  sources  of  distiu'l)ances  are  allowed  for,  there  yet 
remain  an  indefinite,  possibly  an  infinite  number  of  other 
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minute  sources  of  error,  which  will  as  often  produce 
excess  as  deficiency.  Granting  this  assumption,  the  Law 
of  Error  must  be  as  it  is  usually  taken  to  be,  and  there  is 
no  more  need  to  verify  empirically  than  to  test  the  truth 
of  one  of  Euclid's  propositions  mechanically,  after  we  have 
proved  it  theoretically.  Nevertheless,  it  is  an  interesting 
occupation  to  verify  even  the  propositions  of  geometry  in 
an  approximate  manner,  and  it  is  still  more  instructive  to 
inquire  whether  a  large  number  of  observations  will  be 
foimd  to  justify  our  assumption  of  the  Law  of  Error. 

Encke  has  given  an  excellent  instance  of  the  cor- 
respondence of  theory  with  experience,  in  the  case  of 
certain  observations  of  the  diflference  of  Right  Ascension 
of  the  sun  and  two  stars,  namely  a  Aquilae  and  a  Canis 
minoris.  The  observations  were  470  in  number,  and  were 
made  by  Bradley  and  reduced  by  Bessel,  who  found  the 
probable  error  of  the  final  result  to  be  only  about  one- 
fourth  part  of  a  second  (o"'2637).  He  then  compared 
the  number  of  errors  of  each  magnitude  from  —  th  part  of 
a  second  upwards,  as  actually  given  by  the  observations, 
with  what  should  occur  according  to  the  Law  of  Error. 

The  results  were  as  follow  ^: — 


Number  of  errors  of  each  magnitude 

Magnitude  of  the  errors  in  parts 
of  a  second. 

according  to 

Observation. 

Theory. 
95 

CO  to  o-i 

94 

I      »      '2 

88 

89 

•a    „     3 

78 

78 

•3      M         4 

58 

64 

*4    »»     '5 

5> 

50 

•5    M    -6 

36 

3^> 

•6    ..    -7 

26 

24 

•7    »    -8 

H 

15 

•8    „     9 

10 

9 

•9    „  10 

I 

5 

above  „  lo 

5 

8  Eacke,  *  On  the  Method  of  Least  Squares/  Taylor's  '  Si'ientific  Me- 
moirs,' vol.  ii.  pp.  338,  339. 
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The  leader  will  remark  that  the  correspondence  is 
remai^caUy  dose,  except  as  regards  larger  errors,  wliicli 
are  excessive  in  practice*  It  is  one  objection,  indeed,  to 
the  theory  of  error,  that,  being  expressed  in  a  continnous 
niiitliematical  function,  it  contemplates  the  possible  exist- 
ence of  errors  of  every  magnitude,  such  indeed  as  could 
not  pmctically  occur  ;  yet  in  this  case  the  theory  seems  to 
tmder-estimate  the  number  of  large  errors. 

Another  excellent  conipariHou  of  the  law  ^vith  observa^ 
tion  has  been  made  by  Quetelet,  who  has  investigated  the 
errors  of  487  determinations  in  time  of  the  Right  Ascen- 
sion of  the  Pole-star,  made  at  Greenwich  during  the  four 
years  1836-39.  These  observations,  althoiigh  carefully 
corrtfctcd  for  all  known  causes  of  error,  as  well  as  for 
nutation,  precession,  &c.,  are  yet  of  cijurse  found  to  differ, 
and  being  classified  as  regards  intervals  of  one-half  second 
of  time,  and  then  proportionately  increased  in  number,  so 
tliat  their  sum  may  be  one  thousand,  give  the  following 
results  im  compared  with  what  theory  would  lead  us  to 
expect  ^' : — 


Magnitude  nf 

error  tii  tenthi 

of  II  Hei^ond. 

Number  o( 

erpoiH 

Maj^nitude  of 

error  in  tenth-i 

of  II  8«soiid. 

Niunber  of 

erToni 

by 
Obsenration. 

Tbeofj. 

by 

Observation. 

Theory. 

0*0 

168            ; 

163 

.» 

— 

^ 

4  0-5 

148 

33 

10 

3 

147 

113 

-0*5 

150 

153 

+  15 

+  3-0 

7J 

40 

10 

-30 

-3*5 

-3"o 

8a 
46 
33 

to 

— 

— 

-3'5 

4 

In  this  instance  the  correspondence  is  also  satisfactory,  1 
but  the  ilivergenee  between   theoiy  and  fact  is  in   the 
opposite  direction  to  that  discovered  in  the  former  com- 

h  Quetelet,  'Letters  on  the  Theory  of  rrobabilities/  translated  hj 
Dowries,  Letter  XIX.  p,  88.  See  also  Qalton^s  *  Hereditary  Genius,* 
P-  379- 
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parison,  the  larger  errors  being  less  frequent  than  theory 
would  indicate. 

We  may  also  regard  the  experiments  enumerated  in 
the  chapter  on  Probabilities  (p.  238),  as  forming  an  em- 
pirical verification  of  the  theory  of  error. 

Remarks  mi  the  General  Law  of  Error. 

The  mere  fact  that  the  Law  of  Error  allows  of  the 
possible  existence  of  errors  of  every  assignable  amount 
shows  that  it  is  only  approximately  true.  We  may  fairly 
say  that  in  measuring  a  mile  it  would  be  impossible  to 
commit  an  error  of  a  hundred  miles,  and  the  length  of  life 
would  never  allow  of  oiu*  committing  an  error  of  one 
million  miles.  Nevertheless  the  general  Law  of  Error 
would  assign  a  probability  for  an  error  of  that  amount  or 
more,  but  so  small  a  probability  as  to  be  utterly  incon- 
siderable, and  almost  inconceivable.  All  that  can,  or  in  fact 
need,  be  said  in  defence  of  the  law  is,  that  it  may  be  made 
to  represent  the  errors  in  any  special  case  to  a  very  close 
approximation,  and  that  the  probability  of  large  and  prac- 
tically impossible  errors,  as  given  by  the  law,  will  be  so 
small  as  to  be  entirely  inconsiderable.  And  as  we  are 
dealing  with  error  itself,  and  our  results  pretend  to  no- 
thing more  than  approximation  and  probability,  an  in- 
definitely small  error  in  our  process  of  approximation  is 
of  no  importance  whatever. 

The  Prohahle  Mean  Result  a^  defined  hy  the  Law 
of  Error, 

One  immediate  result  of  the  Law  of  Error,  as  thus  stated, 
is  that  the  mean  result  is  the  most  probable  one  ;  and 
when  there  is  only  a  single  variable  this  mean  is  found  by 
the  familiar  arithmetical  process.     An  unfortunate  error 
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lias  crept  into  scvcml  works  which  alhide  to  this  sulyect. 
Mr.  Mill,  in  treating  of  the  '  Elimination  of  Chance/  re- 
marks in  a  note »  that  '  the  mean  is  spoken  of  as  if  it  were 
exactly  the  same  thing  with  the  average.  But  the  mean, 
fur  purposes  of  inductive  inquiry,  is  not  the  average,  or 
arithmeticniJ  mean,  though  in  a  iarniliar  ilhistration  of  the 
theory  the  difference  may  be  disregarded;'  He  goes  on  to 
say  that,  according  to  mathematical  principles,  the  most 
prohablc  result  is  that  for  which  the  sums  of  the  squares 
of  the  deviations  is  the  least  possible*  In  Bowens  *  Treatise 
on  Logic'  (p.  439),  we  find  tiie  Method  of  Least  Squares 
mentioned  as  *a  mode  of  finding  the  most  probable  result 
in  those  cases  in  whicli  the  arithmetical  mean  is  not  an 
applicable  expedient  for  determining  the  probability.*  It 
seems  probable  that  these  and  other  writers  were  misled 
by  Dr.  Whewells  remarks  on  the  sulyect  ;  for  he  says*^ 
that  '  The  Method  of  Least  Squares  is  in  fact  a  Method  of 
Means,  but  with  some  peculiar  characters.  .  .  .  The 
method  proceeds  upon  this  supposition  ;  that  all  errors 
are  not  eqiudly  probable,  hut  that  small  errors  are  more 
probable  than  large  ones/  He  adds  that  this  method 
•  removes  much  that  is  arbitrary  in  the  Method  of  Means.* 
It  is  strange  to  find  a  mathematician  like  Dn  Whewell 
nmkuig  such  remarks,  when  there  is  no  doubt  whatever 
that  the  Method  of  Means  is  only  an  application  of  the 
Method  of  Least  Squares.  They  are,  in  fact,  the  same 
method,  except  that  the  latter  method  may  be  applied  to 
cases  where  two  or  more  quantities  have  to  be  determined 
at  the  s^ime  time.  Many  authorities  might  be  quoted  to 
this  effect,  but  it  will  be  sufficient  to  mention  Lubbock 
and  th'ink  water,  who  say  ',  *  If  only  one  quantity  has  to  be 

i  'System  of  Logic/  lik.  iii,  eliap.  17,  §  3.     5th  cd.  vol.  ii.  p,  56. 
^  *  Philosophy  of  the  Inductive  iSciencos/  2nd  tjd.  vol.  ii.  pp.  408,  409. 
^  *  Essay  on  Prohability/  by  J*  W.  Luhboek  and  J,  E,  Drink wat  er. 
Useful  Kiiowh'dge  Society,  1833,  p-  41^ 
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determined,  this  method  evidently  resolves  itself  into 
taking  the  mean  of  all  the  values  given  by  observation/ 
Encke,  agsdn,  distinctly  says  «^,  that  the  expression  for  the 
probability  of  an  error  'not  only  contains  in  itself  the 
principle  of  the  arithmetical  mean,  but  depends  so  imme- 
diately upon  it,  that  for  all  those  magnitudes  for  which 
the  arithmetical  mean  holds  good  in  the  simple  cases  in 
which  it  is  principally  applied,  no  other  law  of  proba- 
bility can  be  assumed  than  that  which  is  expressed  by 
this  formula/ 

It  can  be  shown,  too,  in  a  moment  that  the  mean  is  the 
result  which  gives  the  least  sum  of  squares  of  errors. 
For  if  a,  6,  c,  &c.,  be  the  results  of  observation  and  x  the 
selected  mean  result,  the  sum  of  squares  of  the  errors  is 
(a— a;)*  +  (6— x)*  +  (o— a;)*  +  &c.,  which  is  at  a  minimum 
when  its  diflferential  coefficient  2(a  — a;  +  6— x  +  c— a;4- 
&c.)  =  o.  From  this  equation  we  immediately  obtain,  de- 
noting by  n  the  nimiber  of  separate  results,  a,  6,  c,  &c., 
a:  =  (a  +i  +  c  +  . . •  )  -»  or  the  ordinary  arithmetic  mean. 


Weighted  Observations. 

It  is  to  be  distinctly  understood  that  when  we  take  tlie 
mean  of  certain  niunerical  results  as  the  most  probable 
number  aim^d  at,  we  regard  all  the  different  results  as 
equally  good  and  probable  in  themselves.  The  theory 
of  error  expresses  no  preference  for  any  one  number  over 
any  other.  If,  then,  an  observer  has  reason  to  suppose 
that  some  results  are  not  so  trustworthy  as  others,  he 
must  take  account  of  this  difference  in  drawing  the  mean. 
By  the  method  of  weighting  observations  this  difference  of 
value  is  easily  allowed  for.     Astronomers  are  in  the  habit 

"*  Taylor's  *  Scientific  Memoirs,'  vol.  ii.  p.  333. 


'ji^c-.rl-nj  t:  '--r  -:iTr-r5=i:i.  :■:' f-zx-e^-?  :ri-J-irr  in  ioenraev 
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snm  of  the  pr>i -o:s  L?  iiviiei  bj  thr  s:zrL  ::  the  ^ei^hts. 
Tha?  if  '.7,  b.  c.  io..  r»r  tbr  ociserved  r.:i:i:b^rs,  an  1  •-,  ic\  ir", 
4c.,    the    weigr:":s,    ihen    rr.e    ir::^i    pr:  "cable    mean    is 

—    ^^^^.^ •     This  t-MTn^jIa,  ii  wiii  t>r  otserve^i  is 

identical  in  form  with  that  tor  nnJir-g  the  centre  of 
gravity  of  particles  of  different  weights  arranged  in  a 
straight  line.  When  we  regard  »r,  ir\  »r*,  4c..  as  all  equal, 
it  becomes  identical  with  the  formula  for  the  ordinary 
mean.  This  methrxl  of  weighting  oteervations,  now  of 
much  imp  'rtance  in  astronomical  and  other  verv  exactly 
quantitative  investigations,  appears  to  have  been  first  pro- 
posed by  Roger  Cotes,  the  editor  of  the  *  Principia,'  as 
pointed  out  by  De  Morgan^. 

The  practice  of  giving  weights  would  open  the  way  to 
much  error  and  abuse,  if  the  weights  were  assigned  when 
the  mean  was  being  drawn,  and  when  the  divergence  of 
6ome  r>j^ilts  firom  the  others  would  be  likely  to  become 
the  guide.  As  a  general  rule  the  weights  must  be  as- 
^gned  at  the  moment  of  observation,  and  afterwards 
righlly  tiMuutsuned,  and  they  must  be  assigned  not  from 
regard  :o  :Ko  apparent  intrinsic  accuracy  of  the  result, 
but  the  c\tr,:*^:o  circiunstances  which  seem  to  render  it 
vahu^^v-.  \7,  ciie^^rved  result,  in  short,  must  be  discre- 
diteii.  "^'^  ^HMfctft!!^  it  is  divergent,  but  because  there  were 
otiw  ^^iwc^uo^  V  *ttt*^^^?o  that  it  would  be  divergent. 

iXui^y  v,>viirp«dia,'  art.  Least  Squares. 
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The  Probable  Error  of  Mean  Results. 

When  we  draw  any  conclusion  from  the  numerical 
results  of  observations  we  ought  not  to  consider  it  suf- 
ficient, in  cases  of  importance,  to  content  ourselves  with 
finding  the  simple  mean  and  treating  it  as  true.  We 
ought  also  to  ascertain  what  is  the  degree  of  confidence 
we  may  place  in  this  mean,  and  our  confidence  should  be 
measured  by  the  degree  of  concurrence  of  the  observations 
from  which '  it  is  derived.  In  some  cases  the  mean  may 
be  so  close  to  the  correct  result  that  we  may  consider  it 
as  approximately  certain  and  accurate.  In  other  cases  it 
may  really  be  worth  little  or  nothing.  The  Law  of  Error 
enables  us  to  give  exact  expression  to  the  degree. of  con- 
fidence proper  in  any  case  ;  for  it  shows  how  to  calculate 
the  probability  of  a  divergence  of  any  amount  from  the 
mean,  and  we  can  thence  ascertain  the  probability  that 
the  mean  in  question  is  within  a  certain  distance  from  the 
true  number.  The  'probable  error  is  taken  by  mathema- 
ticians to  mean  the  limits  within  which  it  is  as  likely  as 
not  that  the  truth  will  fall.  Thus  if  5*45  be  the  mean  of 
all  the  determinations  of  the  density  of  the  earth,  and  '20 
be  approximately  the  probable  error,  the  meaning  is  that 
the  probability  of  the  real  density  of  the  earth  falling  be- 
tween 5*25  and  5*65  is  4-  Any  other  limits  might  have 
been  selected  at  will.  We  might  readily  calculate  the  limits 
within  which  it  was  one  hundred  or  one  thousand  to  one 
that  the  truth  would  Ml ;  but  there  is  a  general  conven- 
tion to  take  the  even  odds,  one  to  one,  as  the  quantity  of 
probability  of  which  the  limits  are  to  be  estimated. 

Many  books  on  the  subject  of  probability  give  rules  for 
making  the  calculations,  but  as,  in  the  gradual  progress  of 
science,  all  persons  ought  to  be  more  familiar  with  these 
processes,  I  propose  to  repeat  the  rules  here  and  illustrate 
their  use.  The  calculations,  when  made  in  strict  accordance 
with  the  directions,  involve  none  but  arithmetic  operationp. 

Gg  2 


Rules  far  finding  the  probable  error  of  a  mean  result : — 
1.  Draw  the  mean  of  all  the  obeerred  results. 
2*  Find  tlie  excess  or  defect,  that  is,  the  error  of  each 
result  from  the  mean. 

5.  Square  each  of  these  reputed  errors. 

4.  Add  together  all  these  squares  of  the  errors. 

5.  Take  the  square  root  of  this  sum. 

6.  Divide  the  square  root  by  the  number  of  results. 

7.  Multiply  the  quotient  by  067449  {^^  approxi- 
mately by  0*674.  or  even  067),  a  natural  constant 
number  derived  from  the  Law  of  Error  in  a  manner 
which  is  described  in  mathematical  works  upon  the 
Rubject, 

Suppose,  for  instance,  that  five  measurements  of  the 
height  of  a  hill,  by  the  barometer  or  otherwise,  have  given 
the  mimbers  of  feet  as  293,  301,  306,  307,  313  ;  we  want 
to  know  the  probable  error  of  the  mean,  namely  304,    Now 
the  differences  between  this  mean  and  the  above  numbers, 
paying  no  regard  to  direction^  are  11,  3,  2,  3,  9  ;  their 
Bquaxes  are  121,  9,  4,  9,  81,  and  the  sum  of  the  squares 
consequently  224.     Taking  the  square  root  of  this  sum  by 
the  common  aritlimetic  process,  or  by  logarithms,  we  ob- 
tain  14-966,  and  diWdiiig  by  five,  the  number  of  observa- 
tions, we  have  2*99,  which  has  only  to  be  multiplied  bj 
'67  to  yield  us  2'Oi9.     This  number  is  so  close  to  2,  that" 
we  may  call  the  probable  error  equal  to  two.     Thus  the 
probability  is  one-half,  or  the  odds  are  even^  that  the  true 
height  of  the  mountain  lies  between  302  and  306  feet. 
We  have  thus  an  exact  measure  of  the  degree  of  credibility 
of  our  mean  result,  which  mean  indicates  the  most  likely 
point  for  the  truth  to  fall  upon. 

The  reader  should  observe  that  as  the  object  in  these 
cakmUtaons  is  only  to  gain  a  notion  of  the  degree  of  con- 
M«iae  with  which  we  view  the  mean,  there  is  no  real 
*  W  cMTpug  tbc  cakulations  to  any  great  degree  of 
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precision ;  and  whenever  the  neglecting  of  decimal  frac- 
tions, or  even  the  slight  alteration  of  a  number  will  much 
abbreviate  the  computations,  it  may  be  fearlessly  done,  ex- 
cept in  cases  of  high  importance  and  precision.  It  has  been 
stated  that  the  voyages  of  the  Great  Britain  steamship  to 
Melbourne  from  Liverpool,  up  to  May,  1871,  have  been 
thirteen  in  niunber,  with  the  following  durations  in  days : 
62,  63,  59,  60,  58,  61,  57,  57,  57,  57,  56,  63,  55.  The 
mean  duration  of  the  voyages  is  ^^'^^  days,  which  is  the 
most  probable  length  of  any  similar  future  voyage ;  but 
to  calculate  the  probable  error,  we  may  take  the  mean  to 
be  59  days.  The  sum  of  the  squares  of  the  errors  is  only 
88,  and  the  probable  error  thence  calculated  0*49  day,  or, 
say  half  a  day.  It  is  as  likely  as  not,  then,  that  any  par- 
ticular voyage  will  be  not  less  than  58]^  days,  nor  more 
than  59^  days. 

The  experiments  of  Benzenberg  to  detect  the  revolution 
of  the  earth,  by  the  deviation  of  a  ball  from  the  exact 
perpendicular  line  in  falling  down  a  deep  pit,  have  been 
cited  by  Encke<^  as  an  interesting  illustration  of  the  Law 
of  Error.  The  mean  deviation  was  5 '086  lines,  and  its 
probable  error  was  calculated  by  Encke  to  be  not  more 
than  '950  line,  that  is,  the  odds  were  even  that  the  true 
result  lay  between  4' 136  and  6*036.  As  the  deviation 
should,  according  to  astronomical  theory  be  4*6  lines, 
which  lies  well  within  the  limits,  we  may  consider  that 
the  experiments  are  consistent  with  the  Copemican  system 
of  the  universe. 

It  will  of  course  be  understood  that  the  probable  error 
has  regard  only  to  the  diflferences  of  the  results  from 
which  the  mean  is  drawn,  and  takes  no  account  of  con- 
stant errors.  The  true  result  accordingly  will  often  fall 
far  beyond  the  limits  of  probable  error. 

o  Taylor's  *  Scientific  Memoirs/  vol.  ii.  pp.  330,  347,  &c 
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The  Rejection  of  the  Mean  Result 

We  ought  always  to  be^r  in  mind  that  the  mean  of  any 
series  of  observations  is  the  best,  that  is,  the  most  probable 
approximation  to  the  truth,  only  in  the  entire  absence  of 
any  knowledge  to  the  contraiy.  The  selection  of  the 
mean  rests  entirely  npon  the  probability  that  wholly  un- 
known causes  of  error  will  in  the  long  run  fall  as  often  in 
one  direction  as  the  opposite,  so  that  in  drawing  the  mean 
they  Tvill  balance  each  othen  If  we  have  any  presumption 
to  the  contrary,  any  reason  to  suppose  that  there  exists  a 
tendency  to  error  in  one  direction  rather  than  the  other, 
then  to  choose  the  mean  Avould  be  to  ignore  that  tendency. 
Thus  we  may  ceHainly  approximate  to  the  length  of  the 
circumference  of  a  circle,  by  measuring  the  perimeters  of 
infc'cribed  and  circumscribed  polygons  of  an  equal  and  large 
number  of  sides.  The  correct  length  of  the  circular  line 
unduiibtedly  lies  between  the  lengths  of  the  two  perimetei's, 
Init  it  dues  not  f[3llow  that  the  mean  is  the  best  approxi- 
ination.  It  may  in  fact  be  shown  upon  mathematical 
principles  that  the  circumference  of  the  circle  is  veirj/ 
nearly  equal  to  the  perimeter  of  the  inscribed  polygon> 
together  with  one-thiixl  part  of  the  diflerence  between 
the  inscrilKid  and  circumscribed  polygons  of  the  same 
niunber  of  sides.  Having  this  knowledge  we  ought  of 
course  to  net  upon  it,  instead  of  upon  vague  grounds  of 
probabihty. 

We  may  often  perceive  that  a  series  of  measurements 
tends  towards  an  extreme  limit  rather  than  towards  a 
mean*  Thus  in  endeavouring  to  obtain  a  correct  estimate 
of  the  apparent  diameter  of  the  briglitest  fixed  stars,  we 
should  tind  a  continuous  diniinution  in  estimates  as  the 
|>owers  of  observation  increased.  Kepler  assigned  to 
Sirius  an  aj^parent  diameter  of  240  seconds  ;  Tycho  Brahe 
made  it    126;   Gassendi    10  seconds;   tiahleo,    Ilevelius, 
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and  J.  Cassini,  5  or  6  seconds.  Hal  ley,  Michell,  and 
subsequently  Sir  W.  Herschel  came  to  the  conclusion 
that  the  brightest  stars  in  the  heavens  could  not  have 
real  discs  of  a  second,  and  were  probably  much  less  in 
diameter.  It  would  of  course  be  absurd  to  take  the  mean 
of  quantities  which  differ  more  than  240  times ;  and  as 
the  tendency  has  always  been  to  smaller  estimates,  there 
is  a  considerable  indication  in  favour  of  the  smallest?. 

In  the  case  of  many  experiments  and  measiurements  we 
shall  know  on  which  side  there  is  a  tendency  to  error. 
Thus  the  readings  of  a  thermometer  always  tend  to  rise  as 
the  age  of  the  instrument  increases,  and  no  drawing  of 
means  will  correct  this  result.  Barometers,  on  the  other 
hand,  are  always  likely  to  read  too  low  instead  of  too  high, 
owing  to  the  imperfection  of  the  vacuum,  or  the  action  of 
capillary  attraction.  If  the  mercury  be  perfectly  pure  and 
no  considerable  error  be  due  to  the  measuring  apparatus, 
the  best  barometer  will  be  that  which  gives  the  highest 
result. 

When  we  have  reasonable  grounds  for  supposing  that 
certain  experimental  results  are  liable  to  grave  errors,  we 
should  exclude  them  in  drawing  a  mean.  If  we  want  to 
find  the  most  probable  approximation  to  the  velocity  of 
sound  in  air,  it  would  be  absurd  to  go  back  to  the  old 
experiments  which  made  the  velocity  from  1200  to  1474 
feet  per  second ;  for  we  know  that  the  old  observers  did 
not  guard  against  errors  arising  from  wind  and  other 
causes.  Old  chemical  experiments  are  absolutely  valueless 
as  regards  quantitative  results.  The  old  chemists  foimd 
the  atmosphere  to  differ  in  composition  nearly  ten  per 
cent,  in  different  places,  whereas  modern  accurate  experi- 
menters find  very  slight  variations.  Any  method  of 
measurement  which  we  know  to  avoid  a  source  of  error 
is  far  to  be  preferred  to  others  which  trust  to  probabilities 
r  Qiictelet,  'Letters/  &c.  p.  n6. 
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for  the  elimination  of  the  error.  As  Flamsteed  says^, '  Oni 
good  instrument  is  of  as  much  worth  as  a  hundred  in 
difftTent  onea'  But  an  instrument  is  good  or  bad  only  in 
a  comparative  sense,  and  no  instrument  gives  invariable 
and  truthful  results*  Hence  wo  must  always  ultimately 
fall  back  upon  general  probabilities  for  the  selection  of  the 
final  mean,  when  our  other  precautions  are  exhausted. 

Very  difficult  questions  sometimes  arise  when  one  or 
more  results  of  a  method  of  experiment  diverge  widely 
from  the  mean  of  the  rest*  Are  we  or  are  we  not  to  ex- 
clude them  in  adopting  the  supposed  true  mean  result  of 
the  method.  The  drawing  of  a  mean  residt  rests,  as  I 
have  frequently  exphiined,  upon  the  assumption  that  every 
error  acting  in  one  direction  will  probably  be  balanced  l»y 
other  erroi*8  acting  in  an  opposite  direction.  If  then  we 
know  or  can  possibly  discover  any  causes  of  error  not 
agreeing  with  this  a,ssumption,  we  shtdl  be  justified  in 
excluding  results  which  seem  to  be  afiected  by  tliis  auise. 

In  reducing  large  series  of  astronomicid  observations,  it  is 
not  uncommon  to  meet  with  numbers  differing  from  others 
by  a  whole  degree  or  half  a  degree,  or  some  considerable  in- 
tegral Cjuantity*  These  are  errors  which  could  hardly  arise 
in  the  act  of  observation  or  in  iristnimentcil  irregularity ; 
but  they  migliti  readily  be  accounted  for  by  misreading 
of  figures  or  mistaking  of  division  marks.  It  would  be 
absurd  to  trust  to  chance  tliat  sucli  mistakes  would 
balance  each  other  in  the  long  nm,  and  it  is  therefore 
better  to  correct  arbitrarily  the  supposed  mistake,  or 
better  stiU,  if  new  observations  can  be  made,  to  strike 
out  the  divergent  numbers  altogether.  When  residts 
come  sometimes  too  great  or  too  small  m  a  regidiir 
manner,  we  should  suspect  that  some  part  of  the  instru- 
ment filips  through  a  definite  space,  or  that  a  definite 
cause  of  error  enters  at  times,  and  not  at  others.  We 
Q  Baily,  *  Account  of  Flams tceil,'  p.  56. 
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should  then  make  it  a  point  of  prime  importance  to  dis- 
cover the  exact  nature  and  amount  of  such  an  error,  and 
either  prevent  its  occurrence  for  the  future  or  else  intro- 
duce a  corresponding  correction.  In  many  researches  the 
whole  difficulty  will  consist  in  this  detection  and  avoidance 
of  sources  of  error.  Thus  Professor  Roscoe  found  that  the 
presence  of  phosphorus  caused  serious  and  almost  una- 
voidable errors  in  the  determination  of  the  atomic  weight 
of  vanadium^  Sir  John  Herschel,  in  reducing  his  obser- 
vations of  double  stars  at  the  Cape  of  Good  Hope,  was 
perplexed  by  an  unaccountable  difiference  of  the  angles  of 
position  as  measured  by  the  Seven-feet  Equatorial  and 
the  Twenty-feet  Reflector  Telescopes,  and  after  a  careful 
investigation  was  obliged  to  be  contented  with  introducing 
a  correction  experimentally  determined*. 

Even  the  most  patient  and  exhaustive  investigations 
will  sometimes  fail  to  disclose  any  reason  why  some  results 
diverge  in  an  unusual  and  unexpected  manner  from  others. 
The  question  again  recurs — Are  we  arbitrarily  to  exclude 
them  ?  The  answer  should  be  in  the  negative  as  a  general 
rule.  The  mere  fact  of  divergence  ought  not  to  be  taken 
as  conclusive  against  a  result,  and  the  exertion  of  arbitrary 
choice  would  open  the  way  to  the  most  fatal  influence  of 
bias,  and  what  is  commonly  known  as  the  *  cooking'  of 
figures.  It  would  amount  in  most  cases  to  judging  fact 
by  theory  instead  of  theory  by  fact.  The  apparently 
divergent  nimaber  may  even  prove  in  time  to  be  the  true 
one.  It  may  be  an  exception  of  that  peculiarly  valuable 
kind  which  upsets  our  false  theories,  a  real  exception,  ex- 
ploding apparent  coincidences,  and  opening  the  way  to  a 
wholly  new  view  of  the  subject.  To  establish  this  position 
for  the  divergent  fact  will  of  course  require  additional  re- 
search ;    but  in  the  meantime  we  should  give  it  a  fair 

f  Bakerian  Lecture, '  Fhiloflophicftl  Transactions'  (1868),  vol.  clviii.  p.  6. 
>  'Eesultsof  Obseryationaa»«liiinuiiiAfQoodHope/p.  283. 
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wviglit  in  oiir  mean  conclusions,  and  should  bear  in  mind 
IW  discrepancy  as  one  demanding  attention.  To  neglect 
11  divergent  result  is  to  neglect  the  possible  clue  to  a  great 
ili«cover>\ 

Method  of  Least  Squares. 

\\nien  two  or  more  unknown  quantities  are  bo  involved 
th;it  they  cannot  be  separately  determined  by  the  single 
Methutl  of  Means,  we  can  yet  obtain  their  most  probable 
nmoimts  l*y  the  Metliod  of  Least  Squares,  without  more 
difficulty  than  arises  from  the  length  of  the  arithmetical 
eoinputiitions*  If  the  residt  of  each  obsorv^ation  gives  an 
**qu:itioii  between  two  unknown  quantities  of  the  foi*m 

ax  ^hy  =  c 
tJieti,  if  the  observations  were  free  from  error,  we  shouhl 
tmly  need  tw<:»  observations  giving  two  equations  ;  but, 
ftjr  the  attainment  of  greater  accuracy,  we  may  take  a 
werluH  i)f  observations,  and  then  reduce  the  equations  so 
11^  to  give  only  a  pair  with  average  coefficients.  This  re- 
duction is  eftected  by,  firstly,  multii>]ying  the  coefficients 
uf  uaeh  tM|Uutiou  by  the  lirst  coefficient,  and  adding  to- 
gether all  the  siuular  coeffieients  thus  resulting  for  the 
eoeffieionts  of  u  now  equation  ;  and  secondly,  by  repeating 
thiH  jimcess,  and  inultii*lyhig  the  coefficients  of  each  equa- 
liun  l»y  the  coetheient  of  the  second  terra.  Thus  meaning 
by  (huhi  uf  ri-)  the  Bum  of  all  quantities  of  the  same  Idnd, 
iruil  having  tlie  same  place  in  the  equations  as  a^  we 
limy  brii'tly  describe  the  two  resulting  mean  equations 
>ui  foiloWH  :— 

(Huin  of  a^-)  .  x^  (sum  of  ah)  .  y  =  (sura  of  ac), 
(s\im  of  ah)  .  ar  -h  (sum  of  ¥)  .  y  =  (sum  of  he). 

When  there  are  tlu'ee  or  more  imknown  quantities  the 
pi-oceHH  is  exactly  the  same  in  nature,  and  we  only  need 
ihldilitvnal  mean  equations  io  be  obtained  by  multiply- 
ing by  ihe  tliirrl,  fourth,  &c.,  coefficients.    As  the  numbers 
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are  in  any  case  only  approximate,  it  is  usually  quite  un- 
necessary to  make  the  computations  with  any  great 
degree  of  accuracy,  and  places  of  decimals  may  therefore 
oe  freely  cut  off  to  save  arithmetical  work.  The  mean 
equations  having  been  computed,  their  solution  by  the 
ordinary  methods  of  algebra  gives  the  most  probable 
values  of  the  unknown  quantities. 

Works  upon  the  Theory  of  Prohahility  afid  the  Laic 

of  Error, 

Regarding  the  Theory  of  Probability  and  the  Law  of 
Error  as  constituting,  perhaps,  the  most  important  subjects 
of  study  for  any  one  who  desires  to  obtain  a  complete 
comprehension  of  logical  and  scientific  method  as  actually 
apphed  in  physical  investigations,  I  will  briefly  indicate 
the  works  in  one  or  other  of  which  the  reader  will  best 
pursue  the  study. 

The  best  popular,  and  at  the  same  time  profound 
English  work  on  the  subject  is  De  Morgan's  *  Essay  on 
Probabilities  and  on  their  Application  to  Life  Contin- 
gencies and  Insurance  Offices,'  published  in  the  *  Cabinet 
Cyclopsedia,'  and  to  be  obtained  from  Messrs.  Longman. 
No  mathematical  knowledge  beyond  that  of  common 
arithmetic  is  required  in  reading  this  work.     Quetelet's 

*  Letters,'  already  often  referred  to,  also  form  a  most  inter- 
esting and  excellent  popular  introduction  to  the  subject, 
and  the  mathematical  notes  are  also  of  value.  Sir  George 
Airy's  brief  treatise  '  On  the  Algebraical  and  Numerical 
Theorv  of  Errors  of  Observation  and  the  Combination  of 
Observations,'  contains  a  complete  explanation  of  the  Law  of 
Error  and  its  practical  applications.    De  Morgan's  treatise 

*  On  the  Theory  of  Probabilities'  in  the  *  Encyclopoedia  Me- 
tropolitana,'  presents  an  abstract  of  the  more  abstruse  in- 
vestigations of  Laplace,  together  with  a  multitude  of  pro- 
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Among  Fr^&ncfa  works  the  'Traits  Q^nentaiie  du  Cal- 
cnl  den  Probability/  by  S.  F.  Lacruix,  of  which  8eTeral 
editiofm  have  been  published,  and  which  is  not  difficult 
to  obtain,  fonne  probably  the  be«rt  elementary  treatise. 
PmMffcitj  A  •  Itecherchos  rar  la  Probabnit^  des  Jugements*' 
(FVri*i,  1837),  comrneoces  with  an  admirable  investigation 
of  the  gromubi  and  methods  of  the  theory-  While  La- 
pla^e'ji  great  *  Theorie  Analytique  des  ProWbilit^ '  is 
counie  the  *  PHiicipia'  of  the  subject,  his  'Essai  Philo-^ 
Mfjphi'jue  8ur  lew  Pnjbabilites '  is  a  popular  discourse,  and 
Ih  one  of  the  ihohI  profbimd  and  interesting  essays  ever 
jtulflinhe^h  It  should  be  familiar  to  every  student  of 
logical  tutihod,  and  has  lost  little  or  none  of  its  import- 
uiice  by  htp^e  of  time. 


Dcimiion  of  Constant  Errors, 

Th<3  Mijihod  (tf  Means  is  absolutely  incapable  of  eliini- 
ijiiliii/^  any  <.Tr"or  which  is  always  tlie  same,  and  which 
ulwavH  lii'H  in  one  direction.  We  sometimes  require  to  l^e 
aroufeed  from  a  false  feeling  of  security,  and  to  be  urged 
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to  take  suitaWe  precautions  against  such  occult  errors. 
*  It  is  to  the  observer/  says  Gauss  •,  *  that  belongs  the  task 
of  carefully  removing  the  causes  of  constant  errors,'  and 
tliifl  is  quite  true  when  the  error  is  absolutely  constant 
When  we  have  made  a  number  of  determinations  with  a 
certain  apparatus  or  method  of  measurement,  there  is  a 
great  advantage  in  altering  the  arrangement,  or  even 
devising  some  entirely  different  method  of  getting  esti- 
mates of  the  same  quantity.  The  reason  obviously  con- 
siBtB  in  the  improbability  that  exactly  the  same  constant 
error  will  affect  two  or  more  different  methods  of  experi- 
ment If  a  discrepancy  is  found  to  exists  we  shall  at 
least  be  aware  of  the  existence  of  error,  and  can  take 
measures  for  finding  in  which  way  it  lies.  If  we  can  try 
a  considerable  number  of  methods,  the  probability  becomes 
considerable  that  errors  constant  in  one  method  will  be 
balanced  or  nearly  so  by  errors  of  an  opposite  effect  in  the 
others.  Suppose  that  there  be  three  different  methods 
each  affected  by  an  error  of  equal  amount.  The  pro- 
babiliiy  that  this  error  will  in  all  fall  in  the  same  direction 
is  only  ^  ;  and  with  four  methods  similarly  \.  If  each 
method  be  affected,  as  is  always  the  case  by  several  inde- 
pendent sources  of  error,  the  probability  becomes  very 
great  that  in  the  mean  result  of  all  the  methods  some  of 
the  errors  will  partially  compensate  the  others.  In  this  case, 
as  in  all  others,  when  human  foresight  and  vigilance  has 
exhausted  itself,  we  must  trust  the  theory  of  probability. 
In  the  determination  of  a  zero  point,  of  the  magnitude 
of  the  fundamental  standards  of  time  and  space,  in  the 
personal  equation  of  an  astronomical  observer,  we  have 
instances  of  such  fixed  errors ;  but  as  a  general  rule  a 
change  of  procedure  is  likely  to  reverse  the  clianicter  of 
the  error,  and  many  instances  may  be  given  of  the  valuo 
of  this  precaution. 

t  Ckuss,  translated  by  Bertraiul,  p.  25. 
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If  we  measure  over  and  over  again  the  f^ame  angular 
magnitude  by  the  same  divided  circle,  maintained  in 
exactly  the  same  position,  it  ls  evident  that  the  same 
mark  in  tlie  circle  will  be  the  criterion  in  each  ease,  and 
any  error  in  the  position  of  that  mark  will  equally  affect 
all  our  results,  But  if  in  each  measurement  we  use  a 
different  part  of  the  circle,  a  new  mark  will  come  into  use, 
and  as  tlie  error  of  each  mark  can  hardly  be  in  the  same 
direction,  the  average  result  will  be  nearly  free  fr<-»m 
errors  of  division.  It  will  be  still  better  to  use  more 
tbaii  one  divided  circle. 

Even  when  we  have  no  clear  perception  of  the  points  of 
our  apparatus  at  which  fixed  error  is  likely  to  enter,  we 
may  with  advantage  vary  the  construction  of  our  appa- 
ratus with  the  hope  that  we  shall  accidentally  detect 
some  latent  imperfection.  Baily's  purpose  in  repeating 
the  experiments  of  Michell  and  Cavendish  on  the  density 
of  the  earth,  was  not  merely  to  follow  the  same  course 
and  verify  the  previous  numbers,  but  t^  try  whether 
variations  in  the  size  and  substance  of  the  attracting 
ball.s,  the  mode  of  suspension,  the  tt-mperature  of  the  sur- 
rounding air,  &c.,  would  yield  difterent  results.  He  per- 
formed no  less  than  62  distinct  series,  comprising  2153 
experiments,  and  he  carefully  classified  and  discussed  the 
results  so  as  to  disclose  the  utmost  differences.  Again,  in 
experimenting  upon  the  resistance  of  the  air  to  the  mo- 
tion of  a  pendulum,  Baily  employed  no  less  than  80 
pendulums  of  various  forms  and  materitds,  in  order  to 
ascertain  exactly  upon  what  conditions  the  resistance  de- 
pends. Regnault,  in  his  exact  researches  upon  the  dilata- 
tion of  gases  made  arbitrary  changes  in  the  magnitude  of 
parts  of  his  apparatus.  He  thinks  that  if,  in  spite  of  such 
modification  the  results  are  unchanged,  the  errors  are* 
probably  of  inconsiderable  amount";  but  in  reality  it  is 
"  Jj^miD,  *  Cours  tie  Pliysiijuc/  vul.  ii.  p.  60. 
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always  possible,  and  usually  likely,  that  we  overlook 
sources  of  error  which  a  future  generation  will  detect. 
Thus  the  pendulum  experiments  of  Baily  and  Sabine 
were  directed  to  ascertain  the  nature  and  amount  of  a 
correction  for  air  resistance,  which  had  been  entirely  mis- 
understood in  the  experiments  upon  which  was  founded 
the  definition  of  the  standard  yard,  by  means  of  the 
seconds  pendulum  in  the  Act  of  5th  George  IV.  c.  74. 
It  has  already  been  mentioned  that  a  considerable  error 
was  discovered  in  the  determination  of  the  standard 
metre  as  the  ten-millionth  part  of  the  distance  from  the 
pole  to  the  equator  (p.  368). 

We  shall  return  in  the  second  volume  to  the  further 
consideration  of  the  methods  by  which  we  may  as  far  as 
possible  secure  ourselves  against  permanent  and  undetected 
sources  of  error.  In  the  meantime,  having  completed  the 
consideration  of  the  special  methods  requisite  for  treating 
quantitative  phenomena,  we  must  return  to  oiu:  principal 
subject,  and  endeavour  to  trace  out  the  course  by  which 
the  physicist,  from  observation  and  experiment,  collects 
the  materials  of  natiu^l  knowledge,  and  then  proceeds 
by  hypothesis  and  inverse  calculation  to  educe  from  them 
the  laws  of  nature. 


END    OF   THE    FIRST   VOLUME. 


BOOK    IV. 

INDUCTIVE  INVESTIGATION. 


CHAPTEE  XVIII. 


OBSERVATION. 


All  knowledge  proceeds  originally  from  experience. 
Using  the  name  in  a  wide  sense  we  may  say  that  ex- 
perience comprehends  all  that  we  fed^  externally  or 
internally — the  aggregate  of  the  impressions  which  we 
receive  through  the  various  apertures  of  perception — the 
aggregate  consequently  of  what  is  in  the  mind,  except  so 
far  as  some  portions  of  knowledge  may  be  the  reasoned 
equivalents  of  other  portions.  As  the  word  experience 
implies*,  we  go  through  much  in  life,  and  the  impres- 
sions gathered  intentionally  or  unintentionally  afford  the 
materials  from  which  the  active  powers  of  the  mind 
evolve  science. 

No  small  part  of  the  experience  actually  employed  in 
science  is  acquired  without  any  distinct  purpose.  We 
cannot  use  the  eyes  without  gathering  some  facts  which 
may  prove  useful.  Every  great  branch  of  science  has 
generally  taken  its  first  rise  from  an  accidental  observa- 
tion. Erasmus  Bartholinus  thus  first  discovered  double 
refraction  in  Iceland  spar ;  Galvani  noticed  the  twitching 
of  a  frog's   leg;    Oken   was  struck  by  the  form  of  a 
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experinient.  When  the  earliest  astronomers  simply  noticed 
the  ordinary  motions  of  the  sun,  moon,  and  planets  upon 
the  face  of  the  starry  heavens,  they  were  pure  observers. 
But  astronomers  now  select  precise  times  and  places  for 
important  observations  of  stellar  parallax,  or  the  transits  of 
planets.  They  make  the  earth's  orbit  the  basis  of  a  well 
arranged  natural  experiment,  as  it  were,  and  take  well 
considered  advantage  of  motions  which  they  cannot  control. 
Meteorology  might  seem  to  be  a  science  of  pure  observation, 
because  we  cannot  possibly  govern  the  changes  of  weather 
which  we  record.  Nevertheless  we  may  ascend  mountains, 
or  rise  in  balloons,  like  Gay-Lussac  and  Glaisher,  and  may 
thus  so  vary  the  points  of  observation  as  to  render  our 
procedure  experimental.  We  are  wholly  unable  either  to 
produce  or  prevent  earth  currents  of  electricity,  but  when 
we  construct  long  lines  of  telegraphic  wires,  we  gather 
such  strong  currents  during  periods  of  disturbance  as  to 
render  them  capable  of  easy  observation. 

The  most  well  arranged  and  assiduous  systems  of  ob- 
servation, however,  would  fail  to  give  us  a  large  part  of 
the  facts  which  we  now  possess.  Many  of  the  processes 
which  are  continually  going  on  in  nature  may  be  so  slow 
and  gentle  in  operation  that  they  would  for  ever  escape 
our  powers  of  observation.  Lavoisier  remarked  that  the 
decomposition  of  water  must  have  been  constantly  pro- 
ceeding in  nature,  although  its  possibility  was  unknown 
till  his  time*^.  No  substance  is  wholly  destitute  of  mag- 
netic or  diamagnetic  powers ;  but  it  required  all  the 
experimental  skill  of  Faraday  to  prove  that  iron,  and  a 
few  other  metals  had  no  monopoly  of  these  powers. 
Passive  and  accidental  observation  long  ago  impressed 
upon  men  s  minds  the  phenomena  of  lightning,  and  the 
attractive  properties  of  amber.  Experiment  only  could 
have  shown  that  phenomena  so  diverse  in  magnitude  and 

c  Lavoisier's  'Elements  of  Chemistry/  transl.  by  Kerr,  3rd  ed.  p.  148. 
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character  were  manifestations  of  the  one  same  agents  To 
re  with  accuracy  auj  convenience  we  must  have 
^agents  imder  our  control,  so  as  to  raise  or  lower  their 
intensity,  to  stop  or  set  them  in  action  at  will  Just  as 
Smeaton  found  it  requisite  to  create  an  artificial  and 
governable  supply  of  wind  for  his  investigation  of  wind- 
mills, so  we  must  have  constant  or  governable  supplies  of 
light,  heat,  electricity,  muscular  force,  or  whatever  other 
agents  we  are  examining* 

It  is  hardly  needful  to  point  out  too  that  on  the  earths 
sui-face  we  live  under  nearly  unitbrm  conditions  of  gravity, 
temperature,  and  atnujBpherie  pressure,  so  that  if  we  are  to 
extend  our  iuferences  to  other  parts  of  the  universe  where 
conditions  may  be  widely  Jifterent,  we  miLst  be  prepared 
to  imitate  thoise  conditions  on  a  small  scale  here.  We 
must  have  intensely  high  and  low  temperatures ;  we  must 
viu'v  the  density  of  gases  from  ai^proximate  vacuum  up- 
wards ;  we  mus?t  subject  liquids  and  aoEds  to  pressuies  or 
strains  of  almost  unlimited  amount. 

Mental  Conditions  of  Correct  OhsenKiiion, 

Every  ol>servation  must  in  a  certain  sense  be  true,  for 
the  observing  and  recording  of  an  event  is  in  itself  an 
event.  But  before  we  proceed  to  deal  with  the  supposed 
meaning  of  the  record,  and  draw  inferences  concerning  the 
course  of  nature,  we  must  take  care  to  ascertain  that  the 
positiun  and  feelings  of  the  observer  are  not  to  a  great 
extent  the  phenomena  recorded.  The  mind  of  man,  as 
Francis  Bacon  said,  is  like  an  uneven  mirror,  and  does  not 
retlect  the  events  of  nature  without  distortion.  We  need 
not  take  notice  of  intentionally  false  observations,  nor 
of  mistnkos  arising  fiom  defective  memory,  deficient 
ligliU  <uid  so  forth.  Even  w^here  tlie  utmost  intentional 
fidelity  and  care  are  used    in  observing  and  recording. 
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tendencies  to  error  exist,  and  fallacious  opinions  arise  in 
consequence. 

It  is  exceedingly  rare  to  find  persons  who  can  with 
perfect  fairness  estimate  and  register  facts  for  and  against 
their  own  peculiar  views  and  theories.  Among  uncidtivated 
observers  the  tendency  to  remark  favourable  and  forget 
unfavourable  events  is  so  great,  that  no  reliance  can  be 
placed  upon  their  supposed  observations.  Thus  arises  the 
enduring  fallacy  that  the  changes  of  the  weather  coincide 
in  some  way  or  other  with  the  changes  of  the  moon, 
although  exact  and  impartial  registers  give  no  countenance 
to  the  fact.  The  whole  race  of  prophets  and  quacks  live 
upon  the  overwhelming  effect  of  one  success,  compared 
with  himdreds  of  failures  which  are  unmentioned  and 
forgotten.  As  Bacon  says,  *  Men  mark  when  they  hit,  and 
never  mark  when  they  miss/  We  should  do  well  to  bear 
in  mind  the  ancient  story,  quoted  by  Bacon,  of  one  who 
in  Pagan  times  was  shown  a  temple  with  a  picture  of  all 
the  persons  who  had  been  saved  from  shipwreck,  after 
paying  their  vows.  When  asked  whether  he  did  not  now 
acknowledge  the  power  of  the  gods,  *  Aye,'  he  answered ; 
'  but  where  are  they  painted  that  were  drowned  after  their 
vows  ? ' 

If  indeed  we  could  estimate  the  amount  of  hias  existing 
in  any  particular  observations,  it  might  be  treated  like  one 
of  the  forces  of  the  problem,  and  the  true  course  of  ex- 
ternal nature  might  still  be  rendered  apparent.  But  the 
feelings  of  an  observer  are  usually  too  indeterminate,  so 
that  whenever  there  is  reason  to  suspect  any  considerable 
amount  of  bias,  rejection  is  the  only  safe  course.  As  re- 
gards facts  casually  registered  in  past  times,  the  capacities 
and  impartiality  of  the  observer  are  so  little  known  that 
we  should  spare  no  pains  to  replace  these  statements  by  a 
new  appeal  to  nature.  An  indiscriminate  medley  of  truth 
and  absurdity,  such  as  Francis  Bacon  has  collected  in  his 


Natural  Histoiy,  is  wholly  unsuited  to  the  puq>oses  of 
science.  But  of  coiu'se  when  records  relate  to  past  events 
like  eclipses,  conjunctions,  meteoric  phenomeiia,  earth- 
quakes, volcanic  erui>tion8,  cliangen  of  sea  luarginp,  tlie 
existence  of  now  extinct  animals,  tlic  migrations  of  tribee, 
floods,  &c.,  we  must  depend  upon  traditions  or  records, 
however  unsatisfactory,  and  must  endeavour  to  verify  the 
statements  bv  tlie  oonii>anson  of  indejiendent  records. 

When  extensive  series  of  observatiuuH  have  to  be  maile» 
as  in  astronomical,  meteoroh:)gictil,  or  magnetical  observa- 
tories, trigonometrical  surveys,  and  extensive  ehemicul  or 
pljysical  researches,  it  is  an  advantage  that  the  ntmierlcal 
estimations  uml  records  should  be  executed  by  assistants 
who  are  not  iiitercsted  in,  and  are  jaerliaps  unaware  of,  the 
expected  results.  The  record  is  thus  rendered  perfectly 
impartial.  It  may  even  be  desirable  that  those  who  per- 
fomi  the  ])urely  routine  work  of  measurement  and  com- 
putation should  be  unacquainted  with  the  princij^les  of 
tlie  subject.  The  great  table  of  logarithms  of  the  French 
Revolutionary  Government  was  worked  out  by  a  stafl'  of 
sixty  or  eighty  computers,  most  of  whom  were  acquainted 
only  witli  the  rules  of  arithmetic,  and  worked  under  the 
direction  of  skilled  mrithematicians  ;  yet  their  calculations 
were  usually  found  more  correct  than  ihose  of  persons 
more  deeply  versed  m  mathematics'^.  In  the  Indian 
Ordnance  Sur\'ey  the  actual  measurers  have  been  e^elected 
so  that  tliey  shall  not  have  sufficient  skill  to  falsify  their 
results  without  detection. 

Both  passive  observation  and  experimentation  must, 
hovvi*ver»  be  generally  conducted  by  pel  sons  who  know 
for  wliat  they  are  to  look.  It  is  only  when  excited  and 
guideil  by  the  hope  of  verifying  a  tlieory  tliat  the  ob- 
eejrver  will  notice  many  of  the  most  important  jioints ; 
and,  where  the  work  is  not  of  a  routine  character,  no 
^  Babbiige,  'Economy  of  Mimufacturcs/  p,  194. 
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assistanta  can  supersede  the  mind-directed  observations 
of  the  philosopher.  Thus  the  successful  investigator  must 
combine  diverse  qualities;  he  must  have  clear  notions 
of  the  result  he  expects,  and  confidence  in  the  truth  of  his 
theories,  and  yet  he  must  have  that  candour  and  flexi- 
bility of  mind,  which  enable  him  to  accept  unfavourable 
results  and  abandon  mistaken  views. 

Instrumental  and  Sensual  Conditions  of  Correct 
Observation. 

In  every  observation  one  or  more  of  the  senses  must  be 
employed,  and  we  should  ever  bear  in  mind  that  the  ex- 
tent of  oiu*  knowledge  may  be  limited  by  the  power  of  the 
sense  concerned.  What  we  learn  of  the  world  only  forms 
the  lower  limit  of  what  is  to  be  learned,  and,  for  all  that 
we  can  tell,  the  processes  of  nature  may  indefinitely  sur- 
pass in  variety  and  complexity  those  which  are  capable  of 
coming  within  our  means  of  observation.  In  some  cases 
inference  from  observed  phenomena  may  make  us  in- 
directly aware  of  what  cannot  be  directly  felt,  but  we 
can  never  be  sure  that  we  thus  acquire  any  appreciable 
fraction  of  the  knowledge  that  might  be  acquired. 

It  is  a  strange  reflection  that  space  may  be  filled  with 
dark  wandering  stars,  whose  existence  could  not  have  yet 
become  in  any  way  known  to  us.  The  planets  have 
already  cooled  so  far  as  to  be  no  longer  luminous,  and  it 
may  well  be  that  other  stellar  bodies  of  various  size  have 
fallen  into  the  same  condition.  From  the  consideration, 
indeed,  of  variable  and  extinguished  stars,  Laplace  inferred 
that  there  probably  exist  opaque  bodies  as  great  and 
perhaps  as  numerous  as  those  we  see®.  Some  of  these 
dark  stars  might  ultimately  become  known  to  us,  either  by 
reflecting   light,  or  more  probably  by  their  gravitating 

e  *  System  of  the  World,'  translated  by  Harte,  vol.  ii.  p.  335. 


effects  upon  luminous  stars.  Thus  if  one  member  of  a 
double  star  were  dark,  we  could  readily  detect  ite  exist- 
ence, and  even  estimate  its  size,  position,  and  motions, 
by  observing  those  of  its  visilile  companion.  It  was  a 
favourite  notion  of  Iluygliens  that  tliere  may  exist  stars 
and  vast  imiverses  so  distant  that  their  light  has  never 
yet  had  time  to  reach  our  eyes;  and  we  must  also  l)ear 
in  mind  that  hght  may  possibly  suflfer  slow  extinction 
in  space,  bo  that  there  is  more  than  one  way  in  which 
an  absolute  limit  to  the  powers  of  telescopic  discovery 
may  exist. 

Tliere  are  natural  limits  again  to  the  power  of  our 
senses  in  detecting  undulations  of  various  kinds.  It  is 
commonly  said  that  vibrations  of  less  than  sixteen  strokes 
or  more  than  38^000  strokes  per  second  are  not  audible  as 
sound ;  and  as  some  ears  actually  do  hear  sounds  of  much 
higher  pitch,  even  two  octaves  higher  than  what  other 
ears  can  detect,  it  is  exceedingly  probable  that  there 
are  incessant  vibrations  which  we  cannot  call  sound  be- 
cause they  are  never  heard.  Insects  may  possibly  com- 
municate by  such  acute  sounds,  constituting  a  language 
inaudible  and  inscrutaljle  to  us  ;  and  the  remarkaljle  agi*ee- 
ment  apparent  among  bodies  of  ants  or  bees  miglit  thus 
perhaps  be  explained.  Nay,  as  Fontenelle  long  ago  sug- 
gested in  Iiis  scientific  romance,  there  may  exist  unlimited 
numbers  of  senses  or  modes  of  perceptitm  which  we  can 
never  feel,  though  Darwins  theoiy  would  render  it  pro- 
bable that  any  useful  means  of  knowledge  in  an  ancestor 
would  be  developed  and  improved  in  the  descendants. 
We  might  doubtless  have  been  endowed  with  a  sense 
capable  of  fecHng  electric  phenomena  with  acuteness,  so 
that  the  positive  or  negative  st-ate  of  charge  of  a  body 
could  be  at  once  estimated.  The  absence  of  such  a  sense 
is  prol>ably  due  to  its  comparative  usele^sness. 

Heat  undulations  are  subject  to  the  same  considerations. 
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It  is  now  apparent  that  what  we  call  light  is  the  affection 
of  the  eye  by  certain  vibrations,  the  less  rapid  of  which 
are  invisible  and  constitute  the  dark  rays  of  radiant  heat, 
in  detecting  which  we  must  substitute  the  thermometer  of 
the  thermopile  for  the  eye.  At  the  other  end  of  the 
spectrum,  again,  the  ultra-violet  rays  are  invisible,  and 
only  indirectly  brought  to  our  knowledge  in  the  pheno- 
mena of  fluorescence  or  photo-chemical  action.  There  is 
no  reason  to  believe  that  at  either  end  of  the  spectrum  an 
absolute  limit  has  yet  been  reached. 

Just  as  our  knowledge  of  the  stellar  imiverse  is  limited 
by  the  power  of  the  telescope  and  other  conditions,  so  our 
knowledge  of  the  minute  world  has  its  limit  in  the  powers 
and  optical  conditions  of  the  microscope.  There  was  a 
time  when  it  would  have  been  a  reasonable  induction  that 
vegetables  were  motionless,  and  animals  alone  endowed 
with  power  of  locomotion.  We  are  astonished  to  dis- 
cover by  the  microscope  that  minute  plants  are  if  any- 
thing more  active  than  minute  animals.  We  even  find 
that  mineral  substances  seem  to  lose  their  inactive 
character  and  dance  about  with  incessant  motion  when 
reduced  to  sufficiently  minute  particles,  at  least  when  sus- 
pended in  a  non-conducting  medium^.  Microscoi)ists  will 
meet  a  natiu^al  limit  to  their  means  of  observation  when  the 
minuteness  of  the  objects  examined  becomes  comparable 
to  the  length  of  light  undulations,  and  the  extreme  diffi- 
culty already  encountered  in  determining  the  forms  of 
minute  marks  on  Diatoms  appears  to  be  due  to  this  cause. 

Of  the  errors  likely  to  arise  in  estimating  quantities  by 
the  senses  I  have  already  spoken  (vol.  i.  p.  320),  but  there 
are  some  cases  in  which  we  actually  see  things  different 
from  what  they  are.  A  jet  of  water  often  appears  to  be 
a  continuous  thread,  when  it  is  really  a  wonderfully  or- 

^  Jevons,  *  Proceedings  of  the  Literary  and  Philosoi)hical  Society  of 
Manchester/  25th  January,  1870,  vol.  ix.  p.  78. 
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Tliere  loDg  appeared  to  be  a  strong  presumption  that 
all  comets  moved  in  elliptic  orbits,  because  no  comet  had 
been  proved  to  move  in  any  other  kind  of  patli.  The 
theorj^  of  gravitation  admitted  of  the  existence  of  comets 
moving  in  hyperbolic  orbits,  and  the  question  arose 
hether  they  were  really  non-exi&tant  or  were  only 
jeyond  tlie  bounds  of  easy  observation.  From  reason- 
able suppositions  Laplace  calculated  that  the  prolxibility 
was  at  least  6000  to  1  against  a  comet  wliich  conies 
within  the  planetary  system  sufficiently  to  be  visible  at 
the  earth's  surface,  presenting  an  orbit  wliich  couM  be 
discriminated  from  a  very  elongated  ellipse  or  parabola,  111 
the  part  of  its  orbit  within  the  reach  of  our  telescopes*^. 
In  short,  the  chances  are  very  much  in  favour  of  our 
seeing  eUiptic  rather  than  hyperbolic  comets.  Laplace's 
views  have  been  confirmed  by  the  discovery  of  six  hyper- 
bolic comets,  which  appeared  in  the  years  1729,  1771, 
1774,  181S,  1840,  and  1843*,  and,  as  only  about  Soo 
comets  altogether  have  been  recorded,  the  proportion  of 
hyperbolic  ones  is  quite  as  large  as  should  be  expected. 
Some  remarkable  speculations  liave  recently  been  pub- 
I  lislied  by  Mr.  A,  S,  Davies,  ns  to  the  probable  character  of 
'  the  orbits  of  comets,  which,  after  movnig  freely  through 
sjDace,  l)ecome  attached  to  this  planetaiy  system '^. 

Wlien  we  attempt  to  estimate  the  numbers  of  objects 
wliich  may  have  existed,  we  must  make  large  allowances 
for  tlie  limited  spliere  of  our  observations.  Thus  pro- 
bably not  more  than  4000  or  5000  comets  liave  hucn 
seen  in  historical  times,  but  making  allowance  for  the 
absence  of  observers  in  the  southern  liemisphere,  and 
^for  the  small  probability   that   we  see  any  considerable 

"     *^  Laplace,    *  Essai    Plinosoplui|iiej'    p.    59       T<idIiuuUr*6    *  History/ 
pp*  491-94 

*  Cluiinber*s  *  Astronomy/  ist  ad.  p.  203, 
I^B     ^  *  Philosupliiciil  Magtiziuc/  4th  Series,  vol.  xl.  p,  190;   vol,  xli,  ji  44. 
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fraction  of  those  wliich  are  in  the  neighbourhood  of  our 
«y«tern,  we  must  accept  Kepler's  opinion,  that  there  are 
more  comets  in  the  regions  of  space  than  fishes  in  the 
depths  of  the  ocean.  When  like  calculations  are  made 
concerning  the  numbers  of  meteors  visible  to  us,  it  is 
astonishing  to  find  that  the  number  of  meteors  entering 
the  earth's  atmosphere  in  every  twenty-four  hours  is 
probably  not  less  than  40o,cxx),coo,  of  which  i;?,cxx> 
exist  in  every  portion  of  space  equal  to  that  filled  by 
the  earth's  glol)e. 

Most  serious  fallacies  may  arise  from  overlooking  the 
inevitable  conditions  under  which  the  records  of  past 
events  are  brought  to  our  notice.  Thus  it  is  only  the 
durable  objects  manufactured  by  former  races  of  men, 
such  as  flint  implements,  which  can  have  come  to  our 
notice  as  a  general  rule.  The  comparative  abundance  of 
iron  and  bronze  articles  used  by  an  ancient  nation  must 
not  be  su])po8ed  to  be  coincident  with  their  comparative 
abundance  in  our  museums,  because  bronze  is  far  the 
more  durable.  There  is  always  a  prevailing  fallacy  that 
our  ancestors  built  more  strongly  than  we  do,  arising  from 
the  fact  that  the  more  fragile  structures  have  long  since 
crumbled  away.  It  is  thus  that  we  have  few  or  no  relics 
of  the  habitations  of  the  poorer  classes  among  the  Greeks 
or  Romans,  or  in  fact  of  any  past  race  ;  for  the  temples, 
tombs,  public  buildings  and  mansions  of  the  wealthier 
classes  alone  endure.  There  is  an  indefinite  expanse  of 
past  events  necessarily  lost  to  us  for  ever,  and  we  must 
generally  look  upon  records  or  relics  as  exceptional  in 
their  character. 

Exactly  the  same  considerations  apply  to  geological 
relics.  We  could  not  generally  expect  that  animals  would 
bo  preserved,  unless  as  regards  the  bones,  shells,  strong 
integuments,  or  other  hard  and  durable  parts.  All  the 
infusoria  and  animals  devoid  of  mineral  framework  must 
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probably  have  perished  entirely,  distilled  perhaps  into 
oils.  It  has  been  pointed  out  that  the  peculiar  character 
of  some  extinct  floras  may  be  due  to  the  unequal  preser- 
vation of  different  families  of  plants.  By  various  acci- 
dents, however,  we  may  gain  glimpses  of  a  world  that 
is  usually  lost  to  us — as  by  insecta  embedded  in  amber, 
the  great  mammoth  preserved  in  ice,  mummies,  casts  in 
solid  material  like  that  of  the  Roman  soldier  at  Pompeii, 
and  so  forth. 

We  should  also  remember,  that  just  as  there  may  be 
conjunctions  of  the  heavenly  bodies  that  can  have  hap- 
pened only  once  or  twice  in  the  period  of  history,  so  re- 
markable terrestrial  conjunctions  may  take  place.  Great 
storms,  earthquakes,  volcanic  eruptions,  landslips,  floods, 
irruptions  of  the  sea  may,  or  rather  must,  have  occurred, 
events  of  such  unusual  magnitude  and  such  extreme  rarity 
that  we  can  neither  expect  to  witness  them  nor  readily 
to  comprehend  their  effects.  It  is  a  great  advantage  of 
the  study  of  probabilities,  as  Laplace  himself  remarked,  to 
make  us  mistrust  the  extent  of  our  knowledge,  and  pay 
proper  regard  to  the  probability  that  events  would  come 
within  the  sphere  of  our  observations. 

Apparent  Sequence  of  Events. 

De  Morgan  has  excellently  pointed  out^  that  there 
are  no  less  than  four  modes  in  which  one  event  may 
seem  to  follow  or  be  connected  with  another,  without 
being  really  so.  These  involve  mental,  sensual,  and  ex- 
ternal causes  of  error,  and  I  will  briefly  state  and  illustrate 
them. 

Instead  of  A  causing  B,  it  may  be  our  perception  of  A 
tlutt  causes  B.     Thus  it  is  that  prophecies,  presentiments, 

1  'Essay  on  Probabilities,'  Cabinet  Cyclopsedia,  p.  121. 
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incantation  elfects  its  purpose,  becaus^e  caie  is  taken  to 
frighten  the  intended  victim,  by  letting  him  know  Ids 
fate  ^\  In  all  such  coses  the  mental  condition  is  the  cause 
of  apparent  coincidence. 

In  a  second  chiss  of  cases,  the  event  A  may  make  ourl 
perception  of  li  /oUou\  which  would  otherwise  hapjyefi 
witliout  being  percetmi.     Thus  it  was  seriously  believed] 
aa  the  result  of  investigation  that  more  comet^s  appeared 
in  liot  than  cuhJ  summers.     No  accoont  was  taken  of  the 
fact  tliat  liot  Kunimers  would  be  comparatively  cloudless^ 
and   afford    better    opportunities    for    the    discovery    of^ 
cornets".     Here  the  disturbing  condition  is  of  a  purely 
external   character.      Certain   ancient    philosophers    held 
that  the  rnoons  rays  were  cold-producing,  mistaking  the 
cold  caused  by  radiation  into  sptice  for  an  eflect  of  the 
moon,  which  becomes  visible  at  the  time  when  the  absence  | 
of  clouds  permits  mJiation  to  proceed* 

In  a  tliird  class  of  cases,  our  jyerception  of  A  may  make 
pur  perception  of  B  follow.  The  event  B  may  be  con- 
stantly happening,  but  our  attention  may  not  be  drawn  to 
it  except  by  our  observing  A.  This  case  seems  to  be 
ilhistmted  by  tlie  fallacy  of  the  moon\s  influence  on  clouds. 
Tlie  origin  of  this  fallacy  is  somew^hat  complicated*  In 
the  first  place,  when  the  sky  is  densely  clouded  the 
moon  woukl  not  be  visible  at  all  ;  it  would  be  necessary 
for  us  to  see  tlie  full  moon  in  order  that  our  attention 
Bhould  be  strongly  drawn  to  the  fact,  and  tliis  w^ould 
happen  most  often  on  those  nights  when  the  sky  was 
cloudless.      Mr,  W.   Ellis '^^    moreover,    has    ingeniously 
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pointed  out  that  there  is  a  general  tendency  for  clouds 
to  disperse  at  the  commencement  of  night,  which  is  the 
time  when  the  full  moon  rises.  Thus  the  change  of  the 
sky  and  the  rise  of  the  full  moon  are  likely  to  attract 
attention  mutually,  and  the  coinqidence  in  time  suggests 
the  relation  of  cause  and  effect.  Mr,  Ellis  proves  from 
the  results  of  observations  at  the  Greenwich  Observatory 
that  the  moon  possesses  no  appreciable  power  of  the  kind 
supposed,  and  yet  it  is  remarkable  that  so  acute  and 
sound  an  observer  as  the  late  Sir  John  Herschel  was 
convinced  of  the  connection.  In  his  *  Besults  of  Obser- 
vations at  the  Cape  of  Good  Hope'P,  he  mentions  many 
evenings  when  a  full  moon  occurred  with  a  peculiarly 
clear  sky. 

There  is  yet  a  fourth  class  of  cases,  in  which  B  is  really 
the  antecedent  event,  hut  our  perception  of  Ay  which  is  a 
consequence  of  i?,  may  he  necessary  to  hring  about  our 
perception  of  B.  There  can  be  no  doubt,  for  instance, 
that  upward  and  downward  currents  are  continually  cir- 
culating in  the  lowest  stratum  of  the  atmosphere  during 
the  day-time  ;  but  owing  \;o  the  transparency  of  the  at- 
mosphere we  have  no  evidence  of  their  existence  until  we 
perceive  cumulous  clouds,  which  are  the  consequence  of 
such  cun-ents.  In  like  manner  an  interfiltration  of  bodies 
of  air  in  the  higher  parts  of  the  atmosphere  is  probably  in 
nearly  constant  progress,  but  unless  threads  of  cirrous 
cloud  indicate  these  motions  we  remain  wholly  ignorant  of 
their  occurrence**.  The  highest  strata  of  the  atmosphere 
are  wholly   imperceptible   to  us,  except  when   rendered 

P  See  'Notes  to  Measures  of  Double  Stars,'  1204,  1336,  1477, 
1686,  1786,  1816,  1835,  1929,  2081,  2186,  pp.  265,  &c.  See  also 
Herschel's  'Familiar  Lectures  on  Scientific  Subjects,  p.  147,  and  *  Out- 
lines of  Astronomy,'  7th  ed.  p.  285. 

9  Jevous,  *0n  the  Cirrous  Form  of  Cloud,*  Philosophical  Magazine, 
July,  1857,  4th  Series,  vol.  xiv.  p.  22. 


lumliioius   bv  auroral  currents  of  electricity,  or  by  tlie 
pas^sage  of  meteoric  stones* 

There  are  many  phenomena  in  met-eorology  and  other 
{similar  sciences,  in  wlircli  some  occurrences  depend  on 
others  for  their  visibility.  Thus  in  estimating  the  com- 
parative numbers  of  meteors  seen  In  diflerent  months  of 
the  year,  it  is  essential  to  take  account  of  the  varying 
frequency  of  cloudy  weiither^ — -or  else  of  the  diflerent 
duration  of  the  daylight  winch  hides  all  but  the  most 
splendid  meteors.  Observations  of  the  comparative  fre- 
quency of  various  kinds  of  clouds  will  be  complicated  by 
tilt*  fact  that  dense  nun  clouds  necessarily  hide  those  more 
delicate  cirrous  clouds  which  appear  in  the  liigher  parts 
of  the  atmosphere.  Most  of  the  visible  phenomena  of 
comets  probably  arise  from  some  substance  which,  existing 
previ<)usly  invisible,  becomes  condensed  or  electrified  sud- 
deuly  into  a  visible  form.  Sir  John  Hei^schel  attempted 
to  explain  the  production  of  comet  tails  in  this  manner  by 
evaporation  and  condensation*". 


Negative  Arguments  founded  on  the  Non'Ohmrvation  of 

Phenomena* 

From  what  luis  been  suggested  in  preceding  sections,  it 
will  plainly  appear  that  the  non-observation  of  a  pheno- 
menon is  not  gcnertJly  to  be  taken  as  proving  its  non- 
occurrence. As  there  are  sounds  which  we  camiot  hear, 
rays  of  Hght  wdiich  we  cannot  feel,  indefinite  multitudes 
of  worlds  which  we  cannot  see,  and  infinite  myriads  of 
minute  organisms  of  which  not  the  moat  powerful  micro- 
scope can  give  us  a  view,  we  must  as  a  general  lade 
intei*iirct  our  experience  iu  an  affirmative  sense  only. 
Accordingly  when  inferences  have  been  drawn  from  the 
non-occurrence   uf  particular   facts  or  objects,  more  ex- 


« 


'  *  Astrononi} ,'  4tli  cd.  p,  358. 
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tended  and  careful  examination  has  often  proved  their 
falsity.  Not  many  yeans  since  it  was  quite  a  well  credited 
conclusion  in  geology  that  no  remains  of  man  were  foimd 
in  connexion  with  those  of  extinct  animals,  or  in  any  de- 
posit not  actually  at  present  in  course  of  formation.  Even 
Babbage  accepted  this  conclusion  as  strongly  confirmatory 
of  the  Mosaic  accounts  8.  But  when  the  opinion  was  yet 
universally  held,  flint  implements  had  been  found  dis- 
proving any  such  conclusion,  and  ovei'whelming  evidence 
of  man's  long  continued  existence  has  since  been  found. 
At  the  end  of  the  last  century  when  Herschel  had  searched 
the  heavens  with  his  powerful  telescopes,  there  seemed 
little  probability  that  planets  yet  remained  unseen  within 
the  orbit  of  Jupiter.  But  on  the  first  day  of  this  century 
such  an  opinion  was  overturned  by  the  discovery  of  Ceres, 
and  more  than  a  hundred  other  small  planets  have  since 
been  added  to  the  lists  of  the  planetary  system. 

The  discovery  of  the  Eozoon  Canadense  in  strata  of 
much  greater  age  than  any  previously  known  to  contain 
organic  remains,  has  given  a  severe  shock  to  many 
groundless  opinions  concerning  the  origin  of  organic 
forms ;  and  the  oceanic  dredging  expeditions,  under  Dr. 
Carpenter  and  Professor  Wyville  Thompson,  have  further 
disconcerted  geologists  by  disclosing  the  continued  ex- 
istence of  forms  long  supposed  to  be  extinct.  These 
and  many  other  cases  which  might  be  quoted  show  the 
extremely  unsafe  character  of  negative  inductions. 

It  must  not  be  supposed  that  negative  arguments  are 
of  no  force  and  value.  The  earth^s  surface,  for  instance, 
has  been  sufficiently  searched  to  render  it  highly  impro- 
bable that  any  terrestrial  animals  of  the  size  of  a  camel 
remain  to  be  discovered.  It  is  believed  that  no  new  large 
animal  has  been  encountered  in  the  last  eighteen  or  twenty 

8  Babbage,  '  Ninth  Bridgewater  Treatise,'  p.  67. 
VOL.  II.  C 
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centuries',  and  the  probability  that  if  existent  tliey  would 
have  been  seen,  increases  the  probability  that  they  do  not 
exist.  We  may  %vitli  somewhat  less  conli Jence  discredit  the 
existence  of  any  large  unrecognised  fish,  or  sea  aniinals» 
such  as  the  alleged  sea-serpent.  But  as  we  descend  to 
forms  of  smaller  size  negative  evidence  loses  weight  from 
the  less  f>robability  of  our  seeing  smaller  objects.  Even 
the  strong  induction  in  favour  of  the  four-told  division  of 
the  animal  kingdom  into  Vertebrata,  Aiinulosa,  MoUusca, 
and  Ccelenterata,  may  break  down  by  the  discovery  of  in- 
termediate or  anomalous  forma.  As  civilisation  spreads 
over  the  surface  of  the  earthy  aad  unexplored  tracts 
are  gradually  diminished,  negative  conclusions  will  in- 
crease in  force  ;  but  we  reqmre  to  learn  much  yet  eon* 
cerning  the  depths  of  the  ocean,  almost  wholly  unexamined 
as  they  are,  and  covering  three-foiurths  of  the  earth  s 
surface. 

In  geology  there  are  a  number  of  assertions  to  which 
considerable  probability  attaches  on  acaaint  of  the  large 
ext43nt  of  the  investigations  already  made,  as,  for  in- 
stance, that  true  coal  is  found  only  in  rocks  of  a  par- 
ticidar  geological  epoch  ;  that  gold  occurs  in  secondary 
and  tertiary  strata  only  in  exceedingly  small  quantities", 
probably  derived  from  the  disintegration  of  earlier 
rocks. 

In  natural  history  negative  conclusions  are  exceedingly 
treacherous  and  unsatisfactory.  The  utmost  patience  will 
not  enable  a  microscopist  or  the  observer  of  any  li\ang 
thing  to  watch  the  behaviour  of  the  organism  under  all 
circumstances  continuously  for  any  great  length  of  time. 
There  is  alwavs  a  chance  therefore  that  the  critical  act  or 
change  may  take  place  when  the  observer's  eyes  are  with- 
dmwn.     This  certainly  happens  in  some  cases;  for  though 

^  Cuvicr's  'Essay  on  the  Theory  of  the  Earth,'  tmuBlation,  p.  6r,  &c. 
"  Murchison's  *  Silunii,'  i&t  vd. 
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the  fertilization  of  orchids  by  agency  of  insects  is  proved 
as  well  as  any  fact  in  natural  history,  Mr.  Darwin  lias 
never  been  able  by  the  closest  watching  to  detect  an  insect 
in  the  performance  of  the  operation,  Mr.  Darwin  has  him- 
self, indeed,  adopted  one  conclusion  on  purely  negative 
evidence,  namely  that  the  Orchis  pyramidalis  and  certain 
other  orchidaceous  flowers  secrete  no  nectar.  But  his 
caution  and  unwearying  patience  in  verifying  the  con- 
clusion give  an  impressive  lesson  to  the  observer.  For 
twenty-three  consecutive  days,  as  he  tells  us,  he  examined 
flowers,  in  all  states  of  the  weather,  at  all  hours,  in  various 
localities.  As  the  secretion  in  other  flowers  sometimes 
rapidly  takes  place  and  might  happen  at  early  dawn,  that 
inconvenient  hour  of  obsei-vation  was  specially  adopted. 
Flowers  of  difierent  ages  were  subjected  to  irritating 
vapours,  to  water,  and  every  condition  likely  to  bring  on 
the  secretion  ;  and  only  after  the  invariable  failure  of  this 
exhaustive  inquiry  was  the  barrenness  of  the  nectaries 
assumed  to  be  proved^. 

In  order  that  a  negative  argument  founded  on  the  non- 
observation  of  an  object  shall  have  any  considerable  force, 
it  must  be  shown  to  be  probable  that  the  object  if  existent 
would  have  been  observed,  and  it  is  this  probability  which 
defines  the  value  of  the  negative  conclusion.  The  failure 
of  astronomers  to  see  the  planet  Vulcan,  supposed  by  some 
to  exist  within  Mercury's  orbit,  is  no  suflBcient  disproof  of 
its  existence.  Similarly  it  would  be  very  difiicult,  or  even 
impossible,  to  disprove  the  existence  of  a  second  satellite  of 
small  size  revolving  round  the  earth.  But  if  any  person 
make  a  particular  assertion,  assigning  place  and  time,  then 
observation  will  either  prove  or  disprove  the  alleged  fact. 
Thus  if  it  is  true  that  when  a  French  observer  professed 
to  have  seen  a  planet  on  the  sun  s  face,  an  observer  in 
Brazil  was  carefully  scrutinizing  the  sun  and  failed  to  see 

^  Darwin's  *  Feiiilization  of  Orchids,'  p.  48. 
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\  we  have  a  conclusive  negative  proofs.   On  this  account, 
it  has  been  well  said,  false  facts  in  science  are  more 

ischievoiiB  than  falae  theories.  A  fi\lm  theory  is  open  to 
every  person  s  criticism,  and  is  ever  liable  to  be  judged  by 
its  acairdance  with  facts.  But  a  false  or  grossly  erroneous 
assertion  of  a  fact  often  stands  in  the  way  of  science  for  a 
Jong  time,  because  it  may  be  extremely  difficult  or  even 
impossible  to  prove  tlie  fVilsity  of  what  has  lieen  oncCj 
recorded. 

In  other  sciences  the  force  of  a  negative  argument  will 
oft^^n  depend  upon  the  number  of  pos<sible  alternatives  which 
may  exist.  Tliiis  it  was  long  believed  that  the  character 
or  quality  of  a  musical  sound,  as  distinguished  from  its 
j^iitch  must  depend  upon  the  form  of  the  undulation,  be- 
ause  no  other  cause  of  it  had  ever  been  suggested  or  was 
aiJparently  poBsiblo.  The  truth  of  the  conclusion  was 
pnjved  by  Helmholtz,  who  applied  a  microscope  to  lu- 
minous points  attached  to  the  strings  of  various  instru- 
ments, and  thus  actually  observed  the  different  modes  of 
undulation^ 

la   mathematics   negative    inductive   arguments  have 
seldom  much  force,  because  the  possible  forms  of  expres-! 
^ion,  or  the  possible  combinations  of  lines  and  circles  in 
geometry  are  quite  unlimited  in  number.     An  enormous 
number  of  attempts  were  made  to  trisect  the  angle  by  the 
ordinary  methods   of   Euclid's   geometry,    but    their    in- 
ariable  faiUu^e  did  not  establish  the  impossibility  of  the^ 
task*     Tills  was  shown  in  a  totally  different  manner,  by 
proving  that  the  problem  involves  an  in-educiblo  cubioj 
equation  to  which  there  could  be  no  corresponding  plaii 
geometrical   solution ^      This  is   a  case  of  reductio   ac 
ahsurdum,  a   form   of  argument   of  a    totally  different! 

y  Cliambers's  •Astronomy,'  iBt  ed,  p,  31. 

Ji  *Th<5orie  Pliysiologique  dc  k  Musique',  Faxh,  1868,  p,  113. 
tt  Pew^ock,  *  Algebra/  vol.  ii.  p.  344, 
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character.  Similarly  no  number  of  failures  to  obtain  a 
general  solution  of  equations  of  the  fifth  degree  would 
establish  the  impossibility  of  the  task,  but  in  an  indirect 
mode,  equivalent  to  a  reductio  ad  ahsurdum^  the  impossi- 
bility is  considered  to  be  proved^. 

*>  Peacock,  '  Algebra,'  vol.  ii.  p.  359.    Serret,  '  Algbbra  Sup^rieure,' 
2nd  ed.  p.  289. 


CHAPTER  XIX. 


EXPERIMENT. 


We  now  come  to  consider  the  great  facilities  which  we 
enjoy  for  examining  the  possible  combinations  of  proper- 
ties and  phenomena  when  objects  are  within  our  reach 
and  capable  of  manipulation.  We  are  said  to  experiment^ 
when  we  bring  substances  together  under  various  con- 
ditions of  temperature,  pressure,  electric  disturbance, 
molecular  attraction,  &c.,  and  then  record  the  changes 
observed. 

If  we  denote  by  A  a  ceiiiain  group  of  antecedent  con- 
ditions, and  by  X  a  certain  series  of  subsequent  phe- 
nomena, our  object  will  usually  be  to  ascertain  a  law  of 
the  form  A  =  AX,  the  meaning  of  which  is  that  where  A  is 
X  will  happen,  and  we  may  sometimes  rise  to  the  still 
simpler  and  higher  law  A  =  X,  meaning  that  where  A  is, 
and  only  where  A  is,  X  will  happen  (see  vol.  i.  pp.  146, 

H9') 

The  great  object  of  the  art  of  experiment  is  to  ascertain 
exactly  those  circumstances  or  conditions  which  are  re- 
quisite for  the  happening  of  any  event  X.  Now  the  cir- 
cumstances which  might  be  enumerated  as  present  in  the 
very  simplest  experiment  are  very-  numerous,  in  fact 
almost  infinite.  Rub  two  sticks  together  and  consider 
what  would  be  an  exhaustive  statement  of  the  conditions. 
There  are  the  form,  hardness,  organic  structure,  and  all 
the  chemical  qualities  of  the  wood  ;  the  pressure  and  velo- 
city of  the  rubbing ;  the  temperature,  pressure,  and  all  the 
chemical  qualities  of  the  surrounding  air ;  the  proximity 
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of  the  earth  with  its  attractive  and  electric  properties  ; 
the  temperature  and  other  powers  of  the  persons  pro- 
ducing motion ;  the  radiation  from  the  sun,  and  to  and 
from  the  sky ;  the  electric  excitement  possibly  existing 
in  any  overhanging  cloud ;  even  the  positions  of  the 
heavenly  bodies  must  be  mentioned.  Now  on  d  priori 
grounds  it  is  unsafe  to  assume  that  any  one  of  these 
circumstances  is  without  effect,  and  it  is  only  on  the 
results  of  experience  that  we  can  finally  single  out  those 
precise  conditions  from  which  the  observed  heat  of  friction 
proceeds. 

The  great  method  of  experiment  consists  in  removing, 
one  at  a  time,  each  of  those  conditions  which  may  be 
imagined  to  have  an  influence  on  the  result  Our  object 
in  the  experiment  of  rubbing  sticks  is  to  discover  the 
exact  circumstances  under  which  heat  appears.  Now  the 
presence  of  air  may  be  requisite  ;  therefore  prepare  a 
vacuum,  and  rub  the  sticks  in  every  respect  as  before, 
except  that  it  is  done  in  vacuo.  If  heat  still  appears  we 
may  say  that  air  is  not,  in  the  presence  of  the  other 
circumstances,  a  requisite  condition.  The  conduction  of 
heat  from  neighbouring  bodies  may  be  a  condition. 
Prevent  this  by  making  all  the  surrounding  bodies  ice 
cold,  which  is  practically  what  Davy  aimed  at  in  rubbing 
two  pieces  of  ice  together.  If  heat  still  appears  we  have 
eliminated  another  condition,  and  so  we  may  go  on  imtil 
it  becomes  apparent  that  the  expenditure  of  energy  in  the 
friction  of  two  bodies  is  the  sole  condition  of  the  produc- 
tion of  heat. 

The  great  diflSculty  of  experiment  arises  from  the  fact 
that  we  must  not  assume  an  independence  to  exist  among 
the  conditions.  Thus  previous  to  experiment  we  have  no 
right  to  say  that  the  rubbing  of  two  sticks  will  produce 
heat  in  the  same  way  when  air  is  absent  as  before.  We 
may  have  heat  produced  in  one  way  when  air  is  present. 
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and  in  another  when  air  is  absent.     The  inquiry  branches 

ont  into  two  lines,  and  we  ought  to  try  in  both  cases 
whether  cutting  off  a  supply  of  heat  by  conduction  pre- 
vents its  evohition  in  friction.  Now  the  same  branching 
out  of  the  inquiiy  occurs  with  regard  to  every  circiim- 
stance  which  enters  into  the  experiment.  Regarding 
only  four  circumstances,  say  A,  B^  C,  D,  we  ought  to  test 
not  only  the  combinations — - 

ABCD,  ABCc/,  ABr-D,  AfcCD,  aBCD, 

but  we  ought  really  to  go  through  the  whole  of  the  combi- 
nations given  in  the  fifth  column  of  the  Lrigical  Abece- 
darium.  The  effect  of  the  absence  of  each  condition  shoukl 
be  tried  both  in  the  presence  and  Libsence  of  every  other 
condition,  and  every  variety  of  selection  of  those  conditions. 
Perfect  and  exhaustive  experimentation  would*  in  short, 
consist  in  examining  natural  phenomena  in  all  tlieir  pos- 
sible conibinatioos  and  registering  all  relations  between 
conditions  and  results  which  are  found  capable  of  exist- 
ence. Experimentation  would  thus  resemble  the  exclusion 
of  contradictory  combinations  carried  out  in  the  Indirect 
Method  of  Inference  (chapter  vi.  vol  i.  p*  95),  except  that 
the  exclusion  of  any  combination  is  grounded  not  on  prior 
logical  preniLses,  but  on  d  posteriori  results  of  actual  triah 
The  reader  will  readily  perceive,  however,  that  sueli 
exhaustive  investigation  is  practically  impossible,  because 
the  number  of  requisite  experiments  would  be  immensely 
great.  Four  circumstances  only  woidd  require  sixteen 
experiments  ;  twelve  circumstances  would  require  4096, 
and  the  niunher  increases  as  the  powers  of  two.  The 
result  is  tliat  the  experimenter  luas  to  fall  back  upon  Iiis 
own  tact  and  experience  in  selecting  those  variations 
which  are  most  likely  to  yield  hira  significant  facts.  It 
is  at  this  point  that  logical  rules  and  forms  begin  to  fail 
in  giving  aid.     The  logical  rule  is — Try  all  possible  com- 
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binations;  but  this  being  impracticable,  the  experimentalist 
necessarily  abandons  strict  logical  method,  and  trusts  to 
his  own  insight.  Analogy,  as  we  shall  afterwards  see, 
gives  some  assistance,  and  attention  will  probably  be  con- 
centrated on  those  kinds  of  conditions  which  have  been 
found  important  in  like  cases.  But  we  are  now  entirely 
in  the  region  of  probability,  and  the  experimenter,  while 
he  is  confidently  pursuing  what  he  thinks  the  right  clue, 
may  be  entirely  overlooking  the  one  condition  whose  im- 
portance has  been  hitherto  unsuspected.  It  is  an  impres- 
sive lesson,  for  instance,  that  Newton  pursued  all  his 
exquisite  researches  on  the  spectrum  unsuspicious  of  the 
fact  that  if  he  reduced  the  hole  in  the  shutter  to  a  narrow 
slit,  all  the  mysteries  of  the  bright  and  dark  lines  were 
within  his  grasp,  provided  of  course  that  his  prisms  were 
suflBciently  good  to  define  the  rays.  In  a  similar  manner 
we  know  not  what  slight  alteration  in  the  most  famihar 
experiments  may  not  open  the  way  to  realms  of  new 
discovery. 

Many  additional  practical  difficulties  encumber  the  pro- 
gress of  the  physicist.  It  is  often  impossible  to  alter  one 
condition  without  altering  others  at  the  same  time ;  and 
thus  we  may  not  get  the  pure  effect  of  the  condition  in 
question.  Some  conditions  may  be  absolutely  incapable 
of  alteration  ;  others  may  be  with  great  difficulty,  or  only 
in  a  certain  degree,  removable.  A  very  treacherous  source 
of  error  is  the  existence  of  unsuspected  conditions,  which 
we  of  coiurse  cannot  remove  except  by  accident.  These 
difficulties  we  will  shortly  consider  in  succession. 

It  is  often  beautiful  to  observe  how  the  alteration  of  a 
single  circumstance  conclusively  explains  a  phenomenon. 
An  excellent  instance  is  found  in  Faraday's  investigation 
of  the  behaviour  of  Lycopodium  spores  scattered  on  a 
vibrating  plate.  It  was  observed  that  these  ujinute  spores 
collected  together  at  the  points  of  greatest  motion,  whereas 


Hand  and  all  heavy  particles  collect  at  the  nodes,  where 
motion  i»  leiiHt*  But  it  happily  occurred  to  Faraday  to 
trj'  the  exporinieiit  lu  the  exhausted  receiver  of  an  air- 
pinnj>,  uud  it  was  then  found  that  the  light  powder 
hehaved  exactly  like  heavy  powder.  A  conclusive  proof 
woB  thus  ohtalned  that  the  presence  of  air  was  the  oou- 
cHtion  of  importance,  doubtleBS  because  it  was  thrown  into 
eddies  by  the  motion  of  the  plate,  and  thus  carriod  the 
Lycopridiuni  to  the  points  of  greatest  agitation.  Sand 
was  too  heavy  to  be  thus  carried  by  the  air. 


Exclusion  of  Indifferent  Circtiinstances. 


1 


From  what  lias  been  already  said  it  will  be  apparent  that 
in  the  investigation  of  any  new  phenomenon  the  detection 
and  exclusion  of  indifferent  circumstances  is  a  work  of 
great  importance,  because  it  allows  the  concentration  of 
attention  upon  circumstances  whicli  may  contain  the 
principal  condition.  There  will  always  be  a  multitude 
of  things  which  we  are  only  too  ready  to  neglect,  hut 
many  beautiful  instances  may  be  given  where  all  the  most 
obvious  circumstances  have  been  shown  to  have  no  part  ia 
the  production  of  a  phenomenon.  Every  person  woidd 
suppose  that  the  peculiar  colours  of  motlier-of-pearl  w*ero 
due  to  the  chemicLd  qualities  of  the  substance.  Much 
trouble  might  have  been  spent  in  following  out  that  notion 
by  comparing  the  chemical  qualities  of  various  iridescent 
substances.  But  Brewster  accidentally  took  an  impression 
from  a  piece  of  mother-of-pearl  in  a  cement  of  resin  and 
bees-wax,  and  finding  the  colours  repe^ited  upon  the 
siirftice  of  the  wax,  proceeded  to  take  other  impressions 
in  balsam,  fusible  metal,  lead,  gum  arabic,  isinglass,  <fea, 
and  always  found  the  iridescent  colours  the  same.  He 
ed   that  tlie  cheiiiic^al   natiiin  i.s  wholly  a  mnffpr 
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of  indifference,  and  the  form  of  the  surface  is  the  condition 
of  such  colours* 

Nearly  the  same  may  be  said  of  the  colours  exhibited 
by  thin  plates  and  films.  The  rings  and  lines  of  colour 
will  be  of  the  same  character  whatever  may  be  the 
nature  of  the  substance  ;  nay,  a  void  space,  such  as  a  crack 
in  glass,  would  produce  them  even  thbugh  the  air  were 
withdrawn  by  an  air-pump.  The  conditions  are  simply 
the  existence  of  two  reflecting  surfaces  separated  by  a. very 
small  space,  though  it  should  be  added  that  the  refractive 
index  of  the  intervening  substance  has  some  influence  on 
the  exact  nature  of  the  colour  produced  at  any  point. 

When  a  ray  of  light  passes  close  to  the  edge  of  an 
opaque  body,  a  portion  of  the  light  appears  to  be  bent 
towards  it,  and  produces  coloured  fringes  within  the 
shadow  of  the  body.  Newton  attributed  this  inflexion  of 
light  to  the  attraction  of  the  opaque  body  for  the  supposed 
particles  of  light,  although  he  was  aware  that  the  nature 
of  the  surrounding  medium,  whether  air  or  other  pellucid 
substance,  exercised  no  apparent  influence  on  the  pheno- 
mena. Gravesande  proved  however  that  the  character  of 
the  fringes  is  exactly  the  same,  whether  the  body  be  dense 
or  rare,  compound  or  elementary.  A  wire  has  exactly  the 
same  effect  as  a  hair  of  the  same  thickness.  Even  the 
form  of  the  obstructing  edge  was  subsequently  shown  to 
be  a  matter  of  indifference  by  Fresnel,  and  the  interference 
spectrum,  or  the  spectrum  seen  when  light  passes  through 
a  fine  grating  is  absolutely  the  same  whatever  be  the  form 
or  chemical  nature  of  the  bars  forming  the  grating.  Thus 
it  appears  that  the  stoppage  of  a  portion  of  a  beam  of 
light  is  the  sole  necessary  condition  for  the  diffraction 
or  inflexion  of  light ;  and  the  phenomenon  is  sliown  to 
bear  no  analogy  to  the  reflection  and  refraction  of  light, 

»  'Treatise  on  Optics,'  by  Sir  D.  Brewster,  Cabinet  Cyclopaidia,  p.  117. 
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in  which  the  form  and  nature  of  the  substance  are  all 
important. 

It  is  interesting  to  observe  how  carefully  Newton,  in 
his  researches  on  the  spectrum,  observed  and  proved  the 
indifference  of  many  circumstances  by  actual  trial.  He 
says^^:  *Now  the  different  magnitude  of  the  hole  in  the 
window-shut,  and  different  thickness  of  the  prism  where 
the  rays  passed  through  it,  and  different  inclinations  of 
the  prism  to  the  horizon,  made  no  sensible  changes  in  the 
length  of  the  image.  Neither  did  the  different  matter  of 
the  prisms  make  any  :  for  in  a  vessel  made  of  polished 
plates  of  glass  cemented  together  in  the  shape  of  a  prism, 
and  filled  with  water,  there  is  the  like  success  of  the  ex- 
periment according  to  the  quantity  of  the  refraction,'  But 
in  the  latter  statement,  as  I  shall  afterwards  remark 
(vol.  ii.  p.  42),  Newton  assumed  an  indifference  which  does 
not  exist,  and  fell  into  an  unfortunate  mistake. 

In  the  science  of  sound  it  is  shown  that  the  pitch  of  a 
Hound  depends  solely  upon  the  number  of  impulses  in  a 
second,  and  the  material  exciting  those  impulses  is  a 
matter  of  perfect  indifference.  Thus  whatever  medium, 
whether  air  or  water,  or  any  gas  or  liquid,  be  forced  into 
I  ho  Siren,  the  sound  produced  is  the  same;  and  the 
material  of  which  an  organ-pipe  is  constructed  does  not 
at  all  ailect  the  pitch  of  its  sound. 

\\\  (ho  science  of  statical  electricity  it  is  an  important 
iMiXMUUsUuice  that  the  interior  of  a  conducting  body  is  a 
matter  of  indifference,  resting  in  a  neutral  state,  while  the 
rhungt^  JH  confined  to  the  conducting  surface.  A  hollow 
sphiMt^  takes  exactly  the  same  charge  as  a  solid  sphere  of 
iiu^tal. 

Somo  \»t*  Faraday's  most  elegant  and  successful  re- 
fseauhes    woro    devoted    to   the    exclusion    of  conditions 

*»  'OptiikB,'  3rd  edit.  p.  25. 
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which  previous  experimenters  had  thouglit  essential  for 
the  production  of  electrical  phenomena.  Davy  asserted 
that  no  known  fluids,  except  such  as  contain  water,  could 
be  made  the  medium  of  connexion  between  the  poles  of  a 
battery;  and  some  chemists  believed  that  water  was  an 
essential  agent  in  electro-chemical  decomposition.  Faraday 
gives  abundant  experiments  to  show  that  other  fluids 
allow  of  electrolysis,  and  attributes  the  erroneous  opinion 
to  the  very  general  use  of  water  as  a  solvent,  and  its 
presence  in  most  natural  bodies^.  It  was,  in  fact,  upon 
purely  negative  (vol.  ii.  p.  i6)  and  weak  evidence  that  the 
opinion  had  been  founded. 

Many  experimenters  attributed  peculiar  and  even  myste- 
rious powers  to  the  poles  of  a  battery,  likening  them  to 
magnets,  which,  by  their  attractive  powers,  tear  apart  the 
elements  of  a  substance.  By  a  most  beautiful  series  of 
experiments^,  Faraday  proved  conclusively  that,  on  the 
contrary,  the  substance  of  the  poles  is  of  no  importance, 
being  merely  the  path  through  which  the  electric  force 
reaches  the  liquid  acted  upon.  Poles  of  water,  charcoal, 
and  many  diverse  substances,  even  air  itself,  produced  simi- 
lar results,  or  if  the  chemical  nature  of  the  pole  entered 
at  all  into  the  question,  it  was  as  a  disturbing  agent. 

It  is  a  most  essential  part  of  the  theory  of  gravitation 
that  the  proximity  of  other  attracting  particles  is  wholly 
without  effect  upon  the  attraction  existing  between  any 
two  molecules.  Two  pound  weights  weigh  as  much  to- 
gether as  they  do  separately.  Every  pair  of  molecules  in 
the  world  have,  as  it  were,  a  private  communication,  apart 
from  their  relations  to  all  other  molecules.  Another  un- 
doubted result  of  experience  pointed  out  by  Newton®  is 
that  the  weight  of  a  body  does  not  in  the  least  depend 

c  'Experimental  Researches  in  Electricity/  vol.  i.  pp.  133,  134. 

d  Ibid.  vol.  i.  pp.  127,  162,  &c. 
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upon  its  form  or  texture.  It  may  be  added  tlvat  Ihc 
temperature,  electric  condition,  pressui^e,  state  of  motion, 
cheiniCiJ  qualities,  and  all  otiier  circumstances  concerning 
matter,  except  its  masB,  are  indifferent  as  regards  its  gra- 
vitating power. 

As  natural  science  progresses,  physicists  gain  a  kind  of 
insight  and  tact  in  judging  what  qualities  of  a  substance 
are  likely  to  be  concerned  in  any  class  of  phenomena.  The 
physical  astronomer  treats  matter  in  one  point  of  view, 
the  chemist  in  another,  and  the  students  of  physical  optics, 
sound,  mechanics,  electricity,  &c.,  make  a  fair  division  of 
tlie  qualities  among  them.  But  errors  will  arise  if  too 
much  confidence  be  jjlaced  in  this  independence  of  various 
kinds  of  plienomena,  so  that  it  is  desirable  from  time  to 
time,  especially  when  any  unexplained  discrepancies  come 
into  notice,  to  question  the  indifference  which  is  assumed 
to  exist,  and  to  test  its  real  existence  by  appropriate 
experiments. 

Simplijication  of  Experiments. 

One  of  the  most  requisite  precautions  in  experimentation 
is  to  vary  only  one  circumstance  at  a  time,  and  to  main- 
tain all  other  circumstances  rigidly  unchanged.  There  are 
two  distinct  reasons  fur  this  rule,  the  first  and  most  ob- 
vious being  that  if  we  vary  two  conditions  at  a  time,  and 
find  some  effect,  w^e  cannot  tell  whether  the  effect  is  due 
to  one  or  the  other,  or  to  both  jointly.  A  second  reason 
is  that  if  no  effect  ensues  we  cannot  safely  conclude  that 
either  of  them  is  indifferent  ;  for  the  one  may  have  neu- 
tralized the  effect  of  the  other.  In  our  logical  formulai, 
A  (B  +  h)  18  identictd  with  A  (see  vol,  i.  p.  1 1 2),  and  B  may 
be  indifferently  present  or  absent ;  but  A  (BC  •!■  be)  is  not 
identical  ^\ith  A,  and  none  of  our  logical  processes  enabled 
us  to  make  the  reductioti. 
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If  we  want  to  prove  that  oxygen  is  necessary  to  life,  we 
must  not  put  a  rabbit  into  a  vessel  from  which  the  oxygen 
has  been  exhausted  by  a  burning  candle.  We  should  then 
have  not  only  an  absence  of  oxygen,  but  an  addition  of 
carbonic  acid,  which  may  have  been  the  destructive  agent. 
For  a  similar  reason  Lavoisier  avoided  the  use  of  atmo- 
spheric air  in  experiments  on  combustion,  because  air  was 
not  a  simple  substance,  and  the  presence  of  nitrogen  might 
impede  or  even  alter  the  eflfect  of  oxygen.  As  Lavoisier 
expressly  remarks^,  *In  performing  experiments,  it  is  a 
necessary  principle,  which  ought  never  to  be  deviated 
from,  that  they  be  simplified  as  much  as  possible,  and  that 
every  circumstance  capable  of  rendering  their  results  com- 
plicated be  carefully  removed."  It  has  also  been  well  said 
by  Cuvierg  that  the  method  of  physical  inquiry  consists  in 
isolating  bodies,  reducing  them  to  their  utmost  simplicity, 
and  in  bringing  each  of  their  properties  separately  into 
action,  either  mentally  or  by  experiment. 

The  electro-magnet  has  been  of  the  utmost  service  in 
the  investigation  of  the  magnetic  properties  of  matter,  by 
allowing  of  the  production  or  removal  of  a  most  powerful 
magnetic  force  without  disturbing  any  of  the  other  ar- 
rangements of  the  experiment.  Many  of  Faraday's  most 
valuable  experiments  would  have  been  frustrated  had  it 
been  necessary  to  introduce  a  heavy  permanent  magnet, 
which  could  not  be  suddenly  moved  without  shaking  the 
whole  apparatus,  disturbing  the  air,  producing  currents 
by  differences  of  temperature,  &c.  The  electro-magnet  is 
perfectly  under  control,  and  its  influence  can  be  brought 
into  action,  reversed,  or  stopped  by  merely  touching  a 
button.  Thus  Faraday  was  enabled  to  prove  the  rotation 
of  the  plane  of  circular  polarized  light  by  the  fact  that  a 
certain  light  ceased  to  be  visible  when  the  electric  current 

f  Lavoisier's  *  Chemistry,'  translated  by  Kerr,  p.  103. 
8  Cuvier's  'Animal  Kingdom/  introduction,  pp.  i,  2. 
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of  tlie  magnet  was  cut  off,  and  vice  verstt  the  light  a]>- 
peared  when  tlie  current  was  re-niade.  *  These  pheno- 
mena,' he  says,  *  could  be  reversed  at  pleasure,  and  at  any 
instant  of  time,  aiid  upon  any  occasion,  sliowing  a  perfect 
dependence  of  cause  and  effect  ^/ 

Another  elegant  experiment  by  Faraday  illustrates  the 
maintiii nance  of  similar  conditions.  He  pr(»ved  that 
liquids  may  conduct  electricity  when  solids  wdll  not^  by 
jmtting  the  poles  of  a  battery  in  melted  nitt*e,  when  a 
strong  current  was  shown  to  exist  by  the  galvanometer 
But  tiS  soon  as  the  nitre  was  allowed  to  solidify,  the 
current  ceased.  Everytliing  else  remaining  the  same,  the 
ounent  existed  when  the  nitre  was  liquid,  and  not  wheu 
the  nitre  was  solid  ". 

It  wns  Newton's  omission  to  obtain  the  solar  spectrum 
under  the  simplest  conditions  which  prevented  liim  from 
discovering  the  dark  lines.  Using  a  broad  beam  of  light 
which  had  passed  through  a  round  hole  or  a  triangulaj 
slit,  he  obtidncd  a  brilliant  spectrum,  but  one  in  which 
many  different  coloured  rays  overlapped  each  other.  In 
the  recent  history  of  the  science  of  the  spectrum,  one 
main  difficulty  has  consisted  in  the  mixture  of  the  lines  of 
several  different  substances,  which  are  usually  to  be  found 
in  the  light  of  any  flame  or  spark.  It  is  seldom  possible 
to  obtain  the  light  of  any  element  in  a  perfectly  simj*le 
manner.  Angstrom  greatly  advanced  this  branch  of  science 
by  examining  the  light  of  the  electric  spark  when  formed 
betw^een  poles  of  various  metals,  and  in  the  presence  of 
various  gases.  By  varying  the  pole  alone,  or  the  gaseous 
medium  alone,  he  was  able  to  discriminate  correctly  be- 
tween the  lines  due  to  the  metal  and  those  due  to  the 
surrounding  gas\ 

l»  '  Experimoiital  Hesenrches  in  Electricity/  vol  iii,  p.  4 . 
'  *  Life  of  Fiirmlrtj/  vol,  ii>  1*,  24. 

'  Piiilosophkal  Magrtziue/  4II1  Sriit'F,  vol,  ix.  p.  327. 
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Failure  in  the  Simiilijication  of  Experiments. 

In  some  cases  it  seems  to  be  impossible  to  carry  out  the 
rule  of  varying  one  circumstance  at  a  time.  When  we 
attempt  to  obtain  two  instances  or  two  forms  of  experi- 
ment in  which  a  single  circumstance  shall  be  present  or 
absent,  it  may  be  found  that  this  single  circumstance 
entails  one  or  more  others.  Benjamin  Franklin's  experi- 
ment concerning  the  comparative  absorbing  powers  of 
diflferent  colours  is  well  known.  'I  took,'  he  says,  'a 
number  of  little  square  pieces  of  broadcloth  from  a  tailors 
pattern  card,  of  various  colours.  They  were  black,  deep 
blue,  lighter  blue,  green,  purple,  red,  yellow,  white, 
and  other  colours  and  shades  of  colour.  I  laid  them  all 
out  upon  the  snow  on  a  bright  sunshiny  morning.  In  a 
few  hours,  the  black  being  most  warmed  by  the  sun,  was 
sunk  so  low  as  to  be  below  the  stroke  of  the  sun's  rays ; 
the  dark  blue  was  almost  as  low ;  the  lighter  blue  not 
quite  so  much  as  the  dark  ;  the  other  colours  less  as  they 
were  lighter.  The  white  remained  on  the  siuface  of  the 
snow,  not  having  entered  it  at  all.'  This  is  a  very  elegant 
and  apparently  simple  experiment ;  but  when  Leslie  had 
completed  his  series  of  researches  upon  the  nature  of  heat, 
he  came  to  the  conclusion  that  the  colour  of  a  surface  has 
very  little  effect  upon  the  radiating  power,  the  mechanical 
nature  of  the  surface  appearing  to  be  more  influential. 
He  remarks^  that  '  the  question  is  incapable  of  being  posi- 
tively resolved,  since  no  substance  can  be  made  to  assume 
different  colours  without  at  the  same  time  changing  its 
internal  structure.'  More  recent  investigation  has  shown 
that  the  subject  is  one  of  considerable  complication,  be- 
cause the  absorptive  power  of  a  surface  may  be  different 
according  to  the  character  of  the  rays  which  fall  upon  it ; 

1  *  Inquiry  into  the  Nature  of  Heat,'  p.  95. 
VOL.  II.  D 
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Imt  there  oxn  be  no  doubt  as  to  the  acuteiiess  witli  which 
Leslie  jioiiits  out  the  difficulty.  In  WelFs  investigatioim 
concerning  the  nature  of  dew,  we  have,  again,  very 
compliciited  conditions.  If  we  expose  plates  of  various 
material,  such  as  rough  iron,  glass,  polished  metal,  to  the 
midniglit  sky,  they  will  be  dewed  in  various  degrees  ; 
but  since  these  plates  differ  both  in  the  nature  of  the 
surface  and  the  conducting  power  of  the  material,  it  woidd 
not  be  plain  whether  one  or  both  cireumstanceB  were  of 
importance.  We  avoid  tliis  difficulty  by  exposing  the 
same  niateriid  polished  or  vaniished,  so  as  to  present  dif- 
ferent conditions  of  surface '" ;  and  again  by  exposing 
difterent  substances  with  the  same  kind  of  surface, 

Wlien  we  are  quite  unable  to  isolate  circumstances  we 
must  resort  to  the  procedure  described  by  Mr.  J.  S.  Mill 
under  the  name  of  the  Joint  Method  of  Agreement  and 
Ditierence-  We  must  collect  as  many  instances  as  possible  in 
which  a  given  clrcmnstance  produces  a  given  result,  and  as 
many  as  possible  in  wluch  the  absence  of  the  circumstance 
is  followed  by  the  absence  of  the  result.  To  adduce  his 
example,  we  cannot  experiment  upon  the  cause  of  double 
refniction  in  Iceland  spar,  because  we  cannot  alter  its 
crystal  Hue  condition  without  altermg  it  altogether,  nor  can 
we  find  substances  exactly  like  oilc  spar  in  every  circum- 
stance  except  one.  We  can  only  resort  therefore  to  the 
metliod  of  comparing  together  aU  known  substances 
whicli  have  the  property  of  doubly-refracting  light,  and 
we  find  that  they  agree  in  being  crystalline".  This  in- 
deed 18  notliing  but  an  orchnary  process  of  perfect  or 
probable  induction,  already  partially  described,  and  to  be 
further  discussed  under  the  sutyect  of  Classification,  It 
may  be  added^  however,  that  the  subject  does  admit  of 

"»  Horschel,  *  Frelimin&ry  DiacoiirBe  on  the  Study  of  Ntttural  Philo- 
sophy,* p.  i6i, 

«>  *  Syatem  uf  Ltjgic/  l)k.  III,  chap.  viii.  }  4,  ^tU.  ed,  vol  i.  p.  43^, 
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perfect  experimental  treatment,  since  glass,  when  strongly 
compressed,  and  so  long  only  as  it  is  compressed  in  one 
direction,  becomes  capable  of  doubly-refracting  light,  and 
as  there  is  probably  no  alteration  in  the  gWs  but  change  of 
elasticity,  we  learn  that  the  power  of  double  refraction  is 
very  probably  due  to  a  difference  of  elasticity  in  different 
directions. 

Removal  of  Usual  Conditions. 

One  of  the  great  objects  of  experiment  is  to  enable  us 
to  judge  of  the  behaviour  of  substances  under  conditions 
widely  different  from  those  which  prevail  upon  the  surface 
of  the  earth.  We  live  in  an  atmosphere  which  does  not 
vary  beyond  certain  narrow  limits  in  temperature  or 
pressure.  Many  of  the  powers  of  nature,  such  as  gravity, 
which  constantly  act  upon  us,  are  of  almost  fixed  amount. 
Now  it  will  afterwards  be  shown  that  we  cannot  apply  a 
quantitative  law  to  circumstances  much  different  from  those 
in  which  it  was  observed,  without  considerable  risk  of  error. 
In  the  other  planets,  the  sun,  the  stars,  or  remote  parts 
of  the  Universe,  the  conditions  of  existence  must  often  be 
widely  different  from  what  we  commonly  experience  here. 
Hence  our  knowledge  of  nature  must  remain  very  re- 
stricted and  hypothetical,  unless  we  can  subject  substances 
to  very  unusual  conditions  by  suitable  experiments. 

The  electric  arc  is  an  invaluable  means  of  exposing 
metals  or  other  conducting  substances  to  the  highest 
known  temperature.  By  its  aid  we  learn  not  only  that 
all  the  metals  can  be  vaporized,  but  that  they  all  give  off 
distinctive  rays  of  light.  At  the  other  extremity  of  the 
scale,  the  intensely  powerful  freezing  mixture  devised 
by  Faraday,  consisting  of  solid  carbonic  acid  and  ether 
mixed  in  vacuo,  enables  us  to  observe  the  nature  of  sub- 
stances at  temperatures  immensely  below  any  we  meet 
with  naturally  on  the  earth's  surface. 
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We  can  hardly  realize  now  the  importance  of  the  in- 
vention of  the  air-pump,  previous  to  which  it  was  exceed- 
ingly difficult  to  make  any  experiment  except  iiuder  the 
ordinary  pressure  of  the  atmospliere.  The  Torricellian 
vacuum  had  been  employed  by  the  philosophers  of  the 
Accademia  del  Cimento  to  show  the  behaviour  of  water, 
smoke,  soimd,  magnets,  electric  substances,  &c.,  in  vacuo, 
but  their  experiments  were  often  unsuccessful  from  the 
difficulty  of  excluding  air^ 

Among  the  most  constant  circumstances  under  which 
we  live  is  the  force  of  gravity,  which  does  not  vary, 
except  by  a  slight  traction  of  its  amomit,  in  any  part 
of  the  cartli's  crust  or  atmosphere  to  which  we  can 
attain.  Now  this  force  is  often  sufficient  to  overbear  and 
disguise  various  actions ;  for  instance,  the  mutual  gravi- 
tation of  small  bodies.  It  was  an  uiteresting  experi- 
ment of  Plateau  to  withdraw  substances  from  tlie  action 
of  gravity  by  suspending  them  in  liquids  of  exactly  the 
same  specific  gravity.  Tluis  a  quantity  of  oil  poured 
into  the  middle  of  a  suitable  mixture  of  alcohol  and 
water,  assumes  a  spherical  shape  wliieh,  on  being  made  to 
rotate^  becomes  spheroidal,  and  then  successively  sepa- 
rates into  a  ring  and  a  group  of  spherules*  Thus  we 
have  at  least  an  illustration  of  the  mode  in  which  the 
planetary  system  may  have  been  i)roducedP,  though  it  is 
to  be  remembered  that  the  extreme  tliflerence  of  scale 
prevents  our  arguing  with  confidence  from  the  experiment 
to  the  conditions  of  the  nebular  theory. 

It  is  possible  that  the  so-called  elements  are  elementary 
oidy  to  us,  because  we  are  restricted  to  temperatures  at 
wluch  they  are  fixed.  Lavoisier  carefidly  defined  an 
element  as  a  substance  which  cannot  be  decomposed  hy 

°  'Essayes  of  Natural  Experiments  made  in  tbc  AccaUeniia  del  Cimento* 
Englighed  by  Ulcliiinl  Waller,  1684,  p.  40,  &c. 
P  Plateau,  Taylor  s  *  Scientific  Mcmoii-s,'  vol  iv.  pp*  16-43, 
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any  known  means ;  but  it  seems  almost  certain  that  some 
series  of  elements,  for  instance  Iodine,  Bromine,  and  Chlo- 
rine, are  really  compounds  of  a  simpler  substance.  We 
must  doubtless  look  to  the  production  of  intensely  high 
temperatures,  as  yet  quite  beyond  our  means,  for  the  de- 
composition of  these  so-called  elements.  But  it  may  very 
possibly  be  found  that,  in  this  age  and  part  of  the  uni- 
verse, the  dissipation  of  energy  has  so  far  proceeded  that 
there  are  no  sources  of  heat  left  to  us  sufficiently  intense 
to  effect  the  decomposition  of  the  supposed  elements. 

Interference  of  Unsuspected  Conditions. 

It  may  often  happen  that  we  are  not  aware  of  all  the 
conditions  under  which  our  researches  are  made.  Some 
substance  may  be  present  or  some  power  may  be  in  action, 
which  escapes  the  most  vigilant  examination.  Not  being 
aware  of  its  existence,  we  are  of  course  unable  to  take 
proper  measures  to  exclude  it,  and  thus  determine  the 
share  which  it  may  have  in  the  results  of  our  experiments. 
There  can  be  little  doubt  that  the  alchemists  were  often 
misled  and  encouraged  in  their  vain  attempts  by  the  un- 
suspected presence  of  traces  of  gold  and  silver  in  the 
substances  they  proposed  to  transmute.  Lead,  as  drawn 
from  the  smelting  furnace,  almost  always  contains  some 
silver,  and  gold  is  associated  with  many  other  metals. 
Thus  small  quantities  of  noble  metal  would  often  appear 
as  the  result  of  experiment  and  raise  delusive  hopes. 

In  more  than  one  case  the  unsuspected  presence  of 
common  salt  in  the  air  has  caused  great  trouble.  In 
the  early  experiments  on  electrolysis  it  was  found  that, 
when  water  was  decomposed,  an  acid  and  an  alkali  were 
produced  at  the  poles,  together  with  oxygen  and  hy- 
drogen. In  the  absence  of  any  other  explanation  for  this 
singidar  result,  some  chemists  rushed  to  the  conclusion 


that  electricity  must  have  the  power  of  generating  acid 
and  alkalis,  and  one  chemist  thought  he  had  discovered  a 
new  substance  called  dectric  acid.  But  Davy  proceeded 
to  a  Rvstcmatic  investigation  of  the  circunistaTices,  hy 
varying  the  conditions*  Changing  the  glass  vessel  fur 
cue  of  agate  or  gold,  he  found  that  far  less  alkali  was 
produced  ;  excluding  impurities  by  the  use  of  very  care- 
fully distilled  water,  lie  foinid  that  the  qu?mtities  of  acid 
and  alkali  were  still  furtlier  diminished  ;  and  having  thus 
obtained  a  clue  to  the  cause  he  completed  the  exclusion  of 
impurities  by  avoiding  contact  with  his  fingers,  and  by 
ing  the  apparatus  under  an  exhausted  receiver,  no 
acid  or  alkali  beinof  then  detected.  It  woidd  be  difficult 
to  meet  wilh  a  more  elegant  or  successful  ease  of  the 
detection  of  a  condition  previously  unsuspected  *^.  ^ 

It  is  highly  remarkable  that  tlie  presence  of  common 
salt  in  the  air,  proved  to  exist  by  Davy,  nevertheless 
continued  a  stumbling-ljlock  in  the  science  of  spectrum 
analysis,  and  probably  prevented  men,  such  as  Brewster, 
llersehel,  and  Talbot,  from  anticipating  by  thirty  years 
the  discoveries  of  Bunsen  and  KirchhofF.  As  I  have  else- 
where pointed  onf,  the  utility  of  the  spectrum  wfU5 
known  in  the  middle  of  the  last  centuiy  to  Thomas 
Melvill,  a  talented  Scotch  physicist,  who  died  at  the  early 
Mge  of  27  years^  But  Melvitl  was  stmck  in  his  examina- 
tion of  various  coloured  flames  by  the  extraordinary  ]>re' 
iuance  i»f  homogeneous  yelhtw  light,  which  wius  due  to 
■e  circumstance  escaping  his  attention.     WoUaston  and 

l\   I  h  ^vs^.*^>luciJ  TnmsuctiouB,'  [1826]  vol.  cxvi.  pp.  388,  389.    Works 

|5^j  rlirupbry  l>iivy,  vol.  v.  pp,  1-12. 
.11.1:  XU^kyf*  J"ly,  i86j,  p.  13. 

'•^^-jiwd  wurks  uro  coiitaiiatl  in  *  The  Etlinburgli  Pliysicnl  and 
-^f^  ^uL  ii.  ^  34  »  *  Pliilosopluca!  Tnuiitiictioua/  (1753]  vuL 
^^    ^  Jm  Morgau's  Paper  in  *  Philoaopliical  Transactions/ 
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Fraunhofer  were  equally  struck  by  the  prominence  of  the 
yellow  line  in  the  spectrum  of  nearly  every  kind  of  light. 
Talbot  expressly  recommended  tlie  use  of  the  prism  for 
detecting  the  presence  of  substances  by  what  we  now  call 
spectrum  analysis,  but  he  found  that  all  substances,  how- 
ever different  the  light  they  yielded  in  <3ther  respects, 
were  identical  as  regards  the  production  of  yellow  light. 
Talbot  knew  that  the  salts  of  soda  all  gave  this  coloured 
light,  but  in  spite  of  Davy's  previous  difficulties  with  salt 
in  electrolysis,  it  did  not  occur  to  him  to  assert  that  where 
the  light  is,  there  the  sodium  must  l)e.  He  suggested 
water  as  the  most  likely  source  of  the  yellow  light,  be- 
cause of  its  usual  presence ;  but  even  substances  which 
were  apparently  devoid  of  water  gave  the  very  same 
yellow  light*.  Brewster  and  Herschel  both  experimented 
upon  flames  almost  at  the  same  time  as  Talbot,  and 
Herschel  unequivocally  enounced  the  principle  of  spec- 
trum analysis".  Nevertheless  Brewster,  after  numerous 
experiments  attended  with  great  trouble  and  disappoint- 
ment, found  that  yellow  light  might  be  obtained  from 
the  combustion  of  almost  any  substance.  It  was  not  until 
1856  that  Professor  W.  Swan  discovered  that  an  almost  in- 
finitesimal quantity  of  sodium  chloride,  say  a  millionth 
part  of  a  grain,  was  sufficient  to  tinge  a  flame  of  a  bright 
yellow  colour.  The  universal  diffusion  of  the  salts  of 
sodium,  joined  to  this  unique  light-producing  power,  was 
thus  shown  to  be  the  unsuspected  circumstance  which  had 
destroyed  the  confidence  of  all  previous  experimenters  in 
the  use  of  the  prism.  Some  references  concerning  the 
history  of  this  curious  point  are  given  below  ^. 

t  *  Edinburgh  Journal  of  Science,'  vol  v.  p.  79. 

»  *  Encyclopaedia  Metropolitana,'  article  Lights  §  524 ;  Herschers 
*  Familiar  Lectures/  p.  266. 

X  Talbot,  *  Philosophical  Magazine,' 3rd  Series,  vol.  ix.  p.  i  (1836); 
Brewster,  'Transactions  of  the  Royal  Society  of  Edinburgh,'  [1823]  vol. 
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In  the  science  of  radiant  heat,  eaily  ioquirers  were  led 
to  tlic  conclusion  that  radiation  proceeded  only  from  tlie 
surface  of  a  solid,  or  from  a  very  sinall  depth  below  it. 
But  they  happened  to  experiment  upon  surfaces  covered 
by  coats  of  varnisli,  wliicli  is  highly  athermanous  or 
opaque  to  heat.  Had  they  properly  varied  the  character  of 
the  8iirffice»  using  a  liigldy  diathermanoiis  substance  hke 
rock  snlt,  they  would  liave  olitained  very  different  results^. 

One  of  the  nio*st  extrji ordinary  instances  of  an  erroiieo 
opinion  due  to  overlooking  interfering  agents  is  that  coi 
cerning  the  increase  of  rainfall  near  to  the  earth's  surfi 
More  than  a  centniy  ago  it  was  obs?er\^ed  that  ram- 
guages  placed  upon  church  steeples,  house  tops,  and  otlv 
elevated  places,  gave  considerably  less  rain  than  if  tli 
were  on  the  ground^  and  it  has  very  recently  been  shown 
that  the  variation  is  most  rapid  in  the  close  neigh l>ourhood 
of  the  grounds  All  kinds  of  theories  have  been  started  to 
explain  this  phenomenon  ;  but  I  have  atteniptcfl  to  show  ^ 
that  it  is  simply  due  to  the  interference  of  wind,  which 
deflects  more  or  less  rain  from  all  the  guages  wlucli 
at  all  exposed  to  it 

The  great  magnetic  power  of  iron  renders  it  a  constanl 

source  of  disturbance   in  all  magnetic  experiments.     In 

building  a  magnetic  observatory  great  care  must  therefore 

be  taken  that  no  iron  is  employed  in  the  construction,  and 

that  no  masses  of  iron  are  near  at  hand.     In  some  cases 

magnetic  observations  Iiave  been  seriou^^ly  disturbed  by  the 

eatistenc©  of  masses  of  iron  ore  in  the  neighbourhood.     In 

Virada^'s  experiments  upon  feebly  magnetic  or  diamag- 

^B^  431^  455*  Swan,  ibiit  [T856]  vol.  xxi.  p,  411.;  *  Pliilosoplilcal 
H^mt^*  4tli  Series,  vol.  xx.  p.  173.  [Sept  1860J  ;   lioscoe,  *  Spectrum 

1  ^IkoH  'QtmtDtiiry  Treatise  on  Heat;  p.  1 92.  , 

g^  Liverpool,  1870.      '  Report  uii  Rainfall/  p.  176, 
iVti^nc,'  Dec.  i86i»  41)1  Series,  vol  xxii,  p.  421. 
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netic  substances  he  took  tlie  greatest  precautions  against 
the  presence  of  any  disturbing  substance  in  the  copper 
wire,  wax,  paper,  and  other  articles  used  in  suspending 
the  test  objects.  It  was  his  invariable  custom  to  try 
the  effect  of  the  magnet  upon  the  apparatus  in  the  absence 
of  the  object  of  experiment,  and  without  this  preliminary 
trial  no  confidence  could  be  placed  in  the  results^  Tyndall 
has  also  employed  the  same  mode  for  testing  the  freedom 
of  electro-magnetic  coils  from  iron,  and  was  thus  enabled 
to  obtain  them  devoid  of  any  cause  of  disturbance^.  It  is 
well  worthy  of  notice  that  in  the  very  infancy  of  the 
science  of  magnetism,  the  acute  experimentalist  Gilbert 
correctly  accounted  for  the  opinion  existing  in  his  day 
that  magnets  would  attract  silver,  by  pointing  out  that 
the  silver  contained  iron<^. 

Even  when  we  are  not  aware  by  previous  experience  of 
the  probable  presence  of  a  special  disturbing  agent,  we 
ought  not  to  assume  the  absence  of  unsuspected  inter- 
ference. If,  then,  an  experiment  is  of  really  high  im- 
portance, so  that  any  considerable  branch  of  science  rests 
upon  it,  we  ought  to  try  it  again  and  again,  in  as  varied 
conditions  as  possible.  We  should  intentionally  disturb 
the  apparatus  in  various  ways,  so  as  if  possible  to  hit  by 
accident  upon  any  peculiar  weak  points.  Especially  when 
our  results  are  more  regular  and  accordant  than  we  have 
fair  grounds  for  anticipating,  ought  we  to  suspect  some 
peculiarity  in  the  apparatus  which  causes  it  to  measure 
some  other  phenomenon  than  that  in  question,  just  as 
Foucault's  pendulum  almost  invariably  indicates  the  re- 
volution of  the  axes  of  its  own  elliptic  path  instead  of  the 
revolution  of  the  globe. 

It  was  in  this  cautious  spirit  that  Baily  acted  in  his 

l»  *  Experimental  Researches  in  Electricity/  vol.  iii.  p.  84,  &c. 
<*  *  Lectures  on  Heat,'  p.  21.  ^  Gilbert,  *Dc  Magneto/ 
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splendid  experiuionts  on  the  density  of  the  earth.  The 
accuracy  of  Ijis  results  entirely  depended  upon  the  eli- 
niiiiation  of  all  disturbing  influences,  so  that  the  oscillation 
of  his  toraion  balance  should  depend  on  gravity  alone. 
Hence  he  varied  the  apparatus  in  many  ways,  changing  the 
small  balls  subject  to  attraction,  changing  the  connecting 
rod,  and  the  means  of  suspension.  He  observed  the  effect 
of  artificial  disturbances,  such  as  the  presence  of  visitors, 
the  occurrence  of  violent  storms,  &c.,  and  as  no  real  altera- 
tion was  produced  in  the  results,  he  confidently  attributed 
them  to  gravity  ^ 

Newton  would  probably  have  discovered  the  mode  of 
constructing  achromatic  lenses,  but  for  the  unsuspected 
effect  of  some  sugar  of  lead  which  he  is  supposed  to  have 
dissolved  in  the  water  of  a  prism.  He  tried,  by  means  of 
a  glass  prism  combined  with  a  water  prism,  to  produce 
dispersion  of  light  without  refraction,  and  if  he  had 
succeeded  there  would  have  been  an  obvious  mode  of 
])roducing  refraction  without  dispersion.  His  failure  is 
supposed  to  be  due  to  his  adding  lead  acetate  to  the  water 
for  the  purpose  of  increasing  its  refractive  power,  the  lead 
.  having  a  high  dispersive  power  which  frustrated  his  pur- 
|H>so^.  Judging  from  Newton's  remarks,  in  the  *Philo- 
fc;t^phii*al  Transactions,'  it  would  ap]iear  as  if  he  had  not, 
>vitlumt  many  unsuccessful  trials,  despaired  of  the  con- 
^r motion  of  jichromatic  glasses?-'. 

'Vho  Amidomicians  of  Cimento,  in  their  early  and  in- 

^.|uvH.i*  oxiHTiments  upon  the  vacuum,  were  often  misled 

^%  ise  uxtvluwiical  imperfections  of  their  a})paratus.    They 

V^uiW  ^kat  the  air  had  nothing  to  do  with  the  pro- 

r^^-    >tettMir«  rf  the  IU>yal  Astronomical  S<.>cicty,*  vol.  xiv.  pp. 

''^     ^Bg-^     i»ft^  v£  Physiitil  Astronomy/  p.  531. 

TaMMCtlMis,'  abridged   by   Lowthorp,   4th   edition, 
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diiction  of  sounds,  evidently  because  their  vacuum  was  not 
sufficiently  perfect^.  Otto  von  Guericke  fell  into  a  like 
mistake  in  the  use  of  his  newly-constructed  air-pump, 
doubtless  from  the  unsuspected  presence  of  air  sufficiently 
dense  to  convey  the  sound  of  the  bell*. 

It  is  hardly  requisite  to  point  out  that  the  doctrine  of 
spontaneous  generation  is  due  to  the  unsuspected  presence 
of  germs,  even  after  the  most  careful  efforts  to  exclude 
them^,  and  in  the  case  of  many  diseases,  both  of  animals 
and  plants,  germs  which  we  Ixave  no  means  as  yet  of  de- 
tecting and  examining,  are  doubtless  the  active  cause.  It 
has  long  been  a  subject  of  dispute,  again,  whether  the 
plants  which  spring  up  from  newly  turned  land  grow 
from  seeds  long  buried  in  that  land,  or  from  seeds  brought 
by  the  wind.  Argument  is  unphilosophical  when  direct 
trial  can  readily  be  applied  ;  for  by  turning  up  some  old 
groimd,  and  covering  a  portion  of  it  with  a  glass  case,  the 
conveyance  of  seeds  by  the  wind  can  be  entirely  prevented, 
and  if  the  same  plants  appear  within  and  without  the 
case,  it  will  become  clear  that  the  seeds  are  in  the  earth. 
By  gross  oversight  some  experimenters  have  thought 
before  now  that  crops  of  rye  had  sprung  up  where  oats 
had  been  sown^ 

Blind  or  Test  Experiments. 

Every  correct  and  conclusive  experiment  necessarily 
consists  in  the  comparison  of  results  between  two  different 
combinations  of  circumstances.     To  give  a  fair  probability 

h  *  Esfc'ayeB  of  Natural  Experiments/  &c.  Englished  by  Richard  Waller, 
p.  50. 

i  Whewdl,  *  History  of  the  Inductive  Sciences/  3rd  edition,  vol.  ii. 
p.  246. 

^  Berkeley's  *  Introduction  to  Cryptoganiic  Botany/  pp.  258,  259. 

1  Dr.  Weissenborn,  in  the  new  series  of  *  Magazine  of  Natural  History,' 
vol.  i.  p.  574,  quoted  in  *  Vestiges  of  Creation/  2nd  edition,  p.  222. 
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that  A  is  the  cause  of  X,  I  must  maintain  invariable 
Rnrroundnig  objects  and  conditions,  and  I  must  then  shi 
that  where  A  is  X  is,  and  where  A  is  not  X  is  not.     Na 
i\\\H  cannot  really  l)e  accomplished  in  a  smgle  trial.    li 
for  iuHtance,  a  chemist  places  a  certain  suspected  substance 
in  the  Marsh's  test  apparatus,  and  finds  that  it  give^  a 
small  deposit  of  metallic  arsenic,  he  cannot  be  sure  tlmt 
the  arsenic  really  proceeded  from  the  suspected  substance; 
for  the  inijjurity  of  the  zinc  or  sulpliuric  acid  might  have 
been   the  cause  of  its  appearance.      It  is  therefore  tlie 
practice  of  chemists  to  make  what  they  call  a  blind  ex- 
periment^ that  is  t^)  try  whether  arsenic  appears  in  the 
absence  of  the  suspected  subshmco.     The  same  precaution 
ought  to  be  taken  in  all  important  analytical  operations. 
Indeed,  it  is  not  merely  a  precaution,  it  is  an  essential 
part  of  any  experiment     If  the  IJind  trial  be  not  made, 
the  chemist  merely  assumes  that  he  knows  what  would 
happen.     Whenever  we  assert  that  because  A  and  X  arc 
fdund  together  A  is  the  cause  of  X,  we  imply  and  assume, 
that  if  A  were  absent  X  would  be  absent.     But  wlierev^B 
it  is  possil>le,  we  ought  clearly  not  to  leave  this  as  (^ 
more  assumption,  or  even  as  a  matter  of  inference,     E.il- 
perience  is  ullimately  tlie    basis   of   all   our   inferences, 
but  if  we   can  with    cure    bring   immediate   experience 
to  bear  upon  the  pouit  in  question  we  should  not  tnist 
ta  jmything   rnoro   remote    and    liable    to  error.     When 
av  examined  the  magnetic  properties  of  the  beari 
in   the   absence   of  the   substance  to  be  e: 
on,  he  really  miule  a  blind  experiment  ( 

,  ako,  whenever  we  can,  to  test  the  suflBeien 
f  i£«Dy  method  of  experiment  by  introduci 
of  the  substance  or  force  to  be  detec 
process  for  the  quantitative  e 
Aould  be  tested  by  performing 


EXPERIMENT.  45 


upon  a  mixture  compounded  so  as  to  contain  a  known 
quantity  of  that  element.  The  acciuracy  of  the  gold  assay 
process  greatly  depends  upon  the  precaution  of  assaying 
alloys  of  gold  of  exactly  known  composition™.  Gabriel 
Plattes'  works  give  evidence  of  much  scientific  spirit,  and 
-when  discussing  the  supposed  merits  of  the  divining  rod 
for  the  discovery  of  subterranean  treasure,  he  sensibly 
suggests  that  the  rod  should  be  tried  in  places  where  veins 
of  metal  are  known  to  exist,  and,  we  might  add,  known  not 
to  exist". 

Negative  Results  of  Experivienl. 

When  we  pay  proper  regard  to  the  imperfection  of  all 
measuring  instruments  and  the  possible  minuteness  of 
effects,  we  shall  see  much  reason  for  interpreting  with 
caution  the  negative  results  of  experiments.  We  may 
fail  to  discover  the  existence  of  an  expected  effect,  not 
because  that  effect  is  really  non-existent,  but  because  it 
is  of  an  amount  inappreciable  to  our  senses,  or  confounded 
with  other  effects  of  much  greater  amount.  As  in  fact 
there  is  no  limit  on  d  priori  grounds  to  the  smallness  of  a 
phenomenon,  we  can  never,  on  the  groimds  of  a  single  ex- 
periment, prove  the  non-existence  of  a  supposed  effect. 
We  are  always  at  liberty  to  assume  that  a  certain  amount 
of  effect  might  have  been  detected  by  greater  delicacy  of 
measurement.  We  cannot  safely  affirm  that  the  moon  has 
no  atmosphere  at  all.  We  may  doubtless  show  that  the 
atmosphere,  if  present,  is  less  dense  than  the  air  in  the 
so-called  vacuum  of  an  air-pump,  as  did  Du  Sejoiu*.  It  is 
equally  impossible  to  prove  that  gravity  occupies  no  time 
in  transmission.  Laplace  indeed  ascertained  that  the 
velocity  of  propagation  of  the  influence  was  at  least  fifty 

™  Watts,  'Dictionary  of  Chemistry/  vol.  ii.  pp.  936,  937. 
^  *  Discovery  of  Subterrancal  Treasure,'  London,  1639,  p.  48. 
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million  times  greater  than  that  of  light"  ;  but  it  does  not 
really  follow  tliat  it  m  iiistanlaoeoiis;  and  were  there  any 
means  of  detecting  the  action  of  one  star  upon  another 
exceedingly  distant  star,  we  might  possibly  find  an  ap- 
preciable inteival  occupied  in  the  transmission  of  the 
gravitating  impidse,  Newton  could  not  demonstrate  the 
absence  of  all  resistance  to  matter  moving  through 
space,  or  the  adamantine  basis  of  light ;  but  he  ascer- 
tained by  one  of  the  most  beautit\d  experiments  with  tlie 
pendulum,  elsewhere  mure  lidly  described  (vol.  ii.  p.  55)^ 
that  ii"  such  resistance  existed,  it  was  in  amount  less 
than  one  five-thousandth  part  of  the  external  resistance 
of  the  air  P. 

Innumerable  incidents  in  the  history  of  science  tend  to 
show  thiit  phenomena^  which  one  generation  has  failed 
to  det^ect,  may  become  accurately  known  to  a  succeeding 
generation.  The  compressibility  of  water  which  the  Aca- 
demicians of  Florence  could  not  prove,  because  at  a  low 
pressure  the  effect  wi:is  too  smjiU  to  perceive,  and  at  a 
higli  pressure  the  water  oozed  through  their  silver  vessel'!, 
has  now  become  the  subject  of  exact  measurements  and 
precise  calculation*  Independently  of  Newton,  Hooke 
entertained  very  remarkable  notions  concerning  the  nature 
of  gravitation.  In  this  and  other  subjects  he  showed,  in- 
deed, a  genius  for  experimental  investigation  which  would 
have  placed  him  in  the  first  rank  in  any  other  age  than 
that  of  Newton.  He  correctly  conceived  that  the  force  of 
giTivity  would  decrease  as  we  receded  from  the  centre  of 
the  earth,  and  he  boldly  attempted  to  prove  it  by  experi- 
ment. Having  exactly  counterpoised  two  weights  in  the 
scales  of  a  bahince,  or  rather  one  weight  against  another 
weight  and  a  long  piece  of  fine  cord,  he  removed  his 

o  Lapkce,  SSystetii  of  tbe  World/  traiisl.  liy  Hiirte,  vol.  ii.  p.  322. 
P  'Priucipia/  Uk.  II.  sec,  6,  Prop.  xxxi.  Afotte's  trnnslution,  vol  ii.  p.  loS, 
'  *  Essajcs  of  Natural  Experiment^/  &t'.  p.  117. 
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balance  to  the  top  of  the  Dome  of  St.  PauUs,  and  tried 
whether  the  balance  remained  in  equilibrium  after  one 
weight  was  allowed  to  hang  down  to  a  depth  of  240  feet. 
No  difference  could  be  perceived  when  the  weights  were 
at  the  same  and  at  different  levels,  but  Hooke  rightly 
held  that  the  failure  arose  from  the  insufficient  difference 
of  height.  He  says,  *  Yet  I  am  apt  to  think  some  difference 
might  be  discovered  in  greater  heights  ^'  The  radius  of 
the  earth  being  about  20,922,cxx)  feet,  we  can  now  readily 
calculate  from  the  known  law  of  gravity  that  a  height  of 
240  would  not  make  a  greater  difference  than  one  part  in 
40,cxx)  of  the  weight.  Such  a  difference  would  doubt- 
less be  inappreciable  in  the  balances  of  that  day,  though 
it  could  readily  be  detected  by  balances  now  frequently 
constructed.  Again,  the  mutual  gravitation  of  bodies  at 
the  earth's  surface  is  so  small  that  Newton  appears  to 
have  made  no  attempts  to  demonstrate  its  existence  ex- 
perimentally, merely  remarking  that  it  was  too  small  to 
fall  under  the  observation  of  our  senses*.  It  has  since 
been  successfully  detected  and  measured  by  Cavendish, 
Baily  and  others. 

The  smallness  of  the  quantities  which  we  can  now 
observe  is  often  very  astonishing.  A  balance  will  weigh  to 
one  millionth  part  of  the  load  or  less.  Sir  Joseph  Whit- 
worth  can  measure  to  the  one  millionth  part  of  an  inch. 
A  rise  of  temperature  of  the  8800th  part  of  a  degree 
centigrade  has  been  detected  by  Dr.  Joule.  The  spectro- 
scope can  reveal  the  presence  of  the  one  180,000,000th 
part  of  a  grain  of  soda,  and  the  sense  of  smell  can  probably 
feel  the  presence  of  a  far  less  quantity  of  odorous  matter  *. 
We  must  nevertheless  remember  that  effects  of  indefinitely 

^  Hooke's  *  Posthumous  Works/  p.  182. 
B  *  Principia,'  bk.  Ill,  Prop.  vii.  Corollary  i. 

*  KeilFs  *  Introduction  to   Natural    Philosophy.'      3rd   ed.,   London, 
1733,  PP-  48-54. 
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less  amount  than  these  must  exist,  and  we  should  state 
our  negative  result  with  coiresponding  caution.  We  can 
only  disprove  the  existence  of  a  quantitative  phenomenon 
by  showing  deductively,  from  the  laws  of  nature,  tlmt  if 
present  it  would  amount  to  a  perceptible  quantity-  As 
in  the  case  of  other  negative  arguments  (vol.  ii.  p.  19)  we 
must  demonstrate  that  tlie  effect  would  appear,  where  it 
is  by  experiment  foimd  not  to  oppear. 


► 


Limits  of  Experiment 


It  will  he  obvious  that  there  are  many  operations  of 

nature  which  we  are  quite  incapable  of  imitating  in  our 
exjJcrimentB.  Our  object  is  to  study  the  conditions  under 
which  a  ceilaiu  effect  is  produced  ;  but  one  of  those  con- 
ilitions  may  involve  a  great  length  of  time.  There  are 
instances  on  record  of  experiments  extending  over  five  or 
ten  yearSj  and  even  over  a  large  part  of  a  lifetime  ;  but 
such  interv^als  of  time  are  almost  nothini;  to  the  time 
during  which  nature  may  have  been  at  w^ork.  The  con- 
tents of  a  mineral  vein  in  Cornwall  may  have  been  under- 
going gradual  change  for  a  million  years  or  more.  All 
metauiorpliic  rocks  have  doubtless  endm^ed  high  tempera- 
ture and  enormous  pressure  lor  almost  iuconccival»le 
periods  of  time,  so  that  chemical  geology  is  geneniJly 
beyond  the  scope  of  experiment. 

Argiunents  have  been  continually  brought  against 
Darwin  s  theory^,  founded  upon  the  absence  of  any  clear 
instance  of  the  production  of  a  new  species.  During 
an  historical  period  of  perhaps  foiu:  thousand  years,  no 
animal,  it  is  said,  has  been  so  much  domesticated  as  to 
become  different  in  species.  It  might  as  well  be  argued, 
as  it  seems  to  mo,  that  no  geologicid  changes  are  taking 
place,  because  no  new  mountain  has  risen  in  Great  Britain 
within  the  memory  of  man.      Our  actual  experience  of 
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geological  changes  is  like  a  mere  point  in  the  infinite  pro- 
gression of  time.  When  we  know  that  rain  water  falling 
on  limestone  will  carry  away  a  minute  portion  of  the 
rock  in  solution,  we  do  not  hesitate  to  multiply  that  quan- 
tity by  millions  and  millions,  and  assert  that  in  course  of 
time  a  mountain  may  be  dissolved  away.  We  have  actual 
experience  concerning  the  rise  of  laiid  in  some  parts  of 
the  globe  and  its  fall  in  others  to  the  extent  of  some  feet. 
Do  we  hesitate  to  infer  what  may  thus  be  done  in  course 
of  geological  ages?  As  Gabriel  Plattes  long  ago  re- 
marked, *  The  sea  never  resting,  but  perpetually  winning 
land  in  one  place  and  losing  in  another,  doth  shew  what 
may  be  done  in  length  of  time  by  a  continual  operation, 
not  subject  unto  ceasing  or  intermission'".  The  action 
of  physical  circumstances  upon  the  forms  and  characters 
of  animals  by  natural  selection  is  subject  to  exactly  the 
same  remarks.  As  regards  animals  living  in  a  state  of 
nature  the  change  of  circumstances  which  can  be  ascer- 
tained to  have  occiured  is  so  indefinitely  slight,  that  we 
could  not  expect  to  observe  any  change  in  those  animals 
whatever.  Nature  has  made  no  experiment  at  all  for  us 
within  historical  times.  Man,  however,  by  taming  and 
domesticating  dogs,  cats,  horses,  oxen,  &c.,  has  made  con- 
siderable change  in  their  circumstances,  and  we  find  con- 
siderable change  also  in  their  forms  and  character.  Sup- 
posing the  state  of  domestication  to  continue  imchanged, 
these  new  forms  would  continue  permanent  so  far  as  we 
know,  and  in  this  sense  they  are  permanent.  Thus  the 
arguments  against  Darwin's  theory,  founded  on  the  non- 
observation  of  natural  changes  within  the  historical  period, 
are  of  the  weakest  character,  being  purely  negative. 

"  'Discovery  of  Subterraneal  Treasure,'  1639,  p.  52. 
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Experiments  may  be  of  two  kinds:  experiments  of 
simple  fact,  and  experimeots  of  quantity.  In  the  first 
class  of  experiments  we  combine  certain  conditions^  and 
wish  to  ascertain  whether  or  not  a  certain  effect  of  any 
quantity  exists.  Thus  Hooke,  as  before  described,  wished 
to  ascerUtin  whether  or  not  tliere  was  any  diiference  in  the 
force  of  gravity  at  the  top  and  bottom  of  St,  Paul's  Cathe- 
dral. The  chemist  continually  performs  analyses  for  the 
purpose  of  ascertaining  whether  or  not  a  given  element 
exists  in  a  particular  mineral  or  mixture  ;  all  such  experi- 
ments and  anidyses  are  qualitative  ratlier  than  quantita- 
tive, because  though  the  result  may  be  more  or  less,  and  is 
necessarily  quantitative,  the  particular  amount  of  the  result 
is  not  the  immediate  object  of  the  enquiry. 

So  soon,  however,  as  a  result  is  known  to  be  dis- 
coverable, the  scientific  man  ought  to  proceed  to  the 
strictly  quantitative  enquiry,  how  great  a  result  follows 
from  a  certain  amount  of  the  conditions  which  are  sup- 
posed to  constitute  the  aggregate  cause  ?  The  possible 
numbers  of  experiments  are  now  indefinitely  great,  for 
every  variation  in  a  necessary  condition  will  usually  pro- 
duce a  variation  in  the  amount  of  the  effect.  The  method 
of  variation  which  thus  arises  is  no  narrow  or  speckd 
method,  but  it  is  the  geneml  application  of  experiment  to 
phenomL^ua  capable  of  continuous  quautity.     As  Professor 
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Fowler  has  well  remarked",  the  observation  of  variations 
is  really  an  integration  of  a  supposed  infinite  number  of 
applications  of  the  so-called  method  of  difference,  that 
is  of  experiment  in  its  perfect  form. 

In  induction  we  aim  at  establishing  a  general  law,  and 
if  we  deal  with  quantities  that  law  must  really  be  expressed 
more  or  less  obviously  in  the  form  of  an  equation,  or  it 
may  be  in  more  than  one  equation.  We  treat  as  before  of 
conditions,  and  of  what  happens  under  those  conditions. 
But  the  conditions  will  now  vary,  not  in  quality,  but 
quantity,  and  the  effect  will  also  vaiy  in  quantity,  so  that 
the  result  of  quantitative  induction  is  always  to  arrive  at 
some  mathematical  expression  involving  the  quantity  of 
each  condition,  and  expressing  the  quantity  of  the  result. 
In  other  words,  we  wish  to  know  what  function  the  effect 
is  of  its  conditions.  We  shall  find  that  it  is  one  thing  to 
obtain  the  numerical  results,  and  quite  another  thing  to 
detect  the  law  obeyed  by  those  results,  the  latter  being  an 
operation  of  an  inverse  and  tentative  character. 

The  Variable  and  the  Variant 

Almost  every  series  of  quantitative  experiments  is 
directed  to  obtain  the  relation  between  the  different 
values  of  one  quantity  which  is  varied  at  will,  and  an- 
other quantity  which  is  caused  thereby  to  vary.  We 
may  conveniently  distinguish  these  as  respectively  the 
variable  and  the  variant.  When  we  are  examining  the 
effect  of  heat  in  expanding  bodies,  heat,  or  one  of  its 
dimensions,  temperature,  is  the  variable,  length  the 
variant.  If  we  compress  a  body  to  observe  how  much 
it  is  thereby  heated,  pressure,  or  it  may  be  the  dimensions 
of  the  body,  forms  the  variable,  heat  the  variant.  In 
thermo-electric  pile  we  make  heat  the  variable  and  the 

a  *  Elements  of  Inductive  Logic/  ist  edit.  p.  175. 
E  2 


meiisure  electricity  as  the  variant.     That  one  of  the  two 
measured  quantities  which  is  an  antecedent  condition  of 

the  other  will  be  the  vaiiable. 

It  will  always  be  convenient  to  have  the  variable  en- 
tirely under  our  command.  Experiments  may  indeed  l^e 
made  \Wth  accuracy,  pro\dded  we  can  exactly  measure  the 
variable  at  tlie  moment  when  the  quantity  of  the  effect  ifl 
debjrmined  by  it.  But  if  we  have  to  tnist  to  the  action 
of  Home  cnpricioiis  and  very  uncertain  force,  there  may  be 
great  dilfiuulty  in  making  exact  measurements,  and  thoee 
results  may  not  be  disposed  over  the  whole  range  of  j 
quantity  in  a  convenient  manner.  It  is  one  prime  object] 
of  tixe  experimenter,  therefore,  to  obtain  a  regular  and 
governable  supply  of  the  cause  or  force  which  lie  is  in- 
vestigating. To  determine  correctly  the  efficiency  of  wind- 
mills, when  the  natural  winds  were  constantly  varying  in  ? 
force,  would  be  exceedingly  difficult  Smeaton,  therefore,] 
in  his  experiments  on  the  subject,  created  a  uniform  arti- 
ficial wind  of  the  required  force  by  moving  Ids  models 
against  the  air  on  the  extremity  of  a  revolving  arm**. 
The  velocity  of  the  wind  could  thus  be  rendered  greater 
or  less,  it  could  be  maintained  uniform  for  any  length  of 
time»  and  its  amount  could  be  exactly  ascertained.  In 
detennining  the  laws  of  the  cliemical  action  of  light  it  | 
would  be  out  of  the  question  to  employ  the  rays  of  the 
8un,  which  vary  in  intensity  with  the  clearness  of  the 
atmosphere,  and  with  every  paBsing  cloud.  One  great 
i>i>nrce  of  difficulty  in  photometry  and  the  experimental 
itiw^tigntion  of  the  chemical  action  of  light  consists  in 
uiiing  a  perfectly  uniform  and  governable  source  of  j 

N-^^^l^licfi]  Ti-ftiiawctions/  \o\.  li,  p.  138 ;  abnMgnieiit,  vol.  xi.  p. 355*! 
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Fizeau's  method  of  measuring  the  velocity  of  light 
enabled  him  to  appreciate  the  time  occupied  by  light  in 
travelling  through  a  distance  of  eight  or  nine  thousand 
metres.  But  the  revolving  mirror  of  Wheatstone  sub- 
sequently enabled  Foucault  and  Fizeau  to  measure  the 
velocity  in  a  space  of  four  metres.  In  this  latter  method 
there  was  the  obvious  advantage  that  various  media  could 
be  substituted  for  air,  and  the  temperature,  density,  and 
other  conditions  of  the  experiment  accurately  governed  or 
defined. 

Measurement  of  the  Variable. 

There  is  little  use  in  obtaining  exact  measurements  of 
an  effect  unless  we  can  also  exactly  measure  the  conditions 
with  which  the  effect  is  to  be  connected.  It  is  absurd  to 
measure  the  electrical  resistance  of  a  piece  of  metal,  its 
elasticity,  tenacity,  density,  or  other  physical  qualities,  if 
these  vary  in  degree,  not  only  with  the  minute  and  almost 
inappreciable  impurities  of  the  metal,  but  also  with  its 
physical  condition.  If  the  same  bar  changes  its  properties 
by  being  heated  and  cooled,  and  we  cannot  exactly  define 
the  state  in  which  it  is  at  any  moment,  our  care  in 
measuring  will  be  wasted,  because  it  can  lead  to  no  law. 
It  is  of  little  use  to  determine  very  exactly  the  electric 
conductibility  of  carbon,  which  as  graphite  or  gas  carbon 
conducts  like  a  metal,  as  diamond  is  alniost  a  non-con- 
ductor, and  in  several  other  forms  possesses  variable  and 
intermediate  powers  of  conduction.  It  will  be  of  use  only 
for  immediate  practical  applications.  Before  measuring 
these  we  ought  to  have  something  to  measure  of  which 
the  conditions  are  capable  of  exact  definition,  and  to 
which  at  a  future  time  we  or  others  can  recur.  Similarly 
the  accuracy  of  our  measurement  need  not  much  surpass 
the  accuracy  with  which  we  can  define  the  conditions  of 
the  object  treated. 


The  speed  of  electricity  in  passing  througli  a  conductor 
mainly  depends  upon  the  inductive  capacity  of  the  sur- 
rounding 8ul>stanees»  and,  except  for  technical  or  special 
purposes,  there  is  little  use  in  merisuring  velocities  which 
in  some  cases  are  one  hundred  times  as  great  as  in  other 
casea     But  the  maxiraura  speed  of  electric  conduction  is 
probably  a  constant  qiiantity  of  great  scientific  importance, 
and  according  to  Prof.  Clerk  Maxwells  determination  in 
1868  is  174,800  miles  per  second,  or  little  less  than  that 
of  light.     The  true  boiling  point  of  water  is  a  point  on 
wliich  all  practical  thermometry  depends,  and  it  is  highly 
important  to  determine  that  point  in  relation  to  the  ab- 
solute thermometric  scale.     But  when  water  free  from  air 
and  impurity  is  lieMted  there  seems  to  be  no  deHnite  limit 
tiJ  the  temperature  it  may  reach,  a  temperature  of  356' 
Fahr.  having  been  actually  oliserved.    Such  temperatures, 
therefore,  do  not  require  very  accumte  measurement.     All 
meteorological  measurements  depencUng  on  the  accidental 
condition  of  the  sky  are  of  infinitely  less  importance  than 
physical  measurements  in  which  such  accidental  conditions 
do  not  intervene.     Many  profound  investigations  depend 
upon  our  knowledge  of  the  mdiant  energy  continually 
poured  upon  the  earth  bj^  the  sun  ;    but   this   must  be 
measured  when  the  sky  is  perfectly  clear,  and  the  absorp- 
tion of  the  atmosphere  at  its  minimum.     The  slightest 
interference  of  cloud  destroys  the  value  of  such  a  measure- 
ment, except  for  meteoroh:>gical  purposes,  which   are  of 
v;istlv  less  generality  and  importance*    It  is  seldom  use- 
fil,  iup^vn,  to  measure  such  a  quantity  as  the  height  of 
i-j,owH»vered  mountain  i;\athin  a  foot,  when  tlie  thick- 
^        ^^"^  tW  saiow  alone  may  cause  it  to  vaiy  25  feet  or 
4im  in  i^h^^^t  the  height  itself  is  indefinite  to  that 
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Maintenance  of  Similar  Comfit  ions. 

Our  ultimate  object  in  induction  must  W  to  obtain  tht* 
complete  relation  between  the  conditions  and  tho  otVtH't, 
but  this  relation  will  generally  l>e  so  com{>lox  that  wi»  van 
only  attack  it  in  detail.  We  must,  at^  far  as  ]M>SHil)lr,  con- 
fine the  variation  to  one  condition  at  a  time,  atnd  eHtal)liHh 
a  separate  relation  between  each  condition  and  tho  ofloct. 
This  will  be  at  any  rate  the  first  step  in  approximatinj;  to 
the  complete  law,  and  it  will  l)e  a  subscqiujnt  qinjHtion 
how  far  the  simultaneous  variation  of  several  conditions 
modifies  their  separate  actions.  In  many  of  the  most  im- 
portant experiments,  indeed,  it  is  ojily  one  condition  which 
we  wish  to  study,  and  the  others  are  merely  interfering 
forces  which  we  would  gladly  avoid  if  possible.  One  of 
the  conditions  of  the  motion  of  a  pendulum  is  the  resist- 
ance of  the  air,  or  other  medium  in  which  it  swings  ;  but 
when  Newton  was  desirous  of  proving  the  equal  gravita- 
tion of  all  sulistances,  he  hjwl  no  interest  in  so  entirely 
different  a  force  oh  the  effect/  of  the  air.  J I  is  objf^ct  was 
then  to  observe  a  single  fon-M  only,  and  so  it  in  in  a  great 
many  other  (tx\)(tr\m"MiM.  A('r/frt]\ui(]y  one  of  the  mort 
important  rnetli^Alit  of  \tiV^^^v/'tUnt$  ^y/nmt**  in  rnHmX^xiiniig 
all  the  Cfju4iUoi>v  of  lik^r  wu^^n/iwUt  ez'>ffA  tloat  which  if? 
to  be  fftudi'^^J,  A>,  tJj;^!  .vl^/^iraiij*;  -r^j^rrir/^^rjjVa]  p}jikyHop}jf:T, 
Gilbert,  exj;f'?>.iy'/i  ;r^  '77^^-f<;  }>:  «»)ia'-;«v«  n^^:^i  <^  friiu-jilar 
prepana-Tj/A'j.  <A  v:i!..,y.r  \y/yn\  >.^A  '/f  'i/^'JWaJ  y/xaj./7jhT>3^r,  for 
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stances,  so  that  the  total  weights  should  be  exactly  equal 
aiid  the  centres  of  oscillation  at  the  same  distance  from 
the  points  of  suspension.  Hence  the  resistance  of  the  air 
became  approximately  a  matter  of  incliiferenoe  ;  for  the 
outward  size  and  shape  of  the  pendulums  being  exactly 
the  same,  the  absolute  force  of  resistance  would  be  the 
same,  so  long  as  the  pendulums  vibrated  with  equal 
velocity  ;  and  the  weights  being  equal  the  force  would 
diminish  the  velocity  in  like  degree.  Hence  if  any  in- 
equality were  observed  in  the  vibrations  of  the  two  pen- 
dulums, it  must  arise  from  the  only  circumstance  which 
was  diflbrent,  namely  the  chemical  cliaracter  of  the  matter 
within  the  boxes.  Nt*  inequality  being  observeil,  the 
chemical  nature  of  substances  can  have  no  appreciable 
influence  upon  the  force  of  gravitation  if. 

A  Ijeautiful  experiment  whs  devised  by  Dr.  Joule  for 

the  pur[)ose  of  showing  that  the  gain  or  loss  of  heat  by  a 

gas  is  connected,  not  with  the  mere  change  of  its  volume 

and  density,  but  with  the  energy  received  or  given  out  by 

the  gas.  Two  strong  vessels,  connected  by  a  tube  and  stop* 

cock,  were  surrounded  entirely  with  water  after  the  air 

had  been  exhausted  from  one  veasel  and  condensed  in  the 

othrr  to  the  extent  of  twenty  atmospheres*     The  wdiole 

apparatus  having  been  brought  to  a  uniform  temperature 

by  agitating  the  w%'\ter,  and  the  temperature  having  been 

exactly  observed,  the  stop-cock  was  opened,  so  that  the 

air  at  once  expanded  and  filled  the  two  vessels  unifarmly, 

Ttu^  temperature  of  the  water  being   again   noted  was 

fo\md  U>  be  almost  entirely  unchfinged.     The  experiment 

was  then  repeated  in  an  exactly  similar  manner,  except 

that  the  strong  vessels  were  placed  in  sepamte  portions 

nf  water.    It  ^va^  then  discovered  that  cold  was  produced 

in  llo  vessel  trom  which  the  air  rushed,  and  an  almost 

I5^uu5»iy  eqnal  quantity  of  heat  appeared  in  that  to  which 
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it  was  conducted.  Thus  Dr.  Joule  clearly  proved  that 
raxefaction  produces  as  much  heat  as  cold,  and  that  only 
when  there  is  a  disappearance  of  mechanical  energy  will 
there  be  production  of  heat  \  What  we  have  to  notice, 
however,  is  not  so  much  the  result  of  the  experiment,  as 
the  admirably  simple  manner  in  which  a  single  change  in 
the  apparatus,  the  separation  of  the  portions  of  water 
surrounding  the  strong  air  vessels,  is  made  to  give  indi- 
cations of  the  utmost  significance. 

Collective  Experiments. 

There  is  an  interesting  class  of  experiments  which 
enable  us  to  observe  an  indefinite  number  of  quantitative 
results  in  one  act.  Generally  speaking,  each  experiment 
yields  us  but  one  number,  and  before  we  can  approach 
the  real  processes  of  reasoning  we  must  laboriously  repeat 
measurement  after  measurement,  until  we  can  lay  out  a 
pretty  complete  curve  of  the  variation  of  one  quantity  as 
depending  on  another.  Now  we  can  sometimes  abbreviate 
this  labour,  by  making  one  quantity  vary  in  different 
parts  of  the  same  apparatus  through  every  required 
amount.  Thus  in  observing  the  height  to  which  water 
rises  by  the  capillary  attraction  of  a  glass  vessel,  we  may 
take  a  series  of  glass  tubes  of  different  bore,  and  measure 
the  height  through  which  it  rises  in  each.  But  if  we 
take  two  glass  plates,  and  place  them  vertically  in  water, 
so  as  to  be  in  contact  at  one  vertical  side,  and  slightly 
separated  at  the  other  side,  the  interval  between  the 
plates  varies  through  every  intermediate  width,  and  the 
water  rises  to  a  corresponding  height,  producing  at  its 
upper  surface  a  hyperbolic  curve. 

The  absorption  of  light  in  passing  through  a  coloured 
liquid  may  be  beautifully  shown  by  enclosing  the  liquid 

*»  'Philosophical  Magazine/  3r(l  Series,  vol.  xxvi.  p.  375. 
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in  a  wedge-shaped  glass,  so  that  we  have  at  a  single 
glance  an  infinite  variety  of  thicknesses  in  view, 

Newton  himself  remarked,  a  red  liquid  viewed  in  this 
manner  is  found  t^i  have  a  pale  yellow  colour  at  the 
tliinneat  part,  and  it  passes  through  orange  into  red, 
which  gradually  becomes  of  a  deeper  and  darker  tint^ 
Tlie  effect  may  be  noticed  even  in  a  common  conical  wine- 
ghi88.  The  prismatic  analysis  of  light  from  such  a  wedge- 
nhaped  vessel  diKcloses  the  reason^  by  exhibiting  the  pro- 
gressive absorption  of  different  rays  of  the  spectrum  as 
investigated  by  Dn  J.  H,  Gladstone K 

A  moving  body  may  sometimes  be  made  to  mark  out 
its  own  course,  like  a  shooting  star  wliich  leaves  a  tail 
behind  it.  Thus  an  inclined  jet  of  water  exhibits  in  the 
clearest  manner  the  parabolic  path  of  a  projectile.  In 
Wheatstone's  Kaleidophone  the  curves  produced  by  the 
conilnnatitm  of  vibrations  of  different  ratios  are  shown  by 
placing  lirigbt  reflective  buttons  on  the  tops  of  wires  of 
vaiious  forms.  The  motions  are  performed  so  quickly 
that  the  eye  receives  the  impression  of  the  path  as  a  com- 
plete whole,  just  as  a  burning  stick  whirled  round  pro- 
duces a  continuous  circle.  The  law^s  of  electric  induction 
are  beautifully  sho\vn  when  iron  filings  are  brought  under 
the  influence  of  a  magnet,  and  fall  into  curves  correspond- 
ing to  what  Faraday  called  the  Lines  of  Magnetic  Force. 
When  Faraday  tried  to  define  what  he  meant  by  his 
lines  of  force,  he  was  obliged  to  refer  to  tlie  filings.  '  By 
magnetic  curves/  he  says^,  *  I  mean  lines  of  magnetic 
forces  which  would  be  depicted  by  iron  filings.'  Eobison 
^lail  previously  prodaeod  similar  curves  by  the  action  of 
tiomil  electricity  "^  and  from  a  mathematical  investiga- 

i  'Op^H'ks,'  3rd  edit.  j>.  159. 

I  l^'OU, '  Dictionary  of  Chcmistrj-/  vol  iii.  p.  637. 
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tion  of  the  forms  of  such  curves  we  may  inter  that  mag- 
netic and  electric  attractions  obey  the  general  law  of 
emanation,  that  of  the  inverse  square  of  the  dist^mce.  In 
the  electric  brush  we  have  another  similar  exhibition  of 
the  laws  of  electric  attraction. 

There  are  several  branches  of  science  in  which  col- 
lective experiments  have  been  used  with  great  ad- 
vantage. Lichtenberg's  electric  figures,  produced  liy 
scattering  electrified  powder  on  an  electrified  resin  c'ik<\ 
so  as  to  show  the  condition  of  the  latter,  Huggf^st^jd  to 
Chladni  the  notion  of  discovering  the  state  of  vibmtion  of 
plates  by  strewing  sand  upon  them.  The  Stind  cf)lIoctH  at 
the  points  where  the  motion  is  least,  and  wo  gain  at  a 
glance  a  comprehension  of  the  general  form  of  undulation 
of  the  whole  plate.  To  this  method  of  experiment  wu  ow(j 
the  beautiful  observations  of  Savart.  1'Ijo  oxfjniHito 
coloured  figures  exiiibited  by  plates  of  crysbil,  wlntn  «jx- 
amined  by  polarized  light,  afford  a  mon;  conij)licul(Hl 
example  of  the  same  kind  of  investigation.  1'lj<*y  lod 
Brewster  and  Fresnel  to  a  successful  explanation  of  tli(5 
properties  of  the  optic  axes  of  crystals.  The  iHKjqual 
conduction  of  heat  in  crystalline  substiinces  has  also  been 
shown  in  a  similar  manner,  by  spreading  a  tliin  layer  of 
wax  over  the  plate  of  crystal,  and  applying  heat  to  a 
single  point.  The  wax  then  melts  in  a  circular  or  elliptic 
area  according  as  the  rate  of  conduction  is  uniform  or  not. 
Nor  should  we  forget  that  Newton's  rings  were  an  early 
and  most  important  instance  of  investigations  of  the  same 
kind,  showing  the  effects  of  interference  of  light  undula- 
tions of  all  magnitudes  at  a  single  view.  Sir  John 
Herschel  gave  to  all  such  opportunities  of  observing 
directly  the  results  of  a  general  law,  the  name  of  Col- 
lective Instances^y  and  I  propose  to  adopt  the  name 
Collective  Exj)eriments, 

n  '  Preliminary  Discourse/  &c ,  p.  185. 
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Such  experiments  will  in  many  subjects  only  give  the 
fii-st  hint  of  tlie  nature  of  the  law  in  question,  but  will 
not  admit  of  any  exact  measurements.  The  parabolic  fonn 
of  a  jet  of  water  may  well  have  suggested  to  Galileo  his 
views  concerning  the  path  of  a  projectile ;  but  it  would 
not  serve  now  fur  the  exact  investigation  of  the  laws 
of  gravity.  It  is  not  likely  too  that  capillary  attraction 
could  be  exactly  measured  by  the  use  of  inclined  plates 
of  glass,  and  the  tubes  would  probably  be  better  for 
precise  investigation.  As  a  general  rule,  these  collective 
experiments  would  be  most  useful  for  popular  instruction 
and  illustration  of  the  laws  of  science.  But  when  the 
curves  and  figures  produced  are  of  a  precise  and  per- 
manent character,  as  in  the  coloured  figures  produced  by 
crystalline  plates,  they  may  admit  of  exact  measurement, 
and  may  often  be  the  only  mode  of  approaching  the  ques- 
tion. Newton's  rings,  diffraction  fringes,  and  other  effects 
of  the  interference  of  light,  allow  of  very  accurate 
measurements. 

Under  the  class  of  collective  experiments  we  may  per- 
haps phice  those  in  which  we  render  visible  the  motions 
of  a  mass  of  gas   or   liquid   by  diff\ising   some  opaque 
substance  in  it.     The  behaviour  of  a  body  of  air  may 
often  be  studied  in  a  beautiful  w^ay  by  the  use  of  smoke, 
as  in  the  production  of  smoke  rings  and  jets.     In  the  case 
of  liquids  lycopodium  powder  is  sometimes  employed.     To 
dottvt  the  mixture  of  currents  or  strata  of  Hquid,  I  em- 
plovovl  oxcoodingly  dilute  solutions  of  common  salt  and 
ftilvor  uitrato,  which  produce  a  very  ^'isible  cloud  wherever 
iKcv  A^^o  into  contact".    Atmospheric  clouds  often  reveal 
tr  ^?s  tW  :;vvxnuonts  of  great  volumes  of  air  which  would 
^n:^-v->v  >«  v»^«Jtv  unapparent. 

>xi>ai,i***«M  >t^?*4iw<*.'  '^"lyi  '857»  4tli  Series,  vol.  xiv.  p.  24. 
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Periodic  Variations. 

A  very  large  and  important  class  of  investigations  are  con- 
cerned with  Periodic  Variations.  We  may  define  a  periodic 
pbenomenon  aa  one  which,  with  the  constant  and  uniform 
change  of  the  variable,  returns  time  after  time  to  the 
same  value.  If  we  strike  a  penduluip  it  presently  returns 
to  the  point  from  which  we  disturbed  it,  and  with  the 
uniform  progress  of  time  goes  on  making  excursions  and 
returning,  until  stopped  by  the  dissipation  of  its  energy. 
If  one  body  in  space  approaches  by  gravity  towards 
another,  they  will  revolve  round  each  other  in  an  elliptic 
orbit,  and  return  for  an  indefinite  niunber  of  times  to  the 
same  relative  positions.  On  the  other  hand  a  single  body 
projected  into  empty  space,  away  from  the  action  of  any 
extraneous  force,  would  go  on  moving  for  ever  in  a 
straight  line,  according  to  the  first  law  of  motion.  In  tlie 
latter  case  the  variation  is  called  secular,  because  it  pro- 
ceeds during  ages  in  a  similar  manner,  and  suffers  no 
ireploio^  or  going  round.  It  may  be  doubted  whether 
there  really  is  any  motion  in  the  universe  which  is  not 
periodical.  Mr.  Herbert  Spencer  long  since  adopted  the 
doctrine  that  all  motion  is  ultimately  rhythmical  P,  and 
abmidance  of  evidence  may  be  adduced  in  favour  of  his 
view.  The  so-called  secular  acceleration  of  the  moon's 
motion  is  certainly  periodic,  and  as,  so  far  as  we  can  tell, 
no  body  is  beyond  the  attractive  power  of  other  bodies, 
rectilinear  motion  becomes  purely  hypothetical,  or  at  least 
infinitely  improbable.  All  the  motions  of  all  the  stars 
must  tend  to  become  periodic.  Though  certain  distiu-b- 
ances  in  the  planetary  system  seem  to  be  uniformly  pro- 
gressive, Laplace  is  considered  to  have  proved  that  they 
really  have  their  limits,  so  that  after  an  almost  infinitely 
great  time,  aU  the  planetary  bodies  might  return  to  the 
p  'First  Principles,'  3rd  edit.  chap.  x.  p.  253. 
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eaine  exact  places,  and  the  stability  of  the  system  be  esta- 
blished. 

But  any  eucli  theory  of  periodic  stability  is  really  hypo- 
tlieticaJ,  and  does  not  take  into  account  a  multitude  of 
phenomena  resulting  in  the  dissipation  of  energy,  which 
may  be  a  really  secular  process  incapable  of  restoration. 
For  our  present  purposes  we  really  need  not  attempt  to 
form  any  opinion  on  such  lofty  questions.  Any  change 
which  does  not  present  the  appearance  of  a  periodic 
character  will  be  empb'ically  regarded  as  a  secular  change 
for  the  present,  so  that  there  will  be  an  abundant  supply 
of  nun-i>eri(>dic  variations. 

The  variations  which  we  produce  experimentally  will 

often  be  non-periodic.     When  we  communicatt^  heat  to 

gas  it  increases  in  bulk  or  pressure,  and  as  far  as  we 

go  the  higiier  the  temperaturo  the  higher  the  pressur 

Our  ex})eiunentB  are  of  course  restricted  in  temperature' 

both  above  and  below,  but  there  is  every  reason  to  believe 

that  tlie  bulk  being  the  siime,  the  pressure  would  neve 

return  to  the  same  point  at  any  two  different  temper 

tures.     We  may  of  course  repeatedly  raise  and  lower  the 

temi>emture  at  regular  or  irregular  intervals  entire))^  at 

our  will,  and  the  pressure  of  the  gas  will  vary  in  like 

manner  and  exactly  at  the  same  interv^als,  but  such 

irbitrary  series  of  changes  would  not  constitute  Periodic 

Variation,     It  would  cotistltute  a  succession  of  distinct 

aneriment.s  wliich  would  place  beyond  reasonable  doubt 

^connexion  of  cause  and  eftect, 

Vkeaever  a  phenomenon  recurs   at   equal  or  nearly 

^jjjgr^^  there  is,  according  to  the  theory  of  pro- 

adetuble  evidence  of  connexion,   because  if 

entirely   casual   it  is  excee(^' 

nld  happen  at  equal  intervals. 

\irilUant  comet  had  appeared 


45|fc,  i53i>  ^^^7^  and  1682,  gave  con- 
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siderable  presumption  in  favour  of  the  identity  of  the 
body  apart  from  the  similarity  of  the  orbit.  There  is 
nothing  which  so  strongly  fascinates  the  attention  of  men 
as  the  recurrence  time  after  time  of  some  unusual  event. 
Things  and  appearances  which  remain  ever  the  same, 
like  mountains  and  valleys,  fail  to  excite  the  curiosity  of 
a  primitive  people.  It  has  been  remarked  by  Laplace 
that  even  in  his  day  the  rising  of  Venus  in  its  brightest 
phase  never  failed  to  excite  suiprise  and  interest.  So 
there  is  little  doubt  that  the  first  germ  of  physical 
science  arose  in  the  attention  given  by  Eastern  people  to 
the  changes  of  the  moon  and  the  motions  of  the  planets. 
One  of  the  earliest  astronomical  discoveries  must  have 
consisted  in  proving  the  identity  of  the  morning  and 
evening  stars,  on  the  ground  of  their  similarity  of  aspect 
and  invariable  alternation  *J.  Periodical  changes  of  a 
somewhat  complicated  kind  must  have  been  understood 
by  the  Chaldseans,  because  they  were  aware  of  the  cycle 
of  6585  days  or  19  years  which  brings  round  the  new 
and  full  moon  upon  the  same  days,  hours,  and  even 
minutes  of  the  year.  The  earliest  efforts  of  scientific 
prophecy  were  founded  upon  this  knowledge,  and  if  at 
present  we  cannot  help  wondering  at  the  precise  antici- 
pations of  the  nautical  almanack,  we  may  readily  imagine 
the  wonder  excited  by  such  successful  predictions  in 
early  times. 

Combined  Periodic  Changes. 

We  shall  seldom  or  never  find  a  body  subject  to  a  single 
periodic  variation,  and  free  from  any  other  disturbances. 
As  a  general  rule  we  may  expect  the  periodic  variation 
itself  to  undergo  variation,  which  may  possibly  be  secular 
or  incapable  of  repetition,  but   is  more  likely  to  prove 

<i  Laplace,  *  System  of  the  World/  vol.  i.  pp.  50,  54,  &c. 
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pa"io<Jic  likewise  ;  nor  in  there  any  lituit  to  the  comph"ca- 
tiun  uf  periods  beyond  periods,  or  periods  within  periods, 
whidi  njay  ulthnately  be  disclosed.  In  studying,  then,  a 
phenomenon  of  rhythmical  character  we  have  a  succession 
of  fiueHtions  to  ask.  Is  the  periodic  variation  uniform? 
If  not,  18  the  change  unilurm  ?  If  aiot,  is  the  change  itself 
{H^riodic  t  Is  that  new  period  uniform,  or  subject  to  any 
olhiT  changt%  or  not  {  and  so  on  ad  wfiniiiim. 

In  home  cases  there  may  be  many  distinct  causes  of 
jH*riodic  variations,  and  according  to  the  principle  of  the 
nuperposition  of  small  effects,  to  be  afterwards  more  fully 
oouiiiilered,  these  periodic  effects  will  be  simply  added 
tt>gether,  or  at  least  approximately  bo,  and  the  joint  result 
may  present  a  very  complicated  subject  of  investigation. 
Thus  the  tides  of  the  ocean  ctmsist  of  a  series  of  super- 
imposed untlulations,  of  which  the  number  and  character 
have  by  no  means  been  determined  as  yet.  Not  only  are 
there  the  ordniary  and  very  obvious  semi-diurnal  tides 
caused  by  .sun  and  moon,  but  a  series  of  minor  tides, 
guch  as  the  lunar  diurnal,  the  solar  diurnal,  tlie  lunar 
montlily,  the  kmar  fortnightly,  the  solar  annuid  and  solar 
pemi-aunual  are  gradually  being  disentangled  by  the 
Is^boui^s  of  Sir  W.  Tiiomson  and  others'*. 

Variable  stars  present  very  interesting  periodic  pheno- 
y^\(e\m ;  while  some  stars,  cS  Cephei  for  instance  are 
W^^j^**  tA^  very  regular  and  equal  variations,  others,  like 
\\\^  lVli»  aitJ  less  constant  in  the  degrees  of  brilliancy 
v^h^^  tWy  attain  or  the  rapidity  of  the  changes,  pos- 
/^  «l4\H)Unt  of  some  much  longer  periodic  variation*. 
4  tiVil©  |)rcscnts  a  double  maximum  and 
^  MOh  of  its  periods  of  nearly  13  days,  and 
iii^^Wry  of  this  variation  the  period  in  a  period 
\w^\  on  tliG  increase.     'At  first  the  varia- 

,  H<.|wH/  1870,  p.  120. 
\Vi*^*^»  rf  AMrunomy/  4tli  e*l»t.  pp.  565-S57- 


bility  was  more  rapid,  then  it  became  gradually  slower ; 
and  tills  decrease  in  the  length  of  time  reached  its  limit 
between  ttie  ye^rs  1840  and  1844,  During  that  time  its 
period  was  nearly  invariable ;  at  present  it  is  again 
decidedly  on  the  decrease*/*  It  is  evident  that  the 
tracing  out  of  such  comp limited  variations  presents  aa 
almost  unlimited  field  for  interesting  investigation.  The 
number  of  such  variable  stars  already  known  is  consider- 
able, and  there  is  no  reason  to  suppose  that  any  appreciable 
fraction  of  the  whole  number  has  yet  been  detected. 


Principle  of  Forced  Vihrations, 

All  investigations  of  the  connection  of  periodic  causes 
and  effects  rest  upon  a  most  important  and  general  prin- 
ciple, which  has  been  demonstrated  by  Sir  John  Herschel 
for  some  special  cases,  and  clearly  explained  by  him  in 
several  of  his  works".  The  principle  may  be  formally 
stated  in  the  following  manner  :  *  If  one  part  of  any 
system  connected  together  either  by  material  ties,  or  by 
the  mutual  attractions  of  its  members,  be  continually 
maintained  by  any  cause,  whether  inherent  in  the  consti- 
tution of  the  system  or  external  to  it,  in  a  state  of  regular 
periodic  motion,  that  motion  will  be  propagated  through- 
out the  whole  systems,  and  will  give  rise,  in  every  member 
of  it,  and  in  every  part  of  each  member,  tcj  periodic  move- 
ments executed  in  equal  period,  with  that  to  which  they 
owe  their  origin,  though  not  necessarily  synchronous  with 
them  in  their  maxima  and  minima.'  The  meanhig  of  the 
proposition  is  that  the  effect  of  a  periodic  cause  will  be 
periodic,  and  will  recur  at  intervals  equal  to  those  of  the 

*  HumlHjldt's  'Cusmos*  (Bohti).  vol,  iii,  p»  229. 

"  *  EucyclopfKdia  Metropolituna/  art.  Sound,  §  323 ;  *  Outlines  of 
Astronomy/  4th  edit.  §  650,  pp,  410,  487-88  \  *  Meteorology/  Reprint, 
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y.v\>K\    .\iV«>nlini,Hv  wIk'ucvuI"  \\i)  find  any  two  phenomeiiu 
wlii.h  do  [»nHH'ril,  linu*   nftcT  time,  tlirough  changes  of 
o\.utlv   tho  sanir  pmoil,  tliore  is  much  probability  that 
ilu'v  aiv  I'DUiuvtcil.  It  was  in  this  manner,  doubtless,  that 
I'linv  o>nvetly  conjectured  that  the  cause  of   the   tides 
lav    in    the    sun   and   moon,   the   intervals   between  suc- 
cessive high  tides  being  equal  to  the  intervals  between 
the   nK»t»ns    passjige  across  the   meridian.      Kepler  and 
IVscartcs     too     admitted     the    connection    previous    to 
"Newton's   di'monstration    of  its   precise   nature.       When 
Hraillev    ilisci»vcivd    the   appaient   motion   of    the    stars 
arisiii^^  from  the  alierration  of  light,  he  was  soon  able  to 
attribute  it  to  the  earths  annual  motion,  because  it  went 
throu^di  all  its  pliases  in  exactly  a  year. 

The  most  extensive  and  beautiful  instance  of  induction 

concerning  periinlie  changes  which  can  be  cited,  is  that  of 

'uc  discovery  of  an  eleven-year  period  in  various  meteoro- 

.j.'LOul  and  astronomical  j>hen()mena.    It  would  be  difficult 

,^nieution  any  two  things  apparently  more  disconnected 

^Ue  spots  upon  the  sun  and  auroras.     As  long  ago  as 

Scuwalv,  of  Pess;iu,  commenced  a  regular  series  of 

■\uti«*ii5^  y>^  ^l^^'  sj)ots  upon  the  sun,  which  has  been 

.  ^2  ro  the  present  time,  and  he  was  able  to  show 

.,-^^.v:ils  of  about  eleven  years  the  spots  increased 

^  ^  .  ^ize  i^^"^^  number.     Hardly  was  this  discovery 

—     I     "I  'hiiU  ^^'  Li^ii^ont  pointed  out  a  nearly  equal 

....  .-••»  '"*  .  ^^^^   in  the   magnetic  needle  jis  regards 

•   •"  -v.^  .»^vusional   magnetic  storms  or  sudden 

-■•"^  ^  ......4^'^^  ^^^  ^^^^  needle  were  next  shown  to 

"-  -^    ^''    .    .^^rneutly  at  the  times  when  sun  spots 

^*  '"'        ^    ^  auroras  are  giMierally  coincident 

-^  .-2IBV  ^^^^    strange   j)henomena    were 

^'  "'     ^'     ..\    It  has  since  been  shown  by 

-^  >l^let,    *Siir    la    Pliysi«iue  chi  GIoIh?,* 
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Professor  Piaizi  Smyth  and  Mr.  E.  J.  Stone,  that  the 
temperature  of  the  earth's  surface  as  indicated  by  sunken 
thermometers  gives  some  evidence  of  a  like  period.  The 
existence  of  a  periodic  cause  having  once  been  established, 
it  is  quite  to  be  expected,  according  to  the  principle  of 
forced  vibrations,  that  its  influence  will  be  more  or  less 
considerable  in  all  meteorological  phenomena. 

Perhaps  the  most  mysterious  part  of  these  investiga- 
tions is  that  which  refers  the  phenomena  to  the  planetary 
configurations  as  an  ulterior  cause.  Professor  Balfour 
Stewart,  with  Messrs.  Warren  de  la  Kue  and  Loewy, 
by  laborious  researches  discovered  a  periodic  change  of 
584  days  in  the  sun  spots,  coincident  with  changes  in  the 
relative  positions  of  the  Earth,  Jupiter,  and  Venus.  It 
has  since  been  rendered  probable  by  the  researches  of 
Dr.  Kirkwood  and  others,  that  Schwabe's  eleven-year 
period  is  due  to  the  action  of  Mercury.  Several  other 
periods  of  more  or  less  importance  have  been  supposed  to 
exist,  but  the  subject  is  yet  open  to  much  more  inquiry. 

Integrated  Variations. 

In  considering  the  infinite  variety  of  modes  in  which 
one  effect  may  depend  upon  another,  we  must  set  apart  in 
a  distinct  class  those  wliich  arise  fi:om  the  accumulated 
effects  of  a  constantly  acting  cause.  When  water  funs  out 
of  a  cistern,  the  velocity  of  motion  depends,  according  to 
Torricelli's  theorem,  on  the  height  of  the  surface  of  the 
water  above  the  vent ;  but  the  amount  of  water  which 
leaves  the  cistern  in  a  given  time  depends  upon  the 
aggregate  result  of  that  velocity,  and  is  only  to  be 
ascertained  by  the  mathematical  process  of  integration. 
When  one  gravitating  body  falls  towards  another,  the 
force  of  gravity  varies  according  to  the  inverse  square 
of  the   distance  ;    to   obtain   the   velocity   produced   we 

F  2 


must  integrate  or  sum  the  effects  of  that  law  ;  aiul  to 
obtain  the  space  passed  over  by  the  body  in  any  given 
time,  we  must  again  integrate  with  regard  to  tlie  variable 
velocity. 

In  periodic  variations  the  same  distinction  must  be 
drawn.  The  heating  power  of  the  sun  g  rays  at  any  place 
on  the  earth  varies  every  day  with  the  height  attained, 
and  is  greatest  about  noon;  but  it  does  not  follow  that 
the  temperature  of  the  air  is  greatest  at  the  same  time. 
This  temperature  is  au  integrated  effect  of  the  sun*s  heat* 
ing  power,  and  as  long  as  the  sun  is  able  to  give  more 
heat  to  the  air  than  the  air  loses  in  any  other  way,  the 
temjKMTiture  continues  to  rise,  so  that  the  maximum  is 
dettnTL^l  until  about  3  P.M.  Similarly  the  hottest  day  of 
the  yetu'  falls,  on  an  average,  about  one  month  later  than 
the  summer  solstice,  and  all  the  seasons  lag  about  a  month 
behind  the  motions  of  the  sun.  In  the  case  of  the  tides, 
too,  the  effect  of  the  sun's  or  moons  attractive  power  is 
never  greatest  when  the  power  is  greatest ;  the  effect 
always  lags  more  or  less  behind  the  cause.  Yet  the  in- 
tervals between  tlxe  successive  tides  are  exactly  equal,  in 
tlie  absence  of  disturbance,  to  the  intervals  between  the 
passage  of  the  sun  or  moon  across  the  meridian.  Thus 
the  principle  of  forced  vibrations  holds  true  of  all  such 
cases. 

In  periodic  phenomena,  however,  very  curious  results 
will  sometimes  follow  from  the  integration  of  effects.  If 
we  strike  a  pendulum,  and  then  repeat  the  stroke  time 
iifter  time  when  it  is  in  the  same  part  of  the  vibration, 
every  stroke  concurs  \\ith  every  other  one  in  adding  to 
the  momentum^  and  we  can  thus  increase  the  extent  and 
violence  of  the  vibrations  to  any  degree.  We  can  stop 
the  pendulum  again  by  strokes  apphed  when  it  is  moving 
in  the  opposite  direction,  and  the  successive  effects  being 
added  together  will  soon  bring  it  to  rest.     Now  if  we 
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alter  the  intervals  of  the  strokes  so  that  each  two  suc- 
cessive strokes  act  in  opposite  manners  they  will  exactly 
neutralize  each  other,  and  the  energy  expended  will  be 
turned  into  heat  or  sound  at  the  point  of  percussion. 
Exactly  similar  effects  occur  in  all  cases  of  rhythmical 
motion.  If  the  musical  note  C  is  sounded  in  a  room  con- 
taining a  piano,  the  string  corresponding  to  it  will  be 
thrown  into  vibration,  because  every  successive  stroke  of 
the  air-waves  upon  the  string  finds  it  in  like  position  as 
regards  the  vibration,  and  thus  adds  to  its  energy  of 
motion.  But  the  other  strings  being  incapable  of  vibrating 
with  the  same  rapidity  are  struck  at  various  periods  of 
their  vibrations,  and  one  stroke  will  sooner  or  later  be 
opposed  by  one  contrary  in  effect.  All  phenomena  of 
resonance  arise  from  this  coincidence  in  time  of  undu- 
lation. The  air  in  a  pipe  closed  at  one  end,  and  about 
12  inches  in  length,  is  capable  of  vibrating  51a  times  in 
a  second.  If,  then,  the  note  C  is  sounded  in  front  of  the 
open  end  of  the  pipe,  every  successive  vibration  of  the 
air  is  treasured  up  as  it  were  in  the  motion  of  the  air. 
In  a  pipe  of  diflFerent  length  the  pulses  of  air  would 
strike  each  other,  and  the  mechanical  energy  would  be 
transmuted  into  heat  and  become  no  longer  perceptible 
as  sound. 

These  accumulated  vibrations  may  sometimes  become  so 
intense  as  to  lead  to  unexpected  results.  A  glass  vessel 
if  touched  with  a  violin  bow  at  a  suitable  point  may  be 
fractured  with  the  excess  of  vibration.  In  the  same  way 
a  suspension  bridge  may  readUy  be  broken  down  if  a  com- 
pany of  soldiers  walk  across  it  in  steps  the  intervals  of 
which  happen  to  agree  with  the  intervals  of  vibration  of 
the  bridge  itself.  But  if  they  break  the  step  or  march 
with  very  different  time,  they  may  have  no  perceptible 
effect  upon  the  bridge.  In  fact  if  the  impulses  com- 
municated to  any  vibrating  body  are  exactly  synchronous 


with  its  vibrations,  the  energy  of  those  vibrations  will  be 
unlimited,  and  may  fracture  any  body. 

Let  us  now  consider  what  will  liappen  if  the  strokes  be 
not  exactly  at  the  same  interval  as  the  vibrations  of  the 
body,  but,  say,  a  very  little  slower.  Then  a  succession  of 
strokes  will  meet  the  body  in  nearly  but  not  quite  the 
same  position,  and  their  effects  will  be  accumulated. 
Afterwards  the  strokes  will  begin  to  fall  when  the  body 
is  in  tlie  opposite  phase.  Thus  imagine  that  one  pen- 
dulum moving  exactly  from  one  extreme  point  to  another 
in  a  second,  should  be  struck  by  another  pendulum  which 
makes  6i  beats  in  a  minute;  then,  if  the  pendulums 
commence  together,  they  will  at  the  end  of  30^  beats  be 
moving  in  opposite  directions.  Hence  whatever  energy 
was  communicated  in  the  fimt  half  minute  will  be  neutra- 
lized by  the  ojiposite  effect  of  that  given  in  the  second 
half  The  effect  of  the  strokes  of  the  second  pendulum 
will  therefore  be  alternately  to  increase  and  decrease  the 
vibrations  of  tlie  first,  so  that  a  new  kind  of  vibration  will 
be  produced  running  through  all  its  phases  in  61  seconds. 
An  effect  of  this  kind  was  actually  observed  by  Ellicott, 
a  meml>er  of  the  Royal  Society,  m  the  case  of  two  clocks y. 
He  found  that  through  the  wood- work  by  which  the 
clocks  were  connected  a  slight  impulse  was  transmitted, 
and  each  pendulum  alternately  lost  and  gained  momentum. 
Each  clock,  in  fact,  tended  to  stop  the  other  at  regular  in- 
terv^als,  and  in  the  intermediate  times  to  be  stopped  by 
the  other.  Many  of  the  most  important  distm^bances  in 
the  planetaiy  system  depend  upon  the  same  principle ;  for 
if  one  planet  liappens  always  to  pull  another  in  the  same 
direction  in  simikir  partes  of  their  orbits,  the  effects,  how- 
ever slight,  will  be  accumulated,  and  a  disturbance  of  large 
ultimate  amount  and  of  long  period  will  be  produced.    The 
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long  inequalituy  in  the  motions  of  Jupiter  and  Saturn  is 
thus  due  to  the  fact  that  five  times  the  mean  motion  of 
Saturn  is  very  nearly  equal  to  twice  the  mean  motion  of 
Jupiter,  causing  a  coincidence  in  their  relative  positions 
and  disturbing  powers'^. 

■  Grant's  *  History  of  Physical  Astronomy/  p.  59. 
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THEORY   OF   APPROXIMATION. 


IN  order  that  we  may  gain  a  true  understanding  of  the 
kind,  degree,  and  value  of  the  knowledge  which  we  ac- 
quire by  experimental  investigation,  it  is  requisite  that 
we  should  be  fully  couBciouB  of  its  approximate  character. 
We  must  learn  to  distinguish  between  what  we  can  know 
and  cannot  laiow — between  the  questions  which  admit  of 
solution,  and  those  which  only  seem  to  be  solved.  Many 
persons  may  be  misled  by  the  expression  exact  science, 
and  may  thuik  that  the  knowledge  acquired  by  scientific 
methods  admits  of  our  reaching  absolutely  true  laws, 
exact  to  the  last  degree.  There  is  even  a  prevailing 
impression  that  when  once  mathematical  fonnula3  have 
been  successfully  applied  to  a  branch  of  science,  this  por- 
tion of  knowledge  assumes  a  new  nature,  and  admits  of 
reasoning  of  a  higher  character  than  those  sciences  which 
are  still  unniathematical. 

The  very  satisfactory  degree  of  accuracy  attained  in  the 
science  of  astronomy  gives  a  certain  plausibility  to  erro- 
neous notions  of  this  kind.  Some  persons  no  doubt  con- 
sider it  to  be  2^roved  that  planets  move  in  ellipses,  in  such 
a  manner  that  all  Kepler  s  laws  hold  exactly  true ;  but 
there  is  a  double  error  in  any  such  notions.  In  the  first 
place,  Kepler  s  laws  are  not  proved,  if  by  proof  we  mean 
certain  demonstration  of  their  exact  truth.  In  the  next 
place,  even  asBumlng  Kepler's  laws  to  b^x^tly  true  in  a 
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theoretical  point  of  view,  the  planets  never  move  according 
to  those  laws.  Even  if  we  could  observe  the  motions  of  a 
planet,  of  a  perfect  globular  form,  free  from  all  perturbing 
or  retarding  forces,  we  could  never  perfectly  prove  that  it 
moved  in  an  ellipse.  To  prove  the  elliptical  form  we 
should  have  to  measure  infinitely  small  angles,  and  in- 
finitely small  fractions  of  a  second;  we  should  have  to 
perform  impossibilities.  All  we  can  do  is  to  show  that 
the  motion  of  an  unperturbed  planet  approaches  very 
nearly  to  the  form  of  an  ellipse,  and  the  more  nearly  the 
more  accurately  our  observations  are  made.  But  if  we  go 
on  to  assert  that  the  path  is  an  ellipse  we  pass  beyond 
our  data,  and  make  an  assumption  which  may  be  more  or 
less  probable,  but  cannot  be  proved,  in  the  strict  sense  of 
that  term. 

But,  secondly,  as  a  matter  of  fact  no  planet  does  move 
in  a  perfect  ellipse,  or  manifest  the  truth  of  Kepler's  laws 
exactly.  The  very  law  of  gravity  prevents  its  own  results 
from  being  clearly  exhibited,  because  the  mutual  pertur- 
bations of  the  planets  distort  the  elliptical  paths.  Those 
laws  again  hold  exactly  true  only  of  infinitely  small 
planetary  bodies,  and  when  two  great  globes,  like  the  sun 
and  Jupiter,  attract  each  other,  the  law  must  be  modified. 
The  periodic  time  is  then  shortened  in  the  ratio  of  the 
square  root  of  the  number  expressing  the  sun's  mass,  to 
that  of  the  sum  of  the  numbers  expressing  the  masses  of 
the  sun  and  planet,  as  was  shown  by  Newton  ^  Even  at 
the  present  day  discrepancies  exist  between  the  observed 
dimensions  of  the  planet's  orbits  and  tlieir  theoretical 
magnitudes,  after  making  allowance  for  all  disturbing 
causes^.  Nothing,  in  fact,  is  more  certain  in  scientific 
method  than  that  approximate  coincidence  can  alone  be 
expected.     In  the  measurement  of  continuous  quantity 

a  'Principia/  bk.  III.  Prop.  15. 

*>  See  Lockyer's  'Lessons  in  Elementary  Astronomy,'  p.  301.       ♦ 
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|)ertect  correspondeBce  mast  be  purely  accidental,  am 
diould  give  rise  to  suspicion  rather  than  to  satisfaction. 
One  remarkable  result  of  the  approximate  character 
our  observ^atioiis  is  that  we  never  could  prove  the  existen 
of  perfectly  circular  or  parabolic  movement,  even  if 
existed,  The  circle  is  a  singidar  case  of  the  ellipse,  f( 
wbicli  the  eccentricity  is  zero ;  it  is  infinitely  improbahl 
than  any  planet,  even  if  undisturbed  by  other  bodi 
should  tiave  a  circle  for  its  orbit ;  but  if  the  orbit 
a  circle  we  could  never  prove  the  entire  absence  of 
oentricity.  All  that  we  could  do  would  hQ  tr»  declare  t 
divergence  from  the  circidar  form  to  be  inappreciable 
Dehunbre  was  unable  to  detect  the  slightest  ellipticit^M 
in  the  orbit  of  Jupiter  s  first  satellite,  but  he  could  oid^^ 
infer  that  the  orbit  was  nearly  circular.  The  parabola  i^i 
the  singidar  limit  between  the  elHpse  and  the  hyperbol^B 
As  there  are  elliptic  and  hyperbolic  a)mets,  so  we  migh^ 
conceive  the  existence  of  a  parabolic  comet.  Indeed  if  an 
undisturbed  comet  fell  towards  the  sun  from  an  infini 

distance  it  would  move  in  a  parabola ;  but  we  could  nev 

prove  that  it  so  moved. 


Habditution  of  Simple  Hypotheses, 

In  truth  men  never  can  solve  problems  fulfiUing 
o^wpWx  circumstances  of  nature.     All  laws  and  oxplana" 
^(niiare  in  a  certain  sense  hypothetical,  and  apply  exactly 
III  i^Aiang  which  we  can  know  to  exist.     In  place  of  the 
,gf^  ^fcjeet&  which  we  see  and  feel,  the  mathematician 
'^m^S  wiljfilitutes  imaginary  objects,   only   partially 
Ei»  l\vo^  represented,   but  so  devised    that  tbH 
» lika,v  Bot  l>e  of  an  amount  to  alter  serioual^^ 
%JW«tet^tljfc^\vition.     When  we  probe  the  matte^ 
erti^  IX  iJlKjical  astronomy  is  im^  Ijypothetical  ^| 

^Mi*.  'Wveie  may  exist  in  qature  peifec^ 


THEORY  OF  APPROXIMATION,  75 

straight  lines,  triangles,  circles,  and  other  regular  geo- 
metrical figures ;  to  our  science  it  is  a  matter  of  indif- 
ference whether  they  do  or  do  not  exist,  because  in  any 
case  they  must  be  beyond  our  powers  of  appreciation.  If 
we  submitted  a  perfect  circle  to  the  most  rigorous  scrutiny 
and  measurement,  it  is  impossible  that  we  should  discover 
whether  it  were  perfect  or  not.  Nevertheless  in  geometry 
we  argue  concerning  perfect  rectilineal  figures  and  curves, 
and  the  conclusions  apply  to  existing  objects  so  fur  as  wc 
can  assure  ourselves  that  they  agree  with  the  hypothetical 
conditions  of  our  reasoning.  Now  this  is  in  reality  all  that 
we  can  do  in  the  most  perfect  of  the  sciences  of  nature. 

Doubtless  in  astronomy  we  meet  with  the  nearcKt  ap- 
proximation to  actual  conditions.  The  law  of  gravity  is 
not  a  complex  one  in  itself,  and  we  believe  it  with  much 
probability  to  be  exactly  true ;  but  we  cannot  ealculatu 
out  in  any  one  case  its  accurate  results.  The  law  asHcrtH 
that  every  particle  of  matter  in  the  universe  attracts  c^vory 
other  particle,  with  a  force  depending  on  the  masKCH  of  tim 
particles  and  their  distance.  We  cannot  then  know  tho 
force  acting  on  any  one  particle  unless  we  know  the  masses 
and  distances  and  positions  of  all  the  other  particles  in  the 
universe.  The  physical  astronomer  has  from  the  first 
made  a  sweeping  assumption,  namely,  that  all  the  other 
millions  of  existing  systems  exert  no  perturbing  effects  in 
our  planetary  system,  that  is  to  say,  no  effects  in  the  least 
appreciable.  Thus  the  problem  becomes  at  once  hypo- 
thetical, because  there  is  little  doubt  that  gravitation  be- 
tween our  sun  and  planets  and  other  systems  must  exist 
in  some  degree.  But  even  when  they  consider  the  re- 
lations of  our  planetary  bodies  inter  se^  all  their  processes 
are  grossly  approximative.  In  the  first  place  they  assume 
that  each  of  the  planets  is  a  perfect  ellipsoid,  with  a 
smooth  surface  and  a  homogeneous  interior.  That  this 
assumption  is  untrue  every  mountain  and  valley,  every 
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son,  (»vtTy  mine  affords  conclusive  evidence.  If  the  astro- 
inunor  is  to  make  his  calciihitions  jDerfect,  he  must  not 
only  take  account  of  the  Himalayas  and  the  Andes,  tlie 
Atlantic  and  Pacific,  but  the  attraction  of  every  hill,  nay, 
every  ant-hill,  must  be  separately  calculated,  nor  must  the 
attractive  power  of  any  grain  of  sand  be  neglected.  So  far 
are  they  from  having  yet  considered  any  local  inequaUty 
y^i  the  surface,  that  they  have  not  yet  decided  upon  tlie 
gonend  form  of  the  earth  ;  it  is  yet  a  matter  of  specula- 
tion whether  or  not  the  earth  is  an  ellipsoid  with  three 
uiKHiual  axes**.  If,  as  is  probable,  the  globe  is  proved  to 
lx>  irregularly  ccmipressed  in  some  directions,  the  calcula- 
tions o\^  astronomers  will  have  to  be  repeated  and  refined, 
in  onlor  that  they  may  api>roximate  to  the  attractive 
powtT  of  such  a  body.  If  we  cannot  accurately  leani  the 
tbriu  of  our  own  earth,  how  can  we  expect  to  ascertain 
thai  ot  the  moon,  the  sun,  and  other  planets,  in  some  of 
which  an*  probably  irregularities  of  greater  proportional 

auK^iunt. 

The  scicmv  of  physical  astronomy  is  yet  m  a  further 

wiiv   uiewly   approximative    and    hypothetical.      Given 

iKfffe(;tlY  homogiMieous  ellipsoids  acting  upon  each  other 

^^rtliufc  tu  the  law  of  gravity,  the  best  mathematicians 

.         ever  auJ  perhaps  never  will  determine  exactly  the 

,..U"nff  movements.     Even,  when  three  bodies  simul- 

^.     "^^^Iv  ftttffct  each  other  the  complication  of  effects  is 

*^'     ''""^^•kat.  onlv  ^PP'"^™^*^  calculations  can  be  made. 

*^  •    ^  ^"^...-ftWve not  even  attempted  the  general  problem 

^tu.    ^^_\\y^^^^^ aMnu^ions  of  four,  five,  six,  or  more 

invari;  y^^'"*'*^^^^^  MieTal  problem  into  so  many  dif- 

resemblii*^^*^"^      ^^^^^  bodies.     The  principle   ui)on 

discrepancf^i^— ^  ^ ^^Jivmcal  astronomy  proceed,  is  to 

the  character— ^*^^^  ^^^  j^ot  lead  to  any  quantity 
to  the  bottony^^^'^"T^  ^  the  quantities  rejected 
Euclid's  elemeilt*      ■  ""■  ^^^^  phUoBopby,'  vol.  i.  p.  646. 
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are  indefinitely  more  numerous  and  complex  tlian  tlie 
few  larger  terms  which  are  retained.  All  then  is  merely 
approximate. 

Concerning  other  branches  of  physical  science  the  same 
general  statements  are  even  more  evidently  true.  We 
speak  and  calculate  about  inflexible  bars^  inextensible 
Tinea,  heavy  points,  homogeneous  substances,  uniform 
spheres,  perfect  fluids  and  guises,  and  we  deduce  an  infinite 
number  of  beautiful  theorems ;  but  all  is  bypotheticah 
There  is  no  such  thing  as  an  inflexible  bar,  an  inextensible 
line,  nor  any  one  of  the  otber  perfect  objects  of  mechanical 
science;  they  are  to  be  classed  with  those  other  almost 
inythical  existences,  the  straight  line,  triangle,  circle, 
rectangle,  &c,,  about  which  Euchd  so  freely  discoursed. 
Take  the  simplest  operation  considered  in  statics— the  use 
of  a  crowbar  in  raising  a  heavy  stone,  and  we  shall  find, 
as  Thomson  and  Tuit  have  pointed  out,  that  we  neglect 
far  more  than  we  observe ^^-  If  we  suppose  the  bar  to  be 
quite  rigid,  the  fulcrum  and  stone  perfectly  hard,  and  the 
points  of  contact  real  points,  we  might  give  the  true  re- 
lation of  the  forces.  But  in  reality  the  bar  must  bend, 
and  the  extension  and  compression  of  diflerent  parts  in- 
volve us  in  difficulties.  Even  if  the  bar  be  homogeneous 
in  all  its  parts,  there  is  no  mathematical  tlieory  capable  of 
determining  with  accuracy  all  that  goes  on ;  if,  as  is  in- 
finitely more  probable,  the  liar  is  not  homogeneous^  the 
complete  solution  will  be  indefinitely  more  complicated, 
but  hardly  more  hopeless.  No  sooner  had  we  determined 
the  change  of  form  according  to  simple  mechanical  prin- 
ciples, than  we  should  discover  tlie  interference  of  thermo- 
dynamic principles.  Compression  produces  heat  and 
extension  cold,  and  thus  the  conditions  of  the  problem 
are  modified  throughout.  In  attempting  a  fourth  ap- 
proximation we  sliould  have  to  allow  for  the  conduction 

^  'Treatise  on  Natiinil  Plulosojdiy/  vol.  i.  p^.  ^^\"»^^- 
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:  ..v./.  iV  'HI  ^'U<^*  piirt  <)f  tlie  b«ir  to  another.     All  thes^e 

-::■:>  :.rt'   utiiTly  iiiaj)jireeialil(»  in  a   practical   point  of 

\ !:  -.v.  :!"  :!it'  J''*ii'  'h*  «i  jX'»<^>d  stout  one  ;  but  in  a  theoretical 

:    ;:.:     t*  vi\\v  tlK»y  entirely  prevent  our  saying  that  we 

j  .^o   s  lv<^'«^l   ii  natural   problem.      The   faculties    of  the 

i  ■■.!.•..  :i  inir.'l.  even  when  aided  by  the  wonderful  powers 

,  t*  .iM  rt  N  iatii'U  conferred  by  analytical  methods,  are  utterly 

\v.\a\  !e  t'»  e^'pe  with  the  complications  of  any  one  real  pro- 

Ik'ti!.     And  had  we  exhausted  all  the  known  phenomena 

,«f  a  nuvhanieal  problem,  how  can  we  tell  that  hidden 

phonvUKiia,  as  yet  undetected,  do  not   intervene  in  the 

^^^niiii.^no^t    actions.      It    is    plain   that   no    phenomenon 

ouncs  uitliin  the  sphere  of  our  senses  unless  it  possesses 

certain  imnnentum  or  magnitude  cai)able  of  irritating 

tlie  arpi'*!^*'^*^^^*  nerves.     There  may  then,  and,  in  fact, 

J  be  indefuiite  worlds  of  phenomena  too  slight  to  rise 

'thin  tli*^'  sicoje  of  our  consciousness. 

V 11  the  Insirvnuents  with  which  we  perform  our  measure- 

T<  UK*  t'aUlble  and  faulty.     We  assume  that  a  plujnb- 

rve>  ^^  I'^'i't^'^'tly  vertical  line  ;  but  this  is  never  true 

""^  "  j^^»Uite  5>ense,  owing  to  the  attraction  of  mountains 

"      -n  r  ineiiualities  in  the  surface  of  the  earth.     In  an 

'     .^.i^roiiometrical  survey,  the  divergencies  of  the 

.  '.uust  be  approximately  determined  and  allowed 

^gs^iie  u  surtace  of  mercury  to  be  perfectly 

^^u  iu  the  breadth  of  5  inches  there  is  a  cixl- 

^j^nruce  fivm  a  true  plane  of  about  one  ten- 

^\       ji^  ■■   '  J  £  ;Ui  ittch ;  and  this  surface  further  diverges 

ol'  m^^  ^^^.^j^iitilitY  as  the  plumb-line  does  from  true 

botii     -^r^  ^  'Nii^iio^t  perfect  instrument,  the  pendidum, 

feren:    '""TStfJ*         ^jf^^lly   perfect,  except   for   hiHnitely 

wliieli  I..      ^^^      ^  '^ate  experiments  performed  with 

necdcci  l  1 1  1  *       ^i^m,  wocoi  on  the  assumption  that  the 

appreciable    m        _.^.^.a«':*  proportional  to  the  angle  of 

'•  Tlioi.iM.n  niMi  ''  •  ilMMilir-'  YoL  cxlvi.  p.  31- 
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torsion,  which  is  again  only  true  for  infinitely  small 
angles^ 

We  need  to  take  great  care  that  in  simplifying  a 
problem  we  do  not  overlook  some  circumstance  which 
from  peculiar  mathematical  conditions  is  of  importance. 
Thus  in  experiments  upon  the  density  of  the  earth  we 
may  treat  irregularities  of  its  contour  as  producing  in- 
considerable effects.  But  a  like  assumption  must  not  be 
made  concerning  irregularities  in  the  strata  of  the  earth 
at  a  short  distance  below  the  point  of  experiment  p. 

Such  is  the  purely  approximate  character  of  all  our 
operations  that  it  is  not  uncommon  to  find  the  theo- 
retically worse  method  giving  truer  results  than  the  theo- 
retically perfect  method.  The  conunon  pendulum  which 
is  not  isochronous  is  better  for  practical  purposes  than  the 
cycloidal  pendulum  which  is  isochronous  in  theory,  but 
subject  to  mechanical  diflSculties.  The  spherical  form  is 
not  the  correct  form  for  a  speculum  or  lense,  but  it  differs 
so  slightly  from  the  true  form,  and  is  so  much  more  easily 
produced  mechanically,  that  it  is  generally  best  to  rest 
content  with  the  spherical  surface.  Even  in  a  six-feet 
mirror  the  difference  between  the  parabola  and  the  sphere 

is  only  about of  an  inch,  a  thickness  which  would 

•^  10,000 

be  taken  off  in  a  few  rubs  of  the  polisher.  Watts' 
ingenious  parallel  motion  was  intended  to  produce  recti- 
linear movement  of  the  piston  rod.  In  reality  the  motion 
was  always  curvilinear,  but  a  certain  part  of  the  curve 
approximated  sufficiently  for  his  purposes  to  a  straight 
line. 

Approximation  to  Exact  Laws. 

Though  we  can  never  prove  any  numerical  law  with 
perfect  accuracy,  it  would  be  a  great  mistake  to  suppose 
^  Baily,  *  Memoirs  of  the  Royal  Astronomical  Society,'  vol.  xiv,  p.  99. 
K  Airy,  Philosophical  Transactions,*  vol.  cxlvi,  p.  334. 
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cx)uld  not  reconcile  with  the  law.  Euler  and  Clairaut 
who  were,  with  D'Alembert,  the  first  to  apply  the  full 
powers  of  mathematical  analysis  to  the  theory  of  gravita^ 
tion  as  explaining  the  perturbations  of  the  planets,  did 
not  treat  the  law  as  sufficiently  established  to  attribute 
all  discrepancies  to  the  errors  of  calculation  and  obser- 
vation. In  short,  they  did  not  feel  certain  that  the  force 
of  gravity  exactly  obeyed  the  well  known  rule.  The 
law  might  have  involved  other  powers  of  the  distance. 
It  might  have  been  expressed,  for  example,  in  the  form 

and  the  coefficients  a  and  e  might  have  been  so  small 
that  those  terms  would  only  become  apparent  in  very 
accurate  comparisons  with  fact.  Attempts  have  been 
made  from  time  to  time  to  account  for  difficulties,  by 
attributing  value  to  such  neglected  terms.  Gauss  at 
one  time  thought  that  the  even  more  fundamental  prin- 
ciple of  gravity,  that  the  force  is  dependent  only  on 
mass  and  distance,  might  not  be  exactly  true,  and  he 
undertook  accurate  pendulum  experiments  to  test  this 
opinion.  Only  as  these  repeated  doubts  have  been  time 
after  time  resolved  in  favour  of  the  law  of  Newton,  has  it 
been  assumed  as  precisely  correct.  But  this  belief  does  not 
rest  on  experiment  or  observation  only.  The  calculations 
of  physical  astronomy,  however  accurate,  could  never  show 
that  the  other  terms  of  the  above  general  expression  were 
absolutely  devoid  of  value.  It  could  only  be  shown  that 
they  had  such  slight  value  as  never  to  become  apparent. 

There  are,  however,  other  theoretical  reasons  why  the 
law  is  probably  complete  and  true  as  commonly  stated. 
Whatever  influence  or  power  spreads  from  a  point,  and 
expands  uniformly  through  space,  will  doubtless  vary  in- 
versely in  intensity  as  the  square  of  the  distance,  simply 
because  the  area  over  which  it  is  spread  increases  as  the 

VOL.  II.  G 
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I^otassium  is  the  only  element  whose  atomic  weight  has 
been  determined  with  great  care,  but  which  has  not 
shown  an  approach  to  a  simple  ratio  with  the  other  ele- 
ments. This  exception  may  be  due  to  some  unsuspected 
cause  of  error  \  A  similar  assumption  is  also  made  in  the 
law  of  definite  combining  volumes  of  gases,  and  Sir  B.  C. 
Brodie  has  clearly  pointed  out  the  line  of  argument  by 
which  the  chemist,  observing  that  the  discrepancies  be- 
tween the  law  and  fact  are  within  the  limits  of  experi- 
mental error,  assumes  that  they  are  due  to  error*'. 

Faraday,  in  one  of  his  researches,  expiessly  makes  an 
assumption  of  the  same  kind.  Having  shown,  with  some 
degree  of  experimental  precision,  that  there  exists  a  simple 
proportion  between  quantities  of  electrical  energy  and  the 
quantities  of  chemical  substances  which  it  can  decompose, 
so  that  for  every  atom  dissolved  in  the  battery  cell  an 
atom  ought  theoretically,  that  is  without  regard  to  dissi- 
pation of  some  of  the  energy,  to  be  decomposed  in  the 
electrolytic  cell,  he  does  not  stop  at  his  numerical  results. 
*  I  have  not  hesitated,'  he  says,  *  to  apply  the  more  strict 
results  of  chemical  analysis  to  correct  the  numbers  ob- 
tained as  electrolytic  results.  This,  it  is  evident,  may  be 
done  in  a  great  number  of  cases  ^  without  using  too  much 
liberty  towards  the  due  severity  of  scientific  research.' 

The  law  of  the  conservation  of  energy  itself,  one  of  the 
widest  of  all  physical  generalizations,  must  rest  upon  the 
same  footing.  The  most  that  we  can  do  by  experiment  is 
to  show  that  the  energy  entering  into  any  experimental 
combination  is  almost  exactly  equal  to  what  comes  out  of 
it,  and  more  nearly  so  the  more  accurately  we  perform  all 
the  measurements.  Absolute  equality  is  always  a  matter 
of  assumption.  We  cannot  even  prove  the  indestructibility 

'  Watts,  'Dictionary  of  Chemistry,'  vol.  i.  p.  455. 
^  *  Philosophical  Transactions/  (1866)  vol.  clvi.  p.  809. 
1  *  Experimental  Researches  in  Electricity,'  vol.  i.  p.  246. 
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of  matter  ;  for  were  an  exceedingly  niinutc  fraction  of 
existing  matter  to  vanish  in  any  experinient,  say  one 
part  in  ten  millions,  \ve  could  never  detect  the  loss. 

Successive  Approximations  to  Natural  Conditions, 

When  we  examine  the  history  of  scientific  problems,  we 
find  that  one  man  or  one  generation  is  usually  aUe  to 
make  but  a  single  step  at  a  time,  A  problem  is  always 
solved  for  the  fii-Bt  time  by  making  some  bold  hypothetical 
simplification,  upon  which  the  next  investigator  makes 
hypothetical  modifications  approaching  more  nearly  to  the 
truth,  En-ors  are  successively  pointed  out  in  previous 
solutions,  until  at  last  there  might  seem  little  more  to  be 
desired,  Careful  examination,  however,  will  show  that  an 
indefinite  series  of  minor  inaccuracies  remain  to  be  cor- 
rected and  explained,  were  our  powers  of  reasoning  suffi- 
ciently greatj  and  the  purpose  adequate  in  importance. 

Newt4:)nB  successful  solution  of  the  problem  of  the 
planetary  movements  entirely  depended  at  first  upon  a 
great  but  hypothetical  simplification.  The  law  of  gravity 
only  applies  directly  to  two  infinitely  small  particles,  so 
that  when  we  deal  with  vast  globes  like  the  earth,  Jupiter, 
or  the  sun,  we  have  an  immense  aggregate  of  separate 
attractions  to  deal  with,  and  the  law  of  the  aggregate 
need  not  coincide  with  the  law  of  the  elementary  particles. 
But  Newton,  by  a  gi'eat  efiTort  of  mathematical  reasoning, 
was  able  to  show  that  two  homogeneous  spheres  of 
matter  act  as  if  the  whole  of  their  masses  were  concen- 
trated at  the  centres;  in  short,  that  such  spheres  are 
aggregates  which  manifest  the  simple  law  of  gravity  or 
are  centrobaric  bodies  (vol.  i.  p.  423).  He  was  then  al.ile 
with  comparative  ease  to  calculate  the  motions  of  the 
planetfl  on  the  hypothesis  of  their  being  epheree,  and  to 
show  that  the  residts  roughly  agreed  with  observation. 
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Newton,  indeed,  was  one  of  the  few  men  who  could 
make  two  great  steps  at  once.  He  did  not  rest  contented 
with  the  spherical  hypothesis ;  having  reason  to  believe 
that  the  earth  was  really  a  spheroid  with  a  protuberance 
around  the  equator,  he  proceeded  to  a  second  approxima- 
tion, and  proved  that  the  attraction  of  the  protuberant 
matter  upon  the  moon  accounted  for  the  precession  of  the 
equinoxes,  and  led  to  various  complicated  effects.  But, 
as  I  have  already  mentioned  (vol.  ii.  p.  76),  even  the 
spheroidal  hypothesis  is  far  from  the  truth.  It  takes  no 
account  of  the  irregularities  of  surface,  the  great  protu- 
berance of  land,  for  instance,  in  Central  Asia  and  South 
America,  and  the  deficiency  in  the  bed  of  the  Atlantic. 

To  determine  the  law  according  to  which  a  projectile, 
such  as  a  cannon  ball,  moves  through  the  resisting  atmo- 
sphere is  a  problem  very  imperfectly  solved  at  the  present 
day,  but  in  which  many  successive  advances  have  been 
made.  So  little  was  known  concerning  the  subject  three 
or  four  centuries  ago  that  a  cannon  ball  was  supposed  to 
move  at  first  in  a  straight  line,  and  only  after  a  time  to 
be  deflected  into  a  curve.  Tartaglia  ventured  to  maintain 
that  the  path  was  curved  throughout,  as  by  the  principle 
of  continuity  it  should  be  ;  but  the  ingenuity  of  Galileo  was 
required  to  prove  this  opinion,  and  to  show  that  the  curve 
was  approximately  a  parabola.  It  is  only,  however,  under 
several  forced  hypotheses  that  we  can  assert  the  path  of  a 
projectile  to  be  truly  a  parabola:  the  path  must  be  through 
a  perfect  vacuum,  where  there  is  no  resisting  medium  of 
any  kind ;  the  force  of  gravity  must  be  equal  and  act  in 
parallel  lines ;  and  the  moving  body  must  be  either  a 
mere  point,  or  a  perfect  centrobaric  body,  that  is  a  body 
possessing  a  definite  centre  of  gravity.  None  of  these 
conditions  can  be  really  fiilfilled  in  practice.  The  next 
gi'eat  step  in  the  problem  was  made  by  Newton  and 
Huyghens,  the  latter  of  whom  asserted  that  the  atmo- 


sphere  would  offer  a  resistance  proportional  to  the  velocity 
of  tlie  movmg  body,  and  coneliided  tliat  the  path  would 
have  111  consequence  a  logarithmic  character.  Newton 
investigated  in  a  general  manner  the  subject  of  resisting 
media,  and  came  to  the  conclusion  that  the  resistance  was 
more  nearly  proportional  to  the  square  of  the  velocity. 
The  subject  then  fell  into  the  hands  of  Daniel  BernouiUi, 
who  pointed  out  the  enormous  resistance  of  the  air  in 
cases  of  rapid  movement,  and  calculated  that  a  cannon  hall, 
if  fired  vertically  in  a  vacuum,  would  rise  eight  times  as 
high  m  in  the  atmosphere.  In  more  recent  times  an 
inmiense  amount  both  of  theoretical  and  experimental  in- 
vestigation has  been  spent  upon  tlie  subject,  since  it  is 
one  of  great  importance  in  the  art  of  war.  Successive 
approximations  to  the  true  law  have  been  made,  but 
notliing  like  a  coin|ilete  and  final  solution  has  been 
achieved  or  even  hoped  for"\ 

It  is  quite  to   be   expected  that  the  earliest   experi- 
menters in  any  branch  of  science  will  overlook  corrections 
wliich  afterwards  become  most  apparent.      The  Arabian 
astronomers    determined    the    meridian    by    taking  'the 
midclle    ]ioint   between  the  places  of  the  sun  when   at 
equal  rdtitudes  on  the  same  day.     They  overlooked  the 
fact  that  the  sim   has  it«  own  motion  among  the  stars 
m  the  time  intervening  between  the  obsei^vations,   Newton 
thought  that  the  mutual  cliptui  bjuices  of  the  planets  might 
be  (lisregarded,  excepting  perhaps  the  etiect  of  the  mutual 
attraction  of  tlie  greater  planets,  Jupiter  and  Saturn,  near 
their  conjunction  '\    The  expansion  of  quicksilver  was  long 
m^A  aij  the  mea*sure  of  temperature,  in  ignorance  or  dis- 
lai^nl  of  the  fact  that  the  rate  of  expansion  increases 
^^  lie  icmperatiure,     Eumford,  in  tlie  first  experiment 
^^iB^lc*  m  determination  of  the  mechanical  equivalent  of 
ical  Dictionary/  vciL  it  pp.  287-292, 
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heat,  disregarded  the  heat  absorbed  by  the  box  containing 
the  water  heated  and  by  other  parts  of  the  apparatus, 
otherwise  he  would  in  Dr.  Joules  opinion,  have  come 
nearly  to  the  correct  result. 

It  is  surprising  to  learn  the  number  of  causes  of  error 
which  enter  into  even  the  simplest  experiment,  when  we 
strive  to  attain  the  most  rigid  accuracy.  Thus  we  cannot 
perform  the  simple  experiment  of  compressing  a  portion 
of  gas  in  a  bent  tube  by  a  column  of  mercury,  in  order  to 
test  the  truth  of  Boyle's  Law,  without  paying  regard  to, — 
(i)  the  variations  of  atmospheric  pressure,  which  are  com- 
municated to  the  gas  through  the  mercury;  (2)  the 
compressibility  of  mercury,  which  causes  the  column  of 
mercury  to  vary  in  density  ;  (3)  the  temperature  of  the 
mercury  throughout  the  column  ;  (4)  the  temperature  of 
the  gas  which  is  with  difficulty  maintained  invariable  ; 
(5)  the  expansion  of  the  glass  tube  containing  the  gas. 
Although  Regnault  took  all  these  circumstances  into  ac- 
count in  his  accurate  examination  of  the  law  o,  there  is  no 
reason  for  supposing  that  he  exhausted  the  sources  of 
inaccuracy. 

All  the  earlier  investigations  concerning  the  nature  of 
waves  in  elastic  media  proceeded  upon  the  assumption 
that  waves  of  different  length  would  travel  with  equal 
speed.  Newton's  theory  of  sound  had  led  him  to  this 
conclusion,  and  experiment,  or  indeed  the  commonest 
observations  (see  vol.  i.  p.  344)  had  sufficiently  verified  the 
inference.  When  the  midulatory  theory  came  to  be 
applied  at  the  commencement  of  this  century  to  explain 
the  phenomena  of  light,  a  great  difficulty  was  encountered. 
The  angle  at  which  a  ray  of  light  is  refracted  in  entering 
a  denser  medium  depends,  according  to  that  theory,  on  the 
velocity  with  which  the  wave  travels,  so  that  if  all  waves 
of  light  were  to  travel  with  equal  velocity  in  the  same 
«  Jamin,  'Cours  cle  Physique,'  vol.  i.  pp.  282-3. 


medium,  the  dinpei-sion  of  mixed  light  by  the  prism  and 
the  production  of  the  spectrum  could  not  take  place* 
Some  of  the  most  striking  phenomena  were  thus  in  direct 
conflict  with  the  tlieoiy.  The  great  French  mathema- 
tician, Canchy,  fii^st  pointed  out  the  true  explanation, 
namely  that  all  previous  investigators  had  made  an 
arbitrary  assumption  for  the  sake  of  simphfying  tlie 
calculations.  They  had  assumed  that  the  particles  of 
the  viijrating  mtdiuni  are  so  close  together  that  the 
intervals  are  quite  inconsiderable  compared  with  the 
length  of  the  wave,  or  in  other  terms  infinitely  small; 
Tliis  hypothesis  happened  to  be  approximately  true  in  the 
case  of  nir,  so  tliat  no  error  was  discovered  in  experiments 
on  sound.  Had  it  not  been  so,  the  earlier  analysts  w^oukl 
probal->ly  liave  failed  to  give  any  solution,  and  the  pro- 
gress of  the  subject  might  have  been  retarded.  Cauchy 
was  able  to  make  a  new  approximation  to  truth  under 
the  more  difficult  supposition,  that  the  particles  of  the 
vibrating  medium  are  situated  at  considerable  distances, 
and  act  and  react  upon  the  neighbouring  particles  by 
attractive  and  repulsive  forces.  To  calculate  tlie  rate  of 
propagation  of  a  disturbance  in  such  a  medium  is  a  work 
of  excessive  diflSculty.  The  complete  solution  of  the 
int>blem  appears  indeed  to  be  beyond  human  power,  so 
thiii  we  must  be  content,  as  in  the  case  of  the  phinetary 
Hlr/*i^>U^  to  look  forward  to  successive  approximations. 
WH  tW  Cauchy  could  do  was  to  sliow  that  certain  mathe- 
tititA^  t<?Tm8  or  quantities,  neglected  in  previous  theories, 
^  considerable  amovmt  under  the  new  conditions 
-^bi^eiu,  80  that  there  will  exist  a  relation  between 
..  .1*  0>*^  wave,  and  tlie  velocity  at  which  it 
,.\  then,  the  difficulties  in  the  way  of 
ry  of  light,  a  new  approach  to  pro- 
;iH«»  wm!k  needed  P. 

.Hfv«  \m  the  Wore  Theory,'  pp,  22,  23. 
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In  a  similar  manner  Fourier's  theory  of  the  conduction 
and  radiation  of  heat  was  based  upon  the  hypothesis  that 
the  quantity  of  heat  passing  along  any  line  is  simply  pro- 
portional to  the  rate  of  change  of  temperature.  But  it 
has  since  been  shown  by  Forbes  that  the  conductivity  of  a 
body  diminishes  as  its  temperature  increases.  All  the 
details  of  Fourier's  solution  therefore  require  modification, 
and  the  results  are  in  the  meantime  to  be  regarded  as 
only  approximately  true  **. 

We  ought  to  distinguish  between  those  problems  which 
are  physically  and  those  which  are  merely  mathematically 
incomplete.  In  the  latter  case-  the  physical  law  is  cor- 
rectly seized,  but  the  mathematician  neglects,  or  is  more 
often  unable  to  follow  out  the  law  in  all  its  results.  The  law 
of  gravitation  and  the  principles  of  harmonic  or  undula- 
tory  movement,  even  supposing  the  data  to  be  correct, 
can  never  be  followed  into  all  their  ultimate  results. 
Dr.  Young  explained  the  production  of  Newton's  rings  by 
supposing  that  the  rays  reflected  from  the  vpper  and 
lower  surfaces  of  a  thin  film  of  a  certain  thickness  were  in 
opposite  phases,  and  thus  neutralized  each  other.  It  was 
pointed  out,  however,  that  as  the  light  reflected  from  the 
nearer  surface  must  be  undoubtedly  a  little  brighter  than 
that  from  the  further  surface,  the  two  rays  ought  not  to 
neutralize  each  other  so  completely  as  they  are  observed 
to  do.  It  was  finally  shown  by  Poisson  that  the  dis- 
crepancy arose  only  from  incomplete  solution  of  the 
problem  ;  for  the  light  which  has  once  got  into  the  film 
must  be  to  a  certain  extent  reflected  backwards  and 
forwards  ad  wjinitum;  and  if  we  follow  out  this  course  of 
the  light  by  a  perfect  mathematical  analysis,  absolute  dark- 
ness may  be  shown  to  result  from  the  interference  of  the 
rays  *".     In  such  a  case  as  this  we  used  no  physical  laws 

q  Tait's  *  Thermodynamics,'  p.  lo. 

'  Lloyd's  '  Lectures  on  the  Wave  Theory,'  pp.  82,  83. 


but  thone  of  reflection  aud  refraction,  and  the  onlj  diffi- 
culty coDHiated  in  developing  their  full  consequencea 

There  18  one  instructive  result  of  the  theory  of  erro? 
whicli  should  always  l>e  borne  in  mind,  namely  that  when 
a  large  variable  error  is  combined  with  a  small  variable 
erri)r»  the  uncertainty  of  the  final  result,  as  measured  by 
its  prol^able  error,  is  scarcely  at  all  affected  by  the  small 
variable  error*.  Accordingly  our  efforts  at  accuracy  must 
be  devoted  to  the  sources  of  error  in  the  order  of  their 
magnitude.  There  is  no  use  in  making  instruments  to 
measure  the  heat  of  the  sun  with  the  last  degree  of 
accuracy,  when  the  varying  transparency  of  the  atmo- 
sphere produces  uncertainties  of  far  greater  amount.  It 
is  needless  to  observe  a  coniet  or  other  heavenly  body  with 
the  very  finest  instruments  if  it  appears  low  down  on  the 
horizofi,  where  the  atmospheric  refraction  is  not  accurately 
detennijiate.  In  short,  minuter  variable  sources  of  error 
may  be  entirely  neglected,  so  long  as  those  of  a  consider- 
ably greater  amount  remain  beyond  our  powers  of  correc- 
tion. 

Discovery  of  llfpoihetically  Simple  Laws. 

In  some  branches  of  science  we  meet  wnth  natiu"al  law^s 
of  a  simple  character  wliich  are  in  a  certain  point  of  view 
exactly  true  and  yet  can  never  be  manifested  as  exactly 
true  in  natural  phenomena.  Such,  for  instance,  are  the 
law\s  concerning  what  is  called  a  perfect  gas.  The  gaseous 
state  of  matter  is  that  in  which  the  genertd  propel  ties  of 
matter  are  exhibited  in  tlie  simplest  and  most  general 
manner.  There  is  much  advantage  accordingly  in  ap- 
proaching the  question  of  molecular  mechanics  from  this 
side.  But  when  we  ask  the  question— What  is  a  gas  ? 
the  answer  must  be  a  hypothetical  one.     Finding  that 
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»  Airy,  *  Philosoijljkul  Transat'tions/  (1856)  vol  cadvi,  p.  324. 
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gases  nearly  obey  the  law  of  Boyle  and  Marriotte  ;  that 
they  nearly  expand  by  heat  at  the  uniform  rate  of  one 
part  in  272*9  of  their  volume  at  0°  for  each  degree  centi- 
gi-ade  ;  and  that  they  more  nearly  fulfil  these  conditions 
the  more  distant  the  point  of  temperature  at  which  we 
examine  them  from  the  liquefying  point,  we  pass  by  the 
principle  of  continuity  to  the  conception  of  a  perfect  gas. 
Such  a  gas  would  probably  consist  of  atoms  of  matter  at 
so  great  a  distance  from  each  other  as  to  exert  no  attrac- 
tive forces  upon  each  other ;  but  for  this  condition  to  be 
exactly  fulfilled  the  distances  must  be  infinite,  so  that  an 
absolutely  perfect  gas  cannot  exist.  But  the  perfect  gas 
is  not  merely  a  limit  to  which  we  may  approach,  it  is  a 
limit  passed  by  at  least  one  real  gas.  It  has  been  shown 
by  Despretz,  Pouillet,  Dulong,  Arago,  and  finally  Regnault, 
that  all  gases  diverge  from  the  Boylean  law,  and  in  nearly 
all  cases  the  density  of  the  gas  increases  in  a  somewhat 
greater  ratio  than  the  pressure,  indicating  a  tendency  on  the 
part  of  the  molecules  to  approximate  of  their  own  accord, 
and  condense  into  liquid.  In  the  more  condensible  gases 
such  as  sulphurous  acid,  ammonia,  and  cyanogen,  this 
tendency  is  strongly  apparent  near  the  liquefying  point. 
Hydrogen  on  the  contrary  diverges  from  the  law  of  a 
perfect  gas  in  the  opposite*  direction,  that  is,  the  density 
increases  less  than  in  the  ratio  of  the  pressure  \  This  is  a 
singular  exception,  the  bearing  of  which  I  am  unable  to 
comprehend. 

All  gases  diverge  again  from  the  law  of  uniform  ex- 
pansion by  heat,  but  the  divergence  is  less  as  the  gas  in 
question  is  less  condensible,  or  examined  at  a  temperature 
more  removed  from  its  liquefying  point.  Thus  the  perfect 
gas  in  this  respect  must  have  an  infinitely  high  tempera- 
ture. According  to  Dalton's  law  each  gas  in  a  mixtiu-e  re- 
tains its  own  properties  wholly  unaffected  by  the  presence 
t  Jamin,  *  Conrs  de  Physique,'  vol.  i.  pp.  283-288. 


[of  any  other  gas^.  Tliis  law  is  probably  true  only  by 
appro>tJTnution,  but  It  is  obvious  that  it  would  be  true  of 
the  perfect  gas  with  infinitely  distant  particles^. 

Mathematical  Principlea  of  Approximation. 

The  whole  siilyect  of  tlie  approximate  character 
physical  Hciencc  will  be  rendered  more  plain  if  we  con- 
sider it  froiu  a  gtfiieral  matbematic^J  point  of  view. 
Throughout  quantitative  investigations  we  ileal  with  the 
2X*hiti<»n  of  one  cpumtity  to  certain  other  quantities,  of 
which  it  is  a  function  ;  but  the  subject  is  quite  sufficiently 
complicntcd  if  we  view  one  quantity  as  a  function  of 
one  othei'.  Now,  as  a  general  rule,  a  function  can  be 
developed  or  expressed  as  the  sum  of  certain  otlier  quanti- 

'ties,  the  values  of  wliieh  depend  upon  the  successive 
powers  of  the  variable  quantity.  Thus,  if  y  be  the  one 
f|uantity  wljicli  is  regarded  as  a  function  of  x^  then  we 
may  say  that 

2/  ^  A  +  B  .r  +  C  a'^  +  D  ar*  +  E  a-*  + 

P^n  this  equation,  A,  B,  C,  D,  &c„  are  fixed  quantities,  of 
tUtforent  values  in   diflerent  cases.      The  terms  may  bel 

'  "tufiiiite  in  number  or  after  a  time  may  cease  to  have  anj 

LVhImo.      Any  of  the   co-eificients  A,   B,  C,   &c.,  may 

<i^  or  negative ;  but  whatever  tliey  may  be  they  are 

tk^li     The  quantity  x  on  the  other  hand  may  be  made 

'  wimt  vvu  like,  being  variable  at  our  t\i11.     Suppose,  in  thel 
|l|ii(  plikiH\  that  X  and  y  are  both  measurable  lengths,    Lc 
V(»  tiiftM\uiu«  that  HmToo  P^^^  ^^  ^^  ^*^^^  ^s  the  least  that  W0| 

I  y^\w  U\Vk^  auto  of.     Then  when  x  is  one  hundredth  of  at 

jius^K  Wi»  hwvo  a?*=  lu.ooot  and  if  C  be  less  than  unity,! 
\\\}>  MlH  I**!'*  will  bo  inappreciable,  being  less  than  wel 

**  JauA^  ^Htl  T^oiMiion,  *  PluluBophical  Tmnsactious,'   1854,  vol.  cxlir«| 

^  ^IClw  lUVlWI'il^  tif  fi  l^^rfect  gna  have  bocTi  described  I13'  Eunkine^l 
» TimiMtti^liwU*  \4  IW  IU\yhI  SiKlcty  of  EOinbuigh;  vol.  xxv.  p.  561, 
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can  measure.  Unless  any  of  the  quantities  D,  E,  &c.,  should 
happen  to  be  very  great,  it  is  evident  that  all  the  suc- 
ceeding terms  will  also  be  inappreciable,  because  the 
powers  of  x  become  rapidly  smaller  in  geometrical  ratio. 
Thus  when  x  is  made  small  enough  the  quantity  y  seems 
to  obey  the  equation 

y  =  A  +  B  a:. 

If  X  should  be  made  still  less,  if  it  should  become  so 
small,  for  instance,  as  i.ooo.ooo  ^^  ^^  inch,  and  B  should 
not  be  very  great,  then  y  would  appear  to  be  the  fixed 
quantity  A,  and  would  not  seem  to  vary  with  x  at  alL 
On  the  other  hand,  were  x  to  grow  greater,  say  equal  to 
~^^  inch,  and  C  not  be  very  small,  the  term  C  a?  would 
become  appreciable,  and  the  law  would  now  be  more 
complicated. 

We  can  invert  the  mode  of  viewing  this  question,  and 
suppose  that  while  the  quantity  y  undergoes  variations 
depending  on  many  powers  of  a;,  that  our  power  of  de- 
tecting the  changes  of  value  is  more  or  less  acute.  While 
our  powers  of  observation  remain  very  rude  and  imperfect 
we  may  even  be  unable  to  detect  any  change  in  the 
quantity  at  all,  that  is  to  say  B  x  may  always  be  smaller 
than  to  come  within  our  notice,  just  as  in  former  days 
the  fixed  stars  were  so  called  because  they  remained  at 
apparently  fixed  distances  from  each  other.  With  the 
use  of  telescopes  and  micrometers  we  become  able  to  de- 
tect the  existence  of  some  motion,  so  that  the  distance  of 
one  star  from  another  may  be  expressed  by  A  -f  B  ir,  the 
term  including  x^  being  still  inappreciable.  Under  these 
circumstances  the  star  will  seem  to  move  uniformly,  or  in 
simple  proportion  to  the  time,  x.  With  much  improved 
means  of  measurement  it  will  probably  be  found  that  this 
uniformity  of  motion  is  only  apparent,  and  that  there 
exists  some  acceleration  or  retardation  due  to  the  next 
term.     More  and  more  careful  investigation  will   show 
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nience  by  discovering  linear,  and  afterwards  proceed  to 
elliptic  or  more  complicated  laws  of  variation.  The  ap- 
proximate curves  which  we  employ  are  all,  according  to 
De  Morgan's  use  of  the  name,  parabolas  of  some  order 
or  other ;  and  since  the  common  parabola  of  the  second 
order  is  approximately  the  same  as  a  very  elongated 
ellipse,  and  is  in  fact  an  infinitely  elongated  ellipse,  it 
is  convenient  and  proper  to  call  variation  of  the  second 
order  elliptic.    It  might  also  be  called  quadric  variation. 

As  regards  many  important  phenomena  we  are  yet  only 
in  the  first  stage  of  approximation.  We  know  that  the  sun 
and  many  so-called  fixed  stars,  especially  6i  Cygni,  have 
a  proper  motion  through  space,  and  the  direction  of  this 
motion  at  the  present  time  is  known  with  some  degree 
of  accuracy.  But  it  is  hardly  consistent  with  the  theory 
of  gravity  that  the  path  of  any  body  should  really  be  a 
straight  line.  Hence,  we  must  regard  a  rectilinear  path 
as  only  an  approximate  and  provisional  description  of  the 
motion,  and  look  forward  to  the  time  when  its  curva- 
ture will  be  idtimately  detected  and  measured,  though 
centuries  perhaj)S  must  first  elapse. 

On  the  surface  of  the  earth  we  are  accustomed  to 
assume  that  the  force  of  gravity  is  uniform  at  all  ordinary 
heights  above  or  below  the  surface,  because  the  variation 
is  of  so  slight  an  amount  that  we  are  scarcely  able  to 
detect  it.  But  supposing  we  could  measure  the  variation, 
we  should  find  it  simply  proportional  to  the  height. 
Taking  the  earth's  padius  to  be  unity,  let  h  be  the  height 
at  which  we  measure  the  force  of  gravity.  Then  by  the 
well-known  law  of  the  inverse  square,  that  force  will  be 
proportional  to 

-j-^-Tkf.  or  to  g{i  -  2h  +  3/^'  -4^'  + )• 

But  at  all  heights  to  which  we  can  attain  h  will  be  so 
small  a  fraction  of  the  earth's  radius  that  3  h?  will  be  in- 
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the  scale  of  a  balance.  How  do  we  know  that  two  pound 
weights  together  will  weigh  twice  as  much  as  one  '\  Do 
we  know  it  to  be  exactly  so  ?  Like  other  results  founded 
on  induction  we  cannot  prove  it  certainly  and  absolutely, 
but  all  the  calculations  of  physical  astronomy  proceed 
upon  the  assiunption,  so  that  we  may  consider  it  proved 
to  a  very  high  degree  of  approximation.  We  may,  in  fact, 
assume  with  much  probability  that  bodies  gravitate  in 
entire  independence  of  each  other.  Had  not  this  been 
true  the  calculations  of  physical  astronomy  would  have 
been  almost  infinitely  more  complex  than  they  actually 
are,  and  the  progress  of  knowledge  would  have  been 
vastly  slower. 

The  science  of  the  spectrum  again  is  much  simplified  by 
the  fact  that  elements  do  not  apparently  interfere  with 
each  other  in  the  production  of  light.  The  spectnmi  of 
sodium  chloride  is  the  spectrum  of  sodium  superposed 
upon  that  of  chlorine.  Were  it  otherwise,  we  should 
have  as  many  distinct  spectra  as  there  are  distinct  com- 
pounds in  chemistry,  and  the  subject  would  be  almost 
hopelessly  complex.  The  spectrum  of  a  substance  would 
then  no  more  enable  us  to  tell  its  components  than  the 
appearance  of  a  new  mineral  indicates  its  composition. 
But  it  would  probably  be  too  early  to  assert  the  entire 
absence  of  any  joint  spectra.  There  is  so  much  yet 
unexplained  in  the  subject  that  some  efiects  due  to  the 
mutual  action  of  elements  may  possibly  be  discovered, 
and  the  independence  will  then  be  only  approximate. 

It  is  a  general  principle  of  scientific  method  that  if 
effects  be  of  small  amount,  comparatively  to  our  means  of 
observation,  all  joint  effects  will  be  of  a  higher  order  of 
smallness,  and  may  therefore  be  rejected  in  a  first  ap- 
proximation. This  principle  was  distinctly  employed  by 
Daniel  Bemouilli  in  the  theory  of  sound,  under  the  title  of 
'The  Principle  of  the  Coexistence  of  Small  Vibrations/ 

VOL.  n.  H 


I  Be  showed  that  if  a  string  is  affected  by  two  kinds 
vibrations,  we  inay  consider  each  to  be  goii^  oa  as  if  the 
other  did  not  exist     We  cannot  peroeive  that  the  eomid- 
ing  of  one  muaical  instrument  prevents  or  even  fm^iifiw 
the  sound  of  another,  so  that  all  sounds  would  eeem  to 
travel  through  the  air,  and  act  upon  the  ear  in  independ- 
cnce  of  each  other.      An  exactly  similar  assumption  is 
— ■  made  in  the  theory  of  tides,  which  are  really  grieat  wavea 
BOne  wave  in  produced  by  the  attraction  of  the  moon,  and 
another  by  the  attraction  of  the  sun,  and  the  question 
B  arises,  whether  when  these  waves  coincide,  as  at  the  time 
*  of  spring  tides,  the  joint  wave  will  be  simply  the  sum  of 
the  separate  waves.     On  the  principle  of  Bemouilli  this 
will  be  so,  because  the  tides  on  the  ocean  are  almost 
indefinitely  small  compared  with  the  depth  of  the  ocean. 

The  principle  of  Bemouilli,  however,  is  only  approxiJ 
mately  true*  A  wave  never  is  exactly  the  same  when' 
another  wave  is  interfering  with  it,. but  the  less  tlie  di;^ 
placement  of  particles  due  to  each  wave,  the  less  in  a 
higher  degree  is  the  effect  of  one  wave  upon  the  other. 
In  recent  years  Hebnholtz  was  led  to  suspect  that  some 
of  the  phenomena  of  sound  might  after  all  be  due  to 
xesultant  effects  overlooked  by  the  assumption  of  previous 
physicists.  He  investigated  the  secondary  waves  which 
would  arise  from  the  inU^rference  of  considerable  disturb- 
aDoedi  and  was  able  to  show  that  certain  summation 
resultant  tones  ought  to  be  heainJ,  and  experiments  subsc 
qttently  devised  for  the  purpose  showed  that  they  might 

Hc0i]^hout  the  mechanical  sciences  the  Principle  of  the'' 
iticn  of  Small  3Iotio?is  is  of  fimdamental  im- 
it    may   be    thus   explained.      Suppose 
I,  acting   from   the  points  B  and  C,   ar 
VMoving  a  body  A.     Let  the  force  acting' 
A  Tail  t  *  Natural  Philoaophy/  vol  I  p.  60. 
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from  B  be  such  that  in  one  second  it  would  move  A 
to  p,  and  similarly  let  the  second  force,  acting  alone, 
move  A  to  r.  The  question  arises,  a 
then,  whether  their  joint  action 
will  urge  A  to  g  along  the 
diagonal  of  the  parallelogram. 
May  we  say  that  A  will  move 
the  distance  Ajp  in  the  direction 

AB,  and    Ar    in   the   direction  c? 

AC,  or,  what  is  the  same  thing,  along  the  parallel  line  pq  ? 
In  all  strictness  we  cannot  say  so  ;  for  when  A  has  moved 
towards  p,  the  force  from  C  will  no  longer  act  along  the 
line  AC,  and  similarly  the  motion  of  A  towards  r  will 
modify  the  action  of  the  force  from  B.  This  interference 
of  one  force  with  the  line  of  action  of  the  other  will 
evidently  be  greater  the  larger  is  the  extent  of  motion 
considered ;  on  the  other  hand,  as  we  reduce  the  paral- 
lelogram ApqVy  compared  with  the  distances  AB  and  AC, 
the  less  will  be  the  interference  of  the  forces.  Accord- 
ingly mathematicians  avoid  all  error  by  considering  the 
motions  as  infinitely  small,  so  that  the  interference  be- 
comes of  a  still  higher  order  of  infinite  smallness,  and 
may  be  entirely  neglected.  By  the  resources  of  the  Difier- 
ential  Calculus  it  is  possible  to  calculate  the  motion  of  the 
particle  A,  as  if  it  went  through  an  infinite  number  of 
infinitely  small  diagonals  of  parallelograms.  The  great 
discoveries  of  Newton  really  arose  from  applying  this 
method  of  calculation  to  the  movements  of  the  moon 
round  the  earth,  which,  while  constantly  tending  to  move 
onward  in  a  straight  line,  is  also  deflected  towards  the 
earth  by  gravity,  and  moves  through  an  elliptic  curve, 
composed  as  it  were  of  the  infinitely  small  diagonals  of 
infinitely  small  parallelograms.  The  mathematician,  in 
his  investigation  of  a  curve,  always  in  fact  treats  it  as 
made  up  of  a  great  number  of  short  straight  lines,  and  it 

H    2 
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expansion  may  also  be  considered  as  being  three  times  as 
great  as  the  linear  expansion.  For  if  the  increase  of  tem- 
perature expands  a  bar  of  metal  in  the  ratio  of  i  to  i  +  a, 
and  the  expansion  be  equal  in  all  directions,  then  a  cube 
of  the  same  metal  would  expand  as  i  to  (i  +a)^  or  as 
I  to  I  +  3a  +  3a*  +  a'.  When  a  is  a  very  small  quantity 
the  third  term  3a*  will  be  imperceptible,  and  still  more  so 
the  fourth  term  a^.  The  coefficients  of  expansion  of 
solids  are  in  fact  so  small,  and  so  imperfectly  determined, 
that  physicists  seldom  take  into  account  their  second  and 
higher  powers. 

It  is  an  universal  and  important  result  of  these  prin- 
ciples that  all  very  small  errors  may  be  assumed  to  vary 
in  simple  proportion  to  their  causes  ;  a  new  reason  why,  in 
eliminating  errors,  we  should  first  of  all  make  them  as 
small  as  possible.  Let  us  suppose,  with  De  Morgan,  that 
there  is  a  right-angled  triangle  of  which  the  two  sides 
containing  the  right  angle  are  really  of  the  lengths  3  and 
4,  so  that  the  hypothenuse  is  ^y^^  or  5.  Now  if  in 
two  measurements  of  the  first  side  we  commit  slight 
errors,  making  it  successively  4*001  and  4*002,  then  calcu- 
lation will  give  the  lengths  of  the  hypothenuse  as  almost 
exactly  5*0008  and  5*00016,  so  that  the  error  in  the 
hypothenuse  will  seem  to  vary  in  simple  proportion  to 
that  of  the  side,  although  it  does  not  really  do  so  with 
perfect  exactness*.  The  logarithm  of  a  number  does 
not  vary  in  proportion  to  that  number — nevertheless  we 
should  find  the  difference  between  the  logarithms  of  the 
numbers  1 00000  and  looooi  to  be  almost  exactly  equal  to 
that  between  the  numbers  lOOOOi  and  100002.  It  is  thus 
a  general  rule  that  very  small  differences  between  suc- 
cessive values  of  a  function  are  approximately  proportional 
to  the  small  differences  of  the  variable  quantity. 

a  De  Morgan's  *  Differential  Calculus.' 
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Four  3Ieanmgs  of  Eqaality. 

Altliougli  it  niight  eeein  that  there  are  few  terms  more 
free  from  ambiguity  than  the  term  equals  yet  scientific 
men  do  iis  a  matter  of  fact  employ  it  with  foiu*  meanings, 
which  it  is  very  desirable  to  distinguish  carefully.  These 
meanings  1  may  briefly  describe  as 

(i)  Absolute  Equality. 

(2)  Sub-equality. 

(3)  Apptirent  EquaUty. 
{4)  Probable  Equality. 

By  absolute  equality  we  nignify  that  which  is  complete 
and  perfect  to  the  last  degi*ee ;  but  it  is  obvious  that  we 
can  only  know  such  equality  in  a  theoretical  or  hypothe- 
tical maimer.  The  areas  of  two  triangles  standing  upon 
the  same  base  and  between  the  same  parallels  are  abso- 
lutely equal,  Hippocrates  beautifully  proved  that  the 
area  of  a  lunula  or  figure  contained  between  two  seg- 
ments of  circles  was  absolutely  equal  to  that  of  a  certain 
right-angled  triangle.  As  a  general  rule  all  geometrical 
and  other  elementary  mathematical  theorems  involve  ab- 
solute equidity. 

De  Morgan  proposed  to  describe  as  sub-equal  those 
quantities  which  are  equal  within  an  infinitely  small 
quantity,  so  that  x  is  sub-equal  to  a;  +  dx.  The  whole  of 
the  diflerential  calculus  may,  aa  I  apprehend  it,  be  said 
to  arise  out  ol*  the  neglect  of  infinitely  smLill  quantities  ; 
with  tliis  subject  however  we  are  not  in  this  place  much 
concerned*  In  matliematical  science  many  other  subtle 
distinctions  may  have  to  be  drawn  between  kmds  of 
equality,  as  De  Morgan  has  shown  in  a  remarkable  memoir 
*  On  Infinity  ;  and  c^n  the  Sign  of  Equality '  ^\ 

Appurent  equality  is  that  with  which  physicxil  science 
deals.      Those   magnitudes   are   pnictically  equal  which 

^  *  Cambridge  Philasopliical  Transactions/  [1865]  vol  xi,  Part  I, 
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differ  only  by  an  imperceptible  quantity.  To  the  car- 
penter anything  less  than  the  hundredth  part  of  an  inch 
is  non-existent ;  there  are  few  arts  or  artists  to  which  the 
hundred-thousandth  of  an  inch  is  of  any  account.  Since 
all  coincidence  between  physical  magnitudes  is  judged  by 
one  or  other  sense,  we  must  be  restricted  to  a  knowledge 
of  apparent  equality. 

In  reality  even  apparent  equality  is  rarely  to  be  ex- 
pected. More  commonly  experiments  will  give  only 
probable  equality,  that  is  results  will  come  so  near  to 
each  other  that  the  difference  may  be  *  ascribed  to  un- 
important disturbing  causes.  Thus  physicists  often  assume 
quantities  to  be  equal  provided  that  they  fall  within  the 
limits  of  probable  error  of  the  processes  employed.  We 
cannot  expect  observations  to  agree  with  theory  more 
closely  than  they  agree  with  each  other,  as  Newton  re- 
marked of  his  investigations  concerning  Halley's  Comet. 

Arithmetic  of  Approximate  Qvxintities. 

Considering  that  almost  all  the  quantities  which  we 
treat  in  physical  and  social  science  are  approximate  only, 
it  seems  desirable  that  some  attention  should  be  paid  in 
the  teaching  of  arithmetic  to  the  correct  interpretation 
and  treatment  of  approximate  numerical  statements.  We 
ought  carefully  to  distinguish  between  2*5  when  it  means 
exactly  two  and  a  hal^  and  when  it  means,  as  it  usually 
does,  anything  between  2*45  and  2*55  It  would  be  better 
in  the  latter  case  to  write  the  number  as  2*5  ...  .  and  we 
might  then  distinguish  2*50  ...  .  as  meaning  anything 
between  2*495  ...  .  and  2*505.  When  approximate 
numbers  are  added,  subtracted,  multiplied,  or  divided, 
it  becomes  a  matter  of  some  complexity  to  determine 
the  degree  of  accuracy  of  the  result.  There  are  few 
persons,  for  instance,  who  could  assert  straightway  that 
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the  sum  of  the  approximate  numbers  34*70,  52*693,  8o'i, 
is  1 67*5  within  less  than  '07.  So  far  as  I  know  Mr. 
Sandeman  is  the  only  mathematician  who  has  traced  out 
the  rules  of  approximate  arithmetic,  and  his  directions  are 
worthy  of  careful  attention  c.  Although  the  accuracy  of 
measurement  has  so  much  advanced  since  the  time  of 
Leslie,  it  is  not  superfluous  to  repeat  his  protest  against 
the  unfairness  of  affecting  by  a  display  of  decimal  frac- 
tions a  greater  degree  of  accuracy  than  the  nature  of  the 
case  requires  and  admits  <^.  I  have  known  a  scientific 
man  to  register  the  barometer  to  a  second  of  time  when 
the  nearest  quarter  of  an  hour  would  have  been  amply 
sufficient.  Chemists  often  publish  results  of  analysis  to 
the  ten-thousandth  or  even  the  millionth  part  of  the 
whole,  when  in  all  probability  the  processes  employed  can- 
not be  depended  on  beyond  the  hundredth  part.  It  is 
seldom  desirable  to  give  more  than  one  place  of  figures  of 
uncertain  amount ;  but  it  must  be  allowed  that  a  nice  per- 
ception of  the  degree  of  accuracy  possible  and  desirable  is 
requisite  to  save  misapprehension  and  needless  computa- 
tion on  the  one  hand,  and  to  secure  all  attainable  exact- 
ness on  the  other  hand. 

c  Sandeman,  *  Pelicotetics,'  p.  214. 

d  Leslie,  *  Inquiry  into  the  Nature  of  Heat,'  p.  505. 
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QUANTITATIVE   INDUCTION. 


Let  it  be  observed  that  we  have  not  yet  formally  con- 
sidered any  processes  of  reasoning  which  have  for  their 
object  to  disclose  general  laws  of  nature  expressed  in 
quantitative  formulaB  or  equations.  We  have  been  in- 
quiring into  the  modes  by  which  a  phenomenon  may  be 
measured,  and,  if  it  be  a  composite  phenomenon,  may  be 
resolved,  by  the  aid  of  several  measurements,  into  ita 
component  parts.  We  have  rlso  considered  the  precau- 
tions to  be  taken  in  the  performance  of  observations  and 
experiments  in  order  that  we  may  know  what  phenomena 
we  really  do  measure  and  record.  In  treating  of  the 
approximate  character  of  all  observations,  we  have  par- 
tially entered  upon  the  subject  of  Quantitative  Induction 
proper,  but  we  must  remember  that  no  number  of  facts 
and  observations  can  b}^  themselves  constitute  science  or 
general  knowledge.  Numerical  facts,  like  other  facts, 
are  but  the  raw  materials  of  knowledge,  upon  which  our 
reasoning  faculties  must  be  exerted  in  order  to  draw 
forth  the  secret  principles  of  nature.  It  is  by  an  inverse 
process  of  reasoning  that  we  can  alone  discover  the  mathe- 
matical laws  to  which  varying  quantities  conform.  By  well- 
conducted  experiments  we  gain  a  series  of  values  of  a 
variable,  and  a  corresponding  series  of  values  of  a  variant, 
and  we  now  want  to  know  what  mathematical  function 
the  variant  is  as  regards  the  variable.  In  the  usual  pro- 
gress of  a  science  three  questions  will  have  to  be  answered 
as  regards  every  important  quantitative  phenomenon  : — 


p 

^ 


N 


(i)  Is  there  any  constant  relation  between  tlie  variable 
and  variant  ? 

(2)  Wliat  18  the  empirical  formula  expressing  this  re- 
lation 1 

(3)  What  is  the  rational  formula  expressing  tlie  law  of 
nature  involved  1 

Prohcthle  Coimexion  of  Varying  Quantities, 

We  find  it  stated  in  Mr.  Mill's  System  of  Logic  *  tbaf 

*  Whatever  phenomenon  varies  in  any  manner  whenever 
another  phenomenon  varies  in  some  particular  manner^ 
is  either  a  cause  or  an  effect  of  that  phenomenon,  or  is 
connected  with  it  through  some  fact  of  causation/  This 
assertion  may  be  considered  true  when  it  is  interpreted 
with  sufficient  caution  ;  but  it  might  otherwise  lead  us  into 
great  errors.  There  is  nothing  whatever  in  the  nature  of 
things  to  prevent  the  existence  of  two  variations  which 
should  apparently  follow  the  same  law,  and  yet  have  no 
connexion  with  each  other.  One  binary  star  might  be 
going  through  a  revolution  which,  so  far  as  we  could  tell, 
was  of  apparently  equal  period  with  that  of  another 
binary  star,  and  according  to  the  above  rule  the  motion 
of  one  would  be  the  cause  of  the  motion  of  the  other, 
which  would  not  be  really  the  case.  Two  astronomical 
clocks  might  conceivably  be  made  so  nearly  perfect  that, 
for  several  years,  no  difference  could  be  detected,  and  we 
might  then  infer  that  the  motion  of  one  clock  was  the 
cause  or  effect  of  the  motion  of  the  other.  This  matter 
really  requires  the  most  carefid  discrimination.  We  must 
always  bear  in  mind  tliat  the  continuous  quantities  of 
space,  time,  force,  &c.,  which  we  measure,  are  made  up  of 
an  infinite  number  of  infinitely  small  units.  We  may 
then  meet  with   two  variable    phenomena  which  follow 
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HcWB  60  nearly  the  same,  that  in  no  part  of  the  variations 
open  to  our  observation  can  any  discrepancy  be  discovered, 
I  grant  that  if  two  clocks  could  be  shown  to  have  kept 
exactly  the  same  time  during  one  year,  or  any  finite 
interval  of  time,  the  probability  would  become  infinitely 
high  that  there  was  a  connexion  between  their  motions. 
But  it  is  apparent  that  we  can  never  absolutely  prove 
such  coincidences  to  exist.  Allow  that  we  may  observe 
a  difference  of  one  tenth  or  one  hundredth  of  a  second  in 
their  time,  yet  it  is  just  possible  that  they  w^ere  independ- 
ently regulated  so  as  to  go  together  withm  less  than  that 
quantity  of  tune.  In  short  it  would  require  either  an  in* 
finitely  long  time  of  observation^  or  infinitely  acute  powers 
of  measuring  a  discrepancy  to  decide  positively  whether 
two  clockfi  were  or  w^ere  not  in  relation  with  each  other, 

A  similar  question  actually  occurs  m  the  case  of  the 
moon's  motion.  We  have  absolutely  no  record  that  any 
other  portion  of  the  moon  was  ever  visible  to  men  than 
such  as  we  now  see.  Tliis  fact  sufficiently  proves  that 
within  the  historical  period  the  rotation  of  the  moon  on  its 
own  axis  has  coincided  with  its  revolutions  round  the 
earth.  Does  this  coincidence  prove  a  relation  of  cause 
and  effect  to  exist  between  these  motions  1  The  answer 
must  lie  in  the  negative,  because  there  might  have  been 
so  slight  a  discrepancy  between  the  motions  that  there 
has  not  yet  been  time  to  produce  any  appreciable  effect. 
There  may  nevertheless  be  a  higli  probability  of  con- 
nexion. 

The  whole  question  of  the  relation  of  quantities  thus 
resolves  itself  into  one  of  probability.  When  we  can 
only  rudely  measure  a  quantttiitivc  result,  we  can  assign 
but  slight  importance  to  any  correspondence.  Because 
the  brightness  of  two  stars  seems  to  vary  in  the  same 
manner  there  is  no  appreciable  probabiUty  that  they  have 
any  relation  w^ith   each   other.     Could  it  be  shown  that 


tlieir  periods  of  variatiou  were  the  same  even  to  infinitely 
small  quautities  it  would  be  certain,  that  is  infinitrely  pro- 
bal»le,  tliat  they  were  connected,  however  unlikely  this 
might  be  on  other  grounds.  The  general  mode  of  esti- 
mating such  probabilities  is  identical  with  that  applied 
to  other  inductive  problems.  Thus*  if  the  two  periods  of 
variation  were  assigned  by  pure  chance  and  entirely  inde- 
pendently of  each  other,  the  probability  would  be  about 
one  in  ten  million  that  they  would  agree  to  the  one  ten- 
millionth  part ;  but  if  the  periods  be  observed  to  agree  to 
less  thon  that  part  then  there  is  a  probability  of  at  least 
ten  million  to  one  ui  favoiu-  of  the  opposite  hypothoBis  of 
connexion.  That  any  two  periods  of  variation  should  by 
chance  become  absolutely  equal  is  infinitely  improbable ; 
hence  if,  in  the  case  of  the  moon  or  any  other  change^  we 
conld  prove  absolute  coincidence,  we  should  have  certainty 
of  connexion^.  With  approximate  measurements,  which 
alone  are  within  om'  power,  we  must  hope  for  approximate 
certainty  at  the  most. 

The  general  principles  of  inference  and  probability,  ac- 
cording to  whicli  we  treat  causen  and  effect'^  varying  in 
amount,  are  exactly  the  same  as  those  by  which  we 
treated  simple  experiments.  Continuous  quantity,  how- 
ever, atfords  us  an  infinitely  more  extensive  sphere  of 
observation,  because  every  diflerent  amount  of  cause, 
however  little  diflerent,  ought  to  be  followed  by  a  dif- 
feifut  amount  of  eliect.  If  w^e  can  measure  tern  pern  ture 
t^  the  one  hundredth  part  of  a  degree  centigrade,  then 
vtHV4i  lietwcen  o°  and  lOo"*  we  have  10,000  possible  dis- 
imk.  If  ihe  precision  of  our  measurements  is 
^o  that  the  one  thousandth  part  of  a  degree 
Ai-mvicitixh  our  trials  may  be  increased  tenfold. 
n(  connexion  will  he  proportional  to  the 
r  usurements. 

c  World/  tmml  by  Hart*',  vol.  ii.  p.  366. 
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When  we  have  the  power  of  varying  the  quantity  of  a 
cause  entirely  at  our  will  it  is  easy  to  discover  whether 
a  certain  effect  is  due  to  that  cause  or  not.  We  can  then 
make  as  many  regular  or  irregular  changes  as  we  like, 
and  it  is  quite  incredible  that  the  supposed  effect  should 
by  chance  go  through  exactly  the  corresponding  series  of 
changes  unless  by  dependence.  Thus,  if  we  have  a  bell 
ringing  in  vacuo,  the  sound  increases  as  we  let  in  the  air, 
and  it  decreases  again  as  we  exhaust  the  air.  Tyndall's 
singing  flames  evidently  obeyed  the  directions  of  his  own 
voice ;  and  Faraday  when  he  discovered  the  relation  of 
magnetism  and  light  found  that,  by  making  or  breaking 
or  reversing  the  current  of  the  electro-magnet,  he  had 
complete  command  over  a  ray  of  light,  proving  beyond  all 
reasonable  doubt  the  dependence  of  cause  and  effect.  In 
such  cases  it  is  the  perfect  coincidence  in  time  between 
the  change  in  the  effect  and  that  in  the  cause  which  raises 
a  high  improbability  of  casual  coincidence. 

It  is  by  a  very  simple  case  of  variation  that  we  infer 
the  existence  of  a  material  connexion  between  two  bodies 
moving  with  exactly  equal  velocity,  such  as  the  locomotive 
engine  and  the  train  which  follows  it.  Elaborate  observa- 
tions were  requisite  before  astronomers  could  all  be  con- 
vinced that  the  red  hydrogen  flames  seen  during  solar 
eclipses  belonged  to  the  sun,  and  not  to  the  moon's  atmo- 
sphere as  Flamsteed  assumed.  As  early  as  1 706,  Captain 
Stannyan  noticed  a  blood  red  streak  in  an  eclipse  which 
he  witnessed  at  Berne,  and  he  asserted  that  it  belonged 
to  the  sun ;  but  his  opinion  was  not  finally  established 
until  photographs  of  the  eclipse  in  i860,  taken  by  Mr. 
De  la  Eue,  showed  that  the  moon  s  dark  body  gradually 
covered  the  red  prominences  on  one  side,  and  uncovered 
those  on  the  other,  in  short,  that  these  prominences 
moved  precisely  as  the  sun  moved  and  not  as  the  moon 
moved. 


£\  n  we  have  no  means  of  a^coratdly  measiuring 

the  variable  quantities  we  may  yet  be  convinced  of  their 
connexion,  if  one  alwajrs  varies  perceptibly  at  the  same 
time  aa  the  other,  Fati^e  increases  with  exertion; 
hunger  with  abstinence  from  food ;  desire  and  degree  of 
utility  decrease  with  the  quantity  of  oommodity  con* 
Bumed  We  know  that  the  sun's  heating  power  depends 
upon  lu8  height  in  the  sky ;  that  the  temperature  of  the 
air  falls  in  ascending  a  mountain ;  that  the  earth's  crust 
is  found  to  be  perceptibly  warmer  as  we  sink  mines  into 
it ;  we  infer  the  direction  iu  which  a  sound  comes  from 
the  change  of  loudness  as  we  approach  or  recede.  The 
facility  with  which  we  can  time  after  time  observe  the 
increase  or  decrease  of  one  quantity  with  anoth^  suf- 
ficiently shows  the  connexion,  although  we  may  be  \ui- 
ublc  Uj  mnign  any  precise  law  of  relation.  The  probability 
in  Kuch  eases  depends  upon  frequent  coincidence  in  time. 

Empirical  Mathematical  Laws. 

It  is  important  to  acquire  a  clear  comprehension  of  the 
part  which  is  played  in  scientific  investigation  by  em- 
piriail  formulas  and  laws.  If  we  have  a  table  containing 
certain  values  of  a  variable  and  the  corresponding  values 
i\f  the  variant,  tliere  are  certain  mathematical  processes  by 
^hich  we  can  infallibly  discover  a  mathematical  formula 
Yit4vUng  numbers  in  more  or  less  exact  agreement  with 
llj^  t%^^  We  may  generally  assume  that  the  quantities 
«ixM  Msproximately  conform  to  a  law  of  the  form 
y  =  A  +  B  ic  +  C  a:^ 
jp  is  the  variable  and  y  the  variant.  We  can 
^^(l|l^  ftv^n  the  table  tbree  values  of  y,  and  the  cor- 
V?ilui:«  of  X ;  inserting  them  in  the  equation, 
^^|y^i  t?<i nations  by  the  solution  of  wliick  we 
Mft  of  A»  B,  and  C.     It  will  be  found  as  a 
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general  rule  that  the  formula  thus  obtained  yields  the 
other  numbers  of  the  table  to  a  considerable  degree  of 
approximation. 

In  many  cases  even  the  second  power  of  the  variable 
will  be  unnecessary ;  thus  Regnault  found  that  the  results 
of  his  elaborate  inquiry  into  the  latent  heat  of  steam  at 
diflTerent  pressures  were  represented  with  suflScient  ac- 
curacy by  the  empirical  formula 

X  =  6065  +  0-305  «, 
in  which  X  is  the  total  heat  of  the  steam,  and  t  the  tem- 
perature <5.     In  other  cases  it  may  be  requisite  to  include 
the  third  power  of  the  variable.     Thus  physicists  assimie 
the  law  of  the  dilatation  of  liquids  to  be  of  the  form 

^^  =  a  «  4-  6  «^  4-  c  t*, 
and  they  calculate  from  results  of  observation  the  values 
of  the  three  constants  a,  b,  c,  which  are  usually  small 
quantities  not  exceeding  one  hundredth  part  of  a  unit, 
but  requiring  to  be  determined  with  great  accuracy  ^. 
Theoretically  speaking,  this  process  of  empirical  repre- 
sentation might  be  applied  with  any  degree  of  accuracy ; 
we  might  include  still  higher  powers  in  the  formula,  and 
with  sufficient  labour  obtain  the  values  of  the  constants, 
by  using  an  equal  number  of  experimental  results. 

In  a  similar  manner  all  periodic  variations  may  be  repre- 
sented with  any  required  degree  of  accuracy  by  formulaa 
involving  the  sines  and  cosines  of  angles  and  their  mul- 
tiples. The  form  of  any  tidal  or  other  wave  may  thus  be 
expressed,  as  Sir  G.  B.  Airy  has  explained®.  Almost  all 
the  phenomena  registered  by  meteorologists  are  periodic 
in  character,  and  when  freed  from  disturbing  causes  may 
be  embodied  in  empirical  formulae.     Bessel  has  given  a 

c  *  Chemical  Reports  and  Memoirs/  Cavendish  Society,  p.  294. 

d  Jamin,  *  Cours  de  Physique/  vol.  ii.  p.  38. 

e  *  On  Tides  and  Waves/  Encyclopfiedia  lietropolitana,  p.  366*. 


112 


THE  PRiNCItLES  OF  SOJENCE, 


nile  by  which  from  any  regular  series  of  observations  we 

may,  on  the  princii>le  of  the  metliod  of  least  squares, 
calculate  out  with  a  moderate  amount  of  laboiu'  a  formula 
expressing  the  variation  of  the  quantity  ubser\^ed,  in  the 
must  probable  manner.  In  lueteorology  three  or  four 
terms  are  usual  ly  suflScient  for  representing  any  periodic 
phenomenon,  but  the  calcidation  might  be  caiTied  to  any 
higher  degree  of  accuracy.  As  the  details  of  the  process 
have  been  described  by  Sir  John  Herschel  in  his  admirable 
treatise  on  Meteon  logy*",  I  need  not  further  enter  into 
them. 

The  reader  might  be  tempted  to  think  that  in  these 
processes  of  calculation  we  have  an  infallible  method  of 
discovering  inductive  laws,  and  that  my  previous  state- 
ments (Chap.  VIL)  as  to  the  purely  tentative  and  inverse 
character  of  tlie  inductive  process  are  negatived.  Were 
there  indeed  any  general  method  of  inferring  laws  from 
facts  it  would  overturn  my  statement,  but  it  must  be 
carefully  observed  that  these  empirictd  formula3  do  not 
coincide  with  natural  laws.  They  are  only  approximations 
to  the  results  of  natural  laws  founded  upon  the  general 
principles  of  approximation.  It  lias  tdi^eady  been  pointed 
out  that  however  complicated  be  the  nature  of  a  curv^^ 
we  may  examine  so  small  a  portion  of  it,  or  we  may  ex4 
amine  it  with  such  nide  means  of  mcasinrement,  that  it 
divergence  from  an  elliptic  curve  will  not  be  apparent 
As  a  still  ruder  approximation  a  portion  of  a  straight  linl 
will  always  serve  our  purpose  ;  but  if  we  need  higher  pr 
ciaiun  a  curve  of  the  third  or  fourth  degree  will  almosl 
certiiinly  be  sufficient.  Now  empirical  formulae  really  n 
present  these  approximate  curves,  but  they  give  us  no 
inft>rmation  as  to  the  precise  nature  of  the  curve  itself 
which  we  are  approximating.  In  another  mode  of  ej 
pression  we  may  say  tbat  we  do  not  learn  what  fniictiot 

f  '  Encyt'lopa*Jia  BritaunicV  art.  l/^/^'nr-i/nri,*      Ui^irint  §§  152-156. 
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the  variant  is  of  the  variable,  but  we  obtain  another  func- 
tion which,  within  the  bounds  of  our  observation,  gives 
nearly  the  same  series  of  values. 

Discovery  of  Rational  Formulce. 

Let  us  now  proceed  to  consider  the  modes  in  which 
from  numerical  results  we  can  establish  the  actual  relation 
between  the  quantity  of  the  cause  and  that  of  the  effect. 
What  we  want  is  a  rational  formula  or  function,  which 
may  exhibit  the  reason  or  exact  character  and  origin  of 
the  law  in  question.  There  is  no  word  more  frequently 
used  by  mathematicians  than  the  word  function,  and  yet 
it  is  diflBcult  to  define  its  meaning  with  perfect  accinracy. 
Originally  it  meant  performance  or  execution,  being  equi- 
valent to  the  Greek  Xeirovpyla  or  reXea-fia.  Mathematicians 
at  first  used  it  to  mean  a7iy  power  of  a  quantity^  but 
afterwards  generalized  it  so  as  to  include  *  any  quantity 
formed  in  any  manner  whatsoever  from  another  quantity  &.^ 
Any  quantity,  then,  which  depends  upon  and  varies  with 
another  quantity  may  be  called  a  function  of  it,  and 
either  may  be  considered  a  function  of  the  other. 

Given  the  quantities,  we  want  the  function  of  which 
•they  are  the. values.  It  may  first  of  all  be  pointed  out 
that  simple  inspection  of  the  numbers  cannot  as  a  general 
rule  disclose  the  function.  In  an  earlier  part  of  this  work 
(vol.  i.  p.  142)  I  put  before  the  reader  certain  numbers, 
and  requested  him  to  point  out  the  law  which  they  obey, 
and  the  same  question  will  have  to  be  asked  in  every 
case  of  quantitative  induction.  There  are  perhaps  three 
methods,  more  or  less  distinct,  by  which  we  may  hope  to 
obtain  an  answer  : 

(i)  By  purely  haphazard  trial. 

(2)  By  noting  the  general  character  'of  the  variation  of 

«  Lagrange,  *  Lemons  sur  le  Calcul  des  Fonctions,'  1806,  p.  4. 
YOL.  II.  I 


the  quantities,  and  trying  by  preference  functions  which 
give  a  similar  form  of  variation. 

{3)  By  deducing  from  previous  knowledge  the  form  of 

the  fimction  which  is  nioBt  likely  to  suit 

Having  certain  numerical  results  we  are  always  at 
perfect  liberty  to  invent  any  kind  of  mathematical  formula 
we  like,  and  then  try  whether,  by  the  suitable  selection 
of  values  for  the  unknown  constant  quantities  w^e  can 
make  it  give  the  required  results.  If  ever  w^e  fall  upon  a 
formula  which  does  so,  to  a  fair  degree  of  approximation, 
there  is  a  presumption  in  favour  of  its  being  the  true 
function,  although  tliere  is  no  certainty  whatever  in  the 
matter.  In  this  way  I  liappened  to  discover  a  simple 
matliematical  law  which  chjsely  agreed  with  the  residts 
of  certain  experiments  on  muscular  exertion*  This  hiw 
was  afterwards  shown  by  Professor  Haughton  to  be  the 
true  rational  law  according  to  his  theory  of  muscular 
action'*. 

But  the  chance  of  gucceeding  in  this  manner  is  usually 
very  smalL  The  number  of  possible  functions  is  certainly 
infinite,  and  even  the  number  of  comparatively  simple 
functions  is  so  very  large  that  the  probability  of  falling 
upon  the  correct  one  by  mere  chance  is  very  slight  Let 
the  reader  observe  that  even  when  w^e  can  thus  obtain 
the  law  it  is  by  a  deductive  process,  not  by  showing  that 
the  numbers  give  the  law,  but  that  the  law  gives  the 
numbers. 

In  the  second  place,  we  may,  by  a  survey  of  the 
numbers,  gain  a  general  notion  of  the  kind  of  law  they 
are  likely  to  obey,  and  we  may  be  much  assisted  in  this 
process  by  drawing  them  out  in  the  form  of  a  curve,  as 
will  be  presently  considered.  We  can  in  this  way  ascer- 
tain with  some  probability  whether  the  curve  is  likely  to 

h  Haugliton,  '  Prhicjplea  of  Animal  Mechanics,*  1873,  pp.  444-450, 
Nature,  30th  of  June,  1870,  vol  ii.  p.  158, 
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be  a  closed  oiie,  or  whether  it  has  infinite  branches ; 
whether  such  branches  are  asymptotic,  that  is,  approach 
indefinitely  towards  straight  lines;  whether  it  is  loga*j 
rithmic  in  character,  or  trigonometric.  This  indeed  we 
can  only  do  if  we  remember  the  results  of  previous  in- 
vestigations. The  process  is  still  inversely  deductive,  and 
consists  in  noting  what  law^e  gave  particular  curves,  and 
then  inferring  inversely  that  such  curves  belong  to  such 
laws.  If  we  can  in  this  way  discover  the  class  of  func- 
tions to  which  the  required  law  belongs,  our  chances  of 
complete  success  are  much  increased,  because  our  hap- 
hazard triab  are  now  reduced  within  a  narrower  sjjhere. 
But,  unless  we  have  almost  the  whole  curve  before  us,  the 
identification  of  Its  character  must  be  a  matter  of  great 
uncertainty ;  and  if,  as  in  most  physical  investigations, 
we  have  a  mere  fragment  of  the  curve,  the  assistance 
given  would  be  quite  illusory.  Curves  of  almost  any 
character  can  be  mode  to  opproximatc  to  each  otlier  for  a 
limited  extent,  so  that  it  is  only  by  a  kind  of  divination 
that  we  can  fall  upon  the  actual  function,  unless  we  have 
theoretical  knowledge  of  the  kind  of  function  applicable 
to  the  case. 

When  we  have  once  obtained  what  we  believe  to  be  the 
correct  form  of  function,  the  remainder  of  the  work  is 
mere  mathematical  computation  to  be  performed  inftxllibly 
according  to  fixed  rules  S  which  include  those  employed 
in  the  determination  of  empirical  formida3  (vol.  ii.  p.  no). 
The  function  will  involve  two  or  three  or  more  unknown 
constants,  the  values  of  which  we  need  to  determine  by 
our  experimental  results.  Selecting  some  of  our  results 
widely  apart  and  nearly  equidistant,  we  must  form  by 
means  of  them  as  many  equations  as  there  are  constant 
quantities  to  be  determined.  The  solution  of  these  equa- 
tions will  then  give  us  the  constants  required,  and  having 
»  See  Jamin,  *  Coura  de  Physique/  vol  ii.  p.  50. 
I  2 


now  the  actual  function  we  can  try  whether  it  gives  with 

sufficient  accuracy  the  remainder  of  our  experimental 
results.  If  not,  we  must  either  make  a  new  selection  of 
results  to  give  a  new  set  of  equations,  and  thus  obtain 
a  new  set  of  values  for  the  constants,  or  we  must  acknow- 
ledge that  our  form  of  function  has  been  wrongly  chosen. 
If  it  appears  that  the  form  of  function  has  been  correctly 
ascertained,  we  may  regard  the  constants  as  only  approxi- 
mately accurate  and  may  proceed  by  the  Method  of  Least 
Squares  (vol.  i.  p.  458)  to  determine  the  most  probable 
values  aa  given  by  the  whole  of  the  experimental  results. 

In  most  cases  we  shall  find  ourselves  obliged  to  fidl 
buck  uix>n  the  third  mode,  that  is,  anticipation  of  the 
form  of  the  law  to  be  expected  on  the  ground  of  previous 
knowledge.  Theory  and  analogical  reasoning  must  be 
our  guides.  The  general  nature  of  the  phenomenon  will 
often  indicate  the  kind  of  law  to  be  looked  for.  If  one 
foiTO  of  energy  or  one  kind  of  substance  is  Imng  converted 
into  another,  we  may  expect  the  law  of  direct  simple  pro- 
portion. In  one  distinct  class  of  cases  the  effect  ah*eady 
produced  influences  the  amount  of  the  ensuing  effect,  as 
for  instance  in  the  cooling  of  a  heated  body,  when  the 
law  will  be  of  an  exponential  form.  When  the  direction 
in  which  a  force  acta  influences  its  action,  trigonometrical 
functions  must  of  course  enter.  Any  force  or  influence 
which  spreads  freely  through  tridimensional  space  will  be 
subject  to  the  law  of  the  inverse  square  of  the  distance. 
From  such  considerations  we  may  sometimes  arrive  deduc- 
tively and  analogically  at  the  general  nature  of  the  mathe- 
matical law  required. 
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The  Graphical  Method. 

In  endeavouring   to   discover   the   mathematical    law 
obeyed   by   experimental   results   it   is   often   necessary. 


Q  UA  NTITA  TI VE  IND  CCTfON. 


and  almost  always  desirable,  to  call  in  the  aid  of  space- 
representations.  Every  equation  involving  two  variable 
quantities  corresponds  to  some  kind  of  plane  curve,  and 
every  plane  curve  may  be  represented  symbolically  in  an 
equation  of  a  more  or  less  complex  charajcter,  containing 
two  unkno^vn  quantities.  Now  in  an  experimental  re- 
search  we  obtain  a  number  of  values  of  the  variant  cor- 
responding to  an  equal  number  of  values  of  the  variable  ; 
but  all  the  numbers  are  aflected  by  more  or  less  error, 
and  the  valuer  of  the  variable  will  often  be  in^egularly 
disposed.  Even  if  the  numbers  were  absolutely  correct 
and  disposed  at  regular  intervals,  there  is^  as  we  have 
seen,  no  direct  mode  of  discovering  the  law,  but  the  dif- 
ficulty of  discovery  is  nuich  increased  by  the  uncertainty 
and  irregularity  of  the  results. 

Under  such  circumstances,  the  best  mode  of  proceeding 
is  to  procure  or  prepare  a  paper  divided  into  small  equal 
rectnrjgular  spaces,  a  c^Duvenient  size  for  the  spaces  being 
one-tenth  of  an  inch  square.  The  values  of  the  variables 
being  marked  off'  along  the  scale  formed  by  the  lowest 
horizontal  line,  a  point  is  marked  for  eacb  corresiX)nding 
value  of  the  variant  perpendicularly  above  that  of  the 
variable,  and  at  such  a  height  as  corresponds  to  the 
amount  of  the  variant. 

The  exact  scale  of  the  drawing  is  not  of  much  im- 
portance, but  it  may  require  to  be  adjusted  according  to 
circumstances,  and  difterent  values  must  often  be  attri- 
buted to  the  upright  and  horizontal  divisions,  so  as  to 
make  the  variations  conspicuous,  but  not  excessive.  If 
now  a  curved  line  be  drawn  through  all  the  extremities 
of  the  ordlnates,  it  will  probably  exhibit  many  irregular 
inflections,  owing  to  the  errors  which  aflect  all  the  numbers. 
But,  when  the  results  are  numerous,  it  soon  becomes  ap- 
parent which  results  are  more  divergent  than  others,  and 
guided  by  a  so-called  sense  of  continuity,  it  becomes  pos- 
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sible  to  trace  a  lioe  among  the  points  which  will  approxi- 
mate to  the  true  law  more  nearly  than  the  points  them- 
selves. The  accompanying  figiure  sufficiently  explains 
itself. 


>  ^ 
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rkins  employed  this  graphical  method  with  much 
care  in  exhibiting  the  results  of  his  experiments  on  the 
compression  of  water J^,  The  numerical  result-s  were 
marked  upon  a  sheet  of  paper  very  exactly  ruled  at 
intervals  of  one-tenth  of  an  incb^  and  the  original  marks 
were  left  in  order  tlint  the  reader  might  judge  of  the 
correctness  of  the  curve  dra^^.,  or  choose  another  for 
himself,  Ilegnault  carried  the  method  to  perfection  by 
laying  off  the  points  with  a  small  screw  dividing  engine* ; 
and  he  then  formed  a  table  of  reaults  by  drawing  a  con- 
tinuous curv^e,  and  measuring  its  height  for  equidistant 
values  of  the  variable. 

Not  only  does  a  curve  drawn  in  this  manner  enable 
us  to  assign  by  measnrement  numerical  results  more  free 
from  accidental  errors  than  any  of  the  numbers  obtained 
directly  from  experiment,  but  the  form  of  the  ciu've 
sometimes  indicates  the  class  of  functions  to  which  our 
residts  belong 

^  *  Hitloeophical  Ti-ansaetbus,*  4826,  p,  344* 
I  JamiDj  *Cours  de  PLv-  ->  34, 
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Engraved  sheets  of  paper  ready  prepared  for  the  draw- 
ing of  curves  may  be  obtained  from  Mr.  Stanford,  at 
6  and  7  Charing  Cross,  or  from  Messrs.  W.  and  A.  K 
Johnston,  of  London  and  Edinburgh.  When  we  do 
not  require  great  accuracy,  paper  ruled  by  the  common 
machine-ruler  into  equal  squares  of  about  one-fifth  or  one- 
sixth  of  an  inch  square  will  serve  well  enough.  I  have 
found  Vere  Foster's  Exercise  Book,  No.  12°^,  which  is 
ruled  in  this  way,  very  useful  for  statistical  or  other 
numerical  purposes.  I  have  also  met  with  engineers'  and 
surveyors'  memorandum  books  ruled  with  one-twelfth  inch 
squares.  When  a  number  of  complicated  curves  have  to 
be  drawn,  I  have  foimd  it  best  to  rule  a  good  sheet  of 
drawing  paper  with  lines  carefiiUy  adjusted  at  the  most 
convenient  distances,  and  then  to  prick  the  points  of  the 
ciu-ve  through  it  upon  another  sheet  fixed  underneath. 
In  this  way  we  obtain  an  accurate  curve  upon  a  blank 
sheet,  and  need  only  introduce  such  division  lines  as  are 
requisite  to  the  understanding  of  the  curve. 

In  some  cases  our  numerical  results  will  correspond, 
not  to  the  height  of  single  ordinates,  but  to  the  area  of 
the  curve  between  two  ordinates,  or  the  average  height  of 
ordinates  between  certain  limits.  If  we  measure,  for 
instance,  the  quantities  of  heat  absorbed  by  water  when 
raised  in  temperature  from  o''  to  5°,  firom  5°  to  IO^  and  so 
on,  these  quantities  will  really  be  represented  by  areas  of 
the  curve  denoting  the  specific  heat  of  water;  and,  since 
the  specific  heat  varies  continuously  between  every  two 
points  of  temperature,  we  shall  not  get  the  correct  curve 
by  simply  laying  off  the  quantities  of  heat  at  the  mean 
temperatures,  namely  2^^  7^°,  and  so  on.  Mr.  J.  W. 
Strutt  has  shown  that  if  we  have  drawn  such  an  incorrect 
curve,  we  can  with  little  trouble  correct  it  by  a  simple 

m  Published  by  Whittaker  &  Co.,  London. 
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geometrical  piocesB,  and  obtain  to  a  very  cloee  approxi- 
loation  the  true  ordinates  instead  of  those  denoting 
areas". 

Ittterpolation  and  Extrapolation, 

When  we  have  by  experiment  obtained  two  or  more 
numerical  results,  and  endeavour^  witliout  farther  resort 
to  experiment,  to  infer  and  calciilate  intermediate  resultfi, 
we  are  said  to  interpolate.  If  we  wish  to  assign  by 
reasoning  results  lying  beyond  tlie  limits  of  experiment, 
we  may  be  said,  using  an  expression  of  Sir  George  Airy, 
to  cMrapolate*  The^e  two  operations  are  to  a  certain 
extent  the  same  in  principle,  but  differ  in  practicability. 
It  ia  a  matter  of  great  aeientific  importance  to  appre- 
hend precisely  how  far  we  can  inteipolate  or  extend 
experimental  results  by  extrapolation,  and  on  what 
grounds  we  proceed* 

In  the  first  place,  if  the  interpolation  is  to  be  more 
than  empirical  and  epecidative,  we  must  have  not  only 
the  experimental  results,  but  the  laws  which  they  obey — 
we  must  in  fact  go  tlirough  the  complete  process  of  scien- 
titic  investigation.  Having  discovered  the  laws  of  nature 
applying  to  the  case,  and  verified  them  by  showing  that 
they  agree  with  the  experiments  in  question,  we  are  then 
in  a  fair  position  to  anticipate  the  results  of  any  similar 
experiments.  Our  knowledge  even  now  is  not  certain^ 
because  we  cannot  completely  prove  tlie  truth  of  any 
assumed  law.  and  we  cannot  possibly  exhaust  all  the  cir- 
cumstances which  may  more  or  less  affect  the  result. 
Even  at  the  best  then  our  interpolations  will  partake  of 
the  want  of  certainty  and  precision  attaching  to  rdl  our 
knowledge  of  nature.    Yet  having  the  supposed  laws,  our 

n  J,  W.  Stnitt,  'On  Q  con-ection  sometimes  required  in  curves  pro- 
fessing to  represent  the  connexion  betweeu  two  pliy-«iical  maguitudea/ 
* Philosopjjical  Magazine,*  4th  Series,  vol  xJit>  p.  441. 
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results  will  be  as  sure  and  accurate  as  any  we  cao  attain  to. 
But  sucli  a  complete  procedure  is  more  than  we  generally 
mean  by  interpolation,  which  generally  denotes  the  em- 
ployment of  8ome  general  method  of  estimating  in  a 
merely  approximate  and  probable  manner  the  results 
which  might  have  been  expected  independently  of  any 
complete  theoretical  investigation. 

Regarded  in  this  light,  interpolation  is  in  reality  an 
indeterminate  problem.  From  given  values  of  a  function 
it  is  impossible  to  determine  that  function  ;  for  we  can 
always  invent  an  infinite  number  of  functions  which  would 
give  those  values  if  we  are  not  restricted  by  any  other 
conditions,  just  a8  through  a  given  series  of  points  we  can 
always  draw  an  infinite  number  of  curves,  if  we  may  di- 
verge between  or  beyond  the  points  into  bends  and  cusps 
as  we  think  fit'*.  In  any  process  of  interpolation  we  must 
in  fact  lie  guided  more  or  less  by  d  priori  considerations; 
we  must  know,  for  instance,  whether  or  not  periotlical 
fluctuations  are  to  be  expected,  and  we  nuiwt  be  guided 
accordingly  in  the  choice  of  mathematical  formulae.  Sup- 
posing, for  the  present,  that  the  phenomenon  is  non- 
periodic,  we  next  proceed  to  assume  that  the  function 
can  be  expressed  in  a  limited  series  of  the  powers  of  tlie 
variable.  The  number  of  powers  which  can  be  included 
depends  upon  the  number  of  experimental  results  avail- 
able, and  must  be  at  least  one  less  than  this  number.  By 
processes  of  Ctilculatlon,  which  have  been  already  alhided  to 
in  the  section  on  empirical  foruiuke,  we  can  then  calculate 
the  coefficients  of  the  powers,  and  obtain  an  empirical 
formula  which  will  give  the  required  intermediate  results. 
In  reality,  then,  we  return  to  the  methods  treated  under 
tlie  head  of  approximation  and  empirical  formulae;  and 
interpolation,  as  ctimmonly  understood,  consists  in  assum- 

"  Hei-st.'lK'I,  '  Appctitlijt  to  Tratislatlou  uf  Lacruix*  Difibraiitial  Calculus,* 
P   55"^ 
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ing  that  a  curve  of  simple  character  Is  to  pass  through 
certain  determined  points.  If  we  have,  for  instance,  two 
experimental  results,  and  only  two,  we  must  assume  that 
the  curve  is  a  straight  line  ;  for  the  parabolas  which  can 
be  passed  through  two  points  are  infinitely  various  in 
magnitude,  and  quite  Indeterminate.  One  straight  line 
alone  can  pa^s  through  two  points,  and  it  will  have  an 
equation  of  the  form  y^mx-\-7i,  the  constant  quantities 
of  which  can  be  readily  determined  from  two  results. 
Thus,  if  the  two  values  for  z,  7  and  1 1,  give  the  values 
f*-*^  2/»  35  ^^^  53»  ^^^^  solution  of  two  simple  equations 
gives  y  — 4'5Xi^  +  3'5  as  the  equation,  and  for  any  other 
value  of  ^,  for  instance  10.  we  get  a  value  of  y^  48*5. 
When  we  take  an  exactly  intermediate  value  of  x,  namely 
9,  this  process  yields  a  simple  mean  result,  namely  44. 
Three  experimcnt'il  results  being  given,  we  may  assume 
that  they  fall  upon  a  portion  of  a  parabola,  and  f^imple 
ulgebraic  calculation  readily  gives  the  position  of  any 
intermediate  point  upon  the  parabohi.  Concerning  the 
procesB  of  interpolation  as  practised  in  the  science  of 
meteorology  the  reader  will  find  some  directions  in  the 
French  edition  of  Kfemtz*  Meteorology  P. 

When  we  have,  either  directly  by  experiment  or  by 
the  use  of  a  cin^e,  a  series  of  values  of  the  variant  fur 
exactly  Equidistant  values  of  the  variable,  it  is  often  very 
instructive  to  take  the  differences  between  each  value  of 
the  variant  and  the  next,  and  then  the  difterences  between 
those  differences,  and  so  on.  If  any  series  of  differences 
approa'bhes  closely  to  zero  it  is  an  indication  that  the 
numbers  may  be  correctly  represented  by  a  finite  em- 
pirical formula  ;  if  the  nth  differences  are  zero*  then  the 
formula  will  contiiin  only  the  first  n-i  powers  of  the 
variable.     Indeed  we  may  sometimes  obtain  by  the  Cal- 

P  'Cburs  eomplet  de  M(Jt6.>rolngie,'  tradait  par  ILirtlna,  Note  A,  du 
iucteur,  p.  449. 
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cuius  of  differences  a  correct  empirical  formula ;  for  if  p 
be  the  first  term  of  the  series  of  values,  and  a^,  a^j?, 
A^^,  Ac,  be  the  first  number  in  each  column  of  dif- 
ferences, then  the  mth  term  of  the  series  of  values  will  be 

^  +  mAp+m — A^  +  m a^+  &c. 

A  closely  equivalent  but  more  practicable  formula  for 
interpolation  by  differences,  as  devised  by  Lagrange,  will 
be  found  in  Thomson  and  Tait's  '  Elements  of  Natural 
Philosophy,'  p.  115. 

If  no  column  of  differences  shows  any  tendency  to 
become  zero  throughout,  it  is  an  indication  that  the  law 
is  of  a  more  complicated,  for  instance  of  an  exponential, 
character,  so  that  it  cannot  be  correctly  represented  in 
a  formula  involving  only  a  few  powers  of  the  variable. 
Dr.  J.  Hopkinson  has  lately  suggested  another  method  of 
arithmetical  interpolation  *>,  which  is  intended  to  avoid 
much  that  is  arbitrary  in  the  graphical  method.  His 
process  will  yield  the  same  results  in  all  hands,  but  he 
remarks  that  it  has  no  theoretical  basis  to  rest  on. 

So  far  as  we  can  infer  the  results  likely  to  be  obtained 
by  variations  beyond  the  limits  of  experiment,  we  must 
proceed  upon  the  same  principles.  If  possible  we  must 
detect  the  exact  laws  in  action,  and  then  trust  to  them  as 
a  guide  when  we  have  no  experience.  If  not,  an  empirical 
formula  of  exactly  the  same  character  as  those  employed 
in  interpolation  is  our  only  resource.  But  the  reader  must 
carefully  observe  that  to  extend  our  inference  far  beyond 
the  limits  of  experience  is  exceedingly  imsafe.  Our  know- 
ledge is  at  the  best  only  approximate,  and  takes  no  account 
of  very  small  tendencies.  Now  it  may,  and  in  fact  usually 
will,  happen,  that  tendencies  small  within  our  limits  of 

<i  *0n  the  Calculation  of  Empirical  Formulae.*     *The  Messenger  of 
Mathematics,'  New  Series,  No.  17,  1872. 


observation  will  become  ]>erceptible  or  great  under  ex- 
treme circiirafitances.  Wben  the  variable  in  our  empirical 
formula  m  small,  we  are  justified  in  overlooking  the  exjst'- 
ence  of  higher  powers,  and  taking  only  two  or  three  of 
them.  But  as  the  variable  increases,  those  higher  powers 
gain  in  importance,  and  in  time  will  yield  the  principal 
part  of  the  value  of  the  function. 

This  18  no  mere  theoretical  inference.  Excepting  the 
few  great  primary  laws  of  nature,  such  as  the  law  of 
gi*avity,  the  con8ei*vation  of  energy,  &c.,  there  is  hardly 
any  natural  law  which  w^e  can  trust  in  circumstances 
widely  different  from  those  with  which  we  fire  practically 
acquainted.  From  the  expansion  or  contraction,  fusion 
or  vaporisation  of  sul)stanees  by  heat  at  the  surface  of  the 
earth,  we  can  form  a  most  itnperfect  notion  of  what  would 
happen  near  the  centre  of  the  earth,  where  the  pressure 
mnst  almost  infinitely  exceed  anything  possible  in  our 
experimetita.  The  physics  of  the  earth  again  give  us 
a  feeble,  and  probably  often  a  misleading,  notion  of  a  body 
like  the  sun,  in  most  parts  of  which  an  almost  incon- 
ceivably higli  temperuture  is  united  with  an  inconceivably 
high  pressure.  If,  as  is  probable,  there  are  in  the  realms 
uf  space  many  nebulre  con.sisting  of  inamdescent  and 
unoxydized  vapours  of  metals  and  other  elements,  so 
highly  heated  perhaps  that  chemical  composition  is  out 
nf  the  questiop,  we  are  hardly  able  to  treat  them  as 
sulyects  of  scientific  inference.  Hence  arises  the  great 
importance  of  any  experiments  in  which  we  can  investi- 
gate the  properties  of  substances  under  extreme  circum- 
stances of  cold  or  heat,  density  or  rarity,  intense  electric 
excitiition,  &e.  It  should  be  observed  that  this  insecurity 
in  extending  our  inferences  wliolly  arises  from  the  purely 
approximate  character  of  our  measurements.  Had  we 
the  power  of  a]»preciating  indefinitely  small  quantities, 
we  should  by  the  principle  of  continuity  discover  some 


trace  of  every  change  which  a  substance  could  undergo 
under  iniattainable  circumstances.  By  observing,  for  in- 
stance, the  tension  of  aqueous  vapour  between  o*"  and 
lOO**  C,  we  ought  theoretically  to  be  able  to  infer  its 
tension  at  every  other  temperature ;  but  this  is  out  of 
the  question  because  we  cannot  really  ascertain  the  law 
precisely  between  those  temperatures. 

Many  instances  might  be  given  to  show  that  laws 
which  appear  to  represent  correctly  the  results  of  experi- 
ments within  certain  limits  altogether  fail  beyond  those 
limits*  The  experiments  of  Roscoe  and  Dittmar,  on  the 
absorption  of  gases  in  water ''  afford  many  interesting 
illustrations,  especially  in  the  case  of  hydroclJoric  acid, 
the  quantity  of  which  dissolved  in  water  under  ditferent 
pressures  follows  very  closely  a  linear  law  of  variation, 
from  which  however  it  diverges  very  widely  at  low  prea- 
siires®.  Sir  J.  Herschel  having  deduced  from  various 
recorded  observations  of  the  double  star  7  Virginis,  an 
elliptic  orbit  for  the  motion  of  one  component  round  the 
centre  of  gravity  of  both,  foimd  that  for  a  certain  time  the 
motion  of  the  star  agreed  very  well  with  this  orbit. 
Nevertheless  a  divergence  began  to  appear  by  degrees, 
and  after  a  time  became  so  great  that  an  entirely  new 
orbit,  of  more  than  double  the  linear  dimensions  of  the 
old  one,  had  ultimately  to  be  adopted^. 


Illustrations  of  Emjyirical  Qnantttative  Laws. 

Althougb  our  chief  object  in  every  quantitative  inquiry 
must  be  to  discover  the  exact  or  nitional  formulas,  express- 
ing the  general  laws  of  nature  applying  to  the  subject, 
it  is  instructive  to  observe  in  how  many  important  branches 

r  Watts's  *  Dictionary  of  Chemistry,'  voL  ii.  p.  790. 

*  'Quarterly  Journal  of  the  Clvemical  Society/  vol  viii,  p.  15. 

*  *  Results  of  Obgervations  at  the  Cape  of  Good  Hope/  p.  293. 


of  m&eL  lie  laws  have  yet  been  detectedL 

temaoo  o(  aqoe&iid  ▼mpour  at  diiferent  temperature 
boaa  dekomined  by  a  sooeQanoQ  of  emiiieiit  experimenla* 
liito,  DaUon,  Kaemtz,  Dnlong;  Aiaga,  Magnoa,  and  Beg* 
naalt,  and  bv  the  last  mentioned  the  measurements  were 
conducted  with  all  aocuracv  apparentlj  attainable  at  pre- 
0ent.  Yet  do  ineontestible  gezieial  law  has  been  esta- 
Uifihed.  SeTeral  functions  ha^e  been  proposed  to  express 
the  elasttc  foroe  of  the  vaponr  as  depending  on  the  tempe* 
rature.  The  first  general  form  is  that  of  Youngs  namely 
F  =  (a  +  2^  f  )**  in  which  Oy  &  and  m  are  imknown  quanti- 
tiea  to  be  determined  by  comparison  with  observation. 
!Rodie  has  proposed,  on  theoretical  grounds,  a  complicated 
formula  of  an  exponential  form,  and  a  third  form  of  func- 
tion ia  that  of  Biot,  as  follows — log  F  =  a  +  6a'-fc  ^'«. 
I  mention  these  formulas  particularly,  because  they  well 
illustrate  the  feeble  powers  of  empirical  inquiry.  Nonej 
of  the  formulae  can  be  made  to  correspond  exactly  wit 
experimental  results,  and  the  last  two  forms  correspond 
nearly  equally  well  But  there  is  very  little  probability 
that  the  real  law  has  been  reached,  and  it  is  highly 
unlikely  that  it  will  be  discovered  except  by  deduction 
from  mechanical  theory. 

The  same  remarks  may  be  made  upon  any  other  laws 
except  those  of  the  most  simple  character.  A  vast  amounts 
of  the  most  ingenious  labour  has  been  spent  upon  the™ 
discovery  of  some  general  law  of  atmospheric  refraction, 
Tycho  Brahe  and  Kepler  commenced  the  inquiry :  Cassini 
first  formed  a  table  of  refractions,  calctdated  on  theoretical 
grounds :  Newton  entered  into  some  profoimd  investiga- 
tions upon  the  subject :  Brooke  Taylor,  Bouguer,  Simpson, 
Bradley,  Mayer,  and  Kramp  successively  attacked  the  ques* 
tion,  which  is  of  the  highest  practical  imjwrtance  as  regards 
the  correction  of  astronomical  observations.     Laplace  next 
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laboured  on  the  subject  witliout  exljausting  it,  and  Brink- 
ley  and  Ivory  have  since  treated  it.  A  closely  connected 
problem,  that  regarding  the  relation  between  the  pressure 
and  elevation  in  different  strata  of  the  atmosphere,  has 
received  tlie  attention  of  a  long  succession  of  physicists 
and  was  most  carefully  investigated  by  Laplace-  Yet  no 
invariable  and  general  law  has  been  detected.  The  same 
may  be  said  concerning  the  law  of  human  mortality  ; 
abundant  statistics  on  this  subject  are  available,  and  many 
hypotheses  more  or  less  satisfactory  have  been  put  for- 
ward as  to  the  general  form  of  the  curv^e  of  mortality, 
but  it  seems  to  be  impossible  to  discover  more  than  an 
approximate  law. 

It  may  perhaps  be  iu*ged  that  in  such  subjects  no  single 
invariable  law  can  be  expected.  The  atmosphere  may  be 
divided  into  several  variable  strata  which  by  their  uncon- 
nected changes  frustrate  the  exax^t  calculations  of  astro- 
nomers. Human  hfe  may  be  subject  at  different  ages  to 
a  succession  of  different  influences  incapable  of  reduction 
imder  any  one  law.  The  rasults  observed  may  in  fact  be 
aggregates  of  an  immense  number  of  separate  results  each 
governed  by  their  own  separate  laws,  so  that  the  subjects 
may  be  complicated  beyond  the  possibility  of  complete 
resolution  by  empirical  methods.  This  is  certainly  true 
of  the  mathematical  functions  which  must  some  time  or 
other  be  introduced  into  the  science  of  poUtical  economy. 


Si7uple  Pi^ojwriional  VaricUion, 

When  we  first  treat  numerical  results  in  any  novel  kind  : 
of  investigation,  our  impression  will  probably  be  tliat  € 
quantity  varies  in  simple  pro2^ortion  to  another,  bo  MB 
to  obey  the  law  y  =  mx  -h  w.    We  must  learn  to  dMStmguidi 
icarefiilly  between  the  cases  where  this  proj 
really,  and  where  it  is  only  apparently  true. 


sidering  the  principles  of  approximatioii  we  found  that  a 
small  portion  of  any  curve  will  appear  to  be  a  straight 
line.    Whenever  our  modes  of  measurement  are  com  par 
tivelj  rude,  we  must  expect  to  be  unable  to  detect  tlifi 
curvature.     Thus  Kepler  made  meritorious  attempts 
discover  the  law  of  refraction,  and  he  slightly  approxi- 
mated to  it  when  he  observed  that  the  angles  of  tncidence] 
and  refraction  i/ small  bear  a  constant  ratio  to  each  otber. 
Angles  when  small  are  very  nearly  as  their  sines,  so  that  I 
he  reached  an  approximate  result  of  the  true  law-  Cardan 
assumed,  probably  as  a  mere  guess,  that  the  force  required 
to  sustain  a  body  on  an  inclined  plane  was  simply  propor-  ^ 
tional  to  the  angle  of  elevation  of  the  plane.     Tliis  is  I 
approximately  the  case  when  the  angle  is  very  small,  and 
it  becomes  true  again  when  the  angle  is  a  right  ajigle ; 
but  in  reality  the  law  is  much  more  complicated,  the 
power  required  being   proportional   to   the   sine  of  the 
angle.  The  early  tliermometer-makers  were  quite  uuaware 
whether  the  expansion  of  mercury  was  exactly  propor^ 
tional  or  not  to  the  heat  communicated  to  it,  and  it  is 
only  in  the  present  century  that  we  have  learnt  it  to  be 
not  so.     We  now  know  that  even  gases  obey  the  law  of 
imiform  expansion  by  heat  only  in  an  approximate  man- 
ner.    Until  some  reason  to  the  contrary  is  shown,  we 
should  do  well  to  look  upon  every  law  of  simple  propor- 
tion as  only  provisionally  true. 

Nevertheless,  there  are  many  of  the  most  important 
laws  of  nature  which  are  in  the  form  of  simple  propor- 
fioiiB.  Wherever  a  uniform  cause  acts  in  independence 
of  jLh  previous  *.^fiucts,  we  may  expec-t  this  relation.  Thus, 
an  jiccelenitiiig  force  acts  equally  upon  a  moiriug  and  a 
motionk'SB  boily.  Hence  the  velocity  produced  is  always 
in  eirnple  proportion  to  the  force,  and  also  to  the  duration 
of  its  uniforin  action.  As  gravitating  bodies  never  iu- 
turfere  with  eaeli  others  gravitv,  this  force  is  in  direct 
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simple  proportion  to  the  mass  of  each  of  the  attracting 
bodies,  the  mass  being  measured  by,  or  proportional  to 
inertia  Similarly,  in  all  cases  of  '  direct  unimpeded 
action/  as  Sir  J.  Herscliel  has  remarked  *,  we  may  expect 
simple  proportion  to  manifest  itself,  lo  such  cases  the 
equation  expressing  the  relation  may  have  the  still 
simpler  form    i/  =  7nx. 

A  similar  simple  relation  holds  true  wherever  there 
is  a  convei*sion  of  one  substance  or  form  of  energy  into 
another.  The  quantity  of  chloride  of  silver  is  propor- 
tional to  the  quantity  either  of  chlorine  or  .silver.  The 
amount  of  heat  produced  in  friction  is  exactly  propor- 
tional to  the  mechanicfd  energy  absorbed.  It  was  ex- 
perimentally proved  by  Faraday  that  *  the  chemical 
power  of  the  current  of  electricity  is  in  direct  proportion 
to  the  quantity  of  electricity  which  passes.'  When  an 
electric  current  is  produced,  the  quantity  of  electric 
energ)^  is  simply  proportional  to  the  weight  of  metal 
dissolved.  If  electricity  is  turned  into  heat,  there  is 
again  simple  proportion.  Wherever,  in  fact,  one  thing 
is  but  anotlier  thing  with  a  new  aspect,  we  may  expect  to 
find  tlie  law  of  simple  proportion*  It  is  only  among  the 
most  elementary  causes  and  effects  tliat  this  simple  re- 
lation will  hold  true.  Simple  conditions  do  not,  generally 
speaking,  produce  simple  results.  The  planets  move  in 
approximate  circles  round  the  sun,  but  the  apparent 
motions,  as  seen  from  the  earth,  are  so  vaiious,  that  men 
have  not  believed  in  such  a  simple  view  of  the  matter 
for  more  than  about  two  centuries  and  a  half.  All  those 
motions,  again,  are  summed  up  in  the  law  of  gravity, 
of  no  great  complexity,  yet  men  never  have,  and  never 
can  be,  able  to  exhaust  the  complications  of  action  and 
reaction,  even  among  a  small  number  of  planets*  We 
should  be  on  our  guard  agamst  a  tendency  to  assume  that 
3t  *  Preliiniuax7  Discourse/  &c,  p.  i  52. 
K 


CHAPTER  XXIII. 

THE   USE   OF   HYPOTHESIS. 

If  the  views  of  induction  upheld  in  this  work  be 
correct,  all  inductive  investigation  consists  in  a  marriage 
of  hypothesis  and  experiment.  When  facts  are  already 
in  om:  possession,  we  frame  an  hypothesis  to  explain  their 
mutual  relations,  and  by  the  success  or  non-success  of  this 
explanation  is  the  value  of  the  hypothesis  to  be  entirely 
judged.  In  the  framing  and  deductive  treatment  of  such 
hypotheses,  we  must  avail  ourselves  of  the  whole  body 
of  scientific  truth  already  accumulated,  and  when  once 
we  have  obtained  a  probable  hypothesis,  we  must  not 
rest  until  we  have  verified  it  by  comparison  with  new 
facts.  By  deductive  reasoning  and  calculation,  we  must 
endeavour  to  anticipate  such  new  phenomena,  especially 
those  of  a  singular  and  exceptional  nature,  as  w^ould 
necessarily  happen  if  the  hypothesis  be  true.  Out  of  the 
infinite  number  of  observations  and  experiments  which  are 
possible  at  every  moment,  theory  must  lead  us  to  select 
those  few  critical  ones  which  are  suitable  for  confirming 
or  negativing  our  anticipations. 

This  work  of  inductive  investigation  cannot  be  guided 
by  any  system  of  precise  and  infallible  rules,  like  those  of 
deductive  reasoning.  There  is,  in  fact,  nothing  to  which 
we  can  apply  rules  of  method,  because  the  laws  of  nature 
to  be  treated  must  be  in  our  possession  before  we  can 
treat  them.     If,  indeed,  there  were  any  single  rule  of 
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inductive  method,  it  would  direct  its  to  make  an  ex- 
haustive   arraDgement   of  facts   in    all    poBsible    orders. 
Given  a  certain  number  of  specimens  in  a  museum,  we 
might  arrive  at  the  best  possible  classification  by  going 
systematically   through    all    possible   classitications^  and, 
were  we  endowed  with  infinite  time  and  patience,  thisj 
would  be  an  effective  method.     It  doubtless  u  the  methcid| 
by  which  the  first  few  simple  steps  are  taken  in  every' 
incipient  branch  of  science.     Before  the  dignified  name 
of  science   is  applicable,  some  coincidences  will   chance 
to   fon^   themselves   upon   the   attention.     Before   there] 
was  a  science  of  meteorology,  or  any  comprehension  of  the] 
true  conditions  of  the  atmosphere,  all  observant  persons 
learned  to  associate  a  peculiar  clearness  of  the  atmosphere  I 
with   coming  rain,    and  a   colourless    sunset    with    fine] 
weather*     Knowledge  of  this  kind  is  called  empiricat,  as 
seeming  to  come  directly  from  experience;  and  there  is 
doubtless  a  considerable  portion  of  our  knowledge  which] 
must  always  bear  this  character. 

We  may  be  obliged  to  trust  to  the  casual  detection! 
of  coincidences   in  those   branches  of  knowledge  where] 
we  are  deprived  of  the  aid  of  any  guiding  notions  \  but 
a  veiy  little  reflection  will  show  the  utter  insufficiency 
of  haphazard  experiment,  when  applied  to  investigations] 
<vf  a  complicated  nature.     At   the    best,  it  will  be  the] 
y  identity,  or  partial  identity,  of  classes,  as  iUus- 
iu   pp*   146-154  of  the  first  volume,  which   can! 
1^  di*tecto<J.     It  was  pointed  out  that,  even  when' 
uAtUte  involves  only  two  circumstances,   and 
iiit  hundred  distinct  oircumst^mces  which  may 
«€M«B0ted,  there  will  be  no  less  than  4950 
-«-^ig(iiiGis8  between  which  a  coincidence 


\Mr  involves  three 


may 


more   circum- 
!   atttflber   of  coincidences   becomes] 
^^eo  considering,  again,  the  subject 
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of  combinations  and  permutations,  it  became  apparent 
that  we  could  never  cope  with  th^  possible  variety  of 
nature.  An  exhaustive  examination  of  the  metallic  alloys, 
or  chemical  compounds  which  can  be  formed,  was  found 
to  be  out  of  the  question  (vol.  i.  p.  218).  It  is  on  such 
considerations  that  we  can  explain  the  very  small  addi- 
tions made  to  our  knowledge  by  the  alchemists.  Many 
of  them  were  men  of  the  greatest  acuteness,  and  their 
indefatigable  labours  were  pursued  through  many  cen- 
turies. A  few  of  the  more  common  compounds  and 
phenomena  were  discovered  by  them,  but  a  true  insight 
into  the  principles  of  nature,  now  enables  chemists  to 
discover  far  more  useful  facts  in  a  single  year  than  were 
yielded  by  the  alchemists  during  many  centuries.  There 
can  be  no  doubt  that  Newton  was  really  an  alchemist,  and 
often  spent  his  days  and  nights  in  laborious  experiments. 
But  in  trying  to  discover  the  secret  by  which  gross 
metals  might  be  rendered  noble,  his  lofty  powers  of 
deductive  investigation  were  wholly  useless.  Deprived 
of  all  guiding  clues,  his  experiments  must  have  been,  like 
those  of  all  the  alchemists,  purely  tentative  and  hap- 
hazard. While  his  hypothetical  and  deductive  investiga- 
tions have  given  us  the  true  system  of  nature,  and  opened 
the  way  in  almost  every  one  of  the  great  branches  of 
natural  philosophy,  the  whole  results  of  his  tentative 
experiments  are  comprehended  in  a  few  happy  guesses, 
given  in  his  celebrated  *  Queries.' 

Even  when  we  are  engaged  in  apparently  passive 
observation  of  a  phenomenon,  which  we  cannot  modify 
experimentally,  it  is  advantageous  that  our  attention 
should  be  guided  by  some  theoretical  anticipations.  A 
phenomenon  which  seems  simple  is,  in  all  probability, 
really  complex,  and  unless  the  mind  is  actively  engaged 
i^  looking  for  particular  details,  it  is  quite  likely  that  the 
most  critical  circumstances  will  be  passed  over.     Besse^ 
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rettcKl  tlmt  no  distinct  theory  of  the  constitutioa 
mete  had  guided  his  observations  of  Hal  ley's  cornet^;  in 
nttempthig  to  verify  or  refute  any  good  hypothesis,  not 
oidv  would  thei-e  liave  been  a  cliance  of  establishing  a  tru^ 
Uioovy,  but  if  confuted,  tlie  very  confulation  would  pr 
Imldy  have  involved  a  large  store  of  useful  observationsL 

It  would  be  an  interesting  work,  but  one  which  I  can 

not  undertake,  to  trace  out  the  gradual  reaction  which  ha 

l^dccn  phice  in  recent  times  against  the  purely  empiric 

w  Baconian,  theory  of  induction.     Francis  Bacon, 

tho  futility  of  the  scholastic  logic,  which  had  long  beei 

jmnloiuinant,  asseiiied  that  the  accunmktion  of  facts  anc 

Ilio  careful  and  orderly  absti^action  of  axioms,  or  gener 

liiws  from  them,  constituted  the  true  method  of  inductioi 

Thm  method,  nn  far  as  we  can  gather  its  exact  nature 

ft*om  Bacon *s  writings,  would  correspond  to  the  proce4?s  of 

o.5chaustivo   examination   and    classification    to    which   I 

have  just  alluded.     The  value  of  this  method  might  be 

estimated  historically  by  the  fact   that  it  has  not  been 

followetl  by  any  of  the  great  masters  of  science.    Whether 

wo  look  to  Galileo,  who  preceded  Bacon,  to  Gilbert,  his 

temporary,  or  to  Newton  and  Descartes,  his  successors, 

find    that   discovery    was   achitived    by   the    exactly 

^•^poaite  method  to  that  advocated  by  Bacon,     Through- 

^4f^  Newton's  works,  as  I  shall  more  fully  show  in  suc- 

^  pages,  we  find  deductive  reasoning  wholly  pre- 

A.ur  :r?Mtt.,  and  experiments  are  employed,  as  they  should 

A-   i»iUirm   or   refute   hypothetical   anticipations   of 

111   my    *  Elementary    Lessons    in    Logic*    (p. 

{4h\  my   l>elief  that   there   was   no 
^•!    \\\om   in  Newton  s    works.     I   ha\ 
^    \.Mvfi>n    does    once   or   twice   employ    the 


H  0«»H**y   Theory,'    Philosophical  Magrazine,  April* 
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expression  experimentum  ci^ucis  in  his  *  Opticks/  but 
this  is  the  only  expression,  so  far  as  I  am  aware,  which 
could  indicate  on  the  part  of  Newton  direct  or  indirect 
acquaintance  with  Bacon's  writings  ^ 

Other  great  physicists  of  the  same  age  were  equally 
prone  to  the  use  of  hypotheses  rather  than  the  blind 
accumulation  of  facts  in  the  Baconian  manner.  Hooke 
emphatically  asserts  in  his  posthumous  work  on  Philo- 
sophical Method,  that  the  first  requisite  of  the  Natural 
Philosopher  is  readiness  at  guessing  the  solution  of  many 
phenomena  and  making  queries.  *He  ought  to  be  very 
well  skilled  in  those  several  kinds  of  philosophy  already 
known,  to  understand  their  several  hypotheses,  sup- 
positions, collections,  observations,  &c.,  their  various  ways 
of  ratiocinations  and  proceedings,  the  several  failings  and 
defects,  both  in  their  way  of  raising,  and  in  their  way  of 
managing  their  several  theories :  for  by  this  means  the 
mind  will  be  somewhat  more  ready  at  guessing  at  the 
solution  of  many  phenomena  almost  at  first  sight,  and 
thereby  be  much  more  prompt  at  making  queries,  and  at 
tracing  the  subtlety  of  Nature,  and  in  discovering  and 
searching  into  the  true  reason  of  things/ 

We  find  Horrocks,  again,  than  whom  no  one  was  more 
filled  with  the  scientific  spirit,  telling  us  how  he  tried 
theory  after  theory  in  order  to  discover  one  which  was  in 
accordance  with  the  motions  of  Mars^^.  It  might  readily 
be  shown  again  that  Huyghens,  who  possessed  one  of  the 
most  perfect  philosophical  intellects,  followed  the  deductive 
process  combined  with  continual  appeal  to  experiment, 
with  a  skill  closely  analogous  to  that  of  Newton.  As  to 
Descartes  and  Leibnitz,  their  investigations  were  too  much 
opposed   to   the   Baconian  rules,    since    they   too    often 

^  See  *  Philosophical  Transactions,'  abridged  by  Lowthorp.  4th  edit, 
vol.  i.  p.  130. 

c  Horrocks,  'Opera  Posthuma*  (1673),  p.  276. 
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m  ibe  present  century  tnat  ptiyamts  began  to  i^cog- 
this  truth.     So  much  opprDhriiun  had  been  attacbd 
by  Bacon  to  the  use  of  hypothe8e9,  that  we  find  Young 
speaking  of  them  in  an  apologetic  toiia     *  The  practice  of 
advancing  general  principles  and  applying  them  to  par- 
ticular instances  is  so  far  from  being  fatal  to  truth  in  all 
sdences*  that  when  those  principles  are  advanced  on 
ficient  grounds,  it  eonstitates  the  essence    of  true  phi-' 
loeophy*^';  and  he  quotes  cases  in  which   Sir  Humplirr 
Da^y  trusted  to  his  theories  rather  than  his  experimenta 
The  late  Sir  John  Herschel,  who  was  both  a  practical 
physicist  and  an  abstract  logician,  always  entertained  the 
deepest  respect  for  Bacon,  and  made  the  'Novum  Organum  *  J 
as  far  as  possible  the  basis  of  his  admirable  *  Discouree  on  I 
the  Study  of  Natural  Philosophy.'     Yet  we  find  liim  in 
Cliapter  YII  fully  recognising  the  part  which  the  forma- 
tion and  verification  of  theories  forms  in  the  higher  and 
more  general  investigations  of  physical  science.     The  late 
Mr.  J,  S.  Mill  carried  on  the  reaction  by  recognising  as  a 
distinct  method  the  Deductive  Method  in  which  Ratio- 
cination, that  is,  deductive  reasoning,  is  employed  for  the 
discovery  of  new  opportunities  of  testiog  and  verifying 
a  hypothesis.     His  main  error  consisted  in  the  fact  that 
throughout  the  other  parts  of  his  system  he  inveighed 
against  the  value  of  the   deductive   process,   and   even 
asserted  from  time  to  time  that  every  process  of  reasoning 
is  inductive.     In  fact  Mill  fell  into  much  confusion  in  the 
use  of  the  words  induction  and  deduction,  because  he 
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failed  to  observe  that  the  inverse  use  of  deduction  con- 
stitutes induction. 

Even  Francis  Bacon  was  not  wholly  unaware  of  the 
value  of  hypothetical  anticipation.  In  one  or  two  places 
he  incidentally  acknowledges  it,  as  when  he  remarks  that 
the  subtlety  of  nature  surpasses  that  of  reason,  adding 
that  '  axioms  abstracted  from  particular  facts  in  a  careful 
and  orderly  manner,  readily  suggest  and  mark  out  new 
particulars/ 

The  true  course  of  inductive  procedure  is  that  which 
has  yielded  all  the  more  lofty  and  successful  results  of 
science.  It  consists  in  Anticipating  Nature,  in  the  sense 
of  forming  hjrpotheses  as  to  the  laws  which  are  probably 
in  operation ;  and  then  observing  whether  the  combi- 
nations of  phenomena  are  such  as  would  follow  from  the 
laws  supposed.  The  investigator  begins  with  facts  and 
ends  with  them.  He  uses  such  facts  as  are  in  the  first 
place  known  to  him  in  suggesting  probable  hypotheses ; 
deducing  other  facts  which  would  happen  if  a  particular 
hypothesis  is  true,  he  proceeds  to  test  the  truth  of  his 
notion  by  fresh  observations  or  experiments.  If  any 
result  prove  different  from  what  he  expects,  it  leads  him 
either  to  abandon  or  to  modify  his  hypothesis  ;  but  every 
new  fact  may  give  some  new  suggestion  as  to  the  laws  in 
action.  Even  if  the  result  in  any  case  agrees  with  his 
anticipations,  he  does  not  regard  it  as  finally  confirmatory 
of  his  theory,  but  proceeds  to  test  the  truth  of  the  theory 
by  new  deductions  and  new  trials. 

The  investigator  in  such  a  process  is  assisted  by  the 
whole  body  of  science  previously  accumulated.  He  may 
employ  analogy,  as  I  shall  point  out,  to  guide  him  in  the 
choice  of  hypotheses.  The  manifold  connexions  between 
one  science  and  another  may  give  him  strong  clues  to  the 
kind  of  laws  to  be  expected,  and  he  thus  always  selects 
out  of  the  infinite  number  of  possible  hypotheses  those- 


which  are,  ae  far  as  can  be  foreseen  at  the  moment,  ntort 
prohable.  Each  experiment,  therefore,  which  he  performs 
is  that  most  likely  to  throw  light  upon  his  subject,  and 
even  if  it  frustrate  lua  first  views,  it  probably  tends  to 
put  liim  in  possession  of  the  correct  clue. 


Requisites  of  a  Good  Hypothesis. 


s 


There  w^ll  be  no  difficulty  in  pointing  out  to  w 
conditions,  or  rather  to  what  condition  an  hypothesis  must 
conform  in  order  to  be  accepted  as  valid  and  probable. 
That  condition,  as  I  conceive,  is  the  single  one  of  enabling 
us  to  infer  the  existence  of  phenomena  which  occur  in  our 
experience.  Agreement  irith  fact  is  the  one  sole  and 
siijficient  test  of  a  true  hypothesis. 

Hohbes,  indeed,  has  named  two  conditions  which  he 
considers  requisite  in  an  hyjiothesis,  namely,  (i)  That  it 
should  be  conceivable  and  not  absurd  ;  (2)  That  it  should 
allow  of  phenomena  being  necessarily  inferred.  Boyle,  in 
noticing  Hobbes'  views,  proposed  to  add  a  third  condition, 
to  the  effect  that  the  hypothesis  should  not  be  inconsistent 
with  any  other  truth  or  phenomenon  of  natures  Of 
these  three  conditionR,  I  ara  inclined  to  think  that  the 
first  cannot  l^e  accepted,  unless  by  inconceijmUe  and  absurd 
we  mean  self-contradictoiy  or  inconsistent  with  the  laws 
of  thought  aud  nature.  I  shall  have  to  point  out  that 
some  of  the  most  sure  and  satisfactory  theories  involve 
suppositions  which  are  wholly  inconceivahle  in  a  certain 
sense  of  the  word,  because  the  mind  cannot  sufficiently 
extend  its  ideas  to  frame  a  notion  of  the  actions  supposed 
to  exist.  That  the  force  of  gravity  should  act  instan- 
taneously between  the  most  distant  parts  of  the  planetary 
system,  or  that  a  my  of  violet   light  should  consist  of 

e  Boyle's  *  Physical  Exaraeu,*  p,  84. 


THE   USE   OF  HY POT  HE  SIS.  139 

about  700  billions  of  vibrations  in  each  second,  are  state- 
ments of  an  inconceivable  and  absurd  character  in  one 
sense  ;  but  they  are  so  far  from  being  opposed  to  fact  that 
we  cannot  on  any  other  suppositions  account  for  the  phe- 
nomena observed.  But  if  an  hypothesis  involve  self-con- 
tradiction, or  is  inconsistent  with  known  laws  of  nature,  it 
is  so  far  self-condemned.  We  cannot  even  apply  processes 
of  deductive  reasoning  to  a  self-contradictory  notion ;  and 
being  entirely  opposed  to  the  most  general  and  certain 
laws  known  to  us,  the  primary  laws  of  thought,  it  thereby 
conspicuously  fails  to  agree  with  facts.  Since  nature, 
again,  is  never  self-contradictory,  we  cannot  at  the  same 
time  accept  two  theories  which  lead  to  contradictory 
results.  If  the  one  agrees  with  nature,  the  other  cannot. 
Hence  if  there  be  a  law  which  we  believe  with  high  pro- 
bability to  be  verified  in  observation,  we  must  not  frame 
an  hypothesis  in  conflict  with  it,  otherwise  the  hypothesis 
will  necessarily  be  in  disagreement  with  observation. 
Since  no  law  or  hypothesis  is  proved,  indeed,  with  ab- 
solute certainty,  there  is  always  a  chance,  however  slight, 
that  the  new  hypothesis  may  displace  the  old  one  ;  but 
the  greater  the  probability  which  we  assign  to  that  old 
hypothesis,  the  greater  must  be  the  evidence  required  in 
favour  of  the  new  and  conflicting  one.  A  decisive  ex- 
perimentum  cruets  to  negative  the  one,  and  establish  the 
other,  will  probably  be  requisite  to  allay  the  strife. 

I  am  inclined  to  assert,  then,  that  there  is  but  one  test 
of  a  good  hypothesis,  namely,  its  conformity  with  observed 
facts;  but  this  condition  may  be  said  to  involve,  at  the 
same  time,  three  minor  conditions,  nearly  equivalent  to 
those  suggested  by  Hobbes  and  Boyle,  namely  : — 

( 1 )  That  it  allow  of  the  application  of  deductive  reason- 
ing and  the  inference  of  consequences. 

(2)  That  it  do  not  conflict  with  any  laws  of  nature,  or 
of  mind,  which  we  hold  as  true. 


U6 


2  HE  PRINCIPLES  OF  SCIENCE. 


(3)  That  the  consequences  mferretl  do  agree  witli  facts 
of  observation. 


Hie  First  Requisite — -Possihiliiy  of  Deductive 

Reasonint). 

Ab  the  truth  of  an  hypothesis  is  to  be  proved  by  its  con- 
formity witli  fact,  the  first  condition  is  that  we  be  able 
to  apply  methods  of  deductive  reasoniTig,  and  learn  what 
ghould  happen  according  to  such  an  hj'pothesis.  Even  if 
we  could  imagine  an  object  acting  according  to  laws 
wliully  unknown  in  other  parts  of  nature,  it  would  be 
useless  to  do  so,  because  we  coidd  never  decide  whether  it 
existed  or  not.  We  can  only  hifer  what  would  happen 
under  supposed  conditions  by  applying  what  knowledge 
we  possess  of  nature  to  those  conditions.  Hence,  as  Bos- 
covicli  tndy  said,  we  are  to  understand  by  hypotheses 
*  n(»t  fictions  altogether  arbitmry,  Init  suppositions  con- 
formable to  experience  or  analogy/  It  follows  that  every 
hypothesis  worthy  uf  consideration  must  suggest  some 
likeness,  analogy,  or  common  law,  acting  in  two  or  more 
things.  Ift  in  order  to  explain  certain  facts,  a,  a',  a",  &c., 
we  invent  a  cause  A,  then  we  must  in  some  degi^e  appeal 
to  experience  aa  to  the  mode  in  which  A  will  act.  As  the 
objects  and  laws  of  nature  are  certainly  not  known  to  the 
mind  intuitively,  we  must  point  out  some  other  ca\ise  B, 
which  supplies  tlie  requisite  notions,  and  all  we  do  is  to 
invent  a  iburlli  term  to  an  analogy.  As  B  is  to  its  effects 
i,  h\  y \  &c.,  so  is  A  to  its 'effects  «,  a\  a'\  &c.  When,  for 
instance,  we  attempt  to  explain  the  passage  of  light  and 
heat  radiations  tlirough  space  unoccupied  by  matter,  we 
imagine  the  existence  of  the  so-called  ethe7\  But  if  this 
ether  were  wholly  different  from  an  jibbing  else  known  to 
U8,  we  shotdd  in  vain  try  to  rea.st*n  about  it.  We  must 
at  least  apply  to  it  the  laws  of  motion,  that  is,  we  must 
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80  far  liken  it  to  matter*  And  as  when  applying  those 
laws  to  the  elastic  medium  aii%  we  are  able  to  infer  the 
phenomena  of  sound,  so  by  arguing  in  a  simiJar  manner 
concerning  ether  we  are  able  to  infer  the  existence  of 
light  phenomena  corresponding  to  what  do  occiu";  All 
that  we  do  is  to  take  a  material  elastic  substance,  increase 
its  elasticity  in  an  almost  indefinite  degree,  and  denude  it 
of  gravity  and  some  othei*s  of  the  ordinary  properties  of 
matter,  but  we  must  retain  sufficient  likeness  to  matter  to 
allow  of  deductive  calculations. 

The  force  of  gravity  Is  in  some  respects  an  almoat  in- 
comprehensible  existence,  but  in  other  respects  entirely 
confonnable  to  experience.  We  can  distinctly  observe 
that  the  force  is  proportional  to  mass,  and  that  it  acts  in 
entire  independence  of  the  other  matter  which  may  be 
present  or  intervening.  The  law  of  the  decrease  of  in- 
tensity as  the  square  of  the  distance  increases,  may  be 
observed  to  hold  true  of  light,  sound,  and  any  other 
influences  emanating  from  a  point,  and  spreading  uni- 
formly through  space,  Ttie  law  is  doubtless  connected 
at  this  point  with  the  primary  properties  of  space  itself*, 
and  is  so  far  conformable  to  our  necessary  ideas. 

It  may  well  be  said,  however,  that  no  liypo thesis  can 
be  so  much  as  framed  in  the  mind  unless  it  be  more  or 
less  conformable  to  experience.  As  the  material  of  our 
ideas  is  undoubtedly  derived  from  sensation,  so  we  caimot 
figure  to  ourselves  any  existence  or  agent,  but  as  endowed 
with  some  of  the  properties  of  matter*  All  thiit  the  mind 
can  do  in  the  creation  of  new  existences  is  to  alter  com- 
binations, or  by  analogy  to  alter  the  intensity  of  sensuous 
properties.  The  phenomenon  of  motion  is  familiar  to 
sight  and  touch,  and  diflerent  degrees  of  rajiidity  are  also 
familiar  :  we  can  pass  beyond  the  limits  of  sense,  and 
suppose  the  existence  of  rapid  motion,  such  as  our  senses 
could  not  measure  or  observe.  We  know  what  is  elasticity. 
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and  we  can  therefore  in  a  certain  sense  figure  to  ourseh 
elasticity  a  thousand  or  a  million  times  greater  than  an]| 
which  is  sensnonaly  kno^Ti  to  us.    The  ^-aves  of  the 
are  mauy  times  higher  than  our  own  bodies  ;  other  wan< 
we  may  observe,  are  many  times  less ;  continue  the  pro- 
portion, and  we  may  ultimately  arrive  at  leaves  as  small 
as  those  of  Ught.     Thus  it  is  that  from  a  sensuous  basis 
the  powers  of  mind  enable  us  to  reason  concernintr  agents 
and  phenomena  difierent  in  an  imlimited  degree.     If  no 
hypothesis   then    can    be   absolutely   opposed    to    seme, 
accordance  with  experience  must  always  be  a   qu€ 
of  degree. 

In  order  that  an  hypothesis  may  allow  of  satisfa 
comparison  with  experience,  it  must  possess  a  oertaiaj 
definiteness,  and,  generally  speaking,  a  certain  mathe-l 
matical  exactness  allowing  of  the  precise  calculation  of  I 
results.  We  must  be  able  to  ascertain  whether  it  does  I 
or  does  not  agree  with  facts. 

The  theory  of  vortices,  on  the  contrary,  did  not  present  I 
any  mode  of  calculating  the  exact  relations  between  the 
distances  and  periods  of  the  planets  and  satellites ;   it  j 
could  not,   therefore,  undergo  that   rigorous  testing   to 
which   Newton    sciaiputously    submitted    his    theory    of^ 
gravity  before  its  promulgatiou.     Vagueness  and  incapa-  V 
bility  of  precise  proof  or  disproof  often  enables  a  false 
theory   to   live ;    but   with   those   who  love  truth,    such 
vagueness  should  excite  the  highest  suspicion.     The  up- 
holders of  the  ancient  doctrine  of  Nature's  abhorrence  of 
a  vixcuum,  had  been  unable  to  anticipate  the  important] 
fact  tliat  water  would  not  rise  more  than  33  feet  in  a  i 
common  suction  pump.     Nor  when  the  fact  was  pointed 
out  CQuid  Ihey  explain  it,  except  by  introducing  a  special 
alteration  of  the  theory  to  the  effect  that  Natures  ab-J 
horrence  of  a  vacuum  was  limited  to  33  feet» 
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The  Second  Requisite — Consistency  with  established 
Laws  of  Nature. 

In  the  second  place  an  hjrpothesis  must  not  be  contra- 
dictory to  what  we  believe  to  be  true  concerning  Nature. 
It  must  not  involve  self-inconsistency  which  is  opposed  to 
the  highest  and  simplest  laws,  namely,  those  of  Logic. 
Neither  ought  it  to  be  irreconcileable  with  the  simple 
laws  of  motion,  of  gravity,  of  the  conservation  of  .energy, 
or  any  parts  of  physical  science  which  we  consider  to  be 
established  beyond  reasonable  doubt.  Not  that  we  are 
absolutely  forbidden  to  adopt  such  an  hypothesis,  but  if 
we  do  so  we  must  be  prepared  to  disprove  some  of  the 
best  demonstrated  truths  in  the  possession  of  mankind. 
The  fact  that  conflict  exists  means  that  the  conse- 
quences of  the  theory  are  not  verified  if  previous  dis- 
coveries are  correct,  and  we  must  therefore  show  that 
previouSh^discoveries  are  incorrect  before  we  can  verify 
our  theory. 

An  hypothesis  will  be  exceedingly  improbable,  not  to 
say  invalid,  if  it  supposes  a  substance  or  agent  to  act  in  a 
manner  imknown  in  other  cases;  for  it  then  fails  to  be 
verified  in  our  knowledge  of  that  substance  or  agent. 
Several  physicists,  especially  Euler  and  Grove,  have  sup- 
posed that  we  might  dispense  with  any  ethereal  basis  of 
light,  and  infer  from  the  interstellar  passage  of  rays  that 
there  was  some  kind  of  rare  gas  occupying  space.  But  if 
so,  that  gas  must  be  excessively  rare,  as  we  may  infer 
from  the  apparent  absence  of  an  atmosphere  around  the 
moon,  and  from  many  other  facts  and  laws  known  to  us 
concerning  gases  and  the  atmosphere ;  and  yet  at  the  same 
time  it  must  possess  an  elastic  force  at  least  a  billion 
times  as  great  as  atmospheric  air  at  the  earth  s  surface,  in 
order  to  account  for  the  extreme  rapidity  of  the  light 
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rays.     Such  an  hypothesis  then  is  inconsistent  with  the 
main  body  of  our  knowledge  concerning  gases, 

Provifled  that  there  be  no  clear  and  abeolute  cx>nflict 
ill)    known    laws   of  nature,  there   is   nothing'   so  im- 
probable or  apparently  inconceivable  that  it  may  not  be 
ixjiidered  highly  probable,  or  even  approximately  oertaun, 
l>y  a  Hufficierit  number  of  concordances.     In  fact  the  two 
beHt  ftjuiuled  and  most  conspicuously  suceessfiil   theories 
ill  the  whole  range  of  physical  science  involve  the  most 
absurd  huj "positions.     Gravity  is  a  force  which  appears  to 
act   bt»twcen    bodies    through   vacuous   space ;    it   is  in 
(joHitivc  contradiction   to   the   old   dictinn   that   nothing 
could  act  but  through  some  intervening  medium  or  sub- 
Htancc.     It  is  even  more  puzzling  that  the  force  acts  in 
perfiJtrt  indifierence  to  all  intervening  obstaclea     Light  in 
0pitc   of  iU   extreme   velocity,   shows   much   respect  to 
tnattirr,  fur  it  is  almost  instantaneously  stopped  by  opaque 
miljHtunc<!H,  and  to  a  considerable  extent  absorbed  and  de- 
flected by  transparent  ones.  But  to  gravity  all  media  are,  as 
it  wore,  absolutely  transparent,  nay  non-existent ;  and  two 
particles  at  opposite  points  of  the  eiirth  affect  each  other 
(\vu.ctly  as  if  thtj  globe  were  not  between.  To  complete  the 
ap|jareiiL  inipoBsibility,  the  action  is,  so  far  as  we  can  ob- 
serve, al>snlutely  instantaneous,  so  that  every  particle  of  the 
iini verso  is  at  every  moment  in  separate  cognizance,  as  it 
w*^rt",  of  th(5    Hflative   position    of  every   other   particle 
tlirtjughont  the  univ^urse  at  that  same  moment  of  absolute 
time.     Ct»m pared  with  such  incomprehensible  conditions, 
Ihti  theory  of  vortices  deals  with  common-place  realities. 
Nt^wton  H  celclnTded  saying,  hypotheses  non  Jingo^  bears 
the  appearance  of  pure  irony  ;  and  it  was  not  without 
apparent   grounds   that  Leibnitz   and   the  greatest  con- 
Liia»ntal  pliilosophers  charged  Newton  with  re-introducing 
occult  powers  and  qualities. 

The  iiudulatory  theory  of  light  presents  almost  equal 
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difficulties  of  conception.  We  are  asked  by  physical 
philosophers  to  give  up  all  our  ordinary  prepossessions, 
and  believe  that  the  interstellar  space  which  seemed  so 
empty  is  not  empty  at  all,  but  filled  with  something 
immensely  more  solid  and  elastic  than  steeL  As  Dr. 
Young  himself  remarked^,  *the  luminiferous  ether,  per- 
vading all  space,  and  penetrating  almost  all  substances,  is 
not  only  highly  elastic,  but  absolutely  solid ! ! ! '  Sir  John 
Herschel  has  calculated  the  amount  of  force  which  may  be 
supposed,  according  to  the  undulatory  theory  of  light,  to 
be  exerted  at  each  point  in  space,  and  finds  it  to  be 
1,148,000,000,000  times  the  elastic  force  of  ordinary  air  at 
the  (earth's  surface,  so  that  the  pressure  of  the  ether  upon 
a  square  inch  of  surface  must  be  about  1 7,000,000,000,000, 
or  seventeen  billions  of  pounds?.  Yet  we  live  and  move 
without  appreciable  resistance  through  this  medium,  in- 
definitely harder  and  more  elastic  than  adamant.  All  our 
ordinary  notions  must  be  laid  aside  in  contemplating  such 
an  hypothesis ;  yet  they  are  no  more  than  the  observed 
phenomena  of  light  and  heat  force  us  to  accept.  We 
cannot  deny  even  the  strange  suggestion  of  Dr.  Young, 
that  there  may  be  independent  worlds,  some  possibly 
existing  in  different  parts  of  space,  but  others  perhaps 
pervading  each  other  unseen  and  unknown  in  the  same 
space ^.  For  if  we  are  bound  to  admit  the  conception  of 
this  adamantine  firmament,  it  is  equally  easy  to  admit  a 
plurality  of  such.  We  see,  then,  that  mere  difficulties  of 
conception  must  not  in  the  least  discredit  a  theory  which 
otherwise  agrees  .with  facts,  and  we  must  only  reject 
hypotheses  which  are  inconceivable  in  the  sense  of  break- 
ing distinctly  the  primary  laws  of  thought  and  nature. 

f  Young's  *  Works/  vol.  i.  p.  415. 

8  'Familiar  Lectures  on  Scientific  Subjects/  p.  282. 

^  Young's  *  Works/  vol.  i.  p.  417. 

VOL.  II.  L 
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The  Third  Requisite — Couformity  with  ^aci^. 

Before  we  accept  a  new  hypothesis,  it  must  furnish  m 
with  distinct  credentials,  consisting  in  tlie  deductive  anti- 
cipation of  a  series  of  fticts,  which  are  not  already  con- 
nected and  accounted  for  by  any  equally  probable  hypo* 
thesis.     We  cannot  lay  down  any  precise  rule  as  to  the 
number  of  accordances  wliich  can  establish  the  truth  of 
an  hypothesis,  because  the  accordances  w^iU  vary  much  in 
vahie.     While,  on   the    one   hand>  no   finite    number  of 
accordances  will  give  entire  certainty,  the  probability  of 
the  hypothesis  will  inereiise  very  rapidly  with  the  number 
of  accordances.     Seldom,  indeed,  sliall  we  have  a  theoiy 
free  fi*oni  difficultirs  and  apparent  inconsistency  with  llicts. 
Though  one  real  aiul  undoubted  inconsistency  w^ould  be 
suificient  to  overturn  the  most  phuisible  theory,  yet  there 
is  usually  some  probability  tliat  the  fatt  may  be  misin- 
terpreted, or  that  some  supposed  law  of  nature,  on  whicli 
we  are  relying,  may  not  be  true.     Almost  every  problem 
in  science  thus  fakes  the  form  of  a  balance  of  probabilities. 
It  is  only  when  difficulty  after  difficulty  has  been  euocseaa- 
fully  expLuned  away,  and   decisive   expenmenta   crtici^ 
have,   time  after  time,  resulted  in  favour  of  our  theory, 
that  we  can  venture  to  assert  tlie  falsity  of  all  t»bjectiona 

The  sole  real  test  of  an  hypothesis  is  its  accordance  wnth 
fact.  Descfirtes'  celebrated  system  of  vortices  is  exploded 
and  rejected,  not  because  it  was  intrinsioilly  absurd  and 
inconceivable,  but  because  it  could  not  give  results  in 
accordance  with  the  actual  motions  of  the  heavenly  bodiea 
The  difficidtles  of  conception  involved  in  the  apparatus  of 
vortices,  are  mere  child's  pl;iy  compared  with  those  of 
gravitation  and  the  uudulatory  theory  already  described. 
The  vortices  are  on  the  whole  plausible  suppositions ;  for 
the  |>lanetvs  and  satellites  bear  at  first  sight  much  re- 
semblance   to   objects   carried    n»tiful     in    wliirlpools,    an 
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analogy  which  doubtless  suggested  the  theory.  The 
failure  was  in  the  first  and  third  requisites ;  for,  as  already 
remarked,  the  theory  did  not  allow  of  any  precise  cal- 
culation of  planetary  motions,  and  was  so  far  incapable 
of  rigorous  verification.  But  so  far  as  we  can  institute  a 
comparison,  facts  are  entirely  against  the  vortices.  Newton 
carefully  pointed  out  that  the  Cartesian  theory  was  incon- 
sistent with  the  laws  of  Kepler,  and  would  represent  the 
planets  as  moving  more  rapidly  at  their  aphelia  than  at 
their  perihelia'.  Newton  did  not  ridicule  the  theory  as 
absurd,  but  showed^  that  it  was  'pressed  with  many 
diflSculties.'  The  rotatory  motions  of  the  sun  and  planets 
on  their  own  axes  are  in  striking  conflict  with  the  revo- 
lutions of  the  satellites  carried  round  them  ;  and  comets, 
the  most  flimsy  of  bodies,  calmly  pursue  their  courses  in 
elliptic  paths,  altogether  irrespective  of  the  vortices  which 
they  intersect.  We  may  now  also  point  to  the  inter- 
lacing orbits  of  the  minor  planets  as  a  new  and  insuper- 
able difficulty  in  the  way  of  the  Cartesian  ideas. 

Newton,  though  he  established  the  best  of  theories,  was 
also  capable  of  proposing  one  of  the  worst ;  and  if  we 
want  an  instance  of  a  theoiy  decisively  contradicted  by 
facts,  we  have  only  to  turn  to  his  views  concerning  the 
origin  of  natural  colours.  Having  analysed,  with  incom- 
parable skill,  the  origin  of  the  colours  of  thin  plates,  he 
suggests  that  the  colours  of  all  bodies  and  substances  are 
determined  in  like  manner  by  the  size  of  their  ultimate 
particles.  A  thin  plate  of  a  definite  thickness  will  reflect 
a  definite  colour ;  hence,  if  broken  up  into  firagments  it 
will  form  a  powder  of  the  same  colour.  But,  if  this  be  a 
sufficient  explanation  of  coloured  substances,  then  every 
coloured  fluid  ought  to  reflect  the  complementary  colour  of 
that  which  it  transmits.     Colourless  transparency  arises, 

i  *  Principia/  bk.  II.  Sect.  ix.  Prop.  53. 
k  Ibid.  bk.  III.  Prop.  43.     General  Scholium. 
L  2 


accorditig  to  Newton,  from  all  the  particles  being  t 
minute  to  reflect  light ;  but  if  so,  every  transparent  8iil>- 
stance  sliould  appear  perfectly  black  by  reflected  light, 
and,  ince  versd,  every  black  substance  BhoulJ  be  trans- 
parent* Newton  himself  so  acutely  felt  ibis  last  diflSciiltv 
as  to  suggest  that  true  blackness  is  due  to  some  intemsl 
refiiiction  of  tlie  rays  to  and  fro,  and  an  ultimate  stifling 
of  them,  which  he  did  not  attempt  further  to  explain* 
Unless  some  <:jther  process  came  into  operation,  neither 
refraction  nor  reflection,  however  often  repeated,  would 
destroy  the  energy  of  light.  The  theory  gives  no  account, 
therefore,  a*s  Brewster  shows,  of  24  parts  out  of  25   of  the 

liglit  which  falls  upon  a  black  coal,  and  the  — tli   part 

whicli  is  reflected  from  the  lustrous  surface  is  equally  in- 
consistent witli  the  theory,  because  tine  coal-dust  is  almost 
entirely  devoid  of  reflective  power  I  It  is  now  generally 
believed  that  the  colours  of  natural  bodies  are  due  to  the 
unequal  absorption  of  rays  of  light  of  difierent  refrangi- 
bility. 


i 
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Experimentum  Cruets, 

As  we  deduce  more  and  more  conclusions  from  a  tlieoi 
and  find  them  verified  by  trial,  the  probability  of  the ' 
thcury  increases  in  a  most  rapid  manner  ;  but  we  never 
esciipe  the  risk  of  error  alt^jgether.  Absolute  certainty  is 
beyond  the  power  of  inductive  investigation,  and  the 
most  plausible  suppositions  nmy  ultimately  be  proved 
false.  Such  is  tlie  groundwork  of  similarity  in  nature, 
that  two  very  difierent  conditions  may  often  give  closely 
similar  result-s.  We  Eometimes  find  om'selves  therefore 
in  possession  of  two  or  more  hypotheses  which  both  agree 


Bi^ewster's  *Iife  of  Newton/  ist  txHt,  chiip.  vii. 
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with  so  many  experimental  facts  as  to  have  great  appear- 
ance of  truth.  Under  such  circumstances  we  have  need 
of  some  new  experiment,  which  shall  give  results  agreeing 
with  one  hypothesis  but  not  with  the  other. 

Any  such  experiment  which  decides  between  two  rival 
theories  may  be  called  an  Experimentum  Crucis,  an 
Experiment  of  the  Finger  Post.  Whenever  the  mind 
stands,  as  it  were,  at  cross-roads,  and  knows  not  which 
way  to  select,  it  needs  some  decisive  guide,  and  Bacon 
therefore  assigned  great  importance  and  authority  to  in- 
stances or  facts  which  serve  in  this  capacity.  The  name 
given  by  Bacon  has  become  exceedingly  familiar;  it  is 
perhaps  almost  the  only  one  of  Bacon  s  figurative  expres- 
sions which  has  passed  into  common  use.  We  even  find 
Newton,  as  I  have  already  mentioned,  using  the  name 
(vol.  ii.  p.  134). 

I  do  not  think,  indeed,  that  the  common  use  of  the 
word  at  all  agrees  with  that  intended  by  Bacon.  Sir 
John  Herschel  says  that  *  we  make  an  experiment  of  the 
crucial  kind  when  we  form  combinations,  and  put  in  action 
causes  from  which  some  particular  one  shall  be  deliberately 
excluded,  and  some  other  purposely  admitted™.'  This, 
however,  seems  to  be  the  description  of  any  special  ex- 
periment not  made  at  haphazard.  Pascal's  experiment 
of  causing  a  barometer  to  be  carried  to  the  top  of  the 
Puy-de-D6me  has  often  been  considered  as  a  perfect 
experimentum  crucis^  if  not  the  first  distinct  one  on 
record";  but  if  so,  we  must  dignify  the  doctrine  of 
Nature's  abhorrence  of  a  vacuum  with  the  position  of  a 
rival  theory.  A  crucial  experiment  must  not  simply 
confirm  one  theory,  but  must  negative  another ;  it  must 
decide  a  mind  which  is  in  equilibrium,  as  Bacon  says% 

™  *  Discourse  on  the  Study  of  Natural  Philosophy,'  p.  151. 

n  Ihid.  p.  229.  o  'Novum  Organum,'  bk.  II.  Aphorism  36. 


between  two  equally  plausible  views.  *  When  in  seaitk 
of  any  nature,  the  understanding  comes  to  an  eqviiJibriirai, 
as  it  were,  or  stands  8U8i»eiided  as  to  which  of  two  or 
more  natures  the  cause  of  nature  ioquirexl  after  should 
be  attributed  or  assigned,  by  reason  of  the  frequent  and 
common  occurrence  of  several  natures,  then  these  Cnicial 
Instances  show  the  true  and  inviolable  association  of  one 
of  tlieae  natures  to  the  nature  sought,  and  the  uncertain 
and  separaltle  alliance  of  the  other,  whereby  the  question 
is  decided,  the  former  nature  admitted  for  the  cause, 
and  the  other  rejected.  These  instances,  therefore,  afford 
great  light,  and  have  a  kind  of  overruling  authority,  so 
that  the  course  of  interpretation  ivill  sometiraes  terminate 
in  tliem,  or  he  finished  by  tliem/ 

The  long  continued  strife  between  the  Corpuscular  and 
Undulatory  theories  of  light  forms  the  l>est  possible  illus- 
tration of  the  need  of  an  Experimentum  Crucis.  It  is 
highly  remarkaUe  m  ho%v  complete  and  ])lausible  a 
manner  both  these  theories  agreed  with  the  ordinary  laws 
of  geometrical  optics,  relating  to  reflection  and  retraction. 

A  moving  particle,  according  to  the  first  law  of  motion, 
proceeds  in  a  perfectly  straight  line,  when  undisturbed  by 
extraneous  forces.  If  the  particle,  being  perfectly  elastic^ 
strike  a  perfectly  elastic  plane,  it  wall  bound  oifin  such  a  path 
that  the  angles  of  incidence  and  reflection  will  V>e  equal. 
Now  a  ray  of  light  proceeds  in  a  perfectly  straight  line, 
or  appears  to  do  so,  until  it  meets  a  reflecting  body,  when 
its  path  18  altered  in  a  manner  exactly  similar  to  that  of 
the  elastic  particle.  Here  is  a  remarknble  correspondence 
which  probably  suggested  to  Newton's  mind  that  light 
consisted  of  minute  elastic  particles  moving  w'itb  excessive 
rapidity  in  straight  lines.  The  correspondence  was  found 
to  extend  idso  to  the  law  of  simple  refraction  ;  fnr  if  these 
particles  of  liglit  be  supposed  caiialjle  of  attracting  matter, 
and  l>cing  attmcted  by   it  at   u      :    '^1*-  small  distances, 


THE    USE  OF  HYPOTHESIS.  151 

then  a  ray  of  light,  falling  on  the  surface  of  a  transparent 
medinm,  will  suffer  an  increase  in  its  velocity  of  motion 
perpendicular  to  the  surface,  and  the  familiar  law  of  sines 
is  the  necessary  consequence.  This  remarkable  explar 
nation  of  the  law  of  refraction  had  doubtless  a  very  strong 
effect  in  leading  Newton  to  entertain  the  corpuscular 
theory,  and  he  appears  to  have  thought  that  the  analogy 
between  the  propagation  of  the  rays  of  light  and  the 
motion  of  bodies  was  perfectly  exact,  whatever  might  be 
the  actual  nature  of  lightP.  It  is  highly  remarkable,  again, 
that  Newton  was  able  to  give,  by  his  corpuscular  theory, 
a  plausible  explanation  of  the  inflection  of  light  as  dis- 
covered by  Grimaldi.  The  theory  would  indeed  have 
been  a  very  probable  one  could  Newton's  own  law  of 
gravity  have  been  applied ;  but  this  was  excluded,  be- 
cause the  particles  of  light,  in  order  that  they  may  move 
in  straight  lines,  must  be  assumed  devoid  of  any  influence 
upon  each  other. 

The  Huyghenian  or  Undulatory  theory  of  light  was 
also  able  to  explain  the  same  phenomena,  but  with  one 
remarkable  difference.  If  the  undulatory  theory  be  true, 
light  must  move  more  slowly  in  a  dense  refracting  medium 
than  in  a  rarer  one ;  but  the  Newtonian  theory  assumed 
that  the  attraction  of  the  dense  medium  caused  the  par- 
ticles of  light  to  move  more  rapidly  than  in  the  rare  medium. 
On  this  point,  then,  there  was  a  complete  discrepancy 
between  the  two  theories,  and  observation  was  required 
to  show  which  theory  was  to  be  preferred.  Now  by 
simply  cutting  a  uniform  plate  of  glass  into  two  pieces, 
and  slightly  inclining  one  piece  so  as  to  increase  the 
length  of  the  path  of  a  ray  passing  through  it,  experi- 
menters have  been  able  to  show  that  the  light  does  move 

P  '  Principia/  bk.  I.  Sect.  xiv.  Prop.  96.  Scholium,  *  Opticks/  Prop. 
VI.  3rd  edit.  p.  70. 


more  dowly  in  glass  than  in  air*i.    More  recently,  in  i850» 
Fizeaii  nnd  Foucault  independently  measured  the  velocity 
of  light  in  ah'  and  water  by  a  revolving  mirror,  and  found 
that  the  velocity  is  greater  in  airr.     Tliere  are  indeed  a 
numlier  of  other    points    at   which    experience    decides 
against  Newton,  and  in  favour  of  Huyghens  and  Young. 
Euler  rejected  the  Corpuscular  theory  l>ecause  particles 
of  matter  moving  with  the   immense   velocity   of  light 
must   possess   gieat   momentum^  of  whicli    there    is  tio 
evidence  in  fact*.    Bennet  concentrated  the  light  and  heat 
of  the  sun  upon  a  body  so  delicately  suspended  that  aa 
exceedingly  small  amount  of  momentum  must  have  been 
rendered  apparent,  but  there  was  no  such  efiect*.     This 
experiment,  indeed^  is   of  a   negative   kind,  and   is   not 
absolutely  conclusive,  unless  we  could  estimate  the  mo- 
mentum   which    Newtons   theory   would   reqiure    to    be 
present  (see  vol  ii.  p.  45)  ;  bat  there  are  other  diflBculties. 
Laplace  pointed  «.iut  tliat  the  attraction  supposed  to  exist 
between  matter  and  the  corpuscular   particles   of  lights 
would  cause  the  velocity  of  light  to  vary  with  the  size  of 
the  emitting  body,  so  that  if  a  star  w^ere  250  times  as 
great  in  diameter  as  our  sim,  its  attraction  would  prevent 
the  emanation  of  light  idtogether  ^^     But  so  far  as  experi- 
ence shows,  the  velocity  of  light  is  uniform,  and  inde- 
pendent of  the  magnitude  of  the  emitting  body,  as  it  should 
be  according  to  the  undulatory  theory.     Lastly,  Newton's 
explanation  of  diflraction  or  mflection  fringes  of  colours 
was  only  jj^jcw^/6Ze,  and  not  true  ;  tor  Frcsnel  ascertained 
that  the   dimensions  of  the  fringes  are  nut  what   they 
would  be  according  to  Newton's  tlieory. 

*i  Aio^'B  *  Mjilliematiciil  Tracts,'  3rd  edit.  pp.  386-288. 

f  Jaitiin,  *CourB  de  Pbysique/  vol.  iiL  p.  372. 

»  Euler's  *LetU^rs,*  vol.  ii.  Lett-er  XIX.  p,  69. 

*   littlfoiir  Stewart,  '  Eleoientaiy  Ti-eniise  on  Hciit/  p,  rfir 

'»  Young's  *  Lectures  ou  Ntttural  Philosophy*  (t  845),  vol.  i.  p.  361 


TUE    USE  OF  HYPOTHESIS,  153 

Although  the  Science  of  Light  presents  us  with  the 
most  beautiful  examples  of  crucial  experiments  and  ob- 
servations, instances  are  not  wanting  in  other  branches  of 
science.  Copernicus  asserted  in  opposition  to  the  ancient 
Ptolemaic  theory  that  the  earth  and  planets  moved  round 
the  Sim,  and  he  predicted  that  if  ever  the  sense  of  sight 
could  be  rendered  sufficiently  acute  and  powerful,  we 
should  see  phases  in  Mercury  and  Venus.  Galileo  with 
his  telescope  was  able,  in  1610,  to  verify  the  prediction  as 
regards  Venus,  and  subsequent  observations  of  Mercury 
lead  to  a  like  conclusion.  The  discovery  of  the  aberra- 
tion of  light  added  a  new  proof,  still  further  strengthened 
^7r;^'.lie  more  recent  determination  of  the  parallax  of  fixed 
stars.  Hooke  proposed  to  prove  the  existence  of  the 
earth's  diurnal  motion  by  observing  the  deviation  of  a 
falling  body,  an  experiment  successfully  accomplished  by 
Benzenberg ;  and  Foucault's  pendulum  ha$  since  fur- 
nished an  additional  indication  of  the  same  motion,  which 
is  indeed  also  apparent  in  the  direction  of  the  trade  winds. 
All  these  are  crucial  facts  in  favour  of  the  Copernican 
theory. 

Davy's  discovery  of  potassium  and  sodium  in  1 807  was 
a  good  instance  of  a  crucial  experiment ;  for  it  decisively 
confirmed  Lavoisier's  views,  and  at  the  same  time  nega- 
tived the  ancient  notions  of  phlogiston. 

Descriptive  Hypotheses. 

There  are  some,  or  probably  many,  hypotheses  which 
we  may  call  descriptive  hypotheses,  and  which  serve  for 
little  else  than  to  furnish  convenient  names.  When  a 
certain  phenomenon  is  of  an  unusual  and  mysterious  kind, 
we  cannot  even  speak  of  it  without  using  some  analogy. 
Every  word  implies  some  resemblance  between  the  thing 
to  which  it  is  applied,  and  some  other  thing,  which  fixes 


I 
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the  meaning  of  the  word.     Thus  if  we  are  to  speak  rf 
what  constitutes    electricity,   we   must    search    for  th« 
nearest  analogy,  and  as  electricity  is  chiefly  characteriised 
by  the  rapidity  and  fiicUity  of  its  movements,  the  notion 
of  a  fluid  of  a  very  subtle  character  ]iresented   itself  a« 
most    appropriate*     There    is   the   single    fluid    and   the 
double   fluid   theory  of  electricity,  and  a    great   deal  of 
discussion  has  been  uselessly  spent  upon  them.      The  fact 
is  that  if  these  theories  be  understood  as  more  than  con- 
venient modes  of  describing  the   phenomena,    they  a« 
grossly  invalid*    The  analogy  extends  only  to  the  rapidity 
of  motion^  and  the  fact  that  a  phenomenon   occurs  sue- 
cessively  at  different  points  of  the  body.     The  so-called 
electric  fluid  adds  nothing  to  the  weight  of  the  conductor, 
and  to  suppose  that  it  really  consists  of  particles  of  matter 
would  be  even  more  absurd  than  to  reinstate  the  Corpus- 
cular theory  of  light.     An  infinitely  closer  analogy  exists 
between  electricity  and  light  uodvdations,  whicli  are  about 
equally  rapid  in  propagation ;  and  while  we  shall  probahlv 
continue  for  a  long  time  to  talk  of  the  electric  fluid,  there 
can  be  no  doubt  that  this  expression  merely  rejiresents 
some  phase  of  molecular  motion,  some  wave  of  disturbance 
propagating   itself  at   one   time   through    material    con- 
ductors, at  another  time  through   the  ethereal  basis   of 
light     The  invalidity  of  these  fluid  theories  is  moreover 
shown  in  tlie  fact  that  they  have  not  led  to  the  invention 
of  a  single  new  experiment.     When  we  speak  of  heat  as 
Jlowing  from   one  body  to    another,   we  likewise   use   a 
descriptive  hypotliesis  merely  ;    for  Lambert^s  theory  of 
the  fluid  motion  of  heat  is  no  better  than  the  Corpuscular 
theory  of  light. 

Among  these  merely  descriptive  hypotheses  I  should 
be  inclined  to  place  Newton's  theory  of  Fits  of  Kasy 
Reflection  and  Refraction.  That  tlieory  has  been  since  ex- 
ploded by  actual  di^cordnnce  witli  fact.  Init  even  whe] 
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really  entertained  it  did  not  do  more  than  describe  what 
took  place.  It  involved  no  deep  analogy  to  any  other  phe- 
nomena of  nature,  for  Newton  could  not  point  to  any 
other  substance  which  went  through  these  extraordinary 
changes.  We  now  know  that  the  true  analogy  would 
have  been  the  waves  of  sound,  of  which  Newton  had 
acquired  in  other  respects  so  complete  a  comprehension. 
But  though  the  notion  of  interference  of  waves  had  dis- 
tinctly occurred  to  Hooke,  Newton  had  failed  to  see  how 
the  periodic  phenomena  of  light  could  be  connected  with 
the  periodic  character  of  waves.  His  hypothesis  fell  be- 
cause it  was  out  of  analogy  with  everything  else  in  nature, 
and  it  therefore  did  not  allow  him,  as  in  other  cases,  to 
descend  by  mathematical  deduction  to  consequences  which 
could  be  verified  or  refuted. 

We  are  always  at  freedom  again  to  imagine  the  existence 
of  a  new  agent  or  force,  and  give  it  an  appropriate  name, 
provided  there  are  phenomena  incapable  of  explanation 
from  known  causes.  We  may  speak  of  vital  force  as  oc- 
casioning life,  provided  that  we  do  not  take  it  to  be  more 
than  a  name  for  an  undefined  something  giving  rise  to 
inexplicable  facts,  just  as  the  French  chemists  called  Iodine 
the  Substance  X,  while  they  were  unaware  of  its  real 
character  and  place  in  chemistry  y.  Encke  was  quite 
justified  in  speaking  of  the  resisting  medium  in  space  so 
long  as  the  retardation  of  his  comet  could  not  be  other- 
wise accounted  for.  But  such  hypotheses  will  do  much 
harm  whenever  they  divert  us  from  attempts  to  reconcile 
the  facts  with  known  laws,  or  when  they  lead  us  to  mix 
up  entirely  discrete  things.  We  have  no  right,  for 
instance,  to  confuse  Encke's  supposed  resisting  medium 
with  the  ethereal  basis  of  light.  The  name  protoplasm, 
now  so  familiarly  used  by  physiologists,  is  doubtless 
legitimate  so  long  as  we  do  not  mix  up  diiferent  sub- 
y  Paris,  'Life  of  Davy,'  p.  274. 
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etancea  under  it,  or  imagine  that  the  name  gives  us  an 
knowledge  of  the  obscure  origin  of  life.  To  nam*?  a 
lubstance  protoplasm  no  more  explains  the  infinite  variety 
'of  forms  of  life  which  spring  out  of  the  suUstance,  tlian 
«loes  the  vital  force  which  may  be  supposed  to  reside  io^ 
the  protoplasm.  Both  expressions  appear  to  me  to 
mere  names  for  an  unknown  and  inexplicable  series 
causes  wliieh  out  of  apparently  similar  conditions  pr 
duce  tlie  most  diverse  results. 

Hardly  to  be  distinguished  from  descriptive  hypothc 
are  certiiin  imaginai-y  objects  or  conditions  which  we  ofte 
frame  for  the  more  ready  investigation  or  comprehensiaol 
of  a  subject     The   mathematician,  in    tre-atiog    abstract| 
questions  of  probability,  finds  it  convenient,  to  represent 
the  conditions  to  his  own  or  other  minds  by  a  concrete! 
analogy  in  the  shape  of  a  material  ballot-box.    The  funda-l 
mental   principle  of  the  inverse  method  of  probabilities ' 
upon  which  depends  the  wliole  of  our  reasoning  in  in-| 
ductive  investigations  is  proved  by  Poiason,  who  imagines  I 
a  number  of  ballot-boxes,  of  which  the  contents  are  after* 
wards  supposed  to  be  mixed   in  one  great  box   (vol.  L  ^ 
p,    2 So).     Many   other   such   devices   are   also    used    by 
mathematicians.     When  Newton  investigated  the  nature 
of  waves,   lie  employed  tlie    pendulum  as  a  convenient 
rnode   of    representing   the   nature    of    the   undulation,  ^ 
Centres  of  gravity,  oscillation,  &c,,  poles  of  the  magnet^ 
lines  of  force,  are  other  imaginary  existences  solely  em- 
ployed to  assist  our  thoughts  (voL  i.  p*  422).     All  such 
creations  of  the  mind  may  be  called  Representative  Hypo- 
theses, and  they  are  only  permissible  and  iisefid  so  far  as 
they  embody  analogies.     Their  furtlier  consideration  pro- 
])erly  belongs  either  to  the  subject  of  Analogy,  or  to  that 
of  language  and  representittion,  founded  upon  analogy* 


CHAPTER    XXIV. 

EMPIRICAL    KNOWLEDGE,    EXPLANATION,   AND 
PREDICTION. 

The  one  great  method  of  inductive  investigation,  as  we 
have  seen,  consists  in  the  union  of  hypothesis  and  experi- 
ment, deductive  reasoning  being  the  link  by  which  the 
experimental  results  are  made  to  confirm  or  confute  the 
hypothesis.  Now  when  we  consider  this  relation  between 
hypothesis  and  experiment,  it  is  obvious  that  we  may 
classify  our  knowledge  under  four  heads. 

(i)  We  may  be  acquainted  with  facts  or  phenomena 
which  have  come  under  our  notice  accidentally  or  without 
reference  to  any  special  hypothesis,  and  which  have  ndt 
been  brought  into  accordance  as  yet  with  any  hypothesis. 
Such  facts  constitute  what  is  called  Empirical  Know- 
ledge. 

(2)  Another  very  extensive  portion  of  our  knowledge 
consists  of  those  facts  which,  having  been  first  observed 
empirically,  have  afterwards  been  brought  into  accord- 
ance with  other  facts  by  an  hypothesis  concerning  the 
general  laws  applying  to  them.  This  portion  of  our 
knowledge  may  be  said  to  be  explained,  reasoned,  or 
generalised. 

(3)  In  a  third  place  comes  the  collection  of  facts,  minor 
in  number,  but  most  important  as  regards  their  scientific 
value  and  interest,  which  have  been  anticipated  by  theory 
and  afterwards  verified  by  experiment. 
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(4)  Lastly,  there  may  and  does  exist  knowledge  of 
phenomena  accepted  solely  on  the  grovmd  of  theory,  ami 
which  is  incapable  of  experiment^il  confiiruation,  at  least 
with  the  iuatrimieatal  means  at  the  time  in  our  |>j€- 
session. 

It  is  a  work  of  much  interest  to  compare  and  illtistrale 
in  some  degree  the  relative  extent  and  value  of  tLe^ 
four  gruupB  of  knowledge.  As  a  general  rule  we  ^liaJl 
obeerve  that  every  great  branch  of  science  originates 
in  facts  observed  accidentally,  or  without  any  distiact 
consciousness  of  what  Is  to  be  expected.  But  as  science 
progresses,  its  power  of  foresight  rapidly  increases,  until 
the  mathematician  in  his  study  seems  to  acquire  the 
power  of  anticipating  nature,  and  predicting-  what  wiB 
happen  in  stated  eircimistances  before  the  eye  of  man  has 
ever  witnessed  the  event. 


Empirical  Knowledge, 

By  empirical  knowledge  we  mean  such  as  is  derived 
directly  from  the  examination  of  certain  detached  facts, 
and  rests  entirely  on  those  facts,  without  corroboration  or 
connexion  with  other  branches  of  knowledge.  It  is  con- 
trasted to  genenilised  and  theoretical  knowledge,  which 
embraces  many  series  of  facts  under  a  tew  simple  and 
comprehensive  principles,  so  that  each  series  serves  to 
throw  light  upon  each  other  series  of  facts.  Just  as,  in 
the  map  of  a  half* explored  country,  we  see  detached 
portions  of  rivers,  isolated  mountains,  and  imdefined 
plains,  not  connected  mto  any  general  plan,  so  a  new 
branch  of  knowledge  often  consists  of  groups  of  facts,  each 
group  standing  apart,  so  as  not  to  allow  us  to  reason  from 
one  part  to  another. 

Before  the  time  c^f  Descartes,  and  Newton,  and  Huy- 
ghens,    there    was   much    emi>irical    knowledge    of  the 
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phenomena  of  light.  The  rainbow  had  always  struck 
the  attention  of  the  most  careless  observers,  and  there 
was  no  diflBculty  in  perceiving  that  its  conditions  of 
occurrence  consisted  in  rays  of  the  srni  shining  upon 
falling  drops  of  rain.  It  was  impossible  to  overlook  the 
resemblance  of  the  ordinary  rainbow  to  the  comparatively 
rare  lunar  rainbow,  to  the  bow  which  often  appears  upon 
the  spray  of  a  waterfall,  or  even  upon  beads  of  dew 
suspended  on  grass  and  spiders'  webs.  In  all  these  cases 
the  uniform  conditions  are  rays  of  light  and  round  drops 
of  wat^r.  Roger  Bacon  had  noticed  these  conditions,  as 
well  as  the  analogy  of  the  rainbow  colours  to  those  pro- 
duced by  crystals*.  But  the  knowledge  was  empirical 
until  Descartes  and  Newton  showed  how  the  phenomena 
were  connected  with  all  the  other  facts  concerning  the 
refraction  of  light. 

There  can  be  no  better  instance  of  an  empirical  truth 
than  that  detected  by  Newton  concerning  the  high  re- 
fractive powers  of  combustible  substances.  Newton's 
chemical  notions  were  almost  as  vague  as  those  prevalent 
in  his  day,  but  he  observed  that  certain  '  fctt,  sulphureous, 
unctuous  bodies,'  as  he  calls  them,  such  as  camphor,  oils, 
spirit  of  turpentine,  amber,  &c.,  have  refractive  powers 
two  or  three  times  greater  than  might  be  anticipated  from 
their  densities  **.  The  enormous  refractive  index  of  dia- 
mond, led  him  with  great  sagacity  to  regard  it  as  also 
of  the  same  unctuous  or  inflammable  nature,  so  that  he 
may  be  regarded  as  predicting  the  combustibility  of  the 
diamond,  afterwards  demonstrated  by  the  Florentine 
Academicians  in  1694.  Brewster  having  entered  into  a 
long  investigation  of  the  refractive  powers  of  different 
substances,  confirmed  Newton's  assertions,  and  found  that 

»  *Opus  Majus.'     Edit.  1733.     Cap.  x.  p.  460. 

^  Newton's  'Opticks/     Third   edit.  p.  249.     Leslie's   *  Dissertation,* 
Encyclopeedia  Britannica,  p.  550. 
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the  three  elementary  combustible  substances,  diamond, 
phosphorus,  and  sulphur,  have  by  far  the  highest  re- 
fractive indices  known  in  proportion  to  their  densities*^, 
and  there  are  only  a  few  substances,  such  as  cliromate  of 
lead  or  glass  of  antimony,  known  to  exceed  them  in  al> 
solut4^  power  of  refraction.  The  oils  and  hydrocarbons 
generally  possess  an  excessive  index.  But  this  knowledge 
remains  to  the  present  day  purely  empirical,  no  connexion 
]  Hiving  been  pointed  out  between  ttds  coincidence  of  in- 
flammability and  high  refractive  power,  with  other  laws  of 
chemistiy  or  optics.  It  is  worthy  of  notice^  however, 
as  pointed  out  by  Brewster,  that  if  Newton  had  argued 
concerning  two  minerals,  Greenockite  and  Octahedrite,  as 
he  did  concerning  diamond,  his  predictions  would  have 
proved  false.  In  the  present  day,  the  relation  of  the 
refractive  index  to  the  density  and  atomic  weight  of  a 
substance  is  becoming  a  matter  u{  theory ;  yet  tliei'e 
remain  specific  difierences  of  refractive  power  known  only 
on  empirical  grounds,  and  it  m  curious  that  in  hydrogen 
also  an  abnormally  high  refractive  power  has  been  found 
to  be  joined  to  inflammability, 

The  science  of  chemistry,  however  much  its  theoiy  may 
have  progressed,  still  presents  us  with  a  vast  lx)dy  of 
empirical  knowledge.  Not  only  is  it  at  present  hopeless 
to  attempt  to  account  for  the  particidar  group  of  qualities 
lielonging  to  each  element,  but  there  are  multitudes  of 
particular  facts  of  whicli  no  further  account  can  be  given. 
Why  should  the  sidpliides  of  many  metaLs  be  intensely 
black  ?  Why  should  a  slight  amount  of  phosphoric  acid 
have  80  great  a  power  of  interference  with  the  crystalliza- 
tion r»f  vanadic  acid  ^.  Why  should  the  compound  silicates 
of  alkalies  and  alkaline  metals  be  transparent  \  Why 
should  gold  be  so  highly  ductile,  and  gold  and  silver  the 

^  Brewster,  '  Treatise  on  New  Philosophical  lostrumente/  p.  266,  &c. 
J  Roscoe,  Bdkerian  Lecture,  *  Phi lo!*ophic«l  Trans/  (1868),  vol.  clviii.  |».  6. 


only  two  seosibly  translucent  metitls  ?  Why  should 
sulphur  be  capable  of  so  many  peculiar  clianges  into 
amorphous  conditions  1 

There  are  wliole  liranches  of  chemical  knowledge  which 
are  uh  yet  mere  aggregates  of  disconnected  facts.  The 
properties  of  alloys,  or  mixtures  of  rnetals,  are  often  ex- 
ceedingh^  remarkaljle ;  but  no  laws  have  yet  been  detected, 
and  the  usucil  laws  of  combining  propurtions  seem  t^  have 
no  clear  application^.  Not  the  slightest  explanation  can 
be  given  of  the  w^onderfid  variations  of  the  qualities  of 
iron,  according  as  it  contains  more  or  less  carbon  and 
silicon,  nay,  even  tlie  facts  of  the  case  are  often  involved 
in  nnceii^iinty.  Why,  again,  should  the  properties  of 
steel  be  remarkably  affected  by  the  presence  of  a  little 
tungsten.  All  that  was  determined  by  Matthiessen  con- 
cerning the  variation  of  the  conducting  powers  of  copper 
according  to  it8  purity,  was  of  a  purely  empirical  cha- 
racter**.  Many  animal  substances  cannot  be  shown  to  obey 
Bven  the  laws  of  combining  proportions.  Thus  for  tlie 
[most  part  chemistry  is  yet  a  science  occupied  Avith  an 
exact  description  of  artificial  or  natural  snbstiinces,  which 
by  the  collection  of  enormous  nuinberB  of  exact  facta 
is  preparing  the  way  for  an  extension  of  theory  at  some 
future  time. 

We  must  not  indeed  suppose  that  any  science  will  ever 
entii'ely  cease  to  be  empirical.  Multitudes  of  phenomena 
have  been  explained  by  the  undulatory  theory  of  light ; 
but  there  remains  an  almost  undiininiehed  mass  of  facts 
yet  to  be  treated.  The  natm^l  coloui's  of  bodies,  and  the 
rays  given  off  by  tliem  when  heated,  are  yet  free  from  all 
theory,  and  yield  few  empirical  coincidences.  The  theory 
of  electricity  is  partially  understood,  but  the  conditions 
of  the  productiijn  of  frictional  electricity  defy  law  or  ex- 

e  *  Life  of  Faraday/  vol.  ii.  p.  104, 

f  Watts,  *  Dictionarj^  t>f  CbemistrjV  ^^^*  '''  P-  39i  <5£C. 


vol..  n. 


M 


I 

I 

I 


planation,  although  they  have  been  studied  for  two  oea- 
turies  or  more.  I  shall  subsequently  point  out  that  eva 
the  establishment  of  u  wiile  and  true  lanv  of  nature  h  ht^ 
the  starting-point  for  the  discovery  of  exceptions  or  digit 
divergences  giving  a  wide  scope  to  empirical  discovery. 

There  is  probably  no  science,  I  have  stdd,  which  if 
entimly  free  from  empirical  and  unexplained  facts.  Lope 
approaches  most  nearly  to  this  position,  as  it  is  mendy 
a  deductive  development  of  the  laws  of  thought  and  tk 
principles  of  substitution.  Yet  some  of  the  facts  eet^ 
blished  in  the  investigation  of  the  inverse  logical  problat 
(vol.  i.  p«  157)  may  be  considered  empirical.  MatheT"  '  ' 
science  often  yields  empirical  truths.  Why,  for  in^i.,..  , 
should  the  vfUue  of  x,  when  expressed  to  a  great  iiiiraber 
of  figures,  contain  the  digit  7  much  less  frequently  tliau 
any  other  digit  ^  ?  Even  geometry  may  allow^  of  empirical 
truths,  when  the  matter  does  not  involve  quantities  erf 
space,  but  numerical  results  and  the  positive  or  negative 
character  of  quantities,  as  in  De  Morgans  theorem  con- 
cerning negative  areas. 

Accidental  Discovery. 

There  are  not  a  few  cases  where  almost  pure  accident 
has  undoubtedly  determined  the  moment  when  a  new 
branch  of  knowledge  was  to  be  created.  Tlie  true  laws 
of  the  construction  of  crystals  were  not  discovered  until 
Haiiy  happened  to  drop  a  beautiful  crystal  of  caJe-spar 
upon  a  stone  pavement.  His  momentary  regret,  at  de- 
stroying a  choice  specimen,  was  quickly  removed  when, 
in  attempting  to  join  the  fragments  together,  he  observed 
regular  geometrical  faces,  which  did  not  correspond  with 
the  exteiDal  facets  of  the  crystals.  A  great  many  more 
crystals  were  soon  broken  intentionally,  to  observe  the 

«  De  Morgnn^s  *  Budget  of  Pararloxea/  p,  291, 


EMPIRICAL  KNOWLEDGE,  EXPLANATION,  Jcc.        163 

planes  of  cleavage,  and  a  nearly  complete  comprehension 
of  the  internal  structure  of  crystalline  substances  was  soon 
the  result.  Here  we  see  how  much  more  was  due  to  the 
reasoning  powers  of  the  philosopher,  than  to  an  accident 
which  must  often  have  happened  to  other  persons. 

In  a  similar  manner,  a  purely  fortuitous  occurraice  led 
Malus  to  discover  the  polarization  of  light  by  reflection. 
The  phenomena  of  double  refraction  had,  of  course,  been 
long  known,  and  when  engaged  in  Paris  in  1808,  in 
investigating  the  character  of  light  thus  polarized,  Malus 
chanced  to  look  through  a  double  refracting  prism  at  the 
light  of  the  setting  sun,  reflected  from  the  windows  of  the 
Luxembourg  Palace.  In  turning  the  prism  round,  he  was 
surprised  to  find  that  the  ordinary  image  disappeared  at 
two  opposite  positions  of  the  prism.  He  remarked  that  the 
reflected  light  behaved  exactly  like  light  which  had  been 
already  polarized  by  passing  through  another  prism.  He 
was  induced  to  test  the  character  of  light  reflected  under 
other  circumstances,  and  it  was  eventually  proved  that 
polarization  is  connected  by  invariable  laws  with  the  act  of 
reflection.  Some  of  the  most  general  laws  of  optics,  pre- 
viously unsuspected,  were  thus  discovered  by  pure  accident. 

In  the  history  of  electricity,  accident  has  had  a  large 
part.  For  centuries  some  of  the  more  common  effects  of 
magnetism,  or  frictional  electricity,  had  presented  them- 
selves  as  exceptional  and  unaccountable  deviations  from 
the  ordinary  course  of  Nature.  Accident  must,  of  coiurse, 
have  first  directed  attention  to  such  phenomena,  but  how 
few  of  those  who  witnessed  them  had  any  conception  of 
the  all-pervading  power  thus  manifested.  The  very 
existence  of  the  so-called  galvanism,  or  electricity  of 
low  tension,  was  unsuspected  until  Galvani  accidentally 
touched  the  leg  of  a  frog  with  pieces  of  metal.  The 
decomposition  of  water  by  voltaic  electricity  is  also  said 
to  have  been  accidentally  discovered  by  Nicholson  in  180 1, 
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and  Davy  speaks  of  this  discoTery  as  the  foundation  of  all 
that  had  siDce  been  done  in  electro-chemical  science. 

It  is  otherwise  with  the  discovery  of  electro-magnetism, 
or  the  relation  between  the  magnet  and  electricity. 
Oersted,  in  common  with  many  others,  had  suspected  the 
existence  of  some  relation  between  these  strange  powers, 
and  he  appears  to  have  tried  to  detect  its  exact  nature. 
Once,  as  we  are  told  by  Hansteen,  he  had  employed  a 
strong  galvanic  battery  during  a  lecture,  and  at  the  close 
it  occurred  to  him  to  try  tlie  effect  of  placing  the  con- 
ducting wii-e  parallel  to  a  magnetic  needle,  instead  of  at 
right  angles,  as  he  liad  previously  done.  The  needle 
immediately  moved  and  took  up  a  position  nearly  at 
right  angles  to  the  wire  ;  he  inverted  the  direction  of  the 
current,  and  the  needle  deviated  in  a  contrary  direction. 
The  great  discovery  was  made,  imd  if  by  accident,  it  was 
such  an  accident  as  happens  only  to  those  who  deserve 
them,  as  Lagrange  remarked  of  Newton  '\  There  was,  in 
fact,  nothing  accidenttd,  except  that,  as  in  all  totally  new 
discoveries,  Oersted  did  not  kiiow  what  to  look  for.  He 
could  not  infer  from  previous  knowledge  the  nature  of 
the  relation,  and  it  was  oidy  re|>eated  trial  in  different 
modes  w^hieh  could  lead  him  to  the  right  combination. 
High  and  happy  powers  of  infereneej  and  not  accident, 
subsequently  induced  Faraday  to  reverse  the  ]>rocess,  and 
show  that  tlie  motion  of  the  magnet  would  occasion  an 
electric  current  in  the  wire. 

Sufficient  investigation  would  probably  show  that 
almost  every  branch  of  art  and  science  had  an  accidental 
beginnmg.  In  historical  times  almost  every  important 
new  instrument,  such  as  the  telescope,  the  microscope,  or 
the  compass,  was  pi'obably  suggested  by  some  accidental 
occurrence  or  observation.  In  pre-historic  times  the  germs 
of  the  arts  must  have  arisen  stUl  more  exclusively  in 
1'  ^Life  of  Faraday,*  voL  ii.  p.  396, 
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^Hke  same  way.  Cultivation  of  plants  probably  arose,  in 
^^T.  Darwin's  opinion,  from  some  such  accident  as  the 
^^eds  of  a  fruit  falling  upon  a  heap  of  refuse,  and  pro- 
'^.Ticing  an  unusually  fine  variety.  Even  the  use  of  fire 
^^^xinst,  some  time  or  other,  have  been  discovered  in  a  like 
^tccidental  manner. 

With  the  progress  of  any  branch  of  science,  the  element 
of  chance  becomes  much  reduced.  Not  only  are  laws 
discovered  which  enable  results  to  be  predicted,  as  we 
shall  shortly  consider,  but  the  systematic  examination  of 
phenomena  and  substances  often  leads  to  important  and 
novel  discoveries,  which  can  in  no  true  sense  be  said  to  be 
accidental.  It  has  been  asserted  that  the  anaBsthetic  pro- 
perties of  chloroform  were  disclosed  by  a  little  dog  smelling 
at  a  saucerful  of  the  liquid  in  a  chemist's  shop  in  Linlith- 
gow, the  singular  effects  upon  the  dog  being  reported 
to  Dr.  Simpson,  who  turned  the  incident  to  such  good 
account.  This  story,  however,  has  since  been  shown  to 
be  a  fabrication,  the  fact  being  that  Dr.  Simpson  had  for 
many  years  being  endeavouring  to  discover  a  better  anaes- 
thetic than  those  previously  employed,  and  that  he  tested 
the  properties  of  chloroform,  among  other  substances,  at 
the  suggestion  of  Mr.  Waldie,  a  Liverpool  chemist.  The 
valuble  powers  of  hydrate  of  chloral  have  since  been  dis- 
covered in  a  like  manner,  and  systematic  inquiries  are 
continually  being  made  into  the  therapeutic  or  economic 
value  of  new  chemical  compounds. 

If  we  must  attempt  to  draw  any  conclusion  concerning 
the  part  which  chance  plays  in  scientific  discovery,  it 
must  be  allowed  that  it  more  or  less  affects  the  success  of 
all  inductive  investigation,  but  becomes  less  important 
with  the  progress  of  any  particular  branch  of  science. 
Accident,  too,  may  bring  a  new  and  valuable  combination 
to  the  notice  of  some  person  who  had  never  expressly 
searched  for  a  discovery  of  the  kind,  and  the  probabilities 


are  certainly  in  favour  of  a  discovery  heing  oocasioDallT 
made  iti  this  manner.  But  the  greater  the  tact  and 
industry  with  which  u  physicist  applies  himself  t^i  the 
fitudy  of  nature,  the  greater  is  the  probability  that  be 
will  meet  with  fortunate  accidents,  and  will  turn  them 
to  good  account  Thus  it  comes  to  paas  that*  in  the 
refined  invcBtigations  of  the  present  day»  genius  united  to 
extensive  knowhidge,  cultivated  powers  and  indomitable 
industry,  constitute  the  cliaracterlstics  of  the  great  db- 
coverer. 

Em'pirical  Observations  subsequently/  Explained* 

The  second  great  portion  of  scientific  knowledge  consists 
of  facts  which  have  been  first  learnt  in  a  purely  empirical 
manner,  but  Imve  afterwards  been  shown  to  follow  from 
some  law  of  nature,  th^it  is,  from  some  highly  probable 
hypothesis.  Facta  are  said  to  be  explained  w^hen  they  are 
thus  brought  into  harmony  with  other  facts^  or  bodies  of 
general  knowledge.  There  are  few  words  more  familiarly 
used  in  scientific  phraseology  than  this  word  explanation^ 
and  it  is  necessary  to  decide  exactly  T-vhat  we  mean  by  it^ 
since  the  question  touches  the  very  deepest  points  con- 
cerning the  nature  of  science.  Like  most  terms  referring 
to  mental  actions,  the  verbs  to  explmn,  or  to  ejcplicate^ 
involve  material  similes.  The  action  Ls  ex  plicis  plana 
reiklere,  to  take  out  the  folds,  and  render  a  thing  plain  or 
even.  Explanation  thus  renders  a  thing  clearly  compre- 
hensible in  all  its  points,  so  that  there  is  nothing  left 
outstanding  or  obscure. 

Every  act  of  explanation  consists  in  detecting  and 
pointing  out  a  resemblance  between  facts,  or  in  showing 
that  a  greater  or  less  degree  of  identity  exists  between 
apparently  diverse  phenomena.  This  resemblance  may  be 
of  any  extent  and  der  may  be  a  general   law  of 
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nature,  which  explains  and  harmonizes  the  motions  of  all 
the  lieaveiiJy  bodies,  that  is,  shows  that  there  is  a  similar 
force  which  governs  all  those  motions,  or  the  explanation 
may  involve  nothing  more  than  a  single  identity,  as  when 
we  explain  the  appearance  of  shooting  stars  by  showing 
that  they  are  identical  with  portions  of  a  comet.  Wherever 
we  detect  resemblance,  there  is  a  more  or  less  satisfactory 
explanation.  The  mind  is  always  somewhat  disquieted 
when  it  meets  a  novel  phenomena,  one  which  is  sui 
generis;  it  seeks  at  once  for  any  parallels  which  may  he 
found  in  the  memory  of  past  sensations.  The  so-called 
sulphurous  smell  which  attends  a  stroke  of  lightning  long 
excited  the  attention  and  fears  of  men,  and  it  was  not  ex- 
plained, until  the  exact  similarity  of  the  smell  to  that  of 
ozone,  or  allotropic  oxygen,  was  pointed  out.  The  marks 
upon  a  flagstone  are  explained  when  they  are  showTi 
to  correspond  with  the  feet  of  an  extinct  animal,  whose 
bones  are  elsewhere  found.  Explanation,  in  fact,  generally 
commences  by  the  discovery  of  some  very  simple  re- 
semblance ;  the  theory  of  the  rainbow  began  as  soon  as 
Antonio  de  Dominis  pointed  out  the  resemblance  be- 
tween its  colours  and  those  presented  by  a  ray  of  sun- 
liglit  passing  tliroiigh  a  glass  globe  full  of  water. 

The  nature  and  limits  of  explanation  am  only  be  fullyj 
considered,  after  we  have  entered  upon  the  subject  of 
generalization  and  analogy.  It  must  sullice  to  remark,  in 
this  place,  that  the  most  important  process  of  explanation 
consists  in  showing  that  an  observed  fact  is  only  one  case 
of  a  general  law  or  tendency.  Iron  is  always  found  com- 
bined with  sulphur,  when  it  is  in  contact  with  or  included 
in  coal,  whereas  in  other  parts  of  the  cojd  strata  it  always 
occurs  as  a  carbonate.  We  explain  this  empirical  fact  as 
being  due  to  the  ordinary  reducing  powers  of  carbon  and 
hydrogen,  which  prevent  the  iron  from  combining  with 
oxygen,  and  leave  it  open  to  the  afliuity  of  the  sulphur. 
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The  uniform  direction  and  strength  of  the  trade-winds 
were  long  familiar  to  mariners^  before  they  were  explained 
by  Hal  ley  on  hydroBtatical  principles.  The  winds  were 
found  to  arise  from  the  ax^tion  of  gravity,  which  causes 
any  heavy  body  to  displace  a  lighter  one,  wliile  the  direc- 
tion from  east  to  west  wa^s  also  explained  as  a  necessary 
result  of  the  eartlis  rotation.  Whatever  body  moves  in 
the  northern  hemisphere  frrmi  north  to  south,  whether  it 
be  a  birdj  or  a  railway  train,  or  a  body  of  air,  must  tend 
towards  the  ricrlit  hand,  or  west.  Doves  law  of  the 
winds  IS  to  the  effect  that  ttie  winds  tend  to  veer  in 
the  northern  hemisphere  in  the  direction  N.E.S.W.,  and 
in  the  southern  hemisphere  in  the  direction  N.W.S.E. 
This  tendency  was  shown  by  him  to  be  the  necessary  effect 
of  the  same  conditions  winch  apply  to  the  trade-winds. 
Whenever,  then,  any  fact  is  connected  by  resemblance,  law, 
theory,  hypothesis,  or  any  other  process  of  re-asoning,  with 
other  facts.  It  is  explained. 

Although  the  great  mai^s  of  recorded  f^iets  must  be 
empirical,  and  awaiting  explanation,  such  knowledge  is 
of  minor  value,  because  it  does  not  admit  of  extensive  and 
safe  inference.  Each  recorded  result  iu forms  us  exactly 
what  wll  be  expeiicnced  agfdn  in  the  same  circum- 
stances, but  has  no  bearing  upon  what  will  happen  in 
other  circumstances. 


Overlooked  Results  of  Theory. 

We  must  by  no  means  suppose  that,  even  when  a 
scientific  tnith  is  firmly  in  our  f>osse8sion,  all  its  con- 
seqiiences  will  be  foreseen.  Deduction  is,  as  I  have 
frequently  remarked,  certain  and  iijtalHble,  in  the  sense 
that  each  step  in  deductive  reasoning  will  lead  us  to  some 
residt,  as  certain  as  the  law  itself.  But  it  does  not  follow 
that  every  mode  of  deducing  a  fact  from   a   law,  or  a 
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combination  of  laws,  will  occur  to  a  reasoner.  Whatever 
road  a  traveller  takes,  he  is  sure  to  arrive  somewhere,  but 
unless  he  proceed  in  a  very  systematic  manner,  it  is  very 
unlikely  that  he  will  reach  every  place  to  which  a  network 
of  roads  will  conduct  him.  In  like  manner  there  are 
many  phenomena  which  were  virtually  within  the  reach 
of  philosophers  by  inference  from  their  previous  knowledge, 
but  were  never  discovered  until  accident  or  systematic 
empirical  observation  disclosed  their  existence. 

That  light  is  propagated  with  a  certain  uniform  but 
very  high  velocity,  was  proved  by  Roemer,  by  observation 
of  the  eclipses  of  Jupiter's  satellites.  Corrections  could 
henceforward  be  made  in  all  astronomical  observations 
requiring  it,  for  the  diflference  of  absolute  time  at  which 
an  event  happens,  and  that  at  which  it  becomes  evident  to 
us.  But  no  person  happened  to  remark  that  the  motion 
of  light  compounded  with  that  of  the  earth  in  its  orbit 
would  occasion  a  small  apparent  displacement  of  the 
greater  part  of  the  heavenly  bodies.  Fifty  years  elapsed 
before  Bradley  empirically  discovered  this  eflfect,  called  by 
him  aberration,  when  examining  his  accurate  observations 
of  the  fixed  stars  \ 

When  once  the  relation  between  an  electric  current 
and  a  magnet  had  been  detected  by  Oersted  and  Faraday, 
it  ought,  theoretically  speaking,  to  have  been  possible  for 
them  or  any  other  person  to  foresee  the  diverse  results 
which  must  ensue  in  different  circmnstances.  If,  for  in- 
stance, a  plate  of  copper  were  placed  beneath  an  oscillating 
magnetic  needle  it  should  have  been  seen  that  the  needle 
would  induce  currents  in  the  copper,  but  as  this  could  not 
take  place  without  a  certain  reaction  against  the  needle,  it 
ought  to  have  been  seen  that  the  needle  would  come  to 
rest  more  rapidly  than  in  the  absence  of  the  copper.  Yet 
this  peculiar  effect  was  accidentally  discovered  by  Gambey 
>  Laplace,  'Precis  de  Thistoire  de  rAstronomie,'  p.  104. 


I 


I 
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in  1824*  Arago  acutely  inferred  finom  Gambej's  exp^ri. 
ment  that  if  the  copper  were  set  in  rotation  while  ti» 
needle  was  stationiiry  tbo  motion  would  gradoally  W 
eouiinuuicated  to  the  needle.  The  phenonienon  never- 
thelef^  puzzled  the  whole  Fcienti6c  world,  and  it  required 
the  deductive  genius  of  Faraday  to  show  that  it  was  1 
necessary  result  of  the  pnnciples  of  electra-magnetisui^ 
By  an  act  of  deductive  reasonuig  Faraday  aatlcipazed 
that  a  piece  of  copper  rotating  between  the  poles  of  a 
powerful  magnet  must  experience  a  kind  of  resistance 
which  will  soon  bring  it  to  rest,  and  this  efTect  he  provtd 
to  exist  in  a  decisive  experiment^. 

Many  other  curious  facts  might  be  mentioned  which 
when  once  noticed  were  explained  as  the  effects  of  well- 
known  natural  laws.  It  was  accidentally  discovered  that 
the  navigation  of  canals  of  small  depth  could  be  greatly 
facilitated  by  increasing  the  speed  of  the  boats,  the  resist- 
ance being  actually  reduced  by  this  increase  of  speed, 
which  enables  the  boat  to  ride  as  it  were  upon  its  owu 
forced  wave.  Now  mathematical  theory  might  have  pre- 
dicted this  result  had  the  right  application  of  the  formulse 
occurred  to  any  one^^  Gilfard's  injector  for  supplying 
steam  boilers  with  water  by  the  force  of  their  own  steam, 
WHS,  I  believe,  accidentally  discovered,  but  no  new  prin- 
ciples of  mechanics  are  involved  in  it,  so  that  it  might 
have  been  theoretically  invented.  The  same  may  be  said 
of  the  curious  experiment  in  which  a  stream  of  air  or 
steam  issumg  from  a  pipe  is  made  to  hold  a  free  disc 
upon  the  end  of  the  pipe  and  thus  apparently  obstruct 
its  own  free  outlet  The  possession  then  of  a  true  theory 
does  not  by  any  means  imply  the  foreseeing  of  all  the 

It  *  Ej(ponmeut«l  Eeaearoibea  iu  Electricity/    ist  Series,   pp.    24-4i 
Parngmphs  81-139, 

>  Jainin.  *Couns  dc  Phpique/  U^m,  in.  p,  397. 

*»  Airv,  *  On  Tiiles  lUid  Waves,'  Encyclopsedia  Metropolitaua,  p»  34S  \ 
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results.  The  effects  of  even  a  few  simple  laws  may  be 
infinitely  diverse,  and  some  of  the  most  curious  and 
useful  effects  may  remain  undetected  imtil  accidental 
observation  brings  them  to  our  notice. 


Predicted  Discoveries. 

The  most  interesting  of  the  four  classes  of  facts  or 
phenomena  as  specified  in  p.  157,  is  probably  the  third — 
containing  those  the  occurrence  of  which  has  been  first 
predicted  by  theory,  and  then  verified  by  observation. 
There  is  no  more  convincing  proof  of  the  soundness  of 
scientific  knowledge  than  that  it  thus  confers  the  gift 
of  foresight  Auguste  Comte  said  that  '  Prevision  is  the 
test  of  true  theory  ; '  I  should  say  that  it  is  only  one  test 
of  true  theory,  but  that  which  is  most  likely  to  strike  the 
public  attention.  Coincidence  with  fact  is  the  test  of  true 
theory,  but  when  the  result  of  theory  is  announced  before- 
hand, there  can  be  no  possible  doubt  as  to  the  unpre- 
judiced and  confident  spirit  in  which  the  theorist  inter- 
prets the  results  of  his  own  theory. 

The  earliest  instance  of  scientific  prophecy  is  naturally 
furnished  by  the  science  of  Astronomy,  which  was  the 
earliest  in  development.  Herodotus  narrates^  that,  in 
the  midst  of  a  battle  between  the  Medes  and  Lydians,  the 
day  was  suddenly  turned  into  night,  and  the  event  had 
been  foretold  by  Thales,  the  Father  of  Philosophy.  A 
cessation  of  the  combat  and  a  peace  confirmed  by  mar- 
riages was  the  immediate  consequence  of  this  happy 
scientific  effort.  Much  controversy  has  taken  place  con- 
cerning the  exact  date  of  this  occurrence,  Baily  assign- 
ing the  year  610  B.C.,  but  Sir  G.  B.  Airy  has  lately 
decided  that  the  exact  day  was  the  28th  of  May,  584  B.C. 

n  Lib.  i.  cap.  74. 
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There  can  be  no  doubt  tbat  this  and  other  predictions  of 
eclipses  attributed  to  ancient  philosophers  were  due  to  an 
obscure  knowledge  of  the  Me  tonic  Cycle,  a  period  of  6585 
days,  or  223  lunar  months,  or  a-bout  19  years  in  which  a 
nearly  perfect  recuiTonce  of  the  pliases  and  eclipses  of  the 
moon  takes  place;  but  if  so,  Thales  must  liave  had  access 
to  a  long  series  of  astronomical  records  either  those  of  the 
Egyptians  or  the  Chaldeans,  There  Ls  a  well  known  stoiy 
as  to  the  happy  use  which  Columbus  made  of  the  power 
of  predicting  eclipses  in  ovei^awing  tlie  islanders  of  Jamaica 
who  refused  him  necessary  supplies  of  food  for  his  fleet 
He  threatened  to  deprive  them  of  the  moon  s  light.  *  His 
threat  was  treated  at  first  with  indifterence,  but  when  the 
eclipse  actually  commenced,  the  barbarians  vied  with  each 
other  in  the  production  of  the  necessary  supplies  for  the 
Spanish  fleet.' 

Exactly  the  same  kind  of  interest  and  awe  which  the 
ancients  experienced  at  the  prediction  of  eclipses,  has  been 
felt  in  modern  times  conrerning  the  return  of  comets. 
Seneca  indeed  asserted  in  most  distinct  and  remarkable 
terms  that  comets  would  be  found  to  revolve  in  periodic 
orbits  and  return  to  sight*  The  ancient  ChaUleans  and 
the  Pytluigoreans  are  also  said  to  have  entert4.iined  a  like 
opinion.  But  it  was  not  until  the  age  of  Newton  and 
Halley  that  it  became  possible  to  calculate  the  path  of  a 
comet  in  future  years.  A  great  comet  appeared  in  1682, 
a  few  years  before  the  first  publication  of  the  *  Principia/ 
and  Halley  showed  that  its  orbit  coiTesponded  with  those 
of  remarkable  comets  rudely  recorded  to  have  appeared 
in  the  years  1531  and  1607.  The  intervals  of  time  indeed 
were  not  quite  equal,  but  Halley  coiiceivetl  the  bold  idea 
that  tills  difierence  might  be  due  to  the  disturbing  power 
of  Jupiter,  near  which  gi*eat  planet  the  comet  had  passed 
in  the  interval  1607-1682.  He  predicted  that  the  comet 
would  return  about  the  end  of  1758  or  the  beginning  of 
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1759,  and  thougli  Halley  did  not  live  to  enjoy  the  sight, 
it  was  actually  detected  on  the  night  of  Christmas-day, 
1758.  A  second  return  of  the  comet  was  witnessed  in 
1835  iiearly  at  the  time  anticipated. 

In  recent  times  the  discovery  of  Neptune  has  been  the 
most  remarkable  instance  of  prevision  in  astronomical 
science.  A  full  account -of  this  discovery  may  be  found 
in  several  works,  as  for  instance  HerscheFs  'Outlines  of 
Astronomy'  and  *  Grant's  History  of  Physical  Astronomy,' 
Chapters  xii  and  xtil 

Predictions  in  the  Science  of  Light. 

Next  after  astronomy  the  science  of  physical  optics  has 
furnished  the  most  beautiful  and  early  instances  of  the 
prophetic  power  of  correct  theory.  These  cases  are  the 
more  striking  because  they  proceed  from  the  profound 
application  of  mathematical  analysis,  and  show  an  insight 
into  the  mysterious  workings  of  matter  which  is.  sur- 
prising to  all,  but  especially  to  the  great  majority  of  men 
who  are  unable  to  comprehend  the  methods  of  research 
employed.  By  its  power  of  prevision  the  truth  of  the 
undulatory  theory  of  light  has  been  conspicuously  proved, 
and  it  is  especially  to  be  remarked  that  even  Newton 
received  no  assistance  from  his  Corpuscular  theory  in  the 
detection  of  new  experiments.  To  his  followers  who 
embraced  that  theory  we  owe  little  or  nothing  in  the 
science  of  light,  and  even  the  lofty  genius  of  Laplace  did 
not  derive  from  it  a  single  discovery.  As  Fresnel  himself 
remarks  °  : — 

'The  assistance  to  be  derived  from  a  good  theory  is 
not  to  be  confined  to  the  calculation  of  the  forces  when 
the  laws  of  the  phenomena  are  known.  There  are  certain 
laws  so  complicated  and   so   singular,   tliat   observation 

o  Taylor's  *  Scientific  Memoirs/  vol.  v.  p.  241. 
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alone,  aided  by  analogy,  could  never  lead  to  Uieir  dk- 
cover)-.  To  divine  these  eDiginas  we  tnuat  be  gcwM 
by  tlieoretical  ideas  founded  oo  a  tf*ue  hypathesb.  The 
theory  of  luminous  vibmtious  preseots  this  character,  and 
these  precious  advantages ;  for  to  it  we  owe  the  disctii^feit 
of  optical  laws  the  most  complicate  and  moat  difficull  to 
divine/ 

Physicista  who  embraced  the  barren  emiBsion  tbeorr 
had  nothing  but  their  ovvn  native  capacity  and  qutckaes 
of  observation  to  rely  upon,  Fresnel  having  onoe  seized 
the  conditions  of  the  true  undulatory  theory,  as  previousir 
stated  by  Young,  was  enabled  by  the  mere  manipulaticrti 
of  his  mathematical  symbcik  to  foresee  many  of  the  oot- 
plicated  phenomena  uf  light*  Who  could  possibly  suppose, 
or  even  believe  on  the  ground  of  mere  common  sense,  that 
by  stopping  a  large  portion  of  the  rays  passing  throu*^  i 
circular  aperture,  the  illumination  of  a  point  upon  a 
screen  behind  the  aperture  might  be  many  times  multi- 
plied. Yet  this  paradoxical  effect  was  predicted  by  Fresnel, 
and  verified  both  liy  himself,  and  in  a  careful  repetition  of 
the  experiment  in  later  years,  by  Billet.  Comparatively 
few"  persons  even  now  are  aware  that  in  the  very  middle 
point  of  the  shadow  of  an  opaque  circular  disc  is  a  point 
of  light  sensibly  as  bright  as  If  no  disc  had  been  inter- 
posed. This  startling  ilict  was  deduced  from  Fresnels 
theory  by  Puisson,  and  was  then  verified  experimentally 
by  Arago,  Airy,  again,  was  led  by  pure  theory  to  pre- 
dict that  Newton's  rings  would  present  a  modified  appear- 
ance if  produced  lietween  a  lens  of  glass  and  a  plate  of 
metal.  This  effect  happened  to  have  been  observed  fifteen 
years  before  by  Arago,  unknown  to  Airy ;  but  another 
prediction  of  Airy,  that  there  would  be  a  further  modifica- 
tion of  the  rings  when  made  between  two  substances  of 
very  different  refractive  indices,  was  verified  by  subsequent 
trial  with  a  diamoml.     A  rever.^il  uf  tVie  nngs  takes  place 
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rhen  the  space  interveiiiiig  between  the  jilates  ia  filled 
7iih  a  substance  of  intermediate  refractive  power,  another 

'phenomenon  predicted  by  theoiy  and  veritied  by  experi- 
ment ns  Sir  John  Hersehel  has  described.    There  is  hardly 

^a  hmit  to  the  number  oF  other  complicated  effects  of 
le  interference  of  rays  of  hght  under  different  circum- 
Itances  which  might  be  deduced  from  the  mathematical 
expressions,  if  it  were  worth  wdiile,  or  which,  being 
arevioxisly  observed  can  be  explained,  as  in  an  interesting 
ise  observed  by  Sir  John  Hersehel  and  explained  by 
Airy  P. 

By  a  somewhat  different  effort  of  scientific  foresight, 

"Presnel  discovered  that  any  solid  transparent  medium 
might  be  endowed  with  the  power  of  double  refraction  by 
mere  compression.  For  as  he  attributed  the  peculiar  re- 
fracting power  of  crystals  to  the  unequal  elasticity  in 
different  directions,  he  infeiTed  that  unequal  elasticity, 
if  artificially  produced,  would  give  similar  phenomena. 
With  a  powerful  screw  and  a  piece  of  glass,  he  then  pro- 
duced not  only  the  colours  due  to  double  refraction,  but 
the  actual  duplication  of  images.  Thus,  by  a  great  scien- 
tific generalisation,  are  the  apparently  uinque  properties 
of  Iceland  spar  shown  to  belong  to  all  transparent  sub- 
stances under  certain  conditions  **, 

All  other  precUctions  in  optical  science  are,  how^ever, 
thrown  into  the  shade  by  the  theoretical  discovery  of 
conical  refraction  by  the  late  Sir  W*  li.  Hamilton,  of 
Dublin.  In  investigating  the  passage  of  light  through 
certain  crystals,  Hamilton  found  that  Fresnel  had  slightly 
misinterpreted  his  own  formulae,  and  that,  w^hen  rightly 
understood,  they  indicated  a  j>henomenon  of  a  kind  never 
witnessed.  A  small  ray  of  light  sent  into  a  crystal  of 
arragonite  in  a  particulai*  direction,  becomes  spread  out 

V  Ally's,  *  Matbematical  Tracts,'  3rd  edit  p.  312, 
'I  Yoimj^'ft  'Warks/  vol.  i,  p,  412. 
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into  an  infinite  number  of  rays,  wliich  form  a  hollow 
cone  within  the  crystal,  and  a  hollow  cylinder  when 
emerging  from  the  opposite  side.  In  another  case,  a 
somewluit  different,  but  equally  strange,  effect  is  pro- 
duceth  These  phenomena  are  peculiarly  interesting, 
because  cones  and  cylinders  f)f  light  are  not  produced  in 
any  other  cases.  They  are,  in  fact,  wholly  opposed  to  all 
analogy,  and  constitute  singular,  or  exceptional  cases,  of 
a  kind  which  we  shall  afterwards  have  to  consider  more 
fully.  Their  very  strangeness  rendered  them  peculiarly 
fitted  to  test  the  truth  of  the  theory  by  wliich  they  were 
discovered ;  and  when  Professor  Lloyd,  at  Hamilton's 
re<:|uest,  succeeded,  after  considerable  difficulty,  in  wit- 
nessing tlie  new  appearances,  no  further  doubt  could 
remam  uf  the  validity  uf  the  great  theory  of  waves,  which 
we  owe  to  Huyghens,  Yuung,  and  Fresnel^. 


Predictions  from  the  Theory  of  Undulations, 

It  38  curious  to  reflect  that  the  undulations  of  light, 
although  8*»  incunceivably  rapid  and  small,  admit  of  more 
accurate  observation  and  measurement  than  the  waves  of 
any  other  mediuUL  But  so  far  as  we  can  carry  out  exact 
experiments  on  other  kinds  of  waves,  we  find  the  phe- 
nomena of  interference  repeated,  and  analogy  gives  con- 
siderable powers  of  prediction.  Sir  Jolm  Herschel  was 
perhaps  the  fii^t  to  suggest  that  two  sounds  might  be 
made  to  destroy  each  other  by  interference ».  For  if  one- 
half  of  a  wave  travelling  through  a  tube  could  be  sepa- 
rated, and  cnnduoted  by  a  somewhat  longer  passage,  so  as, 
CD  rejoining  tlie  other  half,  to  be  one-quarter  of  a  vibra- 

f  Lloyd's  *Wave  Theory/  Fait  ii.  pp.  52-58.  Balibage,  'Ninth 
Bridgwiiter  Treatii^e/  p.  104,  qiiotijig  Lluyd,  *  Trans,  of  tl*e  Royul  Irish 
Academy/  vul.  xvLi.  Clifton,  'Quarterly  Journal  of  Pure  and  Applied 
Halhematicfl/  Jauuary^  i860. 

«  *  Eiicyclopa*tlia  Mctropolitauo/  art  Sonnd,  p,  753. 
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lion  behindhand,  the  two  portions  would  exactly  neutralise 
each  other.  This  experiment  has  recently  been  performed 
with  success  by  Quincke  and  Konig*.  The  interference 
arising  between  the  waves  from  the  two  prongs  of  a 
timing-fork  was  also  predicted  by  theory,  and  proved  to 
exist  by  Weber;  indeed  it  may  be  observed  by  merely 
turning  round  a  vibrating  fork  close  to  the  ear  \ 

It  is  a  plain  result  of  the  theory  of  sound  that,  if  we 
move  rapidly  towards  a  sounding  body,  or  if  it  move  rapidly 
towards  us,  the  pitch  of  the  sound  will  be  a  little  more 
acute  ;  and,  vice  versd,  when  the  relative  motion  is  in  the 
opposite  direction,  the  pitch  will  be  more  grave.  It  arises 
from  the  less  or  greater  intervals  of  time  between  the 
successive  strokes  of  waves  upon  the  auditory  nerve, 
according  as  the  ear  moves  towards  or  from  the  source 
of  sound  relatively  speaking.  This  effect  was  predicted 
by  theory,  and  afterwards  verified  by  the  experiments  of 
M.  Buys  Ballot,  on  Dutch  railways,  and  of  Mr.  Scott 
Russell,  in  England*.  Whenever,  indeed,  one  railway 
train  passes  another,  on  the  locomotive  of  which  the 
whistle  is  being  sounded,  the  drop  in  the  acuteness  of  the 
sound  may  be  noticed  at  the  moment  of  passing.  This 
change  gives  the  sound  a  peculiar  howling  character,  which 
many  persons  must  have  noticed.  I  have  calculated  that, 
with  two  trains  travelling  thirty  miles  an  hour,  the  effect 
would  amount  to  rather  more  than  half  a  tone,  and  it 
would  often  amount  to  a  tone.  A  corresponding  effect  is 
produced  in  the  case  of  light  undulations,  when  the  eye 
and  the  luminous  body  rapidly  approach  or  recede  from 
each  other.  It  is  shown  by  a  slight  change  in  the  refrangi- 
bility  of  the  rays  of  light,  and  a  consequent  change  in  the 
place  of  the  lines  of  the  spectrum,  which  has  been  made 
to  give  most  important  and  unexpected  information  con- 

t  Tyndairs  *  Sound,'  p.  261. 
u  Ibid.  p.  273.  '  Ibid.  p.  78. 
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i»:riiiii;/  ilic  ri-l;itivL'  iipj)n»acli  or  recession  of  manv  star? 
as  ii;;^:inK  iht-  t'artli. 

Titles  an-  vast  waves,  and  were  the  earths  surfai>e 
ciilin^ly  «ov»R'(l  l»y  an  rKjeanof  uniform  depth,  thev  woiilJ 
ailinit  of*  virrv  txact  tlieoretical  investigation.  Tlie  wholly 
irr."<^nilar  tVn'iu  «»t*  the  sevenil  sea,s  introduces  unkuown 
<|uanlitirs  and  cum j»k'xities  with  which  theorj"  cannot  cop. 
Ni'viTtli<'l(»ss,  WlicWL-ll,  (il)serving  that  the  tides  of  the 
(Icniian  Ocean  consist  of  interfering  waves,  which  arrive 
partly  round  the  nortli  of  Scotland  and  |)artlv  throiiirli 
the  ISritish  (liannel,  was  enabled  to  predict  that  at  a  p»iiit 
alioul  midway  between  Lowestoft  and  Brill  on  the  coiist 
of  Holland,  in  latitude  52**  27'  N,  and  longitude  3  li. 
I  I  m.  \\  no  tides  would  be  found  to  exist.  At  that  point 
(lie  (wo  waves  would  l)e  of  exactly  the  same  amount,  but 
in  o|»posIte  ])liases,  so  as  to  neutralise  each  otlier.  This 
assertion  was  veritii'd  by  a  surveying  vessel  of  the  British 
navy  >. 

Prvdirfloii   in  of/tcr  Sciences. 

(Jenerations,   or    even    centuries,   will   probably    elapse 

bct^re  mankind  are  in  possession  of  a  mathematical  theon' 

.M  lie  constitution  of  matter  as  complete  and  satisfactory 

:,s   the   theory  of  gravitation.      Nevertheless,   mathema- 

;•.'..".  pl\ysicists  have  in  recent  years  acquired  a  fair  hold 

.   vv-.v.o  of  the  simple  relations  of  the  i)liysical  forces  to 

....'!,..  :v.ul  I  ho  proof  is  found  in  some  remarkable  an  ti- 

j.    ...v    ,f  curious  phenomena  wliich  had  never  been 

Vs....        TivMcssor  James  Thomson  deduced  from  Car- 

-Kx .  ;i  ,vi  heat  that  the  application  of  pressure  would 

.',-;v,4i*  point   of  ice.      He  even  ventured  to 

.     .  .   '     1  xM'  this  effect,  and   his  statement  was 

.,.    »     ,'     \\w    liuluotive    Srionces/  vol.    ii.   p.    4^1. 
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afterwards  verified  almost  exactly  by  Sir  W.  Thomson*. 
'  In  this  very  remarkable  speculation,  an  entirely  novel 
physical  phenomenon  was  predicted^  in  anticipation  of 
any  direct  experiments  on  the  subject;  and  the  actual 
observation  of  the  phenomenon  was  pointed  out  as  a 
highly  interesting  object  for  experimental  research/  Just 
as  liquids  which  expand  in  solidifying  will  have  the  tem- 
perature of  solidification  lowered  by  pressure,  so  liquids 
which  contract  in  solidifying  will  exhibit  the  reverse  effect. 
They  will  be  assisted  in  solidifying,  as  it  were,  by  pressure, 
so  as  to  become  solid  at  a  higher  temperature,  as  the 
pressure  is  greater.  This  latfter  result  was  verified  by 
Bunsen  and  Hopkins,  in  the  case  of  para£Sn,  spermaceti, 
wax,  and  stearin.  The  effect  upon  water  has  more  recently 
been  carried  to  such  an  extent  by  Mousson,  that  under 
the  vast  pressure  of  1300  atmospheres,  water  did  not 
freeze  until  cooled  down  to  -18*"  Cent.  Another  remark- 
able prediction  of  Professor  Thomson  was  to  the  effect 
that,  if  a  metallic  spring  be  weakened  by  a  rise  of  tem- 
perature, work  done  against  the  spring,  by  bending  it, 
must  cause  a  cooling  effect.  Although  the  amount  of 
effect  to  be  expected  in  a  certain  apparatus  was  only 
about  four-thousandths  of  a  degree  Centigrade,  Dr.  Joule* 
succeeded  in  detecting  and  measuring  the  effect  to  the 
extent  of  three-thousandths  of  a  degree,  such  is  the  deli- 
cacy of  modern  methods  of  measurement.  I  cannot 
refrain  from  quoting  Dr.  Joule's  reflections  upon  this 
fact^  '  Thus  even  in  the  above  delicate  case,'  he  says, 
*  is  the'  formula  of  Professor  Thompson  completely  verified. 
The  mathematical  investigation  of  the  thermo-elastic 
qualities  of  metals  has  enabled  my  illustrious   friend  to 

2  Maxwell's   *  Theory  of  Heat/   p.    174-      'Philosophical  Magazine,' 
August,  1850.     Third  Series,  vol.  xxxvii.  p.  123. 

»  *  Philosophical  Transactions,'  iBsSi  vol.  cxlviii.  p.  127. 
b  Ibid.  p.  1 30. 
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predict  with  eertaiuty  a  whole  class  of  liiglily  iuUjre^tiiij 
phenomena.  To  him  especially  Ju  we  owe  the  importaut 
advance  wliich  has  been  recently  made  to  a  new  eni  iu 
the  history  of  Bcience^  when  tlie  iamoiie  philosophical 
systeni  of  Bacon  w^ill  be  to  a  great  extent  supersedei 
and  wlien,  instead  of  arriving  at  discovery  by  induction 
from  experiment^  we  shall  obtain  our  largest  accessions  of 
new  facts  by  reasoning  deductively  from  fimJamenfal 
principles.' 

The  theoiy  of  electricity  is  a  necessary  part  of  th& 
general  theory  of  matter,  and  is  rapidly  acquiring  tbe 
power  of  prevision.  As  soon  tis  Wheatstone  had  proved 
experimentally  that  the  conduction  of  electricity  occupied 
time,  Faraday  remarked  in  1838^  with  wonderful  sagacity, 
that  if  the  conducting  wires  were  connected  with  tlie 
coatings  of  a  large  Leyden  jar,  the  rapidity  of  conductiua 
would  be  lessened.  This  prediction  remained  unverified 
for  sixteen  years,  xintil  the  submarine  cable  was  laid  be- 
neath the  Channel.  A  considerable  retardation  of  tlje 
electric  spark  was  then  detected  by  Siemens  and  Latimer 
Clark,  and  Faraday  at  once  pointed  out  that  the  wire 
surroimded  by  water  resembles  a  Leyden  jar  on  a  large 
scale,  so  that  eacli  message  sent  through  the  cable  verified 
his  remark  of  1838 <^. 

The  joint  relationa  of  heat  and  electricity  to  the  metals 
constitute  almost  a  new  science  of  thermo-electricity.  Sir 
W.  Thompson  was  enabled  by  theory  to  anticipate  the 
following  curious  effect,  namely,  that  an  electric  current 
passing  in  an  iron  bar  from  a  hot  to  a  cold  part  produces 
a  coolmg  eSect,  but  in  a  copper  bar  the  effect  is  exactly 
opposite  in  character,  that  is  the  bar  becomes  lieated'*. 
The  action  of  crystals  with  regard  to  heat  and  electricity 
was  partly  foreseen  on  the  grounds  of  theory  by  Poisson. 

*^  Tyiidall's  *Famday,'  pp.  73,  74  ;  *Iife  of  FaniJiiy/  vol.  ii,  pp.  82,  83, 
^  Tail's  *  Thennodynamio^/  p.  7  7. 


Chemistry,  nltliongh  to  a  great  extent  an  empirical 
cieiice,  has  not  been  without  prophetical  triiimphR*  The 
existence  of  the  metals  jvotasyium  and  sodium  was  fore- 
Been  by  Lavoisier,  and  their  elimination  by  Davy  was  one 
>f  tlie  chief  experimerda  erucis  which  established  Lavoi- 
sier's system,  Tiie  existence  of  man}^  other  metals  which 
aye  had  never  seen  was  almost  a  necessary  inference,  and 
leory  has  not  been  found  at  fault.     No  sooner,  too,  had 

theory  of  org«^nic  compounds  been  conceived  by  Pro- 
|fes8or  A,  W.  Williamson  than  he  foretold  the  formation  of 

complex  substance  consisting  of  water  in  w^dch  both 
itoms  of  hydrogen  are  replaced  by  atoms  of  acetyle.  This 
substance,  known  as  the  acetic  anhydride,  was  afterwards 
produced  by  Gerhard t.  In  the  subsequent  progress  of 
organic  chemistry  occmTences  of  this  kind  have  been  mul- 
tiplied almost  indefinitely*  The  theoretical  chemist  by 
the  classification  of  his  specimens  and  the  manipulation 
of  his  formidre  can  plan  out  as  it  were  the  creation  of 
whole  series  of  unknown  oils,  acids,  alcohols,  and  such 
like  products,  just  as  a  designer  might  draw  out  a  rnidti- 
tude  of  patterns.  The  formation  of  many  such  substances 
is  a  matter  of  course,  but  there  is  an  interesting  predic- 
tion given  by  Hofmann,  concerning  the  possible  existence 
of  new  compounds  of  sulphur  and  selenium,  and  even 
oxides  of  ammonium,  which  it  remains  for  the  future  to 
verify  «*• 


Prediclioii  by  Inversion  of  Cause  mid  Effect, 

There  is  one  process  of  experiment  which  has  so  often 
led  to  important  discoveries  as  to  deserve  separate  de- 
scription and  illustration— I  mean  the  inversion  of  Cause 
and  Effect.     Thus  if  A  and  B  in  one  experiment  produce 

as  a  consequent,  then  antecedents  of  the  nature  of  B 

«  Hofmann's  '  Introduction  to  CheuiiBtry,*  pp.  224,  225. 
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and  C  may  usually  be  made  to  produce  a  consequciit  of 
the  nature  of  A  inverted  in  direction.  When  we  apply 
heat  to  a  gas  it  tends  to  expand  ;  hence  if  we  allow  the 
gas  to  expand  l>y  its  own  elastic  force,  cold  is  the  result ; 
that  is  B  (air)  and  C  (expansion)  produce  the  negative  of 
A  (heat).  Or  again,  B  (air)  and  compression,  the  nega- 
tive of  C,  produce  A  (lieat).  Similar  results  may  be  ex- 
pected in  a  multitude  of  cases.  It  is  a  most  familiar  law 
that  heat  expands  iron  and  nearly  all  solid  bodies.  What 
may  be  expected,  then,  if  instead  of  increasing  the  length 
of  an  iron  bar  by  heat  we  use  mi?clvanical  force  and  stretch 
the  bar  ?  Having  the  bar  and  the  former  consequent,  ex- 
pansion, we  should  expect  the  negative  of  the  fanner 
antecedent,  namely  cold.  The  truth  of  this  inference  wan 
proved  by  Dr.  Joide,  who  invcstigatred  the  amount  of  the 
eflect  with  his  usual  skill*. 

This  inversion  of  cause  and  effect  in  the  case  of  heat 
may  be  itself  again  inverted  in  a  highly  curious  manner. 
It  happens  that  there  are  a  few  substances  whicli  are  un- 
explained excejitions  to  the  general  law  of  expansion  by 
heat.  India-rubber  especially  is  remarkable  for  vontractinff 
when  heated.  Since,  then,  iron  and  india-rubber  are  oppo- 
sitely related  to  heat,  we  may  expect  tlmt  as  distension 
of  t!ie  iron  produced  cold,  distension  of  the  india-rubber 
will  produce  lieat.  This  is  actually  found  to  be  the  case, 
and  any  one  may  detect  the  effect  by  suddenly  stretching 
an  india-rubber  band  while  the  middle  part  is  in  the  mouth. 
Whenever  stretched  it  will  be  found  to  grow  slightly  w^arra, 
and  when  relaxed  cold. 

The  reader  will  readily  see  that  many  of  the  scientific 
predictions  mentioned  in  preceding  sections  were  due  to 
the  principle  of  inversion  ;  for  instance.  Professor  Tiionip- 
son's  specukitions  on  the  relation  of  pressure  and  the 
melting-point.  But  many  other  illustrations  could  bo 
*  *  Philosopliicfll  Transactions,'  (1855)  vol.  cxiv.  pp.  roo,  &c. 
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iluceci     The  usual  agent  by  wliich  we  melt  or  liquefy 

substance  is  heat ;  but  if  we  can  melt  a  substance 
ithout  lieat,  then  we  may  expect  the  negative  of  heat 
\  an  effect.  This  is  tlie  foundation  of  all  freezing  mix- 
tures. The  affinity  of  salt  for  water  causes  it  to  melt 
snow  or  ice,  and  may  thus  reduce  the  temperature 
to  Fahrenheit's  zero.  Calcium  chloride  lias  so  much 
igher  an  attraction   for  water  that    a   temperature   of 

50''  Fahr.  may  thus  be  attained.  Even  the  solution  of 
a  certain  alloy  of  lead,  tin,  and  bismuth  in  mercur3%  may 
be  made  to  reduce  the  temperature  from  63°  to  14**  Fahr. 
All  the  other  modes  of  producing  cold  are  inversions  of 
more  familiar  uses  of  heat.  Carre's  freezing  machine  is 
an  inverted  distilling  apparatus,  the  distilktion  being 
occasioned  by  chemical  affinity  instead  of  heat.  Anotlier 
kind  of  freezing  machine  is  the  exact  inverse  of  the 
steam  engine, 

A  very  paradoxical  effect  is  due  to  another  inversion. 
It  is  hard  to  believe  at  the  first  moment  that  a  cuiTent 
of  steam  at  212*^  could  raise  a  body  of  liquid  to  a  higher 
temperature  than  the  steam  itself  possesses.  But  Mr. 
Siience  has  pointed  out  that  if  the  boiling-point  of  a  saline 
solution  be  above  212^  it  will  continue,  on  account  of  its 
affinity  for  water,  to  condense  steam  when  above   212° 

temperature.  It  will  condense  the  steam  until  heated 
to  the  point  at  which  the  tension  of  its  vapour  is  equal 
to  that  of  the  atmosphere,  that  is,  its  own  boiling-point^. 

Since  heat,  again,  melts  ice,  we  might  expect  to  produce 
heat  by  the  inverse  change  from  water  into  ice.  Now  this 
is  accomplished  in  the  phenomenon  of  suspended  freezing. 
Water  may  be  cooled  in  a  cle^^n  glass  vessel  many  degrees 
below  the  freezing-point,  and  yet  retained  in  the  liquid 
condition.     But  if  disturbed,  and    especially  if  brought 

to  contact  with  a  small  particle  of  ice,  it  immediately 

K  *  Proceedings  of  the  Manchester  Pliiiosophical  Society,'  Feb.  1870. 
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solidifies  and  rises  in  temperature  to  32"  Fahr.  A  like 
effect  is  still  more  beautifully  displayed  in  the  well  known 
lectiu^-room  experiment,  of  the  suspended  crystallization 
of  a  solution  of  sodium  sulphate,  in  which  a  sudden  rise 
of  temperature  of  30^^  or  even  40"  Fahr.  is  often  manifested. 

The  science  of  electricity  is  full  of  the  most  varied  and 
interesting  cases  of  inversion.  As  Professor  Tyndall  has 
remarked,  Faraday  had  a  profound  belief  in  the  reciprocal 
relations  of  the  physical  forces.  The  great  starting-point 
of  his  researches,  the  discovery  of  electro-magnetism,  was 
clearly  an  inversion* 

Oersted  and  Ampere  had  proved  that  with  an  electric 
current  and  a  magnet  in  a  particular  position  as  ante- 
cedents, motion  is  the  consequent.  If  then  a  magnet^  a 
wire  and  motion  be  tlie  antecedents,  an  opposite  electric 
current  will  be  the  consequent.  It  would  be  an  endless 
task  to  trace  out  the  results  of  this  fertile  relationship 
when  once  fully  understood.  No  small  part  of  Faraday  s 
reseai'ches  was  occupied  in  ascertaining  the  direct  and 
inverse  relations  of  magnetic  and  diamagnetic,  amorphous 
and  crystalline  substances  in  various  circumstances.  In 
all  other  relations  of  electricity  the  principle  of  inversion 
holds.  The  voltameter  or  the  electro-plating  cell  is  the 
inverse  of  the  galvanic  battery.  As  heat  applied  to  a 
junction  of  antimony  and  bismuth  bars  produces  electricity, 
it  necessarily  follows  that  an  electric  cun^ent  passed 
thnmgh  such  a  junction  will  produce  cold.  Thus  it  is 
apparent  that  inversion  of  cause  and  effect  is  a  most 
fertile  ground  of  prediction  and  discovery. 

The  reader  should  carefully  notice,  however^  that  the 
inversion  of  natural  phenomena  is  exactly  tnie  only  of 
the  character  of  the  effect,  not  the  amount.  There  is 
always  a  waste  of  energy  in  every  work,  because  a  ceiiiain 
part  of  it  is  dissipated  in  the  form  of  conducted  or  radiated 

&at,  and  escapes  beyond  our  use.   Theoretically  speaking. 


we  might  imagine  a  train  of  raagiietic  engines  and  electro* 
magnetic  machines,  which  should  alternately  convert  the 
same  energy  into  motion  and  electricity.  Shnilarly,  by  a 
proj>er  arrangement  of  bars  of  antimony  and  bismuth,  the 
same  current  of  electricity  might  be  converted  into  heat 
and  reeonTerted  into  electricity  an  indefinite  number  of 
times.  But,  practically  speaking,  there  would  be  an 
enormous  loss  of  energy  at  each  conversion,  8o  that  the 
ultimate  effect  would  dwindle  down  to  an  inconsiderable 
fraction  of  the  original  amount  of  energy. 

Facts  known  only  by  Theory. 

Of  the  four  claf^ses  of  facts  enumerated  in  p.  1 5  7  the  last 
remains  unconsidered.  It  includes  the  unveriHed  pre- 
dictions of  science.  Scientific  prophecy  arrests  the  atten- 
tion of  the  world  when  it  refers  to  such  striking  events 
as  an  eclipse,  the  appearance  of  a  great  comet,  or  any 
other  phenomenon  which  every  one  can  verify  with  Ids 
own  eyes.  But  it  is  siu'ely  a  greater  matter  for  wonder 
that  in  many  cases  a  physicist  may  describe  and  measure 
phenomena  which  eye  cannot  see,  nor  sense  of  any  kind 
appreciate.  In  most  cases  this  arises  from  the  effect  being 
too  small  in  amount  to  affect  our  organs  of  sense,  or  come 
within  the  powers  of  om*  instruments  as  at  present  con- 
structed. There  Ls  another  class  of  yet  more  remarkable 
cases,  where  a  phenomenon  cannot  possibly  be  observed, 
and  yet  we  can  sfiy  what  it  would  he  if  it  were  observed. 

In  astronomy,  systematic  aberration  is  an  effect  of  the 
sun  s  proper  motion  almost  certainly  known  to  exist,  but 
which  we  have  no  hope  of  detecting  by  observation  in  the 
present  age  of  the  %vf»rld.  As  the  eartlis  motion  round 
the  sun  combined  with  the  motion  of  light  causes  the 

irs  to  deviate  apparently  from  their  true  positions  to 
he  extent  of  about  1 8"  at  the  most,  so  the  motion  of  the 


whole  planetary  system  through  space  inust  ocea^iou  a 
Bimilar  displaceroent  of  at  raost  5".  The  ordinary  aber- 
ration can  be  readily  detected  with  modern  astronomical 
instrumenta,  because  it  goes  through  a  yearly  cJiange  in 
direction  or  amount,  but  the  systematic  aberration  is 
constant  and  [»ermaneut  so  long  as  the  planetary  system 
moves  unifonaly  in  a  sensibly  stniight  line.  Only  then 
in  the  course  of  ages,  when  the  curvature  of  the  sun  s  path 
becomes  apparent,  can  we  hope  to  verify  the  existence  of 
thin  kind  of  aberration,  A  curious  eEfect  also  must  be 
produced  by  the  suns  |>roper  motion  upon  the  apparent 
periods  of  revolution  of  the  binary  stors. 

To  my  mind,  some  of  the  raost  interesting  tniths  in 
the  whcde  range  of  science  are  those  which  have  not  been, 
and  in  many  cases  probably  can  never  be,  verified  by  trial. 
Thus  the  chemist  assigns,  with  a  very  high  degree  of 
pr*jbal)ility  the  vapour  densities  of  such  elements  as 
cixrbon  and  silicon,  which  have  never  been  observed  sepa- 
rately in  a  state  of  vapour.  The  chemist  also  is  familiar 
with  the  vapour  densities  of  elements  at  temperatures  at 
which  the  elements  in  question  never  have  been,  and 
probably  never  can  be,  submitted  to  experiment  in  the 
tbrni  of  vapour. 

Joule  and  others  have  calculated  the  actual  velocity  of 
the  molecules  of  a  gas,  and  even  tlie  number  of  cfiliisions 
which  must  take  place  per  second  during  their  constant 
circulation.  Sir  W*  Ttiomson  has  not  yet  given  us  the 
exiict  absolute  magnitudes  of  the  particles  of  matter,  but 
he  lias  fiscertained  liv  several  distinct  methods  the  limits 
within  which  their  magnitudes  must  lie.  Many  of  such 
scientific  results  must  for  ever  lie  beyond  the  power  of 
verification  by  the  senses.  I  have  elsewhere  had  occasion 
to  remark  that  waves  of  light,  the  intimate  processes  of 
electrical  changes,  the  properties  of  the  ether  which  is 
the   base  of  all    phenomena,  are  necessarily  determined 
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in    a    hypothetical,   but    not    therefore    a    less    certain 
manner. 

Though  only  two  of  the  metals,  gold  and  silver,  have 
ever  been  observed  to  be  transparent,  we  know  on  the 
grounds  of  theory  that  they  are  all  more  or  less  so ;  we 
can  even  estimate  by  theory  their  refractive  indices,  and 
prove  that  they  are  exceedingly  high.  The  phenomena 
of  elliptic  polarization,  and  perhaps  also  the  theory  of 
internal  radiation'*,  depend  upon  the  refractive  index,  and 
thus,  even  when  we  cannot  observe  any  refracted  rays, 
we  can  indirectly  learn  how  they  would  be  refracted. 

In  many  cases  large  quantities  of  electricity  must  be 
produced,  which  we  cannot  observe  because  it  is  instantly 
discharged.  In  the  common  electric  machine  the  cylinder 
and  rubber  are  made  of  non-conductors,  so  that  we  can 
separate  and  accumulate  the  electricity.  But  even  a  little 
damp,  by  serving  as  a  conductor,  prevents  this  separation 
from  enduring  any  sensible  time.  Hence  there  is  little 
or  no  doubt  that  when  we  rub  two  good  conductors 
against  each  other,  for  instance  two  pieces  of  metals, 
much  electricity  is  produced,  but  instantaneously  con- 
verted into  some  other  form  of  energy.  Dr.  Joule,  indeed, 
believes  that  all  the  heat  of  friction  is  but  transmuted 
electricity. 

As  regards  phenomena  of  insensible  amount,  Nature  is 
absolutely  full  of  them.  We  must,  in  fact,  regard  those 
considerable  changes  which  we  can  observe  as  the  com- 
paratively speaking  infinitely  rare  aggregates  of  minuter 
changes.  On  a  little  reflection  we  must  allow  that  no 
object  known  to  us  remains  for  two  instants  of  exactly  the 
same  temperature.  If  so,  the  dimensions  of  objects  must 
be  in  a  perpetual  state  of  variation.  The  minor  planetary 
and  lunar  perturbations  are  indefinitely,  or  rather  in- 
finitely numerous,  but  usually  too  small  to  be  detected  by 
^  Balfour  Stewart,  *  Elementary  Treatise  on  Heat,'  ist  edit.  p.  198. 
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observation,  altliough  their  amounts  may  be  confidently 
assigned  by  theor}\  There  is  every  reason  to  believe 
that  chemical  and  electric  actions  of  almost  indefinitely 
small  amount,  are  constantly  in  progress.  The  hardest 
and  most  fixed  substances,  if  reduced  to  suflBciently  small 
particles,  and  diffused  in  pure  water,  manifest  oscillatory 
movements  which  must  be  due  to  chemical  and  electric 
changes,  so  slight  that  they  may  go  on  for  years  without 
affecting  appreciably  the  weight  of  the  particles.  The 
earth  s  magnetism  must  affect  more  or  less  every  object 
which  we  handle.  As  Professor  Tyndall  remarks,  *An 
upright  iron  stone  influenced  by  the  earth's  magnetiKm 
becomes  a  magnet,  with  its  bottom  a  north  and  its  top  a 
Boutl)  pole.  Doubtless,  though  in  an  .immensely  feebler 
degree,  every  erect  marble  statue  is  a  true  diamagnet, 
with  its  head  a  north  pole  and  its  feet  a  st>utb  pole.  The 
same   is  certainly   true  of  man  as  he   stands   upon   the 

eaith  s  fiurfliee,  for  all  the  tissues  of  the  human  body  are 

*■ 

dianiagnetic*/  The  sun^s  light  produces  a  very  quick 
and  perceptible  effect  upon  the  photographic  plate ;  in  all 
probability  it  ha^  a  much  less  effect  upon  a  great  variety 
of  substances.  We  may  regard  every  apparent  pheno- 
menon a«  but  an  exaggerated  and  conspicuous  case  of  a 
process  which  is,  in  indefinitely  more  numerous  cases, 
beyond  the  means  of  observation*  Yet  in  a  great  pro- 
])ortif>n  of  these  cases  exact  calculation  will  enable  us  to 
estimate  the  amount  of  the  phenomena^  if  it  is  of  suf- 
ficient interest  for  us  to  do  so. 


i 


*  *  Pliilosophical  Ti-auflaction<?,'  vol.  cxlvi,  ji.  249, 


CHAPTER  XXV. 

ACCORDANCE   OF   QUANTITATIVE  THEORIES   AND 
EXPERIMENTS. 

In  the  preceding  chapter  we  found  that  facts  may  be 
classed  under  four  heads  as  regards  their  connexion  with 
theory,  and  our  powers  of  explanation  or  prediction.  The 
facts  hitherto  considered  were  generally  of  a  qualitative 
rather  than  a  quantitative  nature;  but  when  we  look 
exclusively  to  the  quantity  of  a  phenomenon,  and  the 
various  modes  in  which  we  may  estimate  or  establish  its 
amount,  almost  the  same  system  of  classification  will  hold 
good.     There  will,  however,  be  five  possible  cases  : — 

(i)  We  may  directly  and  empirically  measure  a  phe- 
nomenon, without  being  able  to  explain  why  it  should 
have  any  particular  quantity,  or  to  connect  it  by  theory 
with  other  quantities. 

(2)  In  a  considerable  number  of  cases  we  can  theo- 
retically predict  the  existence  of  a  phenomenon,  but  may 
be  unable  to  assign  its  amount,  except  by  direct  measure- 
ment, or  to  explain  the  amount  theoretically  when  thus 
ascertained. 

(3)  We  may  measure  a  quantity,  and  afterwards  ex- 
plain it  as  related  to  other  quantities,  or  as  governed  by 
known  quantitative  laws. 

(4)  We  may  predict  the  quantity  of  an  effect  on  theo- 
retical grounds,  and  afterwards  confirm  the  prediction  by 
direct  measurement. 
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'  5  r  Wv  liiay  iinlire?tly  predict  or  detemuDe  the  quan- 
ti:v  ..f  a:i  •.-tfrvi  witlj.ait  being  able  to  verify  it  by  expoi- 

Thr-*-  v.iri'.a-?  classes  of  quantitative  &ctB  might  be 
i::i-:rti*.-i  l-y  an  ;Jnn.«st  infinite  number  of  interestiiig 
J -::.:>  in  iLv  liisU-ry  of  j»hysical  science.  Philoeophical 
j.r"pl:»>.i».-^  •.->[^.-oiary  sene  to  sbow  the  masteiy  vfaichis 
>-.n*»'tin.r'>  aitaint-1  Mver  tbe  secrets  of  nature,  and  to 
C'tiivincx-  tliO  Ie;t>t  intelligent  of  tbe  value  of  theoiy. 

Ehipirical  Measurements. 

Un«lcr  tilt;  lirst  bead  nf  purely  empirical  measurements, 
wliicli  have  not  been  brougbt  under  any  theoretical 
sygtenj,  may  Ixr  placed  tbe  great  bulk  of  quantitative 
facts  recoi  dcd  I  »y  scientific  observers.  The  tables  of  nu- 
merical results  wliich  abound  in  books  on  chemistry  and 
pbysics,  tliL*  huge  quartos  containing  tbe  observations  ol 
puhlic  ohservaturic-s,  the  multitudinous  tables  of  meteon>- 
lr>gi(;;il  ohservatiniip,  which  are  continually  being  compiled 
and  piinted,  the  more  abstruse  results  concerning  terres- 
trial ma;rnetism — such  results  of  measurement,  for  the 
must  jiart,  remain  empirical,  either  because  theory  is  de- 
fi-rtivcf,  rn-  the  lalKiur  of  calculation  and  comparison  is  too 
formidable.  In  the  Greenwich  Obser\'atoiy,  indeed,  the 
wilutary  practice  has  been  maintained  by  the  present 
A.stronomer  Itoyal,  of  always  reducing  the  observations, 
and  comparing  them  with  the  recognised  theories  of 
motion  of  the  several  bodies.  The  divergences  from 
Iht'ory  thus  afford  a  constant  supply  of  material  for  the 
diHrovery  of  crroi-s  or  of  new  phenomena ;  in  short,  tbe 
ohHiTvationH  havcj  been  turned  to  the  use  for  which  they 
wrn*  intended.  15ut  it  is  to  be  feared  that  other  establish- 
uwwlH  aw  l^x)  ofUin  engaged  in  merely  recording  numbers 
of  whieh  nn  real  uw»  is  made,  because  the  labour  of  reduc- 
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tion  and  comparison  with  theory,  in  detail,  is  far  too  great 
for  private  inquirers  to  undertake.  In  meteorology,  espe- 
cially, an  enormous  waste  of  labour  and  money  is  taking 
place,  only  a  very  small  fraction  of  the  results  recorded 
being  ever  used  for  the  advancement  of  the  science.  For 
one  meteorologist  like  Quetelet,  Dove,  or  Baxendell,  who 
devotes  himself  to  the  truly  useful  labour  of  reducing 
other  people's  observations,  there  are  hundreds  who  are 
under  the  delusion  that  they  are  advancing  science  by 
merely  loading  our  book-shelves  with  numerical  tables. 

Purely  empirical  measurements  may  often  indeed  have 
a  direct  practical  value,  as  when  tables  of  the  specific 
gravity,  or  strength  of  materials,  assist  the  engineer  ;  the 
specific  gravities  of  mixtures  of  water  with  acids,  alcohols, 
salts,  &c.,  are  useful  in  chemical  manufactories,  custom- 
house guaging,  &c. ;  observations  of  rain-fall  are  requisite 
for  questions  •  of  water  supply ;  the  refractive  index  of 
various  kinds  of  glass  must  be  known  in  making  achro- 
matic lenses ;  but  in  all  such  cases  the  use  made  of  the 
measurements  is  not  scientific,  but  practical.  It  may  pro- 
bably be  asserted  with  truth,  that  no  number  which 
remains  entirely  isolated,  and  uncompared  by  theory  with 
other  numbers,  is  of  any  really  scientific  value.  Having 
tried  the  tensile  strength  of  a  piece  of  iron  in  a  particular 
condition,  we  know  what  will  be  the  strength  of  the  same 
kind  of  iron  in  a  similar  condition,  provided  we  can  ever 
meet  with  that  exact  kind  of  iron  again  ;  but  we  cannot 
argue  from  piece  to  piece,  or  lay  down  any  laws  exactly 
connecting  the  strength  of  iron  with  the  quantity  of  its 
impurities. 

It  is  to  be  feared  that  almost  the  whole  bulk  of  statis- 
tical numbers,  whether  commercial,  vital,  or  moral,  is  at 
present,  and  probably  will  long  continue,  of  little  scientific 
value. 


-^   ^'2^S--IrL£S   or  S(r/£SCE. 
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.  -  -.--■-      •  --r?'  T-  iTr  jkLx  to  f-:frBsee  the  existence  of  i 

..._-...-.  T  Tfr.-,  -  ii-r  grioiid  of  general  principles, 
•.T    ._.     :.  T.:  -r  rr  n  tLe  vaat  %>{  numerical  data, 

;  *:  :_.  "_t  t-:  .v  i-55^-»:>r  vf  iiiT  mathematical  theory, b 
-i^--  -T-  '---  ^.^  -^'"-  --  ^-'lii.  rSrrt.  We  then  have  reoourae 
:     1  .---.:  .v.r:r-i>T:.:  ::    i-:eniiiie  its  amount.     Whetkr 

-  -:j^--^  r:.:.-  '.l-  -rrrii.:-:-  tides  by  analogy,  or  mow 
J.  .  :  .  ::  :-  :_t  ::.-.ry  ::  gnivitation,  there  could  be 
.  .  :  :..-:  -::.-  -p--rr.-  tiJ^i:*  of  some  amount,  depend- 
\  ..•  :.  :..-:  -: :  .:r:.:  :.-.:^-!l:>  t  the  sun  and  the  moon, 
:..  .-:  -.  ::  .:.  :..-.-  -.".L-iSTr-rrt-  Theorr,  however,  even  in 
':•.  :. ::.  >  .:'  L-.:  .:.■.>:.  '.vj^i  i.ot  able  tu  oveincome  the  com- 
\^.'.  r-ri  :..-:._;:.. --i.  ;-. L':::::.i:s  of  the  atmosphere,  and 
{.;•:;•  :•••:  ;:...;:.:  :'  >v:';.  trie?  :  and,  on  the  other  hand, 
t},'  •*:  ;iii,  -;:.•-'  \v.-re  >.  s:...*!!.  and  were  so  masked  by  fer 
Km;."!  ii\  i'i^r.!'  :.s  is'>r..z  trin  the  heating  power  of  the 
•  iiij  ;iij'l  i'j'/ri]  ••iK-r  iciri'-- r  •! . i:ie;J  disturbances^  that  thej 
woul^l  jifihably  liiivc  never  berii  discovered  by  purely 
'jiij.i/iral  ol;s'jrvati'»iiS.  Theory  ha>'ing,  however,  indi- 
r;i\ii\  \\\t:\r  oxi.-U;!]^;^-,  it  Was  easv  to  make  series  of  baro- 
iiMliir.'il  ri[;.sorvjitiorjfi  in  place<  s»-lected  so  as  to  be  as  free 
nj*.  jiowvililr;  Iroifj  f;;i.snal  fluctuati'jus.  and  then  by  the  siiit- 
iiMr  ;ijij»lir,atioii  of  tlie  inethoJ  of  means  to  detect  the 
f:rii;ill  iIHtIm  in  (jiufstion.  The  principal  lunar  atmospheric 
ImIi'  w;ui  tliiiM  proved  to  amount  to  l^etween  -003  and 
o«»|  irif^li ". 

TlMorv,  in  (Jk:!-,  yi<;lds  tlie  greatest  possible  assistance  iu 
M|»plvin^^^  "»*■  "irlliod  of  means.  For  if  we  have  a  great 
nuniiirr  «if  rnipirical  mojisurements,  each  representing  the 
jnihl  rll'iM'l.  nf  u  nuinbor  of  causes,  our  object  will  be  to 

•t  (Ininrii  '  llihtfiry  of  PliyHical  Astronomy/  p.  162. 
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take  the  mean  of  all  those  in  which  the  effect  to  be  mea- 
sured is  present,  and  compare  it  with  the  mean  of  the 
remainder  in  which  the  effect  is  absent,  or  acts,  it  may 
be,  in  the  opposite  direction.  The  difference  will  then 
represent  the  amount  of  the  effect,  or  double  the  amount 
respectively.  Thus,  in  the  case  of  the  atmospheric  tides, 
we  take  the  mean  of  all  the  observations  when  the  moon 
was  on  the  meridian,  and  compare  it  with  the  mean  of  all 
observations  when  she  was  on  the  horizon.  In  this  case 
we  trust  to  chance  that  all  other  effects  will  lie  about 
as  often  in  one  direction  as  the  other  in  the  drawing  of 
each  mean,  and  will  neutralise  themselves.  It  will  be  a 
great  advantage,  however,  to  be  able  to  decide  by  theory 
when  each  principal  disturbing  effect  is  present  or  absent ; 
for  the  means  may  then  be  so  drawn  as  surely  to  separate 
each  such  effect,  leaving  only  very  minor  and  casual  di- 
vergences to  the  law  of  error.  Thus,  if  there  be  three 
principal  effects,  and  we  draw  means  giving  respectively 
the  sum  of  all  three,  the  sum  of  the  first  two,  and  the 
sum  of  the  last  two,  then  we  gain  three  simple  equations, 
by  the  solution  of  which  each  quantity  is  determined. 

Explained  Results  of  Measurement 

The  second  class  of  measured  phenomena  contains  those 
which,  after  being  determined  in  a  direct  and  purely  empi- 
rical application  of  measuring  instruments,  are  afterwards 
shown  to  agree  with  some  hypothetical  explanation.  Such 
results  are  turned  to  their  proper  use,  and  several  dif- 
ferent advantages  may  arise  from  the  comparison.  The 
correspondence  with  theory  will  seldom  or  never  be  abso- 
lutely precise  ;  and,  even  if  it  be  so,  the  coincidence  must 
be  regarded  as  accidental.  If  the  divergences  between 
theory  and  experiment  be  comparatively  small,  and  vari- 
able in  amount  and  direction,  they  may  often  be  safely 
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attributed  to  various  inconsiderable  sources  of  error  in  the 
experimental  processes.  Tlie  strict  method  of  procedure 
is  to  calculate,  if  possible,  the  probable  error  of  the  mean 
of  the  observed  results  (vol  i,  p.  451),  and  then  observe 
whether  the  theoretical  result  falls  within  the  limits  of 
probable  error.  If  it  does,  and  if,  as  we  may  say,  the 
experimental  results  agree  as  well  with  theory  as  they 
agree  with  each  other,  then  the  probability  of  the  theory 
is  much  increiised,  and  we  may  employ  the  theory^  with 
more  confidence  in  the  anticipation  of  further  results. 
The  probalile  eiTor,  it  should  be  remembered,  gives  a 
measure  only  of  the  eflFects  of  incidental  and  variable 
sources  of  error,  but  in  no  way  or  degree  indicates  the 
amount  of  fixed  causes  of  error.  Thus,  if  the  mean  results 
of  any  two  modes  of  determining  a  quantity  are  so  far 
apart  that  the  limits  of  probable  error  do  not  overlap,  we 
may  infer  the  probable  existence  of  some  overlooked  source 
H      of  permanent  error  in  one  or  both  modes.    We  will  further 

^V     consider  in  a  subsequent  section   the  accordance  or  (lis- 

E         cordance  of  measurements. 


1 


Quantities  detei^mned  by  Tlieory  and  verijisd  hy 

Measurement 


i 


One  of  the  moat  satisfactory  tests  of  a  theoiy  consists 
in  its  application  not  only  to  predict  the  nature  of  a 
phenomenon,  and  the  circumstances  in  which  it  may  be 
obser^^ed,  but  also  to  assign  the  precise  quantity  of  the 
phenomenon.  If  we  can  subsequently  apply  accurate 
instruments  and  measure  the  amount  of  the  phenomenon 
witnessed,  we  have  an  excellent  opportunity  of  verifying 
or  negativing  the  theory.  It  \\i\s>  in  this  manner  that 
NeAvton  first  attempted  to  verify  liis  theory  of  gravi tuition. 
He  knew  approximately  the  velocity  produced  in  falling 
lx>dies  at  the  earth  s  surface,  and  if  the  law  of  the  inverae 
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square  of  the  distance  held  true,  and  the  reputed  distance 
of  the  moon  was  correct,  he  could  infer  that  the  moon 
ought  to  fall  towards  the  earth  at  the  rate  of  fifteen  feet 
in  one  minute.  Now,  the  actual  divergence  of  the  moon 
from  the  tangent  of  its  orbit  appeared  to  amount  only  to 
thirteen  feet  in  one  minute,  and  there  was  a  discrepancy 
of  two  feet  in  fifteen,  which  caused  Newton  to  lay  *  aside 
at  that  time  any  further  thoughts  of  this  matter/  Many 
years  afterwards,  probably  fifteen  or  sixteen  years,  Newton 
obtained  more  precise  data  from  which  he  could  calculate 
the  size  of  the  moon^s  orbit,  and  he  then  found  the  dis- 
crepancy to  be  inconsiderable. 

His  theory  of  gravitation  was  then  verified  so  far  as 
the  moon  was  concerned ;  but  this  was  to  him  only  the 
beginning  of  a  long  course  of  deductive  calculations,  each 
ending  in  a  verification.  If  the  earth  and  moon  attract 
each  other,  and  also  the  sun  and  the  earth,  similarly  there 
is  no  reason  why  the  sun  and  moon  should  not  attract 
each  other.  Newton  followed  out  the  consequences  of 
this  inference,  and  showed  that  the  moon  would  not  move 
as  if  attracted  by  the  earth  only,  but  sometimes  faster 
and  sometimes  slower.  Comparisons  with  Flamsteed's 
observations  of  the  moon  showed  that  such  was  the  case. 
Newton  argued  again,  that  as  the  waters  of  the  ocean  are 
not  rigidly  attached  to  the  earth,  they  might  attract  the 
moon,  and  be  attracted  in  return,  independently  of  the 
rest  of  the  earth.  Certain  daily  motions  would  then  be 
caused  thereby  exactly  resembling  the  tides,  and  there 
were  the  tides  to  verify  the  fact.  It  was  the  almost 
superhuman  power  with  which  he  traced  out  geome- 
trically the  consequences  of  his  theory,  and  submitted 
them  to  repeated  comparison  with  experience,  which  con- 
stitutes his  pre-eminence  over  all  philosophers  ^. 

The  whole  progress  of  physical  astronomy  has  consisted 
^  '  Elementary  Lessons  in  Logic,'  p.  262. 
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Id  a  suecesfiion  of  predictions  grounded  on  the  theory  of 

gravitation  as  to  the  inequalities  of  the  planetary  move- 
ments caused  by  mutual  perturbations.  These  inequalities 
are  so  numerous,  so  small,  and  so  complicated  in  character, 
that  it  would  be  an  almost  hopeless  task  to  attempt  to 
discover  them  empiriailly  or  tentatively  by  the  compari- 
son and  classification  of  observations.  But  theory  pretty 
easily  indicates  the  period  and  general  nature  of  the 
inequality  to  be  detected,  and  by  elaborate  calculations 
even  the  amount  of  the  effect  may  be  assigned.  Thus 
the  inequality  arising  from  the  attraction  of  Venus  and 
the  earth  was  estimated  liy  Sir  George  Airy  to  amount  to 
no  more  than  a  few  seconds  at  its  maximum,  w^hile  the 
period  is  no  less  than  240  years.  Nevertheless,  the  in- 
direct effects  of  thiH  inequaHty  upon  the  moon's  motion 
are  considerable,  and  are  entirely  verified  in  the  lunar 
theoiy.  Although  prediction  by  theory  is  the  general 
rule  in  pliysical  astronomy,  yet  the  empirical  investiga- 
tion of  divergences  from  theory  sometimes  discloses  efl'ects 
wliich  hatl  been  overlooked,  or  points  out  residual  elfects 
of  unknown  origin. 


Quantities  detennined  by  Theory  and  not  verified. 

It  will  continually  happen  tliat  we  are  able,  from 
certain  measured  phenomena  and  a  correct  theory,  to 
determine  the  amount  of  some  other  phenomenon  which 
we  may  either  be  unable  to  measure  at  all,  or  to  me;iaure 
with  an  accuracy  corresponding  to  that  required  to  verify 
the  prediction.  Thus  Laplace  having  w^orked  out  un 
almost  complete  theory  of  the  motions  of  Jupiter's  satel- 
lites on  the  hypothesis  of  gravitation,  found  that  these 
motions  w^ere  greatly  affected  by  the  spheroidal  form  of 
Jupiter.  Hence  from  the  motions  of  the  satellites,  which 
can  be  observed  with  great  accuracy  ownng  to  the  frequent 


4 
I 


^lipses  and  transits,  he  was  able  to  argue  inversely,  and 
sign  the  ellipticity  of  the  planet^s  section  by  theoiy. 
The  ratio  of  tlie  polar  and  equatorial  axes  thus  deter- 
iined  was  very  nearly  that  of  13  to  14;  and  it  agrees 
Fell  with  snch  direct  nucrometric^d  measurements  of  the 
planet  as  have  been  made  ;  but  Laplace  believed  that  the 
theory  gave  a  more  accurate  result  than  direct  ol)servation 
could  yield,  so  tliat  the  theory  could  hardly  be  said  to 
admit  of  direct  verification. 

The  specific  heat  of  air  was  believed  on  the  grounds  of 
direct  experiment  to  amount  to  o'2669,  the  specific  heat  of 
water  being  taken  as  unity  ;  but  the  methods  of  expe- 
riment were  open  to  considerable  causes  of  error.  The 
late  Professor  Eankine  showed  in  1850  that  it  was  possible 
to  calculate  from  the  mechanical  equivalent  of  heat,  and 
from  other  thermodynamic  data^  what  this  number  should 
be,  and  he  found  for  it  o''2  378.  This  determination  was 
at  the  time  accepted  by  hhii  and  others  as  tlie  most 
satisfactory  result,  although  not  verified  ;  subsequently  in 
1853  Regnault  obtained  by  direct  experiment  the  number 
0*2377,  proving  that  the  prediction  liad  been  well 
grounded. 

It  will  be  readily  seen  that  in  purely  quantitative 
questions  verification  will  be  a  matter  of  degree  and 
probability.  A  less  accurate  method  of  measurement  can- 
not verify  the  results  of  a  more  accurate  method,  so  that 
if  we  arrive  at  a  determination  of  the  same  physiail 
quantity  in  several  distuict  modes  it  will  oft-en  become  a 
delicate  matter  of  investigation  to  decide  which  result  is 
most  reUable,  and  should  be  used  for  the  indirect  deter- 
mination of  other  quantitie^s.  For  Instance,  Joules  and 
Thomson  s  ingenious  experiments  upon  the  thermal  jihe- 
nomena  of  fluids  in  motion*^  involved,  as  one  physical 
constant,  the  mechanical  equivalent  of  heat;  if  requisite, 

^  *  Philoflopliical  Transact i ons '  (1B54),  vol,  cxliv,  p,  364. 
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then,  they  might  have  been  used  to  predict  or  to  correct 
that  most  important  constant.  But  if  other  more  direct 
methods  of  experiment  give  the  mechanical  equivalent  of 
heat  with  Buperirjr  accuracy,  then  the  experiments  on 
fluids  will  he  tunied  to  a  better  use  m  detecting  and 
asBigniiig  vfirious  quantities  relating  to  the  theory  of 
fluids.  We  will  further  consider  questions  of  this  kind 
in  succeeding  sections. 

There  are  of  course  many  quantities  assigned  on  theo- 
retical grovuids  wliich  we  are  quite  unable  to  verify  w^th 
corresponding  accuracy.  The  thickness  of  a  film  of  gold 
leaf,  the  average  depths  of  the  oceans,  the  velocity  of  a 
star's  approach  to  or  regression  from  the  earth  as  inferred 
from  spectroscopic  datn»  or  other  quantities  indirectly 
determined  (see  vol.  i.  pp.  345-349),  might  be  cases  in 
point ;  but  many  others  might  be  quoted  where  direct 
verifiealion  seems  impossible.  Newton  and  many  sub- 
sequent physicists  liave  accurately  measured  the  lengths 
of  light  undulations,  and  by  several  distinct  methods  we 
learn  the  velocity  with  which  light  traveLs.  Since  an 
undulation  of  the  middle  green  is  about  five  ten-millionths 
of  a  metre  in  length,  and  travels  at  the  rate  of  nearly 
300,000,000  of  metres  per  second^  it  necessarily  follows 
that  about  600,000,000,000,000  undidations  must  strike 
in  one  second  the  retina  «)f  an  eye  which  perceives  such 
light.  But  how  are  w^e  to  verify  such  an  astounding 
calculation  by  directly  coxmting  pulses  which  recur  six 
hundred  billions  of  times  in  a  second  ? 


I 


Discordance  of  Tfieory  and  Experiment, 

Wlien  a  distinct  want  of  accordance  is  found  to  exist 
between  the  results  of  theory  and  direct  meaBurement, 
several  interesting  questions  may  arise  as  to  the  mode  in 
w hich  we  can  account  fi^r  this  discordance.     The  ultimata 


ACCORDANCE  OF  QUANTITATIVE  THEORIES,  dc 


explanation  of  the  discrepancy  may  be  accomplished  in 
ly  one  of  at  least  four  distinct  ways,  as  follows  : — - 
(i)  The  direct  measurement  may  be  erroneous  owing  to 
mons  sources  of  ciisual  error* 

(2)  The  theory   may  be  correct  so  far  as  regards  the 
eeneral  form  of  the  supposed  laws,  but  some  of  the  con- 

■int  numbers  or  other  quantitative  data  employed  in  the 
lieoretical  adculations  may  be  inaccurate, 

(3)  The  theory  may  be  false,  in  the  sense  that  the 
jfbrms  of  the  mathematical  equations  assumed  to  express 
|he  laws  of  nature  are  incorrect. 

(4)  The  theory  and  the  involved  quantities  may  be 
ipproximately  accurate,  but  some  regular  unknown  cause 

my  have  interfered,  so  that  tlie  divergence  may  be  re- 
garded lis  a  residual  (}0ect  representing  possibly  a  new 
and  interesting  phenomenon. 

No  precise  rules  can  be  laid  down  as  to  the  best  mode 
of  proceeding  to  explain  the  divergence,  and  the  experi- 
mentalist will  have  to  depend  upon  his  own  insight  and 
knowledge ;  but  the  following  general  recommendations 
may  perhaps  be  made. 

In  the  fii'st  place,  if  the  experimental  measurements  are 
not  numerous^  repeat  them  and  tidce  a  more  extensive 
mean  residt,  the  probable  accuracy  of  which,  as  regards 
freedom  from  casual  errors  of  experiment,  will  increase  as 
the  square  root  of  the  number  of  experiments.  Supposing 
that  no  considerable  modification  of  the  result  Ls  thus 
effected,  we  may  suspect  the  existence  of  some  more  deep- 
seated  and  constant  source  of  error  in  our  method  of 
measurement.  The  next  resource  will  be  to  change  the 
size  and  form  of  the  apparatus  employed,  and  to  introduce 
various  modifications  in  the  materials  employed  or  in  the 
course  of  procedure,   in    the    hope,  as    before   explained 

rol.  i.  p.  462),  that  some  cause  of  constant  error  may  thus 
removed.     If  the  inconsistency  with  theory  still  re- 
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maiDB  unreduced  we  may  attempt  to  inTent  some  widely 
different  mode  of  arriving  at  the  same  physical  quantity, 
m  that  we  may  be  almost  sure  that  the  same  cause  of 
error  will  not  affect  both  the  new  and  old  results.  In 
twinie  ca«e8  it  is  possible  to  find  five  or  six  essentially 
different  modes  of  arriving  at  the  same  determination. 

Supposing  that  the  discrepancy  still  exists  we  may  well 
begin  to  hiispect  that  our  direct  measurements  are  correct, 
but  that  the  data  employed  in  the  theoretical  calculations 
are  iiiaccmate.  We  must  now  review  the  grounds  on 
which  these  data  depend,  conasting  as  they  must  ulti- 
mately do  of  direct  measurements*  A  comparison  of  the 
vurluiis  recorded  results  will  show  the  degree  of  proba- 
biUty  attachirig  tu  the  mean  result  employed  ;  and  if  there 
is  any  ground  fur  imagiuiiig  the  existence  of  error,  we 
shoulil  repeat  the  observations,  and  vary  the  forms  of 
experiment  just  ixh  in  the  case  of  the  previous  direct 
leasureinentH.  The  continued  existence  of  the  discre- 
incy  niufit  show  tliat  we  have  not  really  attained  to  a 
complete  acquabitance  with  the  theorj^  of  the  causes  in 
action,  but  two  different  cases  still  remain.  We  may  have 
misunilerbtood  the  action  of  those  causes  which  do  exist, 
ur  We  may  have  overlooked  the  existence  of  one  or  more 
other  causes.  In  the  fii'st  ease  our  hypothesis  appears  to  be 
wrongly  chosen  and  inapplicable ;  but  whether  we  are  to 
reject  it  will  dt*i)end  upon  whether  we  can  form  any  other 
li ypotliehis  which  yields  a  more  accurate  accordance.  The 
probability  of  an  hypothesLs,  it  wiO  be  remembered  (vol  i. 
p,  279),  is  to  be  judged  entirely  by  the  probability  that  if 
the  HUppfwed  causes  exist  the  obsei^ed  result  follows ; 
hut  ai!5  there  is  now  very  little  probability  of  reconciling 
the  original  hypothesis  with  om'  direct  nieasm'emcnts  the 
field  is  open  for  new  hypotheses,  and  any  one  which  gives 
a  closer  accordance  with  measurement  will  so  far  have 
claims  to  attention.     Of  coiu^se  we  must  never  estimate 


the  probability  of  an  hypothesis  merely  by  its  accordauce 
with  a  few  results  only.  Its  genein.1  final ogy  and  accord- 
ance with  other  knowai  laws  of  nature,  and  the  fact  that 
it  does  not  conflict  with  any  other  probable  theories,  must 
be  taken  into  account,  as  we  shall  see  in  the  next  book. 
The  requieite  condition  of  a  good  hypothesis,  that  it  must 
admit  of  the  deduction  of  facts  verified  in  obsei-vation, 
must  be  interpreted  in  the  widest  possible  manner,  as 
including  all  ways  in  which  there  may  be  accordance  or 
discordance. 

All  our  attempts  at  reconciliation  having  failed,  the 
only  conclusion  we  can  come  to  is  that  some  unknown 
cause  of  a  new  character  exists.  If  the  measurements  be 
accurate  and  the  theory  probable,  then  there  remains  a 
residual  phenomenon,  which,  being  devoid  of  theoretical 
explanation,  must  be  set  dowTi  as  a  new  empirical  fact 
worthy  of  deliberate  investigation.  As  a  matter  of  fact 
tliese  outstanding  lesidual  discrepancies  have  often  been 
found  to  involve  new  discoveries  of  the  greatest  im- 
portance. 

Accordance  of  Measurements  of  Astronornical  Distances, 

One  of  thu  most  instructive  instances  whicli  we  could 
meet,  as  regards  the  manner  in  which  different  measure- 
ments contirm  or  check  each  other,  is  furnished  by  the 
determination  of  the  velocity  of  light,  and  the  dimensions 
of  tlie  planetary  system.  Roemer  first  discovered  that 
light  requires  time  in  travelling,  by  observing  that  the 
eclipses  of  Jupiter  s  satellites,  altbougli  they  of  course 
occur  at  fixed  moments  of  absolute  time,  are  visible  at 
different  momenta  in  different  parts  of  tlie  earth  s  orbit, 
according  to  the  disttmee  of  the  earth  and  Jupiter.  The 
time   occupied   by  hgbt   in    traversing   the   mean  semi- 

imeter  of  the  earth's  orbit  is  found  to  be  about  eight 
lutes.     The  mean  distance  of  the  sun  and  earth  was 
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long  aaftumed  by  astronomers  as  being  about  95,274,0 
miles,  this  re8ult  being  deduced  by  Bessel  from  tk  t 
e^rvattnns  of  the  tmnftit  of  Venus,  which  occurred  in  176^  j 
and  whicb  were  found  to  give  the  solar  parallax,  orwkt 
is  tbe  same  tbiug,  the  apparent  size  of  the  earth  ^  ^ea 
from  the  sun,  as  equal  to  8"-578.  Now,  dividing  tbf 
jnean  distance  of  the  8un  and  earth  by  the  number  d 
iecunds  in  8"»,  1 3*  3  we  find  the  velocity  of  light  to  be  aM 
192*000  miles  per  second. 

Nearly  the  same  result  was  obtained  in  an  apparently 
very  different  manner.  The  alierration  of  light  is  tk 
apparent  change  in  the  direction  of  a  ray  of  light  ovtb^ 
t<>  the  cumpusition  of  its  motion  with  that  of  the  earth'i 
motion  roimd  the  sun.  If  we  know  the  amount  of  aber- 
ration and  the  mean  velocity  of  the  earth  we  can  very 
simply  estimate  that  of  light  which  is  thus  found  to  he 
191,102  miles  (166,072  geographical  miles)  per  second. 
Now  this  determination  depends  upon  an  entirelv  new 
physical  quantity,  that  of  abenmtion,  which  is  ascertaintd 
by  direct  obsei-vation  of  the  stars,  so  that  the  close  accord- 
ance of  the  estimates  of  the  velocity  of  Hght  as  thus  arrived 
at  by  different  methods  might  seem  to  leave  Jittle  room 
for  doubt,  the  difference  being  less  than  one  per  cent. 

Nevertheless,  experimentalists  were  not  satisfied  until 
they  had  succeeded  in  actually  measuring  the  velocity  of 
light  by  direct  experiments  performed  upon  the  eartli's 
surftice.  Fizeau,  by  a  rapidly  revolving  toothed  wheel 
estimated  the  velocity  at  195,920  miles  per  second.  As 
this  residt  differed  by  about  one  part  in  sixty  from  esti' 
mates  previously  accepted,  there  was  thought  to  be  room 
for  further  investigation,  Tbe  revolving  mirror,  previously 
used  by  Mr.  Wheatstone  in  measuring  the  velocity  of  eleo 
tricity,  was  now  applied  in  a  more  refined  manner  by 
Fizeau  and  l>y  Foucault  to  determine  tlie  velocity  of 
light     The  latter  physicist  finally  came  to  the  startling 


concliisioD  that  the  velocity  was  not  really  more  than 
185,172  miles  per  second*  No  repetition  of  the  experi- 
ment iis  thus  perforaied  would  shake  this  result,  and  there 
was  accordingly  a  discrepancy  between  the  two  astrono- 
mical and  the  experimental  results  of  about  7000  miles 
per  second  demanding  explanation. 

Now  a  very  little  consideration  shows  that  both  the 
astronomical  determinations  involve  the  magnitude  of  the 
earth's  orbit  as  one  datum,  because  our  estimate  of  the 
earth's  velocity  in  its  orbit  depends  upon  our  estimate  of 
the  suns  mean  distance.  Accordingly  as  regards  this 
quantity  the  two  astrrjnomical  results  must  count  only 
for  one*  Thougli  the  transit  of  Venus  had  been  con- 
siilered  to  give  the  best  data  for  the  calculation  of  the 
sun  s  parallax  and  distance,  yet  astronomers  had  not  neg- 
lected other  less  favourable  opportunities.  Thus  Hansen, 
calculating  from  certain  inequalities  in  the  moon  s  motion, 
had  estimated  it  at  S'^'916;  Winneke,  from  observations  nf 
Mars,  at  8"* 9 64  ;  Leverrier,  from  the  motions  of  Mars, 
Venus,  and  the  moon,  at  8''"  9  50.  Now  these  independent 
results  agree  much  better  with  each  other  tlian  with  that 
of  Bessel  {8''*578)  previou^^ly  received^  or  that  of  Encke 
(8"^58)  deduced  from  the  transits  of  Venus  in  1761  and 
1769,  and  though  eaxjh  separately  might  be  worthy  of  less 
credit,  vet  their  close  accordance  renders  their  mean  result 
(8""943)  probably  comparable  in  probability  with  that  of 
Besseb  It  was  further  found  that  if  Foucault's  value  for 
the  velocity  of  light  were  assumed  to  be  coiTect,  and  the 
sun  s  distance  were  inversely  calculated  from  that  and  the 
other  requisite  flata,  the  sun  s  i)aral]ax  would  appear  to 
be  8'''96o,  which  closely  agreed  with  the  above  mean 
residt.  Tills  further  correspondence  of  independent  re- 
sidts  threw  the  balance  of  probabiUty  strongly  against  the 
results  of  the  transit  of  Venus,  and  rendered  it  desirable 
reconsider   llie    observations    made    on    that   occasion. 
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Mr,  E.  J,  Stone  having  re-discussed  those  observations  ** 
found  that  grave  oversights  had  been  made  m  the  ealcii- 
latioDB,  which  being  corrected  would  alter  the  estimate 
of  parallax  to  8''*9i,  a  quantity  in  such  comparatively 
close  accordance  with  the  otlier  restdts  that  astronomers 
did  not  hesitate  at  once  to  reduce  their  estimate  of  the 
6u.ns  mean  distance  from  95,274,000  to  91,771,000  miles, 
although  this  alteration  involved  a  corresponding  correo- 
tion  in  the  assumed  magnitudes  and  distances  of  most  of 
the  heavenly  bodies.  The  final  decision  of  tliis  question 
of  the  ratio  between  the  earth  and  the  visible  universe^so 
far  as  it  can  be  decided  in  the  present  century,  must  be 
made  at  the  approaching  transits  of  Venus  in  1874  ^^^ 
1882. 

In  this  important  and  interesting  question  the  theo- 
retical relations  between  the  velocity  of  light,  the  constant 
of  aberration,  the  sun  s  parallax,  and  the  sun's  mean  dis- 
tance, are  of  the  simplest  character,  and  can  hardly  be 
open  to  any  doubt,  so  that  the  only  doubt  was  as  to  which 
result  of  observation  was  the  most  reliable.  Eventually  the 
chief  discrepancy  was  found  to  arise  from  misapprehension 
in  the  reduction  of  observations,  but  we  have  a  satisfactory 
example"  of  the  value  of  different  methods  of  estimation 
in  leading  to  the  detection  of  a  serious  error.  Is  it  not 
surprising  that  Foucault  by  measuring  the  velocity  of  light 
when  passing  through  the  space  of  a  few  yards,  should 
lead  the  way  to  a  change  in  our  estimates  of  the  magni- 
tude of  the  whole  universe  ? 


Selection  of  the  best  Mode  of  MeasuremeTit. 

When  we  have  once  obtained  a  command  over  a  question 
of  physical  science  by  comprehending  the  theory  of  the 
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Buliject,  we  have  oft^n  a  wide  choice  opened  to  us  as 
regards  the  methods  of  nieasurement,  which  may  thenee- 
fortli  be  made  to  give  the  most  accurate  results.  If  we 
can  only  measure  one  fundamental  quantity  we  may  often 
be  able  by  correct  theory  to  assign  with  accuracy  a  great 
many  other  quantitative  results.  Thus,  if  we  can  once 
determine  satisfactorily  the  atomic  weights  of  certain  ele- 
mentSj  we  do  not  need  to  determine  with  equal  accuracy 
the  composition  and  atomic  weiglits  of  their  sc*veral  com- 
pounds. When  we  have  once  learnt  the  relative  atomic 
weights  of  oxygen  and  sulphur  we  can  calcuUite  the 
composition  by  weight  of  the  several  oxides  of  sulphur. 
ChemiHt^  accordingly  select  with  the  greatest  care  tliat 
compound  ofany  two  elements  which  seems  to  allow  of  the 
most  accurate  analysis  so  as  to  give  the  ratio  of  their 
atomic  weiglits.  It  is  obvious  that  we  only  need  to  have 
the  ratio  of  the  atomic  weight  of  each  element  to  that  of 
eume  other  common  element^  in  order  to  calculate  with 
the  greatest  ease  that  of  each  to  each.  Moreover  the 
atomic  weight  stands  in  simple  relation  to  other  quanti- 
tative facts.  The  weights  of  equal  volumes  of  elementary 
gases  at  equal  temperature  and  pressure  have  the  same 
ratio  as  the  atomic  weights  ;  now  as  nitrogen  weighs  14*06 
times  as  much  as  hydrogen,  under  such  circumstances 
we  may  infer  that  the  atomic  weight  of  nitrogen  is  about 
14^06  (probably  i4'oo)  that  of  hydrogen  being  unity. 
There  is  much  evidence,  again,  to  show  tliat  the  specific 
heats  of  elements,  and  even  of  compounds,  are  inversely 
as  their  atomic  weights,  so  that  these  two  classes  of  quan- 
titative data  throw  light  mutually  upon  each  other.  In 
fact  the  atomic  weight,  the  atomic  volume,  and  the  atomic 
heat  of  an  element,  are  quantities  so  closely  connected 
that  the  determination  of  any  one  may  lead  to  that  of  the 
others.  The  chemist  accordingly  has  to  solve  a  most  com- 
plicated problem  in  deciding  in  the  case  of  eacli  of  60  or 
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70  elemente  which  mode  of  detenu uiati on  is  most 
Modern  cheinktry  presents  us   witli  an   almost 
uxteumve  web  of  rniinerical  ratios  developed  out  of  m 
paratively  few  fimdimieutal  ratios. 

In  hygrometry  we  are  presented  with  a  choice  aiDi«| 
at  least  four  modes  of  raeasuring  the  quantity  uf  aqueoa^ 
vapour  contained  in  a  given  bulk  of  air*  We  can  extract 
the  vapour  by  absorption  in  sulphuric  acid,  and  dliectlj 
weigli  iU  amount  ;  we  can  j^luce  the  air  in  a  Ijaromete 
tube  and  observe  how  much  the  afeorption  of  the  vapour 
alters  the  elastic  force  of  the  air  ;  we  can  observe  the  dew 
point  of  the  aii\  or  tlie  temperature  at  which  the  vapour 
becomes  Battn^ated  ;  or,  lastly,  wo  can  insert  a  dry  and  wel 
Imlb  thermometer  and  observe  the  temperature  of  an 
evaporating  surface*  Now  the  results  of  each  such  mode 
can  be  connected  by  well-established  theory  with  tho« 
of  the  other  mc»de8,  and  we  can  select  for  each  experiment 
that  mode  whicli  is  either  most  accurate  or  most  coiut- 
nient.  The  chemical  method  of  direct  measurement  is 
|>robably  capable  of  the  greatest  accuracy,  but  is  trouble- 
some ;  the  dry  and  wet  bulb  thermometer  is  sufficientlj 
exact  fur  meteorological  puiposes. 


Agj^eement  of  Distinct  Modes  of  Mfasuremmit. 

Many  illustrations  might  be  given  of  the  accordance 
which  htxs  been  found  to  exist  in  some  cases  between  the 
results  of  entirely  diflferent  methods  of  arriving  at  the 
measurement  of  a  |>hysical  quantity.  WliUe  such  accord- 
ance must,  in  the  absence  of  any  information  to  the  contrary, 
be  regarded  as  the  best  possible  proof  of  the  approximate 
correctness  of  the  mean  result,  yet  instances  have  occurred 
to  show  that  we  can  never  take  too  much  trouble  in  con- 
firming experimental  results  of  great  importance.  Even 
w4ien  three  or  more  distinct  methods  have  given  nearly 
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ooiiicideiit  results,  a  uew  method  has  sometimes  disclosed 
a  discrepancy  wliieh  it  is  yet  impossible  to  explain. 

The  ellipticity  of  the  earth  is  known  with  very  con- 
siderable  approach  to  certainty  and  accuracy,  fur  it  has 
been  estimated  in  three  independent  ways.  The  most 
direct  mode  is  to  measiu^e  long  arcs  extending  north  and 
south  upon  the  earth* s  surface,  by  means  of  trigonome- 
trical surveys,  and  then  to  compare  the  lengths  of  these 
arcs  with  the  amount  of  tlieir  curvature  as  deternnned  by 
the  observation  of  the  altitude  of  cerUiin  stars  at  the  ter- 
minal points.  The  most  probable  ellipticity  of  the  earth 
deduced  from  all  measurements  of  this  kind  was  estimated 

by  Bessel  at  — -^  though  subsequent  measurements  might 

lead  to  a  slightly  different  estimate.  The  divergence  from 
a  globular  form  causes  a  small  variation  in  the  force  of 
gravity  in  diifei'ent  parts  of  the  eturth's  surface,  so  that 
exact  pendulum  observations  give  the  data  for  an  entirely 
independent  estimate  of  the  ellipticity,  which  is  thus  found 

to  be  — ,     In  the  tliird  place  the  spheroidal  protuberance 

about  the  earth's  equator  leads  to  a  certain  inequality  in 
the  moon  B  motion,  as  sho%vn  by  Laplace  ;  and  from  the 
amount  of  that  inequality,  as  given  l»y  observations,  Laplace 
was  enabled  to  aUculate  back  to  the  amount  of  its  cause. 

He  thus  inferred  that  the  ellipticity  is  - — ,  which  lies  be- 
tween the  two  numbers  previously  given,  and  was  con- 
sidered by  him  to  be  the  most  satisfactory  conclusion.  In 
this  case  the  accordance  is  both  close  and  undistiu-bed  by 
any  other  or  subsequent  results,  so  that  we  are  obliged  to 
accept  Laplace*8  result  as  a  highly  probable  and  accurate 
one. 

The  mean  density  of  the  earth  is  another  constant  quan- 
tity of  the  highest  importance,  because  it  forms  tlie  starting- 
point  for  the  determination  of  the  masses  tjf  all  the  other 
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heavenly  bodies.  PhjTsicists  have  accordingly  bestowed 
a  great  amount  of  labour  upon  the  exact  estimation  of 
thLs  density,  consisting  in  the  exact  comparison  of  the 
giavlty  of  the  whole  globe  with  the  gra\4ty  of  some  se- 
lected body  of  matter^  of  which  the  mass,  or  what  comes 
to  the  same  thing,  the  density  compared  with  water,  is 
known  more  or  less  exactly.  But  this  body  of  matter  may 
be  variously  chosen  ;  it  may  consist  of  a  heavy  ball  of 
lead,  or  a  mountain,  or  a  portion  of  the  earth's  strata,  and 
the  methods  of  experiment  are  so  very  different  in  these 
different  easea  that  they  may  be  regarded  as  giving  entirely 
independent  results. 

The  mutual  gravitation  of  two  balls,  or  other  small 
objects  at  the  earth  s  Burface,  is  so  exceedingly  small  com- 
pared with  their  gravitation  towards  the  immense  mass 
of  the  earth,  that  it  is  usual ly  quite  imperceptible,  and 
although  asserted  by  Newton  to  exist,  on  the  ground  of 
theoiy,  was  never  detected  until  the  eml  of  the  i8th 
century.  Mich  ell  attached  two  smidl  balls  to  the  ex- 
tremities of  a  delicately  suspended  torsion  balance,  and 
then  bringing  heavy  balls  of  lead  alternately  to  each  side 
of  these  small  balls  was  able  to  detect  a  certain  slight 
rleflection  of  the  torsion  balance,  which  was  a  new  verifi- 
cation of  the  theory  of  gravitation.  Cavendish  carried 
out  the  experiment  with  more  care,  and  by  estimating 
the  actual  gravitation  of  the  balls  by  treating  the  torsion 
balance  as  a  pendulum,  and  then  taking  into  accoimt  the 
respective  distances  of  the  balls  from  each  other  and  from 
the  centre  of  the  earth,  was  able  to  assign  5*48  (or  as  re- 
computed by  Baily,  5*44^)  ^^  the  probable  mean  density 
of  the  earth.  Newton's  sagacious  guess  to  the  effect  that 
the  density  of  the  earth  was  between  five  and  six  times 
that  of  water,  was  thus  remarkably  confirmed,  The 
same  kind  of  experiment  repeated  by  Reich  gave  5'438. 
Baily  having  again  performed  the  experiment  with  every 
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I  possible  refinement  obtained  a  sb'ghtly  higher  niiml>ert 
5 -660. 

A  different  melliml  of  procedure  consisted  in  ascertaining 
tlie  effect  of  a  mountain  mass  in  deflecting  the  pliimb-Une  ; 
for  assuming  tliat  we  can  determine  the  dimensions  and 
mean  density  of  the  mountain  the  plumb-line  enables  us 
to  compare  its  mass  with  that  of  the  whole  earth.  The 
Mountain  SchehalHen  was  selected  for  such  an  experiment, 
and  the  observations  and  calculations  performed  by  Maske* 
lyne.  Button,  and  Playfair,  gave  as  the  most  probable 
result^  4'7i3.  The  difierence  is  considerable  and  the  result 
is  valuable,  because  the  instrimiental  operations  are  of  an 
entirely  diilerent  character  ft'om  those  of  Cavendish  and 
Baily's  exiTcriments.  Sir  Henry  James'  similar  determin- 
ation from  the  attmction  of  Arthurs  Seat  gave  5*i4, 

A  third  distinct  method  consists  in  detennining  the 
force  of  gravity  at  points  elevated  above  the  surilice  of 
the  earth  on  mountain  ranges,  or  sunk  below  it  in  mines. 
Carlini  c^xperimented  with  a  pendulum  at  the  hospice  of 
Mont  Cenis,  6375  feet  above  the  sea,  and  by  comparing 
the  attractive  forces  of  the  earth  and  the  mountains,  found 
the  density  to  be  still  smaller,  namely,  4*39,  or  as  corrected 
by  Giulio,  4*9 50,  Lastly,  the  Astronomer  Royal  has  on 
two  occasions  adopted  the  opposite  method  of  observing 
a  pendulum  at  tlie  bottom  of  a  deep  mine,  so  as  to  compare 
the  density  of  the  strata  penetrated  with  the  density  of 
the  whole  earth.  On  tijc  second  occasion  he  earned  his 
method  into  effect  at  the  Harton  Colliery,  1 260  feet  deep  ; 
all  that  could  be  accomplished  by  skill  in  measurement 
and  careful  consideration  of  all  the  causes  of  eiror,  was 
accomplished  in  this  elaborate  series  of  observations®  (see 
vol  i.  p,  340).  No  doubt  Sir  George  Airy  was  much  sur- 
prised and  perplexed  when  he  found  that  his  new  result 

«  *  PbiloBophical  Trnn^iactions'  (1856),  vol  cxlvi,  p.  343, 
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considerably  exceeded  that  obttiined  by  any  other  method, 
being  no  less  tlian  6-566,  or  6*623  as  finally  corrected. 

In  1844  Sir  Jolm  Herschel  remarked  in  his  Meraoii-  of 
Francis  Baily^",  that  *the  mean  specific  gravity  of  this  our 
planet  ia,  in  all  human  probability,  quite  as  well  deter- 
mined as  that  of  an  ordmary  liand-specimen  in  a  miae- 
ralogical  cabinet, — a  marvellous  result,  which  shoidd  t<jach 
us  to  despair  of  nothing  which  lies  within  the  compass  of 
number,  weight,  and  measure/  But  at  the  same  time  he 
pointed  out  that  Baily's  final  result,  c  f  which  the  probable 
error  was  only  0*0032,  was  the  highest  of  all  determina- 
tions then  known,  and  Airy's  investigation  has  since  given 
a  much  higher  result,  quite  beyond  the  Ihuits  of  probable 
error  of  any  of  the  previous  experiments.  If  w^e  treat  all 
determijiations  yet  made  as  of  equal  weight,  the  simple 
mean  is  about  5-45,  the  mean  error  nearly  0*5,  and  tlie 
probable  eiTor  almost  o'2,  so  that  it  is  as  likely  as  not  that 
the  truth  lies  between  5*65  and  5*25  on  this  view  of  the 
matter*  But  it  is  remarkable  that  the  two  most  recent 
and  careful  series  of  observations,  by  Baily  and  Airy^,  lie 
beyond  these  limits,  and  as  with  the  increase  of  care  the 
estimate  rises,  it  seems  requisite  to  reject  the  earlier 
results,  and  look  upon  the  question  as  still  requiring 
further  investigation.  In  this  case  we  learn  an  impressive 
lesson  conceroing  the  value  of  repeated  determinations  by 
distinct  methods  in  disabusing  our  minds  of  the  reliance 
which  we  are  only  too  apt  to  place  in  results  which  show 
a  certain  degree  of  coincidence. 

Since  the  establishment  of  the  dynamical  theory  of  heat 
it  has  become  a  matter  of  the  greatest  impoitance  to 
determine  with  accuracy  and  high  probability  the  mecha- 
niad  equivalent  of  heat,  or  the  quantity  of  energy  which 

f  *  ]i[outhly  Notices  of  tlie  Royal  Astronomical  Society'  for  8tlj  Nov. 
1844,  No.  X,  vuL  vi.  p.  39. 
%  *  PliilDsophiciil  Miiguxiue/  2ntl  Series,  vol.  xx\a.  p.  61. 
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must  be  given,  or  received,  in  a  definite  change  of  tem- 
perature effected  in  a  definite  quantity  of  a  standard  sub- 
stance, such  as  water.  No  less  than  seven  almost  entirely 
distinct  modes  of  determining  this  constant  have  been 
tried.  Dr.  Joule  first  ascertained  by  the  fiiction  of  water 
that  to  raise  the  temperature  of  one  kilogram  of  water 
through  one  degree  centigrade,  we  must  employ  energy 
sufficient  to  raise  424  kilograms  through  the  height  of  one 
metre  against  the  force  of  gravity  at  the  earth's  surface. 
Joule,  Mayer,  Clausius^,  Favre  and  other  experimentalists 
have  made  various  other  determinations  by  less  direct 
methods,  and  their  results  may  be  thus  summed  up\ 


Friction 


(424 

(413 
Mechanical  properties  of  gases       .         .         426 

Work  done  by  a  steam  engine       .         .  413 

Heat  evolved  by  induced  electric  currents  452 

Heat  evolved  by  electro-magnetic  engine  443 

Heat  evolved  in  the  circuit  of  a  battery  420 

Heat  evolved  by  an  electric  current       .  400 

Considering  the  diverse  and  in  many  cases  difficult 
methods  of  observation,  these  results  exhibit  satisfactory 
accordance,  and  their  mean  (42 3*9)  comes  very  close  to 
the  number  derived  by  Dr.  Joule  from  the  apparently 
most  accurate  method.  The  constant  generally  assumed 
as  the  most  probable  result  is  423*55  kilogrammetres, 
or  gramme  metres,  if  the  quantity  of  water  heated  i°Cent. 
be  one  gramme  instead  of  a  kilogramme. 

^  Clausius,  *  Philosophical  Magazine/  4th  Series,  vol.  ii.  p.  119. 
i  Watts*  *  Dictionary  of  Chemistry,*  vol.  iii.  p.  129. 
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Even  wlieo  all  the  experimeutal  data  employed  in  the 
veiilicatioii  of  a  theory  are  sufficientl}'  accurate,  and  the 
theory  itself  is  sound,  there  may  still  exist  discrepancies 
deniandmg  further  investigation.  Sir  John  Herschel  was 
perliaps  the  first  who  pointed  out  the  importance  of  such 
outstanding  quantities,  and  called  them  7^esidual  phenO' 
rnenai.  Now  if  tlie  observations  and  the  theory  be  really 
correct,  such  discrepancies  must  be  due  to  the  incomplete- 
ness of  our  knowledge  of  the  causes  in  action,  and  the 
ultimate  explanation  must  consist  in  showing  that  there 
is  in  action 

(i)  Some  agent  of  known  nature  whose  presence  was 
not  suspected. 

(2)  Some  new  agent  of  unknown  nature. 

In  the  iirt;t  case  we  cannot  be  said  to  make  any  new 
discoveiy,  for  our  ultimate  success  consists  merely  in 
reconciling  the  theory  with  known  facts  w^hen  our  in- 
vestigation is  more  comprehensive.  But  in  the  second 
c-ase  we  meet  with  a  totally  new  fact^  which  may 
lead  ua  to  whole  realms  of  new  discovery.  Take  the 
instance  adduced  by  Sir  John  Herschel.  The  theory  of 
Newton  and  Halley  concerning  cometary  motions  was 
that  they  were  gravitating  bodies  revolving  round  the 
sun  in  oblique  orbits,  and  the  actual  return  of  Halley *s 
Comet,  in  1758,  suihciently  verified  this  theory.  But, 
when  accurate  observations  of  Encke  s  Comet  came  to  be 
made,  the  verification  was  not  found  to  be  complete* 
Each  time  Eneke's  Comet  returned  a  little  sooner  than 
it  ouglit,  the  period  having  regularly  decreased  from 
X 21279  days,  between   1786  and    1789,  to  1210*44  be- 
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tween  1855  and  1858.  The  theory  of  gravitation  alone 
cannot  account  for  such  a  continued  decrease  of  period ; 
hence  the  hypothesis  has  been  started  that  there  is  a 
resisting  medium  filling  the  space  through  which  the 
comet  passes.  This  hypothesis  is  a  deics  ex  machind 
for  explaining  this  solitary  phenomenon,  and  cannot  pos- 
sess any  validity  or  probability  unless  it  can  be  shown 
that  other  phenomena  are  deducible  from  it.  Many  per- 
sons have  identified  this  mediimi  with  that  through  which 
heat  undulations  pass,  but  I  am  not  aware  that  there  is 
•anything  in  the  undulatory  theory  of  light  to  show  that 
the  medium  would  oflfer  resistance  to  a  moving  body.  If 
Professor  Balfour  Stewart  can  prove  that  a  rotating  disc 
experiences  resistance  even  in  a  perfectly  vacuous  receiver, 
here  is  an  experimental  fact  which  distinctly  supports  the 
hypothesis.  But  in  the  mean  time  it  is  open  to  question 
whether  other  known  agents,  for  instance  electricity,  may 
not  be  brought  in,  and  I  have  tried  to  show  that  if,  as 
seems  highly  probable,  on  other  grounds,  the  tail  of  a 
comet  is  an  electrical  phenomenon,  it  is  almost  a  neces- 
sary result  of  the  theory  of  the  conservation  of  energy 
that  the  comet  shall  exhibit  a  loss  of  energy  manifested 
in  a  diminution  of  its  mean  distance  from  the  sun  and 
its  period  of  revolution  K  If  so,  the  residual  phenomenon 
seems  to  confirm  an  hypothesis  as  to  the  nature  of  the 
comet  itself,  rather  than  that  of  the  medium  through 
which  it  moves. 

In  other  cases  residual  phenomena  have  involved  im- 
portant inferences  not  recognised  at  the  time.  Newton 
showed  how  the  velocity  of  sound  in  the  atmosphere 
could  be  calculated  by  a  theory  of  pulses  or  undulations 
from  the  observed  tension  and  density  of  the  air.  He 
inferred  that  the  velocity  in  the  ordinary  state  of  the 

^  *  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society,* 
flSth  November  1871,  vol.  xi.  p.  33. 
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atmosphere  at  the  earth's  Burface  would  he  968  feet  per 
second,  and  very  rude  experiments  made  by  him  in  the 
cloisters  of  Trinity  College  seemed  to  show  that  this  wat 
not  far  from  the  truth.    Subsequently  it  was  ascertained  by 
other  experimentalists   that    the  velr)city  of  Gound   was 
mure   nearly    1142   feet,  and  the    discrepancy  being  no 
less  than  one  sixth  part  of  the  whole  was  far  too  much 
to    attribute    to    casual    errors    in  the    numerical  data.      _ 
Newtc^n  attempted  to  explain  away  this  discrepancy  by   fl 
hypotheses   as  to  the  relations  of  the   molecules   of  air,    " 
but  without  success. 

Many  new  investigations  having  been  made  from  time 
to  time  concerning  the  velocity  of  sound,  both  as  observed 
experimentally  and  iis  calculated  from  theory,  it  was  found 
that  each  of  Newton's  results  was  inaccm'ate,  the  theo- 
retical velocity  being  916  feet  per  second,  and  the  real 
velocity  about  1090  feet  The  discrepancy  therefore  re- 
mained as  serious  as  ever,  and  it  was  not  until  the  year 
1816  that  Laplace  showed  it  to  be  due  to  the  heat 
developed  by  the  sudden  compression  of  the  air  in  the 
passage  of  the  wave,  this  heat  having  the  effect  of  in- 
creasing the  elasticity  of  the  air  and  accelerating  the 
motion  of  the  impulse.  It  is  now  perceived  that  this 
diEcrepancy  really  involved  the  whole  doctrine  of  the 
equivalence  of  heat  and  energy,  and  the  discrepancy  was 
applied  by  Mayer,  at  least  by  Implication,  to  give  an 
Stimate  of  the  mechanical  equivalent  of  heat.  The  esti- 
mate tlius  tlerived  agrees  satisfactorily  witli  independent 
and  more  direct  determinations  by  Dr.  Joule  and  other 
physicists,  so  that  the  exphmati(m  of  the  residual  dis- 
crepancy which  BO  exercised  Nev^i^n's  ingenuity  is  now 
complete* 

As  Sir  John  Herscliel  observed,  almost  all  the  great 
astronomical  di.scuveries  have  been  fii'st  disclosed  in  the 
form  of  residuid  diflerenccs.     It  is  the  practice  at  well- 
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conducted  observatories  to  compare  the  position  of  the 
principal  heavenly  bodies  as  actually  observed  with  what 
might  have  been  expected  tbeoretically.  This  practice 
was  introduced  by  Halley  when  Astronomer  Royal,  and 
his  reduction  of  the  lunar  obser\^ations  gave  a  series  of 
residual  errors  from  1722  to  1739,  by  the  examination 
of  which  the  lunar  theory  was  improved.  Most  of  the 
greater  astrononiicrd  variations  arising  from  nutation, 
aberration,  planetary  perturbation  were  in  lilve  manner 
disclosed.  The  precession  of  the  equinox  Tvas  perhaps 
the  earliest  residuiil  difierence  observed ;  the  systematic 
divergence  of  Uranus  frc^m  its  cxdculated  places  was  one 
of  the  latest,  and  was  the  foundrition  of  the  remarkable 
discovery  of  Ne{itune  by  anticipation.  We  may  also  class 
under  residual  phenomena  all  the  so-called  proper  motiona 
of  the  stars.  A  complete  star  catalogue,  such  as  that 
of  the  British  Association,  gives  a  greater  or  less  amount 
of  proper  motion  for  almost  every  star,  consisting  in  the 
apparent  difterenco  of  position  of  the  star  as  derived  from 
the  earliest  and  latast  good  observations.  But  these 
apparent  motions  are  often  due,  as  is  expressly  exphiined 
by  Baily^  the  author  of  the  cataloguCj  to  errors  of  obser- 
vation and  reduction.  In  many  cases  the  best  astronomi- 
cal authorities  have  differed  as  to  the  very  direction  of 
the  supposed  proper  motion  of  stars,  and  as  regards  the 
amount  of  the  motion,  for  instance  of  a  Polaris,  the  most 
different  estimates  have  been  formed.  Residual  quantities 
will  of  necessity  be  often  so  small  that  their  very  existence 
w*ill  be  doubtful.  Only  the  gradual  progress  both  of  theory 
and  of  accurate  measurement  will  clearly  show  whether  a 
discrepancy  is  to  be  referred  to  previous  errora  of  obser- 
vation and  theory  or  to  some  new  phenomenon.  But 
nothing  is  more  lequisite  for  the  progi'ess  of  science  than 


I  *  British  A&fiociatioti  Cafcalogtie  of  Stars/  p*  49, 
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the  careful  recording  and  investigation  of  all  such  discre* 
pancies.  In  no  part  of  physical  science  can  we  be  free 
from  exceptions  and  outstanding  facts,  differences  and 
discrepancies  of  which  our  present  knowledge  can  give  no 
account.  It  is  among  such  anomalies  that  we  must  look 
for  the  key  to  wholly  new  realms  of  facts  worthy  of 
discovery.  They  are  like  the  floating  waifi9  which  led 
Columbus  to  suspect  the  existence  of  the  new  world. 


CHAPTEE  XXVI. 

CHARACTER   OF  THE   EXPERIMENTALIST. 

There  seems  to  be  a  tendency  to  believe  that,  in  the 
present  age,  the  importance  of  individual  genius  is  less 
than  it  formerly  was. 

*The  individual  withers,  and  the  world  is  more  and  more.' 

Society,  it  seems  to  be  supposed,  has  now  assumed  so 
highly  developed  a  form,  that  what  was  accomplished  in 
past  times  by  the  solitary  exertions  of  a  single  great 
intellect,  may  now  be  gradually  worked  out  by  the  imited 
labours  of  an  army  of  investigators.  Just  as  the  combi- 
nation of  well-organized  power  in  a  modem  army  entirely 
supersedes  the  single-handed  bravery  of  the  mediaeval 
knight,  so  we  are  to  believe  that  the  combination  of  intel- 
lectual labour  has  superseded  the  genius  of  an  Archimedes, 
a  Roger  Bacon,  or  a  Newton.  So-called  original  research  is 
now  regarded  almost  as  a  recognised  profession,  adopted 
by  hundreds  of  men,  and  commimicated  by  a  regular 
system  of  training.  All  that  we  need  to  secure  great 
additions  to  our  knowledge  of  nature  is  the  erection  of 
great  laboratories,  museums,  and  observatories,  and  the 
oflPering  of  suflBciently  great  pecuniary  rewards  to  those 
who  can  invent  new  chemical  compounds,  or  detect  new 
species,  or  discover  new  comets.  Doubtless  this  is  not 
the  real  meaning  of  the  eminent  men  who  are  now  urging 
upon  Government  the  elaborate  endowment  of  physical 
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regearch.     They  can  only  mean  that  the  greater  thept* 
niary  and  material  assistsmc^  given  fo  nieu  of  seieiic^,  tit  I 
greater  ib  the  result  which   the   availahle  genhisoftk 
country  may  be  expected  to  produce.      Money  and  oppjr- 
tunities  of  study  can  no  more  produce  genius  than  mr 
shine  and  moisture  can  generate  living  l>ein<»s  ;  the  m* 
plicablo  genu   is  wanting  in   both    cases.      But,  josi  u 
when  the  genu  is  present,  the  plant  will  grow  mm  m 
less  vigoroiL^ly  according  to  the  circumstances  in  whscli 
it  is  jilaced,  so  it  may  be  allowed  that  pecuniary  a«dst- 
ance  may  favour  the  development  of  intellect     PulJic 
opiTiinii   however  is  not  discriminating,   and  is  likely  ta 
inlerprct  tlio  ogitatioa  fur  the  endowment  of  science  « 
meaning   that   science   can    be   evolved    from    money  or 
labour. 

All  such  nations  are,  I  believe,  radically  erroneous,    h 
no   branch   of    human   atlairs,   neither    in    polities    wjir, 
literature,  industry,  nor  science,  is  the  influence  of  •™^'^'' 
less  considerable  than  it  used  to  be.     It  is  quite  p'  - 
that  the  extension  and  organization  of  scientific  studr. 
assisted  by  the  printing  press  and  the  accelerated  meaofi 
of  communication^  has  increased  the  rapidity  with  which 
new  discoveries  are  made  known,  and  tlieir  details  worked 
out  by  many  heads  and  hands.     A  Darwdn  now  no  soooef 
propounds  original  ideas  concerning  the  evolution  of  ani- 
mated creatures,  than  those  ideas  are  discussed  and  illu^ 
trated,  and  applied  by  other  naturalists  in  every  part  of 
the  civLtized  world.     In  former  days  his  labours  and  dis- 
coveries w^ould  have  been  hidden  for  decades  of  jearain 
scarce  manuscripts,  and  generations   would  have  passed 
away  before  bis  tlieory  had  enjoyed  the  siime  amount  of 
criticism  and  corroboration  as  it  has  already  received  in 
fifteen  years.     But  the  general  result  is  that  the  genius 
of  Daiwin  is  more  valualile,  not  less  valuable,  than  it 
w^ould  formerly  have   been.      The   advance   of  military 
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science  and  the  organization  of  enormous  and  well  dis- 
ciplined armies  has  not  decreased  the  value  of  a  skilful 
general ;  on  the  contrary,  the  rank  and  file  are  still  more 
in  need  than  they  used  to  be  of  the  guiding  power  of  an 
ingenious  and  far-seeing  intellect.  The  swift  destruction 
of  the  French  military  power  was  not  due  alone  to  the 
perfection  of  the  German  army,  nor  to  the  genius  of 
Moltke ;  it  was  due  to  the  combination  of  a  well-disci- 
plined multitude,  with  a  leader  of  the  highest  intellectual 
powers.  So  in  every  branch  of  human  affitirs  the  influence 
of  the  individual  is  not  withering,  but  is  growing  with 
the  extent  of  the  material  resources  which  are  at  his 
command. 

Nature  of  Genius. 

Turning  to  our  own  particular  subject,  it  is  a  work  of 
undiminished  interest  to  reflect  upon  those  qualities  of 
mind  which  lead  to  great  advances  in  natural  knowledge. 
Nothing,  indeed,  is  less  amenable  than  genius  to  scientific 
analysis  and  explanation.  Even  precise  definition  is  out 
of  the  question.  Bufibn  said  that  *  genius  is  patience,' 
and  certainly  patience  is  one  of  its  most  constant  and 
requisite  components.  But  no  one  can  suppose  that 
patient  labour  alone  will  invariably  lead  to  those  con- 
spicuous results  which  we  attribute  to  genius.  In  every 
branch  of  science,  literature,  art,  or  industry,  there  are 
thousands  of  men  and  women  who  work  with  unceasing 
patience,  and  thereby  ensure  at  least  a  moderate  success  ; 
but  it  would  be  absurd  to  assent  for  a  moment  to  crude 
notions  of  human  equality,  and  to  allow  that  equal 
amounts  of  intellectual  labour  yield  equal  results.  A 
Newton  may  modestly  and  sincerely  attribute  his  dis- 
coveries to  industry  and  patient  thought,  and  there  is 
much  reason  to  believe  that  genius  is  essentially  uncon- 
scious and  unable  to  account  for  its  own  peculiar  powAra. 


If  genius,  indeed,  be  that  by  which  intellect  diverges  finom 
what  ia  common,  it  .must  necessarily  be  a  phenomenon  be- 
yond  the  domain  of  the  ordinary  laws  of  nature.  Nerer- 
theless,  it  is  always  an  interesting  and  instructive  work 
to  trace  out,  ns  far  as  possible,  the  characteristics  of  mind 
by  wliich  great  discoveries  have  been  achieved,  and  we 
all  find  in  the  analysis  much  to  illustrate  the  principles 
of  scientific  method. 

Error  of  the  Bctconmn  Method. 

Hundreds  of  investigators  may  be  constantly  engaged 
in  experimental  inquiry  ;  they  may  compile  nimiberless 
notebooks  full  of  scientific  facts,  and  may  frame  endless 
tnbles  full  of  numerical  results  ;  but  if  the  views  of  the 
nature  of  induction  here  maintained  be  true  they  can 
never  by  such  work  alone  rise  to  new  and  great  dis- 
coveries. By  an  organized  system  of  research  they  may 
work  out  deductively  the  detailed  results  of  a  previous 
discovery,  but  to  arrive  at  a  new  principle  of  nature  is 
another  matter.  Francis  Bacon  contributed  to  spread 
abroad  the  hurtful  notion  that  to  advance  science  we 
must  begin  by  accumulating  facts,  and  then  draw  from 
the 01,  by  a  process  of  patient  digestion,  successive  laws  of 
higher  and  higlier  generality.  In  protesting  against  the 
fidse  method  of  the  scholastic  logicians,  he  exaggerated 
a  partially  true  philosophy,  until  it  became  almost  as 
false  as  that  which  preceded  it.  Hiss  notion  of  scientific 
method  was  that  of  a  kind  of  scientific  bookkeeping.  Facts 
were  to  be  indiscriminately  gathered  fi*om  every  source, 
and  posted  in  a  kind  of  ledger,  firom  which  w^ould  emerge 
in  time  a  clear  balance  of  truth.  It  is  diflicult  to  imagine 
a  less  likely  way  of  arriving  at  great  dlscnveries, 

Tlie  greater  the  array  of  facts,  the  less  is  the  probability 
that  they  will  by  any  routine  svstem  of  classification  or 
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^search  disclose  the  laws  of  nature  they  embody*  Ex- 
lustive  classification  in  all  possible  orders  is  out  of  the 
"question,  because  the  possible  orders  are  practically  in- 
lite  in  number.  It  is  before  the  glance  of  the  philoso- 
phic mind  that  facts  must  display  their  meaning,  and  fall 
into  logical  order.  The  natural  philosopher  must  there- 
fore have,  in  the  first  place,  a  mind  of  impression- 
able character,  which  is  readily  affected  by  the  slightest 
exceptional  [ilienomenon.  His  associating  and  identifying 
powers  must  be  great,  that  is,  a  single  strange  fact  must 
suggest  to  his  mind  whatever  of  like  nature  has  pre- 
viously  come  within  Ins  experience.  His  imf^gination 
must  be  active,  and  bring  before  bis  mind  uudtitudes  of 
relations  in  which  the  unexplained  facts  may  possibly 
stand  with  regard  to  each  other,  or  to  more  common  facts. 
Sure  and  vigorous  powers  of  deductive  reasoning  must 
then  come  into  play,  and  enable  him  to  infer  what  will 
happen  under  each  supposed  condition*  Lastly,  and 
above  all,  there  must  be  the  love  of  certainty  leading 
him  dihgently  and  with  perfect  candour,  to  compare  bis 
speculations  with  the  test  of  fact  and  experiment* 

^H  Freedom  of  Theorizing. 

^  It  would  be  a  complete  error  to  suppose  that  the  great 
discoverer  is  one  who  seizes  at  once  unerringly  upon  the 
trutl],  or  has  any  special  method  of  divining  it.  In  all 
probability  the  errors  of  the  great  mind  far  exceed  in 
number  those  of  the  less  vigorous  one.  Fertility  of 
imagination  nnd  abundance  of  guesses  at  truth  are  among 
the  first  requisites  of  disco veiy;  but  the  en'oneous  guesses 
must  almost  of  necessity  be  many  times  as  numerous  as 
those  which  prove  well  founded.  The  weakest  analogies, 
the  most  whimsical  notions,  the  most  apparently  absurd 
decries,  may  pass   through  the    teeming  brain,  and  Tin 
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record  may  remain  of  more  than  the  hundredth  part. 
There  is  nothing  intrinsically  absurd  except  that  which 
proves  oontniry   to   logic   and    experience.      The   truest 

theories  involve  suppositions  which  are  most  inconceiv- 
able, and  no  limit  can  reaUy  be  placed  to  the  fieedom  of 
framing  hypotheses,  Kepler  is  an  extraordinary  instance 
to  this  effect.  No  minor  laws  of  naUire  are  more  fiimly 
established  than  those  wliieh  he  detected  concerning  the 
orbits  and  motions  of  planetary  masses,  and  on  these 
empirical  laws  the  theory  of  gravitation  was  founded. 
Did  we  not  know  by  his  own  writings  the  multitude  of 
eiTors  into  wdiich  he  fell,  we  might  have  imagined  that 
he  had  some  special  facidty  of  seizing  on  tlie  truth*  But, 
as  is  well  known,  he  was  fuU  of  cljimerical  notions ;  his 
most  favourite  and  long  entertained  theory  was  founded 
on  a  ftmciful  analogy  between  the  planetary  orbits  and 
the  regular  solids.  His  celebrated  laws  were  the  outcome 
of  a  lifetime  of  speculation,  for  the  most  part  vain  and 
groundless.  We  know  this  with  certainty,  because  he 
had  a  curious  pleasure  in  dwelling  upon  erroneous  and 
futile  trains  of  reasoning,  which  most  other  persons  care- 
fully consign  to  oblivion.  But  Kepler  s  name  was  des- 
tined to  immortality,  on  account  of  the  patience  v^ith 
which  he  submitted  his  hypotheses  to  comparison  with 
observation,  the  candour  with  which  he  acknowledged 
failure  after  fiiilure,  and  the  perseverance  and  ingenuity 
with  which  he  renewed  Iiis  attack  upon  the  riddles  of 
nature. 

Next  after  Kepler  perhaps  Faraday  is  the  physical 
pliilosopher  who  has  afibrded  us  the  most  important  mate- 
rials for  gaining  an  insight  into  the  progress  of  discovery, 
by  recording  erroneous  as  well  as  successfid  speculations. 
The  recorded  notions,  indeed,  are  probably  at  the  most  a 
tithe  of  the  fancies  which  arose  in  his  active  brain.  As 
Faraday   himself    said — '  The   world    little    knows    how 


many  of  the  thoughts  and  theories  which  liave  passed 
tthrough  the  mind  of  a  scientific  investigator,  have  been 
crushed  in  silence  and  secresy  by  his  own  severe  criticism 
and  adverse  examination  ;  that  in  the  most  Biiccessfiil 
instances  not  a  tenth  of  the  anggestions,  the  hopes,  the 
wishes,  the  preliminary  conclusions  have  been  realized/ 

Nevertheless,  in  Faraday's  researches  published  either 
in  the  *  Philosophical  Transactions*  or  in  minor  papers,  in 
his  manuscript  note-books,  or  in  various  other  materials, 
fortunately  made  known  in  his  interesting  life  by  Dr, 
Bence  Jones,  we  find  invaluable  lessons  for  the  experi- 
mentalist. Tliese  writings  are  full  of  speculations  which 
we  must  not  judge  by  the  liglit  of  subsequent  discovery. 
It  may  even  be  said  that  Faraday  sometimes  committed 
to  the  printing  press  crude  ideas  wliich  a  cautious  friend 
Avould  have  counselled  him  to  keejj  back  or  suppress.  There 
was  occasionally  even  a  wildness  and  vagueness  in  his 
notions,  which  in  a  less  careful  experimentalist  might  tiave 
been  fatal  to  the  attainment  of  truth.  Tliis  is  especitdly 
apparent  in  a  ciu^ious  paper  concerning  Ray-vibrations ; 
but  fortunately  Faraday  was  fully  aware  of  the  shadowy 
character  of  his  speculations,  and  expressed  the  feeling 
in  words  which  must  be  quoted,  *  I  think  it  likely,*  he 
says  *,  *  that  I  have  made  many  mistakes  in  the  preceding 
pages,  for  even  to  myself  my  ideas  on  this  point  appear 
only  as  the  shadow  of  a  speculation,  or  as  one  of  those 
impressions  upon  the  mind,  which  are  allowable  for  a  time 
guides  to  thought  and  research.  He  wdio  labours  in 
lexperiment^^d  inquii^ies  knows  how  numerous  these  are, 
'and  how  often  their  apparent  fitness  and  beauty  vanlsli 
before  the  progress  and  development  of  real  natural 
truth/  If,  then^  the  experimented  is t  has  no  royal  road 
to  the  discovery  of  the  truth,  it  is  an  interesting  matter 

»  VExperimeutul    Researches    in    Chemistry   and    Pljysica/   jk    373. 
Pliilosophical  >ragazme,  jrtl  Series,  May  1846,  vol,  xxviii,  ^»  "i^<^. 
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to   consider  by  what   logical   procedure   lie  attains  the 

truth. 

If  I  have  taken  a  connect  view  of  logical  method,  there 
Is  really  no  such  thing  as  a  distinct  process  of  induction* 
The  probability  is  infinitely  small  that  a  collection  of 
complicated  facts  will  fal]  into  an  arrangement  capable 
of  exhibiting  directly  the  laws  obeyed  by  them.  The 
mathematician  might  as  well  expect  to  integrate  his 
functions  by  a  ballut-box,  as  the  experimentalist  to  draw 
deep  truths  from  Iinphazard  trials.  All  induction  is  but 
the  inverse  application  of  deduction,  and  it  is  by  the 
inexphcable  mental  action  of  a  gifted  mind  that  a  multi- 
tude of  heterogeneous  tacts  are  caused  to  range  them- 
eelves  in  luminous  order  as  the  results  of  some  uniformly 
acting  law.  So  different,  indeed,  are  the  qualities  of  mind 
required  in  diiferent  brauclies  of  science  that  it  would 
be  absurd  to  attempt  to  give  an  exhaustive  description 
of  the  character  of  mind  which  leads  to  discovery.  The 
labours  of  Newton  could  not  have  been  accomphshed 
except  by  a  mind  of  the  utmost  mathematical  genius ; 
Faraday,  on  the  other  hand,  has  made  the  most  extensive 
and  undoubted  additions  to  human  knowledge  without 
ever  paasing  beyond  common  aritlimetic.  I  do  not  re- 
member meeting  in  Faraday  s  writings  with  a  single 
algebraic  formula  or  mathematical  problem  of  any  com- 
plexity. Professor  Clerk  Maxwell^  indeed,  in  the  prefiice 
to  his  new  *  Treatise  on  Electricity/  has  strongly  re- 
commended tlie  reading  of  Faraday  s  researches  by  all 
students  of  science,  and  ha«  given  his  opinion  that  though 
Faraday  seldom  or  never  employed  mathematical  formula?, 
his  methods  and  conceptions  were  not  the  less  mathe- 
matical in  tlieir  nature*'.  I  have  myself  protested  against 
the  prevailing  confusion  between  a  mathematical  and  an 
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L  xact  science*',  yet  I  certainly  think  tliat  Faraday's  expe* 
I  imeota  were  for  the  most  part  purely  qualitative,  and 
^■j^at  his  mathematical  ideas  were  of  a  nidinientary  cha- 
^F^octer.  It  lis  true  that  he  could  not  possihiy  investigate 
1^  iich  a  suhject  as  magne-crystallic  action  without  iuvolv- 
L  ng  himself  in  geometrical  relations  of  considerable  oom- 
L  dexity.  I  nevertheless  think  that  he  was  deficient  in 
»uj*ely  mtithematical  deductive  power,  that  power  which 
'  is  BO  exclusively  developed  by  the  modern  system  of 
matliematical  training  at  Cambridge.  Faraday,  for  in- 
r  stance,  was  perfectly  ticquainted  with  the  forms  of  his 
.  celebrated  lines  of  force,  but  I  am  not  aware  that  he  ever 
entered  into  the  subject  of  the  algebraic  nature  of  tliose 
.  curves,  and  I  feel  sure  that  he  could  not  have  explained 
their  form  as  depending  on  the  resultant  attraction  of  all 
the  magnetic  particles  acting  according  to  general  mathe- 
matical laws.  There  are  even  occasional  indicati<>ns  that 
he  did  not  understand  some  of  the  sim|)ler  mathematical 
doctiines  of  modern  physical  science.  Although  he  so 
clearly  foresaw  the  establishment  of  the  unity  of  the 
physical  forces,  and  laboured  so  hard  with  liis  own  liauds 
to  connect  gravity  with  tlie  other  forces,  it  is  very  doubt- 
ful w^liether  lie  understood  the  fundamental  doctrine  of 
the  conservation  of  energy  as  applied  to  gravitation* , 
Thus,  while  Faraday  was  probably  equal  to  Newton  in 
experimental  skill  and  deductive  power  as  regards  the 
invention  of  simple  qualitative  experiments,  he  wfis  con- 
trasted to  him  in  malliematical  power.  These  two  in- 
stances are  sufficient  to  show  that  minds  of  widely  dif- 
ferent conformation  may  meet  with  suitable  regions  of 
research*  Nevertheless,  there  are  certain  common  traits 
which  we  may  discover  in  all  the  highest  scientific  minds. 

^  '  Priucipks  of  Science,'   vol,  i-  p.  317,  and  *  Theory  of  Political 
IScofiomy/  pp.  3-14. 
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The  Newtonian  Mtihod,  the  True  Orgamim. 

Laplace  was  of  opinion  that  the  *  Principia '  and  tli 
*  Opticks'  of  Newton  furnished  the  l>est  models  then 
available  of  the  delicate  art  of  experimeutal  and  theo- 
retical investigation.  In  these,  as  he  says,  we  meet 
witli  the  most  happy  iUustrations  of  the  way  in  which, 
from  a  series  of  inductions,  we  may  rise  to  the  causes  of 
phenomena,  and  tlience  descend  again  to  all  the  resulting  j 
details. 

The  popular  notion  concerning  Newton  s  discoveries  isj 
that  in  early  life^  while  driven  into  the  coimtry  by  the 
Great  Plague,  a  falling  apple  accidentally  suggested  to 
him  the  existence  of  gravitation,  and  that,  availing  him- 
self of  this  hint,  he  was  led  to  the  discovery  of  the  law  I 
of  gravitation,  the  explanation  of  which  constitutes  the 
'  Principia/    It  is  difficult  to  imagine  a  more  ludicrouB  and 
inadequate  pictm*e  of  Newton  s  labours  and  positiom     No  1 
originality,  or  at  least  priority,  could  be  or  was  claimed  I 
by  Newton  as  regards  the  discovery  of  the  celebrated  law] 
of  the  mverse  square,  so  closely  associated  with  his  nama  j 
In  a  w^ell-known   Scholium'^  he  acknowledges  that  Sir 
Christopher   Wren,    Dr.    Hooke,    and    Dr,   Halley,    had! 
severally  observed  the  accordance  of  Kepler's  third  lawj 
of  motion  of  the  planets  with  the  principle  of  the  inverse  j 
square. 

Newton's  work  was  really  that  of  developing  the, 
methods  of  deductive  reasoning  and  experimental  veiifica-j 
tion,  by  w^hich  alone  great  hypotheses  can  be  brought  tol 
the  touch-stone  of  fact.  Archimedes  was  the  greatest  of 
ancient  philosophers,  for  he  showed  how  mathematical 
theory  could  be  wedded  to  physical  experiments  ;  and  his 
works  are  the  first  true  Organuni.    Newton  is  the  modemj 

^  *  Principia/*  bk,  L  Prop,  iv. 
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Aixiiimedes,  and  the  *  Frincijfia  *  tbrnia  the  true  Novum 

^  Organum    of   scientific    inethotL      The    laws   which   he 

actually  established  are    great,  but  his  example  of  the 

'b  mauner  of  estalilishing  them  is  greater  still.  There  is 
liardly  a  progressive  branch  of  physical  and  mathe- 
matical  science,  excepting  perhaps   chemistry  and  elec* 

f  tricity,  which  has  not  been  developed  from  the  germs  of 
true  scientific  procedure  which  he  disclosed  in  the  *  Prin- 
cipla'  or  the  *  Opticks/  Overcome  by  the  success  of  his 
theory  of  universal  gravitation,  we  are  apt  to  forget  that 
in  his  theory  of  sound  he  originated  the  mathematical 
investigation  of  waves  and  the  mutual  action  of  particles ; 
that  in  his  Corpuscular  theory  of  light,  however  mistaken, 
he  first  ventured  to  apply  mathematical  considerations  to 
molecular  attractions  and  repidsions ;  that  in  liis  prismatic 
experiments  he  showed  how  far  experimental  verification 
uld  be  pushed  ;  that  in  Ins  examination  of  the  coloured 
rings  named  after  him,  he  accomplished  the  most  remark- 
able instance  of  minute  measurement  yet  known,  a  mere 
practical  application  of  which  by  M.  Fizeau  was  recently 
deemed  worthy  of  a  medal  by  the  Royal  Society.  We 
only  learn  by  degrees  how  complete  w^as  his  scientific 
insight ;  a  few  words  in  his  third  law  of  motion  display  his 
acquaintance  with  the  fundamentid  principles  of  modern 
thermodynamics  and  the  conservation  of  energy,  while 
manuscripts  long  overlooked  prove  that  in  his  inquiries 
concerning  atmoypheric  refraction  he  had  overcome  the 
main  difficulties  of  applying  theoiy  to  one  of  the  most 
complex  of  physical  problems. 

After  all,  it  is  only  by  examining  the  way  in  which  he 
effected  discoveries,  that  we  can  rightly  appreciate  his 
eatness.  The  *  Principia*  treats  not  of  gravity  bo  much 
of  forces  in  general,  and  the  metliods  of  reasoning 
about  them.  He  investigates  not  one  hypothesis  only, 
but  mechanical  hypotheses  in  general.     Nothing  so  much 
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strikes  the  reader  of  the  work  as  the  exhaustiveneas  of  h 
treatnaent,  and  the  almost  infinite  power  of  Ids  insight. 
If  he  treats  of  central  forces,  it  is  not  any  one  law  of  force  j 
which  he  discusses,  but  many,  or  almost  all  imaginable  fl 
cases,  the  laws  and  results  of  each  of  which  he  sketches 
out  in  a  few  pregnant  words.     If  hLs  subject  is  a  resisting 
medium,  it  is  not  air  or  water  alone,  nor  any  one  resisting 
medium,   but   resisting  media  in  general      We   have  a| 
good  example  of  his  method  in  the  Scholium  to  tlxe  twenty- 
second  proposition  of  the  second  book,  in  wliieh  he  runs' 
rapidly  over  many  possiljle  suppositions  as  to  the  laws  of 
the  compressing  forces  which  might  conceivably  act  in  anj 
atmosphere  of  gas,  a  consequence  being  drawn  from  each] 
case,  and  that  one  hypothesis  ultimately  selected  wliich 
yields  results  agreeing  with  experiments  upon  the  pressure 
and  density  of  tlie  terrestricd  atmosphere- 
Newton  said  that  he  did  not  frame  hyjiotheses,  but,  ia  1 
reality,  the  greater  part  of  the  'Principia^  is  purely  hypo-| 
thetical,  endless  varieties  of  causes  and  laws  being  ima- 
gioed  which  have  no  counterpart  in  nature.     The  mostj 
grotesque    hypotlieses  of  Kepler  or   Descartes  were  not! 
more  imagLnary,     But  Newton^s  comprehension  of  logical  j 
method  was  perfect ;  no  hypothesis  was  entertained  unless 
it  was  definite  in  conditions,  and  admitted  of  unquestion- 
able deductive  rea.soning  ;  and  the  value  of  each  hyjx>- 
thesis  was  entirely  decided  by  the  comparison  of  its  conse-l 
quences  with  facts.     I  do  not  entertain  a  doubt  that  the  i 
general  course  of  his  procedm*e  is  identical  with  that  view 
of  the  nature  of  induction,  as  the  invei-se  application  of  j 
deduction,    which    I    have    advocated   throughout    these) 
volumes.      Francis   Bacon   held   that   science   should  be 
founded  on  experience,  but  he  wholly  mistook  the  true 
liiode  of  nsing  experience,  and  in  attempting  to  apply  his 
nietliod  he  ludicrously  failed.     Newton  did  not  less  found  I 
his  method  on  experience,  but  he  seized  the  true  method. 


of  treating  it,  and  applied  it  with  a  power  and  success 
never  since  equalled.  It  is  wholly  a  mistake  to  say  that 
modem  science  is  the  result  of  the  Baconian  philosophy ; 
it  is  the  Newtonian  philosophy  and  the  Newtonian  method 
which  have  led  to  all  the  great  triumphs  of  physical 
science,  and  I  repeat  that  the  *  Principia '  forms  the  true 
*  Novum  Organum/ 

In  bringing  Iiis  theories  to  a  decisive  experimental  veri- 
fication, Newton  showed,  as  a  general  rule,  an  exquisite 
skill  and  ingenuity.  In  his  hands  a  few  simple  pieces  of 
apparatus  w^ere  made  to  give  results  involving  an  unsus- 
pected depth  of  meaning.  His  most  beautiful  experimental 
inquiry  was  that  by  wdiich  he  proved  the  differing  refran- 
gibility  of  rays  of  light.  To  suppose  that  he  originally 
discovered  the  power  of  a  prism  Uj  break  up  a  beam  of 
white  light  w^ould  be  a  great  mistake,  for  he  speaks  of 
procurhig  a  glass  prism  to  try  the  celvhrnted  phenomena 
of  colours.  But  we  certainly  owe  to  him  the  theory  that 
white  light  is  a  mixture  of  rays  differing  in  refran- 
gibility^  and  that  lights  which  differ  in  colour,  differ  also 
in  refrangibility.  Other  persons  might  have  conceived 
this  theory  ;  in  fact,  any  person  regaxding  refraction  as  a 
quantitative  effect,  must  see  that  different  parts  of  the 
spectrum  have  suffered  difftirent  amounts  of  refraction. 
But  the  power  of  Newton  is  shown  in  the  tenacity  with 
wliich  he  followed  his  theory  into  every  consequence, 
and  tested  each  result  by  a  simple  but  conclusive  experi* 
ment.  He  first  shows  that  different  coloured  spots  are 
displaced  by  diiferent  amoimts  when  viewed  through  a 
prism,  and  that  their  images  come  to  a  focus  at  diflerent 
distances  irorn  the  lense,  as  tliey  should  do,  if  the  refran- 
gibility differed.  After  excluding  by  various  experiments 
a  variety  of  indifferent  circumstances,  he  fixes  his  atten* 
tion  upon  the  question  whether  the  rays  are  merely 
shattered,  distiirl>ed,  and  spread  out  in  a  chance  manner^ 


$&  Grimaidi  supposed,  or  wbetfaer  there  is  a   cx>nstanb 
l^atioti  l«tweeii  tbe  colour  mnd  the  Kfmngihliiix.    Ifj 
Grimd£  WIS  right,  it  might  be  expected  that  any  part' 
if  the  ipeetram   taken  eeparatelj,   and   subjected  to  a 
geootid  refractioii^  would  suffer  a  new  breaking  up,  and 
prodooe  dome  new  spectrum,    Newton  inferred  from  hia 
own  theoiy  that  a  particular  ray  of  the  spectrum  would 
liare  a  constant  refirangibility^  so  that  a  second   prism* 
wodld  merely  bend  it  more  or  less,  but  not  further  dis- 
Mfie  it  in  any  considerable  degree.     By  simply  cutting 
off  moEt  of  the  rays  of  the  spectnun  by  a  screen,  and 
» allowing  the  remaining  narrow  ray  to  fell  on  a  decac 
1,  he  proved  the  tnith  of  this  conclusion ;  and  the 
rly  turning  the  first  prism»  so  as  to  vary  the  colout 
fof  the  ray  falling  on  the  second  one,  he  found  that  the 

[)t  of  light  formed  by  the  twice-refracted  ray  travelk 
fop  and  down,  a  palpable  proof  that  the  amount  of  refrim-* 
gibility  varied  with  the  colour.     For  his  further  Sritisfac- 
kion,  he  sometimes  refracted  the  light  a  third  or  fov 
[time,  and  he  found  that  it  might  be  refmcted  upwards  of" 
[do^vTlwards  or  sideways,  and  yet  for  each  coloured  light 
tliero  was  a  definite  amount  of  refraction  through  each^ 
prism.      He  completes  the  proof  by   showing   that  thi 
'  peparated  rays  may  again  be  gathered  together  into  whit 
light  by  an  inveitcd  prism.     So  that  no  numl>er  of  refnic-' 
tioDB  alters  the  character  of  the  light     The  conclusion^ 
Ulitis  obtained  serves  to  cxphiin  the  confusion  arising 
[the  use  of  a  common  lense  ;  with  homogeneous  liglit  hf 
gliows  that  there  is  one  distinct  focus,  with  mixed  lighf 
^  infinito  nuinl>er  of  foci,  which   prevent  a   clear  vie^ 
fl-om  being  obtained  at  any  one  point. 

What   astonishes  the  reader   of  the  'Opticks'   is    the 

-^gisustence  with  wliicli  Newton    follows  out   the  consi 

^pce«  <>f  a  preconceived  theory,  and  tests  the  one  notic 

v- \  ^^^'nderful  variety  of  simple  comiaiisons  with  facl 
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^^^^^      \y  the  theory  which  leads  ]iim  to  the  experi- 

^^^^^^       most  of  these  could   hardly  be  devised  by 

^^^^^B    riie  fertility  with  \vhich  he  invents  new  combi- 

1   foresees  the  results,  subsequently  verified, 

n  invincible  conviction  in  the  reader  that  he 

-^sion  of  the  truth.      Newton  actually  remarks 

"18  by  mathematically  detennining  all  kinds  of 

Ma  of  colours  which  could  be  produced  by  refrac- 

■  he  had  'invented'  almost  all  the  experiments  in 

k',  and  he  promises  that  others  who  shall  *  argue 

and  try  the  experiments  with  care,  will  not  be 

anted  in  the  results. 

philosophic  method  of  Huyghens  was  almost  ex- 
he  same  as  that  of  Newton,  and  Huyghens  investi- 
1  of  the  laws  of  double  refraction  furnishes  almost 
ly  beautiful  instances  of  theory  guiding  experiment. 
)le  refraction  was  first  discovered  by  accident,  so  far 
e  know,  and  was  described  by  Erasmus  Bartholinus 
069.   The  phenomenon  then  appeared  to  be  entirely  ex- 
lional,  and  the  laws  governing  the  two  separate  paths 
ihe  refracted  rays  were  so  unapparent  and  complicated, 
it  even  Newton  altogether  misunderstood  the   pheno- 
onon,  and  it  was  only  at  the  latter  end  of  the  last  century 
lat  scientific  men  generally  began  to  comprehend  its  laws. 
Nevertheless,  Huyghens  had,  with  rare  genius,  aiTived 
it  the  true  theory  as  early  as  1678.     He  regarded  light 
IS  an  undulatory  motion  of  some  medium,   and   in  his 
*  Traite  de  la  Lumicre,'  he  pointed  out  that,  in  ordinary 
refraction,   the   velocity  of  propagation   of  the  wave  is 
equal  in  all  directions,  so  that  the  front  of  an  advancing 
wave  is  spherical,  and  re^iches  equal  distances  in  equal 
times.    But  in  crysfcds,  as  he  supposed,  the  medium  would 
be  of  unequal  elasticity  in  different  directions,  so  that  a  dis- 
turl>ance  would  reach  unequal  distances  in  equal  times,  and 
the  wave  produced  would  have  a  spheroidal  foim.     Huy- 


i[:uti. 


i--  :"*:..  .^."73 ill- ja*.  mnu. 


^fjff#if6  iuU9\^'  \tt  M»j»t.  sy  nipnlMj-i  honesty  and 

'  'M<i^to  value  to  all 


<M(#fc|^^«^,wVw^^^ 


CHARACTER  OF  THE  EXPERIMENTALIST.  233 

evidence  ;  indeed  the  more  a  man  loves  his  theory,  the 
more  scrupulous  should  be  his  attention  to  its  faults. 
Nothing  is  more  common  in  life  than  to  meet  with  some 
theorist,  who,  by  long  cogitation  over  a  single  theory,  has 
allowed  it  to  mould  his  mind,  and  render  him  incapable  of 
receiving  anything  but  as  a  contribution  to  the  truth  of 
his  one  theory.  A  narrow  and  intense  course  of  thought 
may  sometimes  lead  to  great  results,  but  the  adoption  of 
a  wrong  theory  at  the  outset  is  in  such  a  mind  irretriev- 
able. The  man  of  one  idea  has  but  a  single  chance  of 
truth*  The  fertile  discoverer,  on  the  contrary,  chooses 
between  many  theories,  and  is  never  wedded  to  any  one, 
unless  impartial  and  repeated  comparison  has  convinced 
him  of  its  validity.  He  does  not  choose  and  then 
compare ;  but  he  compares  time  after  time,  and  then 
chooses. 

Having  once  deliberately  chosen,  the  philosopher  may 
rightly  entertain  his  theory  with  the  strongest  lovitj  and 
fidelity.  He  will  neglect  no  objection  ;  for  he  may  chance 
at  any  time  to  meet  a  fatal  one ;  but  he  will  bear  in  mind 
the  inconsiderable  powers  of  the  human  mind  compared 
with  the  tasks  it  has  to  undertake.  He  will  see  that  no 
theory  can  at  first  be  reconciled  with  all  possible  objec- 
tions, simply  because  there  may  be  many  interfering  causes, 
or  the  very  consequences  of  the  theory  may  have  a  com- 
plexity which  prolonged  investigation  by  successive  gene- 
rations of  men  may  not  exhaust.  If  then,  a  theory  exhibit 
a  number  of  very  striking  coincidences  with  fact,  it  must 
not  be  thrown  aside  until  at  least  one  conclusive  dis^ 
cordance  is  proved,  regard  being  had  to  possible  error  in 
establishing  that  discordance.  In  science  and  philosophy 
something  must  be  risked.  He  who  quails  at  the  least 
difficulty  will  never  establish  a  new  truth,  and  it  was 
not  unphilosophic  in  Leslie  to  remark  concerning  his 
own  experimental  investigations  into  the  nature  of  heat— 
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*  In  the  course  of  investigation,  I  have  found  myself 
compelled  t-o  relinquish  some  preconceived  notions ;  but 
I  have  not  abandoned  them  hastilv,  nor,  till  after  a 
warm  and  obstinate  defence,  I  was  driven  from  every 
paste/ 

Faraday's  life,  again,  furuishes  most  interesting  illustra- 
tions of  this  tenacity  of  the  philosophical  mind  Though 
so  candid  in  rejecting  some  of  his  theories,  there  were  others 
to  which  he  elimg  through  everything.  One  of  his  most 
favourite  notions  was  finally  realised  in  a  brilliant  dis- 
covery ;  another  remains  in  doubt  to  the  present  day. 


1 


The  Philosophic  Character  of  Faraday. 

In  Faraday's  researches  concerning  the  connexion  of 
magnetism  and  light,  we  find  an  excellent  instance  of  the 
pertiaacity  with  which  a  favourite  theory  may  be  held 
and  pursued,  so  long  as  the  results  of  experiment  are 
simply  nugatory  and  do  not  clearly  negative  the  notions 
entertained.  In  purely  quantitative  questions,  as  w^e  have 
seen,  the  absence  uf  apparent  effect  can  seldom  be  regarded 
Bs  proving  the  absence  of  all  effect.  Now  Faraday  was 
convinced  that  some  mutual  relation  must  exist  between 
magnetism  and  light.  As  early  as  1822  he  attempted  to 
produce  an  effect  upon  a  my  of  polarized  light,  by  passing 
it  through  water  placed  between  the  poles  of  a  voltaic 
buttery  ;  but  he  was  obliged  to  record  that  not  the  slight- 
est effect  was  observable.  During  forty  subsequent  years 
the  subject,  we  are  told^  rose  again  and  again  to  his  mind, 
and  no  failure  could  make  him  relinquish  his  search  after 
this  unknown  relation.     It  was  in  the  year  1845  that  he 

*^  *  Exi>enraenUl  Inquiij  iiit4»  the  Nature  of  Heat/    Preface,  p,  xv, 
.   ^  Bence  Jones,  *  Life  of  Faraday/  vol  i*  p.  3O2. 
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lined  the  first  success ;    on  August  30th  he  began  to 

"**ork  with  common  electricity,  vainly  trying  glass,  quartz, 

^  celand  spar,  &c.     Several  days  of  labour  gave  no  result, 

-^"■et  he  did  not  desist.    Heavy  glass,  a  transparent  medium 

^  great  refractive  powers,  composed  of  borate  of  lead,  was 

low  tried,  by  being  placed  between  the  poles  of  a  powerful 

.-^electro-magnet,  while  a  ray  of  polarized  light  was  trans- 

"mitted  through  it.     When  the  poles  of  the  electro-magnet 

were  arranged  in  certain  positions  with  regard  to  the 

*  substance  under  trial,  no  effects  were  apparent ;    but  at 

last  Faraday  happened  fortunately  to  place  a  piece  of 

heavy  glass  so  that  contrary  magnetic  poles  were  on  the 

same  side,  and  now  an  eflFect  was  witnessed.     The  glass 

was  found  to  have  the  power  of  twisting  the  plane  of 

polarization  of  the  ray  of  light. 

All  Faraday's  recorded  thoughts  upon  this  great  experi- 
ment are  replete  with  curious  interest.  He  attributes  his 
success  to  the  opinion,  almost  amounting  to  a  conviction, 
that  the  various  forms,  under  which  the  forces  of  matter 
are  made  manifest,  have  one  common  origin,  and  are  so 
directly  related  and  mutually  dependent  that  they  are 
convertible.  '  This  strong  persuasion,'  he  saysff,  ^  extended 
to  the  powers  of  light,  and  led  to  many  exertions  having 
for  their  object  the  discovery  of  the  direct  relation  of  light 
and  electricity.  These  ineffectual  exertions  could  not 
remove  my  strong  persuasion,  and  I  have  at  last  suc- 
ceeded.' He  describes  the  phenomenon  in  somewhat  figu- 
rative language  as  the  magnetization  of  a  ray  of  lights 
and  also  as  the  illumination  of  a  magnetic  cui^e  or  line 
of  force.  He  has  no  sooner  got  the  effect  in  one  case, 
than  he  proceeds,  with  his  characteristic  comprehensive- 
ness of  research,  to  test  the  existence  of  a  like  phenomenon 
in  all  the  substances  available.     He  finds  that  not  only 

g  *  Life  of  Faraday,'  vol.  ii.  p.  199. 
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heavy  glass,  but  solids  and  liquids,  acids  and  alkalis, 
oils,  water,  alcohol,  ether,  all  possess  this  power  ;  but  ho 
was  not  able  to  detect  its  existence  in  any  gaseous  sub- 
stance. His  thoughts  cannot  be  restrained  from  running 
into  curious  speculations  as  to  the  possible  residts  of  the 
power  in  certain  cases.  '  What  effect/  he  says,  '  does  this 
force  have  in  the  earth  where  the  magnetic  curves  of  the 
earth  traverse  its  substance  ?  Also  what  effect  in  a  ma£- 
net  V  And  then  he  falls  upon  the  wholly  original  notion 
that  perhaps  this  force  tends  to  make  iron  and  oxide  of 
iron  transparent,  a  phenoraenon  never  jireviously  or  since 
observed.  We  can  meet  with  nothing  more  instructive 
as  to  the  course  of  mind  by  which  great  discoveries  are 
made,  than  these  records  of  Faraday's  patient  labours, 
and  his  varied  success  and  failure.  Nor  are  his  unsuccess- 
ful labours  upon  the  relation  of  gravity  and  electricity 
less  interesting,  and  worthy  of  study. 

Throughout  a  large  part  of  his  life,  Faraday  was  pos- 
sessed by  the  idea  that  gravity  cannot  be  unconnected 
with  the  other  forces  of  nature.  On  March  19th,  1849, 
he  wrote  in  his  laboratory  book—*  Gravity.  Surely  this 
force  must  be  capable  of  an  experimental  relation  to  elec- 
tricity, mfignetism,  and  the  other  forces,  so  as  to  bmd  it 
up  with  them  in  reciprocal  action  and  equivalent  effect'*/ 
He  filled  twenty  paragraphs  or  more  with  reflections  and 
suggestions,  as  to  the  mode  of  approaching  the  subject 
by  experiment  He  anticipated  that  the  approach  of  one 
body  to  another  would  develope  electricity  in  them,  or 
that  a  body  falling  through  a  conducting  helix  would 
excite  a  current  changing  in  direction  as  the  motion  was 
reversed.  ^ All  this  is  a  dreamy  he  remarks;  'still  ex- 
amine it  by  a  few  experiments.  Nothing  is  too  wonderful 
to  be  true,  if  it  bo  consistent  with  the  laws  of  nature ; 

'  l»  See  also  his  more  formal  statcmeDt  in  tUe  *  Experimental  Hesearchcs 
in  Electricity,'  a4tb  Series^  §  2702^  vol.  iii.  p.  i6i. 
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and  in  such  things  as  tliese,  experiment  is  the  best  teat 
of  such  consistency/ 

He  executed  many  difficult  and  tedious  experiments^ 
which  are  described  in  the  24th  Series  of  Experimental 
Researches;  but  the  result  was  niL  And  yet  he  con- 
<;hides,  '  Here  end  my  trials  for  the  present.  The  results 
^ai^e  negative ;  they  do  not  shake  my  strong  feeling 
of  the  existence  of  a  relation  between  gravity  and  elec- 
tricity, though  they  give  no  proof  that  such  a  relation 
exists/ 

He  returned  to  the  work  ^vben  he  was  ten  years  older^ 
and  in  1858-9  recorded  many  remarkable  reflections  and 
experiments.  He  was  much  struck  by  the  fact  that  elec- 
tricity is  essentially  a  dual  force,  and  it  had  always  been 
a  peculiar  conviction  of  Faraday  that  no  body  could  be 
'electrified  positively  without  some  other  body  becoming 
electrified  negatively  ;  some  of  liie  researclies  had  l>een 
simple  developments  of  this  necessary  relation.  But  ob- 
serving that  between  two  mutually  gravitating  bodies 
there  was  no  apparent  circumstance  to  determine  which 
shall  be  positive  and  which  negative,  he  does  not  hesitate 
to  call  in  question  an  old  opinion.  *  The  evolution  of  one 
electricity  would  be  a  new  and  very  remarkable  thing. 
The  idea  throws  a  doubt  on  the  whole  ;  but  still  try,  for* 
f  who  knows  what  is  possible  in  dealing  wdth  gravity/ 
li       We  camiot  but  notice  the  candour  with  which  he  thus 

^in  his  laboratory  book  acknowledges  the  doubtfulness 
of  the  whole  tiling,  and  is  yet  prepared  as  a  forlorn 
hope  to  frame  experiments  in  opposition  to  iJl  his  pre- 
vious experience  of  the  course  of  nature.  For  a  time 
his  thoughts  flow  on  as  if  the  stnuige  detection  werej 
already  made,  and  he  had  only  to  trace  out  its  conee*- 
quences  throughout  the  universe.  *  Let  us  encourage  our- 
selves by  a  little  more  imagination  prior  to  experiment/ 
he  Bays,  and  then  he  reflects  upon  the  infinity  of  actions 
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conclusive.'  In  this  position  the  question  remains  to  the 
present  day ;  it  may  be  that  the  effect  was  too  slight  to 
be  detected,  or  it  may  be  that  the  airangments  adopted 
were  not  suited  to  develope  the  particular  relation  which 
exists,  just  as  Oersted  could  not  detect  electro-magnetism, 
so  long  as  his  wire  was  perpendicular  to  the  plane  of 
motion  of  his  needle.  But  these  are  not  matters  which 
ooncem  us  further  here.  We  have  only  to  notice  the  pro- 
found conviction  in  the  unity  of  natural  laws,  the  active 
powers  of  inference  and  imagination,  the  unboimded  licence 
of  theorizing,  combined  above  all  with  the  utmost  dili- 
gence in  experimental  verification  which  this  remarkable 
research  manifests. 


Reservation  of  Judgment 

There  is  yet  another  characteristic  needed  in  the 
philosophic  mind;  it  is  that  of  suspending  judgment 
when  the  data  are  insuflScient.  Many  people  will  express 
a  confident  opinion  on  almost  any  question  which  is  put 
before  them,  but  they  thereby  manifest  not  strength,  but 
weakness  and  narrowness  of  mind.  To  see  all  sides  of  a 
complicated  subject,  and  to  weigh  all  the  different  facts 
and  probabilities  correctly,  may  require  no  ordinary 
powers  of  comprehension.  Hence  it  is  most  frequently 
the  philosophic  mind  which  is  in  doubt,  and  the  ignorant 
mind  which  is  ready  with  a  positive  decision.  Faraday 
has  himself  said,  in  a  very  interesting  lecture  \  '  Occa- 
sionally and  firequently  the  exercise  of  the  judgment 
ought  to  end  in  absolute  reservation.  It  may  be  very 
distasteful,  and  great  fatigue,  to  suspend  a  conclusion ; 
but  as  we  are  not  infallible,  so  we  ought  to  be  cautious ; 
we  shall  eventually  find  our  advantage,  for  the  man  who 

»  Piinted  in  'Modern  Culture/  edited  by  Youmans,  p.  219. 
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rests  in  his  position  is  not  so  far  from  right  as  he  who, 
proceeding  in  a  ^Tong  directloDj  is  ever  increasing  his 

distance/ 

Arago  presented  a  conspicuous  example  of  this  high 
quality  of  mind,  as  Faraday  remarks  ;  for  when  he  made 
known  his  curious  discoveiy  of  the  relation  of  a  magnetic 
needle  to  a  revolving  copper  plate,  a  number  of  supposed 
men  of  science  in  difierent  countries  gave  immediate  and 
confident  explanations  of  it,  which  were  all  wrong.  But 
Arago,  who  had  both  discovered  the  phenomenon  and 
personally  investigated  its  conditions,  declined  to  put 
forward  publicly  any  theory  at  all 

At  the  same  time  we  must  not  suppose  that  the  truly 
philosophic  mind  can  tolerate  a  state  of  doubt,  while  a 
chance  of  decision  remains  open.  In  science  nothing  like 
compromise  is  possible,  and  truth  must  be  one.  Hence, 
doubt  is  the  confession  of  ignorance,  and  must  involve 
a  painful  feeling  of  incapacity.  But  doubt  lies  between 
error  and  truth,  so  that  if  we  choose  wrongly  we  are 
further  away  than  ever  from  our  goal 

Summing  up,  then,  it  would  seem  as  if  the  mind  of 
the  great  discoverer  must  combine  almost  contradictory 
attributes.  He  must  be  fertile  in  theories  and  hypotheses, 
and  yet  full  of  facts  and  precise  results  of  experience. 
He  must  entertain  the  feeblest  analogies,  and  the  merest 
guesses  at  truth,  and  yet  he  must  hold  them  as  worthless 
till  they  are  verified  in  experiment.  When  there  are  any 
gi^ounds  of  probability  he  must  hold  tenaciously  to  an 
old  opinion,  and  yet  he  must  be  prepared  at  any  moment 
to  relinquish  it  when  a  smgle  clearly  contradictory  fact  is 
encountered.  'The  philosopher/  says  Faraday*^, 'should 
be  a  man  willing  to  listen  to  every  suggestion,  but  deter- 
mined to  iudcfe  for  himself     He  should  not  be  biassed 


I 


by 


^  Bcuce  Jones,  *Life  of  Faratlay/  voL  i.  p*  225, 
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;  have  no  favourite  hypothesis ;  be  of  no 
in  doctrine  have  no  master.  He  should  not 
r  of  persons,  but  of  things.  Truth  should  be 
object.  If  to  these  qualities  be  added  in- 
lay  indeed  hope  to  walk  within  the  veil  of 
f  nature.' 


BOOK   V. 
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CHAPTER   XX^ 


GENERAUEATION. 


I  HAVE  endeavoured  to  sliow  in  pre 
all  inductive  reasoning  is  an  inverse 
ductive  reasoning,  and  consists  in  dem 
consequences  of  certain  assumed  pre 
agree  with  facts  of  nature  gathered  1 
observ^ation.  The  fundamental  proceg 
stated  in  the  outset,  consists  in  infei 
what  we  know  of  similar  objects,  and 
ciple  that  the  w^hole  of  deductive 
Hiinply  Itigiatl  or  mathematico-logica 
liiihictive  reasoning  must  therefore  \ 
sitme  principle.     Now  it . 


we  not  know  that  Mr»  Gladstone  must  die,  because  he  is  like 
other  men  I  May  we  not  argue  that  becaiiae  some  men  die 
therefore  he  must  ?  Is  it  requisite  to  ascend  Ijy  induction 
to  the  general  praposition  *  all  men  must  die/  and  then 
descend  by  deduction  from  that  general  proposition  to  the 
ease  of  Mr.  Gladstone  ?  My  answer  will  be  undoubtedly 
that  it  is  necessary  to  ascend  to  general  propositions. 
The  fundamental  principle  of  the  substitution  of  similars 
gives  us  no  warrant  in  affiiTQing  of  Mr.  Gladstone  what 
we  know  of  other  men,  simply  because  we  cannot  be 
sure  that  Mn  Gladstone  is  exactly  similar  to  other  men. 
Until  his  death  we  cannot  be  perfectly  sure  that  he 
possesses  precisely  all  the  attributes  of  other  men ;  it  is 
a  question  of  probability,  and  I  have  endeavoured  to 
explain  the  mode  in  which  the  theory  of  probability  is 
applied  to  adculate  the  probability  that  from  a  series 
of  similar  events  we  may  infer  the  recurrence  of  like 
events  imder  identictd  circumstances.  There  is  then  no 
such  process  as  that  of  inferring  from  particulars  to  par- 
ticulars, A  careful  analysis  of  the  conditions  under  which 
such  an  inference  appears  to  be  made,  shows  that  the 
process  is  really  a  general  one,  and  tliat  what  is  inferred 
of  a  particular  case  might  be  inferred  of  all  similar  cases. 
All  reasoning  is  essentially  general,  and  all  science  implies 
genendization.  In  the  very  birth-time  of  philosophy  this 
was  held  to  be  so :  *  Nulla  scientla  est  de  iiidividiis,  sed 
de  solis  universalibus/  was  the  doctrine  of  Plato,  delivered 
by  Porphyry •  And  Aristotle  ^^  held  a  like  opinion^ — 
OvSefJita  Sk  Tcj^^vi/  a-KOirci  to  kqO^  eKatrrou  ,  *  .  to  Se  KaO^  ^Kaarrou 
QTrcipoy,  Kat  ovk  cxio-TifroV  *  No  art  treats  of  partieidar 
eases ;  for  paiticulare  are  iniinite  and  cannot  be  known/ 
No  one  who  holds  the  doctrine  that  reasoning  may  be 
from  particidars  to  particulars,  can  be  supposed  to  have 


k 


•»  AnBtotJe's  '  Klictoric,'  Liber  I,  2,  ti* 
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the  most  nidiment^iy  riotioD  of  what  constitutes  reasoning 
and  Hcience. 

At  the  same  time  there  can  he  no  doubt  that  practi- 
cally what  we  find  to  be  true  of  many  similar  objecta  will 
probably  be  true  of  the  next  similar  object.  This  is  the 
result  to  which  an  analysis  of  the  Inverse  Method  of 
Pix»babi]ities  leads  us,  and,  in  the  absence  of  any  precise 
data  from  which  we  may  calculate  probabilities,  we  are 
usually  obliged  to  make  a  rough  assumption  that  similars 
in  some  respects  are  similars  in  other  respects.  Thus  it 
comes  to  pass  that  a  very  large  part  of  the  reasoning 
processes  in  which  scientific  men  are  engaged,  seems  to 
consist  in  detecting  similarities  between  objects,  and  then 
rudely  assuming  that  the  like  similarities  will  be  detected 
in  other  cases. 


4 


Distinction  of  Generalization  and  Analogy, 

There  is  no  distinction  but  that  of  degree  between  w^hat 
is  kiiowni  as  reasoning  by  generalization  and  reasoning  by  , 
analogy.  In  both  cases  from  certain  observed  resemblances  ' 
we  inter,  with  more  or  less  probabihty,  the  existence  of  I 
other  resemblanceB.     In   generalization   the  resembhinces ' 
have  great  extension  and  usually  little  intension,  whereas 
in  analogy  we  rely  upon  the  great  intension,  the  extension 
being  of  small  amount  {vol.  i.  p,  31).     If  we  find  that  the  I 
qualities  A  and    B  are   associated   together  in   a   great 
many  instances,  and  have  never  been  found  separate,  it  is 
highly  probable  that  on  the  next  oceasion  when  we  meetj 
with  A,  B  will  also  be  found  to  be  present,  and  vice  versd* 
Thus  wherever  we  meet  with  an  object  possessing  gravity, ' 
it  is  found  to  possess  inertia  also,  nor  have  we  met  with 
any  matc*riid  objects  possessing  inertia  without  discovering 
that  they  also  possess  gi-avity.    The  probability  has  there- ' 
fore  become  very  great,  as  indicated  by  the  rules  foimded 
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""a  the  Inverse  Method  of  Probabilities  (vol.  i.  pp.  276- 
^12),  that  whenever  in  the  future  we  meet  an  object  pos- 
sessing either  one  of  the  properties  of  gravity  and  inertia, 
^t  will  be  found  on  examination  to  possess  the  other  of 
these  properties.  This  is  a  clear  instance  of  the  employ- 
ment of  generalization. 

In  analogy,  on  the  other  hand,  we  reason  from  likeness 
in  many  points  to  likeness  in  other  points.  The  qualities 
or  points  of  resemblance  are  now  numerous,  not  the 
"objects.  At  the  poles  of  Mars  are  two  white  spots 
which  resemble  in  many  respects  the  white  regions  of 
ice  and  snow  at  the  poles  of  the  earth.  There  probably 
exist  no  other  similar  objects  with  which  to  compare 
these,  yet  the  exactness  of  the  resemblance  enables  us 
to  infer,  with  high  probability,  that  the  spots  on  Mars 
would  be  found  to  consist  of  ice  and  snow,  if  we  could 
examine  them. 

In  short,  many  points  of  resemblance  imply  many  more. 
From  the  appearance  and  behaviour  of  those  white  spots 
we  infer  that  they  have  all  the  chemical  and  physical 
properties  of  frozen  water.  The  inference  is  of  course  only 
probable,  and  based  upon  the  improbability  that  aggregates 
of  many  qualities  should  be  formed  in  a  like  manner  in 
two  or  more  cases,  without  being  due  to  some  single 
uniform  condition  or  cause.     In  reasoning  by  analogy, 

then,  we  observe  that  two  objects   ABODE and 

A'  B'  C  ly  E' have  many  like  qualities,  as  indicated 

by  the  identity  of  the  letters,  and  we  infer  that,  since  the 
first  has  another  quality,  X,  we  shall  also  discover  this 
quality  in  the  second  case  by  suflSciently  close  examina- 
tion. As  Laplace  says, — ^*  Analogy  is  founded  on  the 
probability  that  similar  things  have  causes  of  the  same 
kind,  and  produce  the  same  effects.  The  more  perfect  this 
similarity,  the  greater  is  this  probability'^.  The  nature 
b  *  Essai  Philosophique  sur  les  Probabiliti&,'  p.  86. 
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of  analogical  inference  is  also  very  correctly  described  in 
the  Logic  attributed  to  Kant,  where  the  rule  of  ordinary 
induction  is  stated  in  the  words  *  Eines  in  vieien,  aha  in 
alien,'  one  quality  in  many  tilings,  therefore  in  all ;  and 
the  rule  of  analogy  Is  *  Viehs  in  einem,  aho  auch  d4ts 
iihrige  in  chrfiselhen^,  many  (qualities)  in  one,  therefore 
also  the  remainder  in  the  same. 

It  is  evident  that  there  may  be  intermediate  cases  in 
whiehj  from  the  resemblance  of  a  mtiderate  number  of 
objects  in  several  properties,  we  may  infer  to  other  objects. 
Probability  must  rest  either  upon  the  number  of  instances 
or  the  depth  of  resemblance,  or  upon  the  occurrence  of  both 
in  sufficient  degrees.  What  there  is  wanting  in  extension 
must  be  made  up  by  intension,  and  vice  versd. 


Two  Meanings  of  Generalization, 

The  term  generalization,  as  commonly  used,  includes  two 
processes  which  are  of  different  character^  but  are  often 
closely  associated  together.  In  the  first  place,  we  generalize 
whenever  we  recognise  even  in  two  facts  or  objects  a  cei-tain 
common  nature.  We  cannot  detect  the  slightest  similarity 
without  opening  the  way  to  inference  from  one  case  to 
the  other.  If  we  compare  a  cubical  witli  a  regular  octa- 
hedral crystal,  there  is  little  apparent  Bimilarity  ;  but,  so 
soon  as  we  perceive  that  either  can  be  produced  by  the 
symmetrical  modification  of  the  other,  we  discover  a 
groundwork  of  similarity  in  the  constitution  of  the 
crystals,  which  enables  us  to  infer  many  things  of  one, 
because  they  are  true  of  the  other.  Oor  knowledge  of 
ozone  took  its  rise  from  the  time  when  the  similarity  of 
smell,  attending  electric  sparks,  strokes  of  lightning, 
and  the  slow  combustion  of  phosphorus,  was  noticed  by 


t 


^  Rants  *Logik,*  $  84,  KouigaWrg,  1800,  p.  207. 
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Schonbein.  There  was  a  time  when  the  rainbow  was  an 
entirely  inexplicable  phenomenon,  a  portent,  like  a  comet, 
and  a  cause  of  superstitious  hopes  and  fears.  But  we  find 
the  true  spirit  of  science  in  Roger  Bacon,  who  desires  us 
to  consider  the  objects  which  present  the  same  colours  as 
the  rainbow  ;  he  mentions  hexagonal  crystals  from  Ireland 
and  India,  but  he  bids  us  not  suppose  that  the  hexagonal 
form  is  essential,  for  similar  colours  may  be  detected  in 
many  other  transparent  stones.  Drops  of  water  scattered 
by  the  oar  in  the  sun,  the  spray  from  a  water-wheel,  the 
dew-drops  lying  on  the  grass  in  the  summer  morning, 
all  display  a  similar  phenomenon**.  No  sooner  have  we 
grouped  together  these  apparently  diverse  instances,  than 
we  have  begun  to  generabze,  and  have  acquired  a  power 
of  applying  to  one  instance  what  we  can  detect  of  others. 
Even  when  we  do  not  apply  the  knowledge  gained  to 
new  objects  and  phenomena,  oiu:  comprehension  of  those 
already  observed  is  vastly  strengthened  and  deepened  by 
thus  learning  to  view  them  as  particular  cases  of  one 
more  general  property. 

A  second  process,  to  which  the  name  of  generalization 
is  equally  given,  consists  in  passing  from  a  given  fact  or 
partial  law  to  a  multitude  of  imexamined  cases,  which 
we  believe  to  be  subject  to  the  same  conditions.  Instead 
of  merely  recognising  similarity  as  it  is  brought  before  us, 
we  predict  its  existence  before  our  senses  can  detect  it,  so 
that  generalization  of  this  kind  endows  us  with  a  pro- 
phetic power  of  more  or  less  probability.  Having  ob- 
served that  many  substances  assume,  like  water  and 
merciury,  the  three  states  of  solid,  liquid,  and  gas,  and 
having  assured  ourselves  by  frequent  trial  that  the  greater 
the  means  we  possess  of  heating  or  cooling,  the  more  sub- 
stances we  can  vapourize  and  freeze,  we  pass  confidently 

d  WheweU's  *  Philosophy  of  the  Inductive  Sciences,*  2nd  edit.  vol.  ii. 
p.  171,  quoting  the  *0pu8  Majus,'  p.  473. 


in  advance  of  fact,  and  assume  that  all  substances  are 
capable  of  these  three  forms*  Such  a  generalization  was 
accepted  by  men  of  the  high  intellect  of  Lavoisier*  and 
Laplace'  before  many  of  the  con-oUirative  facts  now  in  our 
possession  were  known.  The  reduction  of  a  single  comet 
beneath  the  sway  of  gravity  was  at  once  considered  suffi- 
cient indication  that  all  comets  must  obey  the  same  power. 
Few  persons  doubted  that  the  same  great  law  extended 
over  the  whole  heavens ;  certainly  the  fact  that  a  few 
stars  out  of  many  millions  make  manifest  the  action  of 
gravity,  is  now  held  to  be  sufficient  evidence  to  establish 
the  geneml  extension  of  the  laws  of  Newton  over  the 
sphere  of  the  visible  iini verse. 


Value  of  Ge7ieraUz<Uion. 

Tt  might  seem  that  if  we  know  particular  facts»  there 
can  be  little  use  in  connecting  them  together  by  a  genenil 
law.  Tlie  particulars  must  be  more  full  of  useful  informa- 
tion than  an  abstract  general  statement.  If  we  know,  for 
instance,  the  properties  of  an  ellipse,  a  circle,  a  parabola, 
and  hyperbola,  what  is  the  use  of  learning  all  these  pro- 
perties over  again  in  the  general  theoiy  of  curves  of  the 
second  degree  ?  If  we  understand  the  phenomena  of  sound 
and  light  and  water-waves  separately,  what  is  the  need  of 
erecting  a  general  theory  of  waves,  which,  after  all,  is  in- 
applicable to  practice  until  resolved  into  particular  cases 
again  ?  But,  in  reality,  we  never  do  obtain  an  adequate 
knowledge  of  particulars  until  we  regard  them  as  cases  of 
the  general.  Not  only  is  there  a  singular  delight  in  dis- 
covering the  many  in  the  one,  and  the  one  in  the  many, 
but  there  is  a  constant  interchange  of  light  and  knowledge. 

o  •  Chem^'-*--* '  translated  hy  Kerr,  3rd  edit,  pp*  63,  77. 
^  *SyF  "orld/  ditto  vol.  L  p.  202, 
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Properties  which  are  unapparent  in  the  hyperbola  may 
readily  be  discovered  in  the  ellipse.  Most  of  the  complex 
relations  which  the  old  geometers  discovered  in  the  circle 
will  be  reproduced  mutatis  mutandis  in  the  other  conic 
sections.  The  undulatory  theory  of  light  might  have  been 
unknown  at  the  present  day,  had  not  the  theory  of  sound 
supplied  hints  by  analogy.  The  study  of  light  has  made 
known  many  phenomena  of  interference  and  polarization, 
the  existence  of  which  had  hardly  been  suspected  in  the 
case  of  sound,  but  which  may  now  be  sought  out,  and  per- 
haps found  to  possess  unexpected  interest  and  importance. 
The  careful  study  of  water-waves  shows  how  waves  may 
alter  in  form  and  velocity  with  varying  depth  of  water. 
Analogous  changes  may  sometimes  be  detected  in  sound 
waves.     Thus  there  is  a  mutual  interchange  of  aid. 

*  Every  study  of  a  generalization  or  extension,'  as  De 
Morgan  has  well  said^,  'gives  additional  power  over  the  par- 
ticular form  by  which  the  generalization  is  suggested.  No- 
body who  has  ever  returned  to  quadratic  equations  after  the 
study  of  equations  of  all  degrees,  or  who  has  done  the  like, 
will  deny  my  assertion  that  ov  fiXcirei  fiXeircov  may  be  pre- 
dicated of  any  one  who  studies  a  branch  or  a  case,  without 
afterwards  making  it  part  of  a  larger  whole'.  Accordingly 
it  is  always  worth  while  to  generalize,  were  it  only  to  give 
power  over  the  particular.  This  principle,  of  daily  fami- 
liarity to  the  mathematician,  is  almost  unknown  to  the 
logician.' 


Comparative  Generality  of  Physical  Properties. 

Much  of  the  value  of  science  depends  upon  the  know- 
ledge which  we  gradually  acquire  of  the  different  degrees 
of  generality  of  properties  and  phenomena  of  various  kinds. 

8  *  Syllabus  of  a  proposed  System  of  Logic,*  p.  34. 


The  very  use  of  science  consiste  in  enabling  us  to  act  with 
confidence,  because  we  can  foresee  the  result.  Now  this 
foresight  must  rest  upon  the  knowledge  of  the  powers 
which  will  come  into  play,  Tliat  knowledge,  indeed,  can 
never  be  certain,  because  it  rests  upon  imperfect  induc- 
tion, and  the  most  confident  beliefs  and  predictions  of  the 
physicint  may  be  falsified.  Nevertheless,  if  we  always 
estimate  the  probability  of  each  belief  according  to  the 
due  teaching  of  the  data»  and  bear  in  mind  that  probability 
when  forming  our  anticipations,  we  shall  ensure  the  mini- 
mum of  disappointment.  Even  when  he  cannot  exactly 
apply  the  theoiy  of  probabilities,  the  physicist  may  acquire 
the  habit  of  making  judgments  in  general  agreement  ^vith 
its  principles  and  results. 

Such  is  the  constitution  of  nature,  that  the  physicist 
soon  learns  to  distinguish  those  properties  which  have 
wide  and  uniform  extension,  from  those  whicli  vary 
between  case  and  case.  Not  only  are  certain  laws  dis- 
tinctly laid  down,  with  their  extension  carefully  defined, 
but  a  scientific  training  gives  a  kind  of  tact  in  judging 
how  far  other  laws  are  Ukely  to  aj^ply  under  any  parti- 
cular circumstances.  We  learn  by  degrees  that  crystals 
exhibit  phenomena  depending  xipon  the  directions  of  the 
axes  of  elasticity,  which  we  must  not  expect  in  uniform 
solids.  Liquids,  compared  even  with  non -crystal line 
solids,  exliibit  laws  of  far  less  complexity  and  variety  ; 
and  gases  assume,  in  many  respects,  an  aspect  of  nearly 
complete  uniformity.  To  trace  out  the  branches  of  science 
in  which  varying  degrees  of  generality  prevail,  would  be 
found  to  be  an  inquiry  of  great  interest  and  importance  ; 
but  want  of  space,  if  there  were  no  other  reason,  would 
forbid  me  to  attempt  it,  except  in  a  very  slight  manner. 

Gases,  so  far  as  they  are  really  gaseous,  not  only  have  ex- 
actly the  same  properties  in  all  directions  of  space,  but  one 
gas  exactly  resembles  other  gases  in  a  great  many  qualities. 
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All  gaaes  expand  by  heat,  according  to  the  one  same  law, 
and  by  nearly  the  same  amount ;  the  specific  heat-s  of 
equivalent  weights  are  equal,  and  the  densities,  tliougli 
not  the  same,  are  exactly  proportioTial  to  the  atomic 
weights.  A]l  such  gases  obey  the  general  law,  that  the 
volume  multiplied  by  the  pressure,  and  divided  by  the 
absolute  temperature,  is  constant  or  nearly  so*  The  laws 
of  diffusion  and  transpiration  are  the  same  in  all  cases, 
and»  generally  speaking,  all  physical  laws,  as  dit^tinguished 
from  chemical  laws,  which  apply  to  one  gas  apply  equally 
to  all  other  gases.  Even  when  gases  differ  in  chemical  or 
physical  propert-ies,  the  differences  are  minor  in  degree 
or  number.  Thus  the  differences  of  viscosity  are  far  less 
marked  than  in  the  liquid  and  solid  states.  Nearly  all 
gases,  again,  are  colourless,  the  exceptions  being  chlorine, 
the  vapours  of  iodine,  bromine,  and  some  other  sub- 
stances, * 

Only  in  one  single  jiolnt,  so  far  as  I  am  aware,  do  gases 
present  distinguiBliing  marks  unknown,  or  nearly  so,  in 
the  solid  and  liquid  states.  I  mean  as  rc^gards  the 
light  given  oft'  when  incandescent*  Each  gas,  when  suf- 
ficiently heated,  yields  its  owti  peculiar  series  of  rays, 
arising  from  the  free  vibration.s  of  the  constituent  parts 
of  the  molecules  when  pursuing  separate  paths.  Hence 
the  possibility  of  distinguisbing  gases  by  tbe  spectro- 
scope. But  the  molecules  of  solids  and  liquids  appear 
to  be  continually  in  conflict  with  each  other,  so  that 
only  a  confused  noise  of  atoms  is  produced,  instead  of  a 
definite  series  of  luminous  chords.  At  the  same  tempera- 
ture, accordingly,  all  solids  and  liquids  give  off  nearly 
the  same  rays  when  strongly  heated,  and  we  have  in 
this  case  a  single  exception  to  the  general  rule  of  the 
greater  generality  of  properties  m  gases. 

Liquids  are  in  many  ways  intermediate  in  character 
between  gases  and  solids.     While  incapable  of  poasessing 


different  elasticity  in  different  directions,  and  thus  de- 
nuded of  the  rich  geometric«aI  complexity  of  solidjs,  they 
retain  the  variety  of  density,  colour,  degrees  of  trans- 
parency, great  diversity  in  surface  tension,  viscosity,  co- 
eflScienta  of  expansion,  compressibility,  and  many  other 
properties  which  we  observe  in  solids,  but  not  for  the 
most  part  in  gases.  Though  our  knowledge  of  the  phy- 
sical properties  of  liquids  is  thus  much  wanting  in 
generality  at  present,  there  is  ground  to  hope  that  by 
degi'ees  laws  connecting  and  explaining  tlie  varieties 
of  character  may  be  traced  out.  Liquids  ought  to  be 
compared  together,  not  at  uniform  temperatures,  but  at 
points  of  temperature  similarly  related  to  the  points  of 
fussion  and  ebullition. 

Solids  are  in  every  way  contrasted  to  gases.  Each  solid 
Rubstance  has  its  own  peculiar  density,  hardness,  cora- 
pressibility,  degree  of  transparency,  tenacity,  elasticity, 
power  of  conducting  heat  and  electricity,  magnetic  pro- 
perties, capability  of  producing  frictlonal  electricity,  and 
80  forth.  Even  difierent  specimens  of  the  same  kind  of 
substance  will  be  widely  different,  according  to  the  acci- 
dental treatment  it  has  received.  And  not  only  has 
each  substance  its  own  specific  properties,  but,  when 
crystallized,  its  own  properties  peculiar  to  each  direc- 
tion, regard  being  had  U:i  the  axes  of  erj^stallization. 
The  velocity  of  radiation,  the  rate  of  conduction  of  heat, 
the  coetficients  of  expansibility  and  compressibility,  the 
thermo-electric  properties,  all  vary  in  difterent  crystallo- 
gi*aphic  directions. 

It  is  highly  probable  that  many  apparent  differences 
among  liquids,  and  even  among  solids,  will  be  resolved 
and  explained,  when  w^e  learn  to  regard  them  under  ex- 
actly corresponding  circumstances.  The  extreme  gene- 
rality of  the  properties  of  gases  is  really  only  true  at  an 
infinitely   liigh    temp<'ratnre.   when   thev  are  all   pqnally 


* 
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rejTiote  from  their  condensing  points.  Now,  it  is  found 
that  if  we  compare  liquids — for  instance,  diiferent  kinds 
of  alcohols — not  at  equal  temperatures,  but  at  points 
equally  distant  from  their  respective  boiling-points,  the 
laws  and  coeflBcients  of  expansion  are  nearly  equal.  The 
vapour-tensions  of  liquids  also  are  much  more  nearly 
equal,  when  thus  compared  at  corresponding  points, 
and  the  boiling-points  themselves  appear  to  be  simply 
related  to  the  chemical  composition  in  many  cases.  No 
doubt  the  progress  of  investigation  will  often  enable  us 
to  discover  generality,  where  we  at  present  only  see 
variety  and  puzzling  complexity. 

In  some  cases  substances  exhibit  the  same  physical  pro- 
perties in  the  liquid  as  in  the  solid  state.  Lead  has  a 
high  refractive  power,  whether  in  solution,  or  in  solid  salts, 
crystallized,  or  vitreous.  The  magnetic  power  of  iron  is 
conspicuous,  whatever  be  its  chemical  condition ;  indeed, 
the  magnetic  properties  of  substances,  though  varying 
with  temperature,  seem  not  to  be  greatly  affected  by 
physical  changes.  Colour,  absorptive  power  for  heat  or 
light  rays,  and  a  few  other  properties  are  also  often  the 
same  both  in  liquids  and  gases.  Iodine  and  bromine 
possess  a  deep  colour  whenever  they  are  chemically  un- 
combined.  Nevertheless,  we  can  seldom  argue  safely 
from  the  properties  of  a  substance  in  one  condition  to  that 
in  another  condition.  Ice  is  an  insulator,  water  a  con- 
ductor of  electricity,  and  the  same  contrast  exists  in  most 
other  substances.  The  conducting  power  of  a  liquid  for 
electricity  increases  with  the  temperature,  while  that  of  a 
solid  decreases.  By  degrees  we  may  learn  to  distinguish 
between  those  properties  of  matter  which  depend  upon 
the  intimate  construction  of  the  chemical  molecule,  and 
those  which  depend  upon  the  contact,  conflict,  mutual 
attraction,  or  other  relations  of  distinct  molecules.  The 
properties  of  a  substance  with  respect  to  light  seem  gene- 


THE  PniNCIPlMS  OF  SCIENCE, 


rally  to  depend  upon  the  molecule ;  thus,  the  power  of 
certain  subBtances  to  cause  the  plane  of  polarization  of  a 
ray  uf  light  to  roUite,  is  exactly  the  same  whatever  be  its 
degi'ee  of  density,  or  the  dilutene^  of  the  solution  in 
which  it  is  contained.  Taken  as  a  whole,  the  physical 
properties  of  Bubstances  and  their  quantitative  laws>  pre- 
sent a  problem  of  infinite  complexity,  and  centuries  must 
elapse  before  any  moderut^ly  complete  generalizations  on 
the  subject  become  possible. 


Uniform  Properties  of  all  Matter. 


Some  laws  are  held  to  be  true  of  all  matter  in  tlie 
universe  absolutely,  witliout  exception,  no  instance  to  the 
contmry  having  ever  l>een  noticed.  This  is  the  case  with 
the  laws  of  motion,  as  laid  down  by  Galileo  and  Newton, 
It  is  also  conspicuously  true  of  the  law  of  universal 
gravitation.  The  rise  uf  modern  physical  science  may 
perhaps  be  considered  as  beginning  at  the  time  when 
Galileo  showed,  in  opposition  to  the  Aristotelians,  that 
matter  is  equally  aflFected  by  gravity,  irrespective  of  its 
form,  magnitude,  or  texture.  All  objects  fall  with  equal 
rapidity,  when  disturl>ing  causes,  such  as  the  resistance  of 
the  air,  are  reiooved  or  allowed  for.  That  which  was 
rudely  demonstrated  by  Galileo  from  tlie  leaning  tower  of 
Pisa,  was  proved  by  Newton  to  a  high  degree  of  approxi- 
mation, in  an  experiment  which  has  already  been  referred 
to  (vol  ii.  p.  55)* 

Newton  formed  two  penduliuns  of  as  netirly  as  possible 
similar  outward  shape,  by  taking  two  equal  round  wooden 
boxes,  and  suspending  them  by  equal  threads,  eleven 
feet  long.  The  motion  of  etich  pendulum  was  therefore 
equally  subject  to  the  resistance  of  the  air.  He  filled  one 
box  with  wood,  and  in  the  centre  of  oscillation  of  the 


other  placed  an  equal  weight  of  gold.  The  pendulums 
were  then  equal  in  weight  and  in  size ;  and,  on  setting 
them  simultaneously  in  motion,  Newton  found  that  they 
vibrated  for  a  great  lengtli  of  time  with  exactly  equal 
vibrations.  He  tried  the  same  experiment  with  silver, 
lead,  glass^  sand,  common  salt,  water,  and  wheat,  instead 
'of  gold,  and  ascertained  that  the  rapidity  of  motion  of  his 
pendulum  was  exactly  the  same  whatever  was  the  kind 
of  matter  inside  them  ^K  He  considered  that  a  difference 
of  a  thousandth  part  would  have  been  apparent.  The 
reader  must  observe  that  the  pendulums  were  made  of 
equal  weight  only  in  order  that  they  might  sufler  equal 
retardatioii  from  the  air.  The  meaning  of  the  experiment 
18  that  all  the  substances  manifest  exactly  equal  accelera- 
tion from  the  force  of  gravity,  and  that  therefore  the 
inertia  or  resistance  of  matter  to  force,  which  is  the  only 
independent  measiure  of  mass  in  our  possession,  is  always 
proportional  to  gi^avity. 

These  experiments  of  Newton  were  considered  conclu- 
sive up  to  very  recent  times,  when  certain  discordances 
between  the  theory  and  observations  of  the  movements 
of  planets  led  Nicolai,  in  1826,  to  suggest  that  the  equal 
gravittition  of  different  kinds  of  matter  might  not  be 
absolutely  exact.  It  is  perfectly  philosophical  and  desir- 
able thus  to  call  in  question,  from  time  to  time,  some  of 
the  best  accepted  laws.  On  this  occa,sion  Bessel  carefully 
repeated  the  experiments  of  Newton  with  pendulums 
composed  of  ivory,  glass,  marble,  quartz,  meteoric  stones, 
&a,  but  was  unable  to  detect  the  least  difference.  This 
conclusion  is  also  confirmed  by  the  xiltimate  agreement  of 
all  the  calculations  of  physical  astronomy  based  upon  it. 
Thus,  whether  the  mass  of  Jupiter  be  calculated  from  the 
motion  of  its  own  satellites,  from  the  effect  upon  the  small 
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:«..-*.^.r^.    V.--ra.   .Piiii,.  x*r..  '^r  ITOU-    the   p*=rtTirbatiija     i 

■:.ci-.  r»r«ji2*riy  *.Ii^-  -arii^r  law  of  ^Tiivity  applies  -O  "lii^ 
;!:■  ^n  ;i::*';r^r:.t  'u*/i\*:^.  -^-riioh  we  can  oK-^rve.  Tte  graT-ir-r 
r  v*:--::-.  !"  I  jo'ly.  ;i^un,  app^ATS  to  be  endrdLj  iniLc- 
r ■•:.:■  :;::L  f  !r>.  .rjifrr  roy^sicaJ  Ojnditions,  being  totaZ^ 
';::.::>.•'  '■»:ii  ".'V  luy  iiittrmri'jn  in  tte  temperarare.  -16115117 
TiTi.T:*:     r  •:.;.iL:!i^::':  --.'n'iiti'.n,  or  other  physical  pritrer- 

'.»!:»--  '\iL.'.^i  'rirfi'  xicui  Hrsult  of  the  law  of  efjiai 
^r-^ :"'::'.::'.::  '-  'i^tr  :i:-vrrru  «jf  T«^rricelli,  to  the  effect  rimz 
;ti:  ;•;:.!•.:>  .t'  .v:::tLtrv^rr  -iensity  Ml  or  9low  with  eqTiai 
r:t;«i'.:i-.v.  Ir  ::..re  '■•r  nvo  e»'}ual  cisterns  respectively  iill.=ti 
\\iiii  n- I'.'in.-  iinl  wat'-r,  the  mercury,  though  thirteen 
V'luc^  i.>  :i*:;ivy.  wouM  fl'^w  from  iin  aperture  neither  more 
raj»ialy  timi*  iiioie  nlowly  than  the  water,  and  the  same 
w-  aii.i  Ix-  tiu*:;  of  eth^T,  Jilcohol,  or  any  other  liquids, 
aik  '.vaiic^j  i't.'iiig  niailft  tor  the  re>.i.stance  of  the  air,  and  the 
uitttiiii;^  visco<iti*r.s  of  the  liquids. 

Ill  its  ♦.x.'ict  *:qiialir.y  an^I  its  perfect  independence  of 
..  \'.iv  '.irciiiji-^tarjc^-,  i::ic(:\)t  uiiihn  and  distance,  the  force  ••f 
^/iiviiv  sUumIs  :i[>;jrt  from  ?ill  the  other  forces  and  pheno- 
•iiviia  ot*  luiLiin.-,  Jijid  h;i>i  not  yet  Vjeen  brought  into  any 
»vi;a^u  with  tlj*;m  excf^pt  through  the  general  principle 
.»i  '-JO  voiistrvation  of  <;iiergy.  Magnetic  attraction,  as 
M.ijj»ij  rw^^i  I'v  Newton,  follov,-.s  a  wholly  different  law  as 
Jei-v.-Ji  »^  iixai  the  cheinir:;il  quality  and  molecular  struc- 
^.    v  ,•:  Aicli  particular  sul)Htfinco. 

W  ,■  •  JN'.  rvuieniber  that  in  saying  '  all  matter  gravi- 
t.v^Sv  \^v  ,'\v'iico  from  the  torrn  matter  the  basis  of  light- 
uv.t*.;;",;vt  •,.••>,  w^.lch  is  almont  infinitely  more  extensive 
in  ajiKv.;:.:.  ^-.va;  olvys  in  many  other  respects  the  laws  of 
mtchanics.  This  adamantine  bnsis  of  undulations  appears, 
so  far  as  can  be  ascertained,  to  b(5  [)erfectly  uniform  in  its 
jirojxrties  when  existing  in  Hpjico  unoccupied  by  matter. 
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Light  and  heat  are  conveyed  by  it  with  equal  velocity  in 
all  directions,  and  in  all  parts  of  space  so  far  as  observa- 
tion informs  us.  But  the  presence  of  gravitating  matter 
modifies  the  density  and  mechanical  properties  of  the 
so-called  ether  in  a  way  which  is  yet  quite  unexplained. 

Leaving  gravity,  it  is  somewhat  difficult  to  discover 
other  laws  which  are  equally  true  of  all  matter.  Boer- 
haave  was  considered  to  have  established  that  all  bodies 
expand  by  heat,  but  not  only  is  the  expansion  very  dif- 
ferent in  diflferent  substances,  but  we  now  know  positive 
exceptions.  Many  liquids  and  a  few  solids  contract  by 
heat  at  certain  temperatures.  There  are  indeed  other 
relations  of  heat  to  matter  which  seem  to  be  imiversal 
and  uniform ;  thus  all  substances  begin  to  give  off  rays  of 
heat  or  light  at  the  same  temperature,  according  to  the 
law  of  Draper ;  and  gases  will  not  be  an  exception  if 
sufficiently  condensed,  as  in  the  experiments  of  Frank- 
land.  Grove  considers  it  to  be  universally  true  that  all 
bodies  in  combining  produce  heat ;  all  solids,  with  the 
doubtful  exception  of  sulphur  and  selenium,  in  becoming 
liquid,  and  all  liquids  in  becoming  gases,  absorb  a  certain 
quantity  of  heat ;  but  the  quantities  of  heat  absorbed 
vary  with  the  chemical  qualities  of  the  matter.  On  the 
other  hand,  Camot's  Thermodynamic  Law  is  held  to  be 
exactly  true  of  all  matter  without  distinction  ;  it  ex- 
presses the  fact  that  the  amount  of  mechanical  energy 
which  might  be  theoretically  obtained  from  a  certain 
amount  of  heat  energy  depends  only  upon  the  tempera- 
tures between  which  a  substance  is  made  to  change,  so 
that  whether  an  engine  be  worked  by  water,  air,  alcohol, 
ammonia,  or  any  other  substance,  the  result  would  theo- 
retically be  the  same,  if  the  boiler  and  condenser  were 
employed  at  similar  temperatures. 
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THE  PHINCIFLES  OF  SOIKNVB. 


Variable  Properties  of  Matter. 

I  have  enumerated  some  of  the  few  properties  of  matter, 
which  are  manifested  in  exactly  the  same  manner  by  all 

ibstaiices,  wliatever  be  their  differences  of  chemical  or  ^ 
physical  constitution.  But  by  far  the  great^sr  number  of  ^ 
qualities  vary  in  degree  ;  substances  are  more  or  less 
dense,  more  or  less  transparent,  more  or  less  compressible, 
more  or  less  magnetic,  and  so  on.  One  very  common 
result  of  the  progress  of  science  Is  to  show  that  qualities 
supposed  to  be  entbely  aljsent  from  many  substances  are 
present  only  in  so  low  a  degree  of  intensity  that  the 
means  of  detection  were  insufficient.  Newton  believed 
that  most  bodies  were  not  affected  by  the  magnet  at  all ; 
Faraday  and  Tyndidl  have  rendered  it  very  donbtful 
whether  any  substance  whatever  is  wholly  non-magnetic^ 
including  under  that  term  diamagnetic  properties.  We 
are  rapidly  lenrning  to  believe  that  there  are  no  sub- 
stances absolutely  opnque,  or  non-conducting,  non-electric, 
non-elastic,  non-viscous,  non- compressible,  insoluble,  in- 
fusible, or  non*volatile.  All  tends  to  become  a  matter  of 
degree,  or  sometimes  of  dircctiout  There  may  be  some 
substances  oppositely  affected  to  others,  as  ferro-magnetic 
substances  are  oppositely  affected  to  diamngnetics,  or  as 
substances  which  contract  by  heat  are  opposed  to  those 
w^iiich  expand:  but  the  tendency  is  certainly  for  every 
ailection  of  one  kind  of  matter  to  be  represented  by  some- 
thing similar  in  other  kintls.  On  this  account  one  of 
Newton  8  rules  of  philosophizing  seems  quite  to  lose  all 
validity ;  he  said,  *  Those  qualities  of  bodiea  which  are 
not  capable  of  being  heightened  and  remitted,  and  which 
are  found  in  all  bodies  on  which  experiment  can  be  made, 
must  be  considered  as  universal  qualities  of  all  bodie-s/ 

trarv  is  more  probable,  name 
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that  qualities  variable  in  degree  will  be  found  in  every 
substance  in  a  greater  or  less  degree. 

It  is  highly  remarkable  that  Newton,  whose  method  of 
investigation  was  logically  perfect,  seemed  incapable  of 
generalizing  and  describing  his  own  procedure.  His 
celebrated  '  Rules  of  reasoning  in  Philosophy,"  described 
at  the  commencement  of  the  third  book  of  the  *  Principia,' 
are  of  very  questionable  truth,  and  still  more  questionable 
value. 


Extreme  Instances  of  Properties. 

Although,  as  we  have  seen,  substances  usually  differ 
only  in  degree  as  regards  their  physical  properties,  great 
interest  may  attach  to  particular  substances  which  mani- 
fest a  property  in  a  conspicuous  and  intense  manner. 
Every  branch  of  physical  science  has  usually  been  de- 
veloped from  the  attention  forcibly  drawn  to  some  sin- 
gular substance.  Just  as  the  loadstone  disclosed  mag- 
.  netism  and  amber  frictional  electricity,  so  did  Iceland 
spar  point  out  the  existence  of  double  refraction,  and 
sulphate  of  quinine  the  phenomenon  of  fluorescence. 
When  one  such  startling  instance  has  drawn  the  attention 
of  the  scientific  world,  numerous  less  remarkable  cases  of 
the  phenomenon  will  soon  be  detected,  and  it  will  pro- 
bably prove  that  the  property  in  question  is  actually 
universal  to  all  matter.  Nevertheless,  the  extreme  in- 
stances retain  their  interest,  partly  in  a  historical  point  of 
view,  partly  because  they  furnish  the  most  convenient 
substances  for  experiment. 

Francis  Bacon  was  fully  aware  of  the  value  of  such 
examples,  which  he  called  Ostensive  Instances  or  Light- 
giving,  Free  or  Predominant  Instances.  *  They  are  those,' 
he  says,  '  which  show  the  nature  under  investigation 
naked,  in  an  exalted  condition,  or  in  the  highest  degree 
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of  power;  frecf  'J'^^  ''npcflimente,  or  at  least  by  its 
Wngtii  predt^i'*;''^^""^  ^^'^-^r  and  suppressing  them^'  He 
tnentions  quiekBilver  as  an  ostensjve  instance  of  weight  or 
density,  thinkiog  ^^  not  mnch  less  dense  than  gold,  and 
moi-e  renmrkable  than  gold  as  joining  density  to  Kquiditr. 
The  magnet  is  mentioned  as  an  ostensive  instance  of 
attmctinni^.  It  ^^^"^^  ^^^^  ^  very  easy  to  distingni>.h 
clearly  between  these  ostensive  instances  and  those  which 
he  cails  In^anUae  Monoihcae,  or  Trreguiares,  or  HeterO' 
clitae,  under  which  he  plaees  whatever  is  extravagant  in 
its  properties  or  niagiutude,  or  exhibits  least  similarity 
to  other  tilings,  such  as  the  sun  and  moon  among  the 
heavenly  bc»dies,  the  elephant  among  animals,  the  letter 
s  among  letters,  or  the  magnet  among  stones  *. 

In  optical  science  great  use  has  been  made  of  the  high 
dispersive  power  of  the  transparent  compounds  of  lead, 
that  is,  the  power  of  giving  a  long  spectiTim  (vol.  i.  p,  32). 
DoUand  liaving  noticed  the  peculiar  dispersive  power  of 
lenses  made  of  flint-glass  emi*loyed  them  to  produce  aa 
achromatic  arrangement.  The  element  strontium  present 
a  eontrfLst  to  lead  in  this  respect,  being  characterized  by  s 
remarkaldy  low  dis]^ersive  power ;  but  I  am  not  awar 
that  this  property  has  yet  been  turned  to  account. 

Compounds  of  lead  have  both  a  high  dispersive  and 
a  high  refractive  index,  and  in  the  latter  respect  the^ 
proved  very  useful  to  Faraday.  Having  spent  mucfc 
labour  in  preparing  various  kinds  of  optical  glass,  Far 
day  happened  to  form  a  compound  of  lead,  silica,  an^ 
bf*racic  acid,  now  known  as  heavy  gktss,  which  possee 
an  intensely  high  refmcting  power.  Many  yeai-s  at\er 
wards  in  attempting  to  discover  the  action  of  raagnetis 
upon  light  he  failed  to  detect  any  effect,  as  has  beei 

«  *  Novum  Organum/  bk.  II,  Aplionam  24. 
k  Ibiil  Apbortsm  25. 
I  Ibitl  Aphorism  28. 
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a&tedy  meotioned  (vol.  ii,  p,  235),  until  he  happened  to 
test  a  piece  of  the  heavy  glass.  The  peculiar  refractive 
power  of  this  medium  caused  the  magnetic  strain  to  be 
apparent,  and  the  rotation  of  the  plane  of  j>olarization  was 
discovered. 

In  almost  every  other  part  of  physical  science  there  is 
some  sulMance  of  powers  pre-eminent  for  the  special  pur- 
pose to  which  it  is  put  llock-saJt  is  invaluahle  for  its 
extreme  diathermancy  or  transparency  to  tlie  least  re-^ 
frangible  rays  of  the  spectrum.  Quartz  ls  equally  valu- 
able for  its  transparency,  as  regards  the  id tni- violet  or 
most  refrangible  rays.  Diamond  is  the  most  highly  refrac- 
ting substance  which  is  at  the  same  time  transparent ; 
were  it  more  abundant  and  easily  worked  it  would  be 
of  great  optical  importance.  Cinnabar  is  distmguished 
by  possessing  a  power  of  rotating  the  plane  of  polarization 
of  light,  from  1 5  to  1 7  times  that  of  quartz.  In  electric 
experiments  copper  is  en^ployed  for  its  high  conducting 
powers  and  exceedingly  low  mtignetic  properties  ;  iron 
is  of  course  essential  for  its  enormous  and  almost  ano- 
midous  magnetic  powers ;  while  bismuth  holds  a  like  place 
as  regards  its  diamagnetic  powders,  and  was  of  nuich  im- 
portance in  TyndaH's  decisive  researches  upon  the  polar 
character  of  the  diamagnetic  force  *^.  In  regard  to  magne- 
crystallic  action  the  mineral  cyanite  is  lughly  remark- 
able, being  so  powerfully  affected  by  the  earth's  magnetism, 
that  when  delicately  suspended,  it  will  assume  a  constant 
position  with  regard  to  the  magnetic  meridian,  and  may 
almost  be  used  like  the  compass  needle.  Sodium  is  dis- 
tinguished by  its  unique  light-giving  powers,  which  are 
so  extreme  that  |trobably  one  half  of  the  whole  number  of 
stars  in  the  heavens  have  a  yellow  tinge  in  consequence. 

It  is  highly  remarkable  that  water,  though  the  most 
common  of  all  fluids,  is  distinguished  in  almost  every 
"»  '  Hiilo&ippliical  TiiiuBactions/  (1856),  vol,  exlvi.  p.  246. 
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res[)ect  by  the  most  marked  qualities.  Of  all  known 
Hul)st;uices  water  lias  the  highest  specific  heat,  being  thus 
pociiharly  fitted  for  tlie  purpose  of  warming  and  cooling, 
to  which  it  is  often  put.  It  rises  by  capillary  attraction 
to  a  height  more  than  twice  that  of  any  other  liquid.  In 
tlie  state  of  ice  it  is  nearly  twice  as  dilatable  by  heat  as 
any  other  known  solid  substance**.  In  proportion  to  its 
density  it  has  a  far  higher  surface  tension  than  any  other 
substance,  being  in  fact  surpassed  in  absolute  tension  only 
by  mercury,  and  it  would  not  be  difficult  to  extend  con- 
siderably the  list  of  its  remarkable  and  useful  properties. 

Under  extreme  instances  we  may  include  cases  of  re- 
markably low  powera  or  qualities,  equally  with  those  of 
the  opposite  extreme.  Such  cases  seem  to  correspond  to 
what  Bacon  calls  Clandestine  InstanceSy  which  exhibit  a 
given  nature  in  the  least  intensity,  and  as  it  were  in  a 
rudimentary  state °.  They  may  often  be  important^  he 
thinks,  as  allowing  the  detection  of  the  cause  of  the  pro- 
perty by  difierence.  I  may  add  that  in  some  cases  they 
may  be  of  use  in  experiments.  Thus  hydrogen  is  at  once 
the  least  dense  of  iJl  known  substances,  and  has  the  least 
atomic  weight.  Liquefied  nitrous  oxide  has  the  lowest 
iviVactive  index  of  all  known  fluidsP.  The  compoimds  of 
stn>ntium  have  the  lowest  dispersive  powers  on  light.  It 
will  Ik)  obvious  that  a  property  of  very  low  degree  may 
j>n>vo  as  curious  and  valuable  a  phenomenon  as  a  property 
c>t*  vcrv  hijLch  decree. 

lite  Detection  of  Continuity, 

\\\^  slunild  always  bear  in  mind  that  phenomena  which 
are  in  reality  of  a  closely  similar  or  even  identical  nature, 

"  *  l*hiU'»oi»lucal  Mapizine/  4th  Series,  Januaiy  1870,  vol.  xxxix.  p.  2. 

'■  '  NoMim  OrLfauuui/  bk.  TI.  Aphorism  25. 

V'  b'ur*uL4\\  *  b^\(K'riiaeutal  Besearclies  in   Chemistry   and  Physics,' 
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may  present  to  the  senses  very  different  appearaDces. 
Without  a  careful  analysis  of  the  changes  wliich  tako 
place^  we  may  often  be  in  clanger  of  widely  separating 
facts  and  processes,  wliich  are  actually  instances  of  the 
same  law.  Extreme  dliFereace  of  degree  or  magnitude 
is  a  very  frequent  cause  of  error.  It  is  truly  difficult 
at  the  first  moment  to  recognise  any  similarity  between 
the  gradual  rusting  of  a  piece  of  iron,  and  the  rapid 
combustion  of  a  heap  of  stmw.  Yet  Lavoisier  a  chemical , 
theory  was  founded  upon  the  close  similarity  of  the  oxy- 
dizing  process  in  one  case  and  the  other.  We  have  only 
indeed  to  divide  the  iron  into  excessively  small  particle 
to  discover  that  it  is  really  the  more  combustible  of  the 
two,  80  that  it  actually  takes  iire  spontaneously  and  bums^ 
like  tinder.  It  is  the  excessive  slowness  of  the  process  in 
the  case  of  a  massive  piece  of  iron  which  disguises  its  real 
character. 

If  Xenophon  reports  tnih%  Socrates  was  serioush^  mis- 
led by  not  making  sufficient  allowance  for  extreme  differ- 
ences of  degree  and  quantity.  He  rejected  the  acute 
opinion  of  Anaxagoras  that  the  sun  is  a  fire,  on  the  groimd 
that  we  can  look  at  a  fire,  but  not  at  the  sun,  and  that 
plants  grow  by  sunshine  while  they  ai^e  killed  by  fire* 
He  also  pointed  out  that  a  stone  heated  in  a  fire  is  not 
luminous,  and  soon  cools,  whereas  the  sun  ever  remains 
equally  limiinous  and  hof.  All  such  mistakes  evidently 
arise  from  not  perceiving  that  difterence  of  quantity  may 
be  so  extreme  as  to  assume  the  appearance  of  difference 
of  quality.  It  is  the  least  creditable  thing  we  know  of 
Socrates,  that  when  pointing  out  these  supposed  mistakes 
of  earlier  philosophers,  he  advised  his  followers  not  to 
study  astronomy, 

Masses  of  matter  of  very  different  size  may  always  be 

q  'Memorabilia,*  iv.  7  ;  quoted  by  Wliewell,  *  Historj  of  Inductive 
Sciences,'  vol,  L  p.  340. 
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expected  to  exhibit  great  apparent  diflferences  of  conduct, 
arising  simply  fi'ora  the  very  various  intensity  of  the  forces 
brought  into  play.  Many  persons  have  thought  it  requi- 
site to  imagine  occult  forces  producing  the  suspension  of 
the  clouds,  and  there  have  even  been  absurd  theories 
representing  cloud  particles  as  minute  water-balloons 
buoyed  up  by  the  warm  air  within  them.  But  we  have 
only  to  take  proper  account  of  the  enoiTnous  comparative 
resistance  wliicli  the  air  opposes  to  the  fall  of  minute 
particles^  to  see  that  all  cloud  particles  are  probably  con- 
stantly falling  through  the  air,  but  so  slowly  that  there 
is  no  apparent  efl'ect*  Mineral  matter  again  is  always 
regarded  as  inert  and  incapable  of  spontaneous  movement 
We  are  stnick  by  astonishment  on  observing  in  a  power- 
ful microscope,  that  every  kind  of  solid  matter  suspended 
in  extremely  minute  particles  in  pure  water,  acquires  an 
oscillatory  movement,  often  so  marked  as  to  resemble 
dancing  or  skipping.  I  conceive  that  this  movement  is 
entirely  due  to  the  vast  comparative  intensity  of  chemical 
actions  when  exerted  upon  minute  particles,  the  eflect 
being  5000  or  10,000  greater  in  proportion  to  the  mass 
than  in  fragments  of  an  Inch  diameter  (voh  ii,  p.  9)* 

Miicli  tliat  was  formerly  obscure  in  the  science  of  elec- 
tricity, arose  from  the  extreme  diflerences  of  intensity 
and  quantity  in  which  this  form  of  energy  manifests 
itself.  Between  the  instantaneous  and  brilliant  discharge 
of  a  thunder-cloud  oiid  the  gentle  continuous  current  pro- 
duced by  two  pieces  of  metal  and  some  dilute  acid,  there 
was  no  apparent  analogy  whatever.  It  was  therefore  a 
work  of  great  importance  when  Faraday  demonstrated 
the  identity  of  the  forces  in  action,  shomng  that  common 
frictional  electricity  would  decompose  water  like  that  from 
the  voltaic  battery.  The  relation  of  the  phenomena  be- 
came plain  when  he  succeeded  in  showing  that  it  would 
require  800,000  discharges  of  his  larere  Leyden  Imttery  to 


decompose  one  single  grain  of  water,  Liglitning  was  now 
seen  to  be  electricity  of  excessively  high  tension,  but 
extremely  small  quantity,  the  difference  being  somewliat 
analogous  to  that  between  the  force  of  one  million  gallons 
of  water  lulling  tlirough  one  foot,  and  one  gallon  of  water 
falling  through  one  million  feet.  Faraday  estimated  that 
one  grain  of  water  acting  on  four  grains  of  zinc,  would 
^ield  electricity  enough  for  a  great  thunderstonn. 

It  wiiii  long  believed  that  electrical  conductors  and  in- 
sulators belonged  to  two  opposed  classes  of  substances. 
Between  tlie  inconceivable  rapidity  with  which  the  cur- 
rent passes  througli  pure  copper  wire,  and  the  apparently 
complete  manner  in  w^hich  it  is  stopped  by  a  thin  parti- 
tion of  gutta-percha  or  gum-lae,  there  seerned  to  be  no 
resemblance,  Faraday,  again,  laboured  successfully  to  show 
that  these  wei*e  but  the  exti'eme  cases  of  a  chain  of  sul>- 
stances  varying  in  all  degrees  in  their  powers  of  conduc- 
tion. Even  the  best  conductors,  such  as  pure  copper  or 
silver  oflPer  some  resistance  to  the  electric  current.  The 
other  metals  have  considerably  higher  powei's  of  resist- 
ance, and  we  pass  gradually  down  through  oxides  and 
sidphides.  The  best  insulators,  on  the  other  Iiand,  allow 
of  an  atomic  induction  which  is  the  necessary  antecedent 
of  conduction.  Hence  Faraday  infeiTed  that  whether  we 
can  measiu-e  the  effect  or  not,  all  substances  discharge 
electricity  more  or  less  •".  One  consequence  of  this  doctrine 
must  be,  that  every  discharge  of  electricity  produces  an 
induced  current.  In  the  case  of  the  common  galvaiu'c 
cuiTent  we  can  readily  detect  the  induced  current  in  any 
parallel  wire  or  other  neighbouring  conductor,  and  can 
separate  the  opposite  cun*ents  which  arise  at  the  moments 
when  the  original  currents  begin  and  end.  But  a  dis- 
charge of  high  tension  electricity  like  lightning,  though 
it  certiiinly  occupies  time  and  has  a  beginning  and  an  end, 
t  *  Experimeirt^il  Eesetirclies  in  Electricity/  Series  xii,  vul.  i*  p.  420. 
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yet  lasts  so  minute  a  fraction  of  a  second,  that  it  would 
he  hopeless  to  attempt  to  detect  and  separate  tlie  two 
opposite  induced  currents,  which  are  nearly  simidtaneous 
and  exactly  neutralise  each  other.  Thus  an  apparent 
faiUu-e  of  analogy  is  explained  away,  and  we  are  furnished 
with  another  instance  of  a  phenomenon  incapable  of  obser- 
vation and  yet  theoretically  known  to  exist". 

Perliaps  the  most  extraordinary  and  fundamental  case 
of  the  detection  of  unsuspected  c<jntinuity  is  fuuud  ui  the 
discovery  of  Cagniard  de  la  Tour  and  Professor  Andrews, 
that  the  liquid  and  gaseous  conditions  of  matter  are  only 
remote  points  in  a  continuous  course  of  change.  Nothing 
is  at  first  sight  more  apparently  distinct  than  the  physical 
condition  of  water  and  aqueous  vapour*  At  the  boiling- 
point  there  is  an  entire  breach  of  continuity,  and  the  gas 
produced  is  subject  to  laws  incomparably  more  simple 
than  the  liquid  from  which  it  arose.  But  Cngnlard  de  la 
Toiu  showed  that  if  Ave  maintain  a  liquid  imder  siitficierit 
pressure  its  boiling  point  may  be  indefinitely  raised,  and 
yet  the  liquid  will  ultimately  assume  the  gaseovis  con- 
dition with  but  a  small  increase  of  volume.  Professor 
Andrews,  recently  following  out  a  similar  course  of  in- 
quiiy,  has  shown  that  liquid  carbonic  acid  may,  at  a  par* 
ticular  temperature  (30°'g2  C),  and  under  the  pressure  of 
74"  atmof^phere,  be  at  once  in  a  state  indistinguishable 
from  that  of  liquid  and  gas.  At  higlier  pressures  carbonic 
acid  may  be  made  to  pass  from  a  paljiably  liquid  state  to 
a  truly  gaseous  state  without  any  abrupt  change  whatever. 
The  subject  is  one  of  some  complexity,  because  as  the 
pressure  is  greater  the  al>ruptness  of  the  change  from 
liquid  to  gas  gradually  decreases,  and  finally  vanishes. 
As  similar  phenomena  or  an  approximation  to  them 
have  been  observed  in  various  other  liquids,  there  ia 
little  doubt  that  we  may  make  a  wide  genendization, 
*  *  Life  of  Fimidtiy/  vc»I   ii,  j».  7. 
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and  assert  that,  under  adequate  pressure,  every  liquid 
might  be  made  to  pass  into  a  gas  without  any  breach  of 
continuity*. 

The  liquid  state,  again,  is  considered  by  Professor 
Andrews  to  be  but  an  intermediate  step  between  the 
solid  and  gaseous  conditions.  There  are  various  indica- 
tions that  the  process  of  melting  is  not  perfectly  abrupt ; 
and  could  the  experiments  be  made  under  adequate 
pressures,  it  is  believed  that  every  solid  could  be  made 
to  pass  by  insensible  degrees  into  the  state  of  liquid,  and 
subsequently  into  that  of  gas. 

These  discoveries  appear  to  open  the  way  to  most  im- 
portant and  fundamental  generalizations,  but  it  is  probable 
that  in  many  other  cases  phenomena  now  regarded  as  dis- 
crete may  be  shown  to  be  different  degrees  of  the  same 
process.  The  late  Professor  Graham  was  of  opinion  that 
chemical  affinity  differed  but  in  degree  from  the  ordinary 
attraction  which  holds  different  particles  of  a  body  together. 
He  found  that  sulphuric  acid  continued  to  evolve  heat 
when  mixed  even  with  the  fiftieth  equivalent  of  water 
that  is  added  to  it,  so  that  there  seemed  to  be  no  distinct 
limit  to  chemical  affinity.  He  concludes — '  There  is  reason 
to  believe  that  chemical  affinity  passes  in  its  lowest  degree 
into  the  attraction  of  aggregation^". 

The  atomic  theory  is  well  established,  but  its  limits  are 
not  marked  out.  As  Mr.  Justice  Grove  suggests,  we  may 
by  selecting  sufficiently  high  multipliers  express  any  com- 
bination or  mixture  whatever  of  elements  in  terms  of  their 
equivalent  weights*.  Sir  W.  Thompson  has  suggested 
that  the  power  which  vegetable  fibre,  oatmeal,  and  many 
other  substances  possess  of  attracting  and  condensing 
aqueous  vapour  is  probably  continuous,  or,  in  fact,  iden- 

*  *  Nature/  vol.  ii.  p.  278. 

"  'Journal  of  the  Chemical  Society/  vol.  viii.  p.  51. 

X  'Correlation  of  Physical  Forces/  3rd  edit.  p.  184. 
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ical  with  capillary  attraction,  which  is  capable  of  inter- 
fering with  the  pressure  of  aqueous  vapour  and  aiding  its 
>udensatit>ny.    There  are  many  cases  of  so-called  catalytic 
surface  action,  such  as  the  extraordinary  power  of  animal 
chainxuil  for  attracting  organic  matter,  or  of  spongy  pla- 
tinum for  condensing  hydrogen,  which  can  only  be  oon- 
■fiidered  as  exalted  cases  of  a  much  more  general  power  of 
BRttraction.     Tlio  number  of  substances  which  are  dccom- 
Wpoaed  by  light  in  a  Htrikmg  manner  is  very  limited  ;  but 
many   other  substances,  such  as  vegetable   colours,   are 
Ha  fleeted  by  long  exposure  ;  on  the  principle  of  continuity 
we  might  well  expect  to  find  that  all  kinds  of  matter  are 
lore  or  leas  susceptible  of  change  by  the  incidence  of  light 
lye*.    It  is  the  opinion  of  Mr.  Justice  Grove  that  wherever 
electric  ciin-ent  passes  there  is  a  tendency  to  decom- 
^ition,  a  strain  on  the  molecules,  which  when  suflBciently 
ense  leads  to  disruption.     Even  a  metallic  conducting 
jH^iro  may  be  regarde*!  as  tending  to  decomposition.    Davy 
fw  probably  correct  in  describing  electricity  as  chemical 
lity  acting  on  masses,  or  rather,  as  Grove  suggests, 
*ting   a   disturbance    through    a    cliain    of   particles*. 
»<^place  went  so  lar  as  to  suggest  that  all  chemical  phe- 
\mioiia  may  be  regarded  as  the  results  of  the  Newtonian 
IkW  uf  attraction,  applied  to  atoms  of  various  mass  and 
"  ;  but  the  time  is  probably  long  distant  when  the 
of  molecular   |>lulusophy  and   of  mathematical 
will  enable  such  a  generalization  to  be  verified 


TAe  Lmo  of  Continuity. 

iVW  IW  Ullo  Xawv  of  Continuity  we  may  place  many 
_4iH'  '  ^^  *ht)  general   principle  of  reasoning,  tliat 

<^^ii^^4^  Mt^^uiini)/  4th  Scenes,  vol.  xlii.  p.  451. 
.  HVif^fvkrt^ui  of  I'liysicd  Forces/  jid  edit.  p.  1 18. 


what  is  true  of  one  case  will  be  tnie  of  Bimilar  eases,  and 
probably  true  of  what  are  probably  similar.  Wlienever 
we  find  tliat  a  law  or  similarity  is  rigorously  fulfilled  up 
to  a  certain  point  in  time  or  space,  we  expect  with  a  very 
high  degree  of  probability  that  it  will  continue  to  be  fiil- 
filled  at  least  a  little  longer.  If  we  see  part  of  a  circle, 
we  naturally  expect  Ihat  the  form  of  the  line  will  be 
maintained  in  the  pait  hidden  from  us*  If  a  body  has 
moved  unifijrmly  over  a  certain  spnce,  we  expect  that  it 
will  continue  to  move  uniformly.  The  ground  of  such 
inference  is  doubtless  identical  with  that  of  all  other  in- 
ductive inferences.  In  continuous  motion  every  infinitely 
small  apace  passed  over  constitutes  a  separate  constituent 
fnct,  and  bad  we  perfect  powers  of  observation  the  smallest 
finite  motion  would  include  an  infinity  of  information,  which, 
by  the  principles  of  the  inverse  method  of  probabilities, 
would  enable  us  to  infer  with  actual  certainty  to  the  next 
infinitely  small  portion  of  the  path,  But  when  we  attempt 
to  infer  from  one  finite  portion  of  a  path  to  another  finite 
part,  tlie  inference  will  be  only  more  or  less  probable, 
according  to  the  comparative  lengths  of  the  parts  and 
the  accuracy  of  tlie  obseiTations  ;  the  longer  our  expe- 
rience Is,  the  more  probable  our  inferences  will  be  ;  the 
greater  the  length  of  time  or  space  over  which  the  in- 
ference extends,  the  less  probable. 

This  principle  of  continuity  presents  itself  in  nature^ 
in  a  great  variety  of  foiins  and  cases.  It  is  familiarly 
expressed  in  the  dictimi  Natura  non  agit  per  salt  urn  ^  in 
other  words,  no  change  in  a  natural  phenomenon  comes 
on  with  perfect  suddenness  or  abruptness.  There  is  always 
some  notice- — some  forewarning  of  every  phenomenon,  and 
every  change  begins  by  insensible  degrees,  could  we  observe 
it  with  perfect  accuracy.  The  cannon  ball,  indeed,  is  forced 
from  the  cannon  in  an  inappreciable  portion  of  time  ;  the 
trigger  is  pulled,  the  fuze  fired,  the  powder  inflamed,  the 
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longer  in  movement.  A  delicately  suspended  pendulum 
is  almost  free  from  friction  against  its  supports,  but  it  is 
gradually  stopped  by  the  resistance  of  the  air  ;  place 
it  in  the  vacuous  receiver  of  an  air-pump  and  we  find 
the  motion  immensely  prolonged.  A  large  planet  like 
Jupiter  experiences  almost  infinitely  less  friction,  in 
comparison  to  its  vast  momentum,  than  we  can  produce 
experimentally,  and  we  find  through  centuries  that  there 
is  not  the  least  evidence  of  the  falsity  of  the  law.  Expe- 
rience, then,  informs  us  that  we  may  approximate  indefi- 
nitely to  a  uniform  motion  by  sufficiently  decreasing  the 
disturbing  forces.  It  is  a  pure  act  of  inference  which 
enables  us  to  travel  on  beyond  experience,  and  assert  that, 
in  the  total  absence  of  any  extraneous  force,  motion  would 
be  absolutely  uniform.  The  state  of  rest,  again,  is  but  a 
singular  case  in  which  motion  is  infinitely  small  or  zero, 
to  which  we  may  attain,  on  the  principle  of  continuity,  by 
considering  successively  cases  of  slower  and  slower  motion. 
There  are  many  interesting  cases  of  physical  pheno- 
mena, in  which,  by  gradually  passing  from  the  apparent 
to  the  obscure,  we  can  assure  ourselves  of  the  nature  of 
phenomena  which  would  otherwise  be  a  matter  of  great 
doubt.  Thus  we  can  sufficiently  prove,  in  the  manner  of 
GaUleo,  that  a  musical  sound  consists  of  rapid  uniform 
pulses,  by  causing  strokes  to  be  made  at  intervals  which 
we  gradually  diminish  until  the  separate  strokes  coalesce 
into  a  uniform  hum  or  note.  With  great  advantage  we 
approach,  as  Tyndall  says,  the  sonorous  through  the 
grossly  mechanical.  In  listening  to  a  great  organ  we 
cannot  fail  to  perceive  that  the  longest  pipes,  or  their 
partial  tones,  produce  a  tremor  and  fluttering  of  the 
building.  At  the  other  extremity  of  the  scale,  there  is 
no  fixed  limit  to  the  acuteness  of  sounds  which  we 
can  hear ;  some  individuals  can  hear  sounds  too  shrill  for 
other  ears,  and  as  there  is  nothing  in  the  nature  of  the 
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atmosphere  to  prevent  the  existence  of  undulations  in- 
comparably more  rapid  than  any  of  wliich  we  are  con- 
ecioiis,  we  may  infer,  by  the  principle  of  continuity,  that 
such  midulations  probably  exist. 

There  are  many  liabitiial  actions  which  we  perform  we 
know^  not  liow.  So  rapidly  are  many  acts  of  mind  ao- 
complished  that  analysis  seems  impossible.  We  can  only 
investigate  tliem  when  in  process  of  formation,  observing 
that  the  best  formed  habit  or  instinct  is  slowly  and  con- 
tinuously  acquired,  and  it  is  in  tlie  early  stages  that  we 
can  perceive  the  rationale  of  the  process. 

Let  it  be  observed  that  this  principle  of  continuity 
must  be  held  of  much  weight  only  in  exact  physical 
laws,  those  w^hich  doubtless  repose  ultimately  upon  the 
simple  laws  of  motion.  If  we  feaiiessly  apply  the  prin- 
ciple to  all  kinds  of  phenomena,  we  may  often  be  right  in 
our  inference,  but  also  often  wrong.  Thus,  before  the 
development  of  Bpectnim  analysis,  astronomers  had  ob- 
serv^ed  that  the  more  they  increased  the  powers  of  their 
telescopes  the  more  nebulse  they  could  resolve  into  dis- 
tinct stars.  This  result  had  been  so  often  found  true 
that  they  almost  irresistibly  assumed  that  all  the  nebulio 
would  be  ultimately  resolved  by  telescopes  of  sufficient 
power ;  yet  Mr.  Huggins  has  in  recent  years  proved  by 
the  spectroscope,  that  certain  nebulee  are  actually  gaseous^ 
and  in  a  truly  nebulous  state.  Even  one  such  observ^ation 
is  a  real  exception  sufficient  to  invalidate  previous  in- 
ferences a.s  to  the  constitution  of  the  universe. 

The  principle  of  continuity  must  have  been  continually 
employed  in  the  inquiries  of  Galileo,  Newton,  and  other 
experimental  philosophers,  but  it  appears  to  have  been 
distinctly  formulated  for  the  first  time  by  Leibnitz*  He 
at  least  claims  to  have  first  spoken  '  of  the  law  of  con- 
tinuity* in  a  letter  to  Bayle,  printed  in  the  ^Nouvelles  de 
la  Republique   des   Lettres,'   an  extract  from   which   is 
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given  in  Erdmann  s  edition  of  Leibnitz'  works,  p,  104, 
under  the  title  *  Sur  un  Principe  G^ndral  utile  ^  Texpli- 
cation  des  Lois  de  la  Nature^/  It  has  indeed  been 
asserted  that  the  doctrine  of  the  Icvtevs  processus  of 
Francis  Bacon  involves  the  principle  of  continuity^^,  but 
I  think  that  this  doctrine,  like  that  of  the  natures  of 
substances  is  merely  a  vague  statement  of  the  principle 
of  causation. 

Failure  of  the  Law  of  Continuity, 

There  are  certain  requisite  cautions  which  must  be 
given  as  to  the  application  of  the  principle  of  continuity. 
In  the  first  place,  where  this  principle  really  holds  true, 
it  may  seem  to  fail  owing  to  our  imperfect  means  of 
observation.  Though  a  physical  law  may  never  admit  of 
perfectly  abrupt  change,  there  is  no  limit  to  the  approach 
which  it  may  make  to  abruptness.  When  we  warm  a 
piece  of  very  cold  ice,  the  absorption  of  heat,  the  tem- 
perature, and  the  dilatation  of  the  ice  vary  according  to 
apparently  simple  laws  until  we  come  to  the  zero  of  the 
Centigrade  scale.  Everything  is  then  changed ;  an  enor- 
mous absorption  of  heat  takes  place  without  any  rise  of 
temperature,  and  the  volume  of  the  ice  decreases  as  it 
changes  into  water.  Unless  most  carefully  investigated, 
this  change  appears  perfectly  abrupt;  but  accurate  ob- 
servation seems  to  show  that  there  is  a  certain  forewarn- 
ing; the  ice  does  not  turn  into  water  all  at  once,  but 
through  a  small  fraction  of  a  degree  the  change  is  gradual. 
All  the  phenomena  concerned,  if  measured  very  exactly, 
would  be  represented  not  by  angular  lines,  but  con- 
tinuous curves,  undergoing  rapid  flexures;  and  we  may 

b  'Life  of  Sir  W.  Hamilton,'  p.  439. 

c  Powell's  *  History  of  Natural  Philosophy/  p.  201.  'Novum  Organum,' 
bk.  II.  AphoriBms  5-7. 
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probably  assert  with  safety  that  between  whatever  points 
of  temperature  we  examined  ice>  there  would  be  found 
some  indication,  doubtless  almost  infinitesimally  small^ 
of  the  apparently  abrupt  change  w^hich  was  to  occm*  at  a 
higher  temperature.  It  might  also  be  pointed  out  that  ^ 
all  the  most  important  and  apparently  simple  physical  ^ 
laws,  such  as  those  of  Boyle  and  Marriotte,  Dalton  and 
Gay-Lussac,  &c.,  are  only  approximately  true,  and  the 
divergences  from  observation  are  Ibrewarnings  of  abrupt 
changes,  which  would  otherwise  break  the  law  of  con- 
tinuity. 

Ml 

Secondly,  it  must  be  remembered  that  mathematical 
laws  of  any  complexity  will  ]>robably  present  singular 
cases  or  negative  results,  which  may  present  the  apjjear- 
anco  of  discontinuity,  as  when  the  law  of  refraction  sud- 
denly yields  us  with  perfect  abruptness  the  entirely 
diflerent  phenomenon  of  total  internal  reflection.  In  the 
u  adulatory  theory  there  is  no  real  change  of  law  between 
the  phenomenon  of  refraction  and  that  of  reflection. 

Faraday  in  the  earlier  part  of  his  career  found  so  many 

hstances  possessing  more  or  less  magnetic  power>  that 
he  ventured  on  a  great  generalization,  and  asserted  that 
all  bodies  shared  in  the  magnetic  property  of  iron.  His 
mistake,  as  he  afterwards  himself  discovered,  consisted  in 
overlooking  the  fact  that  though  magnetic  in  a  certain 
sense,  some  stibstances  might  have  negative  magnetism, 
and  be  repelled  instead  of  attracted  by  the  magnet. 
Between  magnetism  and  diamagnetism  there  must  be  a 
zero  near  or  even  at  which  some  substances  may  be 
classed,  but  otlierwise  magnetic  properties  appear  to  be 
universally  present  in  matter. 

Thirdly,  where  we  might  expect  to  find  a  uniform 
mathematical  law  prevailing,  the  law  may  undergo  abrupt 
change  at  singular  points,  and  actual  discontinuity  may 
arise.     We  may  sometimes  be  in  danger  of  treating  under 
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one  law  phenomena  which  really  belong  to  different  laws. 
It  is  generally  known,  for  instance,  that  a  spherical 
shell  of  uniform  matter  attracts  an  external  particle  of 
matter  with  a  force  varying  inversely  as  the  square  of  the 
distance  from  the  centre  of  the  sphere.  But  this  law 
only  holds  true  so  long  as  the  particle  is  external  to  the 
shell.  Within  the  shell  the  law  is  wholly  different,  and 
the  aggregate  gravity  of  the  sphere  becomes  zero,  because 
the  force  in  every  direction  is  iieutralized  by  an  exactly 
equal  force.  If  an  infinitely  small  particle  be  in  the 
superficies  of  a  sphere,  the  law  is  again  different,  and  the 
attractive  power  of  the  shell  is  half  what  it  would  be 
on  particles  infinitely  close  to  the  surface  of  the  shell. 
Thus  in  approaching  the  centre  of  a  shell  from  a  distance, 
the  force  of  gravity  evinces  a  double  discontinuity  in 
passing  through  the  shell  <^. 

It  may  well  admit  of  question,  too,  whether  discontinuity 
is  really  unknown  in  nature.  We  perpetually  do  meet 
with  events  which  are  real  breaks  upon  the  previous  law, 
though  the  discontinuity  may  then  be  a  sign  that  some 
wholly  independent  cause  has  come  into  operation.  If 
the  ordinary  course  of  the  tides  is  interrupted'  by  an 
enormous  and  irregular  wave,  we  attribute  it  to  an  earth- 
quake, or  some  gigantic  natural  disturbance.  If  a  meteoric 
stone  falls  upon  a  person  and  kills  him,  it  is  clearly  a 
discontinuity  in  his  life,  of  which  he  could  have  had  no 
anticipation.  A  sudden  sound  may  pass  through  the 
air  neither  preceded  nor  followed  by  any  continuous 
effect.  Although,  then,  we  may  regard  the  Law  of  Con- 
tinuity as  a  principle  of  nature  holding  rigorously  true  in 
many  of  the  relations  of  natural  forces,  it  seems  to  be  a 
matter  of  difficulty  to  assign  the  limits  within  which  the 

•*  Thomson  and  Tait,  *  Treatise  on  Natural  Philosophy/  vol.  i.  pp. 
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law  is  Terified     Much  cautiQii^  therefore,  is  dedbnable  in 
ito  application. 

Negative  Argumenis  on  the  Principle  of  Continuity. 

Upon  tJbe  principle  of  eoQtinuitjr  we  msiy  often  found 
arguments  of  great  foroe  which  prove  an  hj^theas  to  be 
impoesible^  because  it  would  involve  a  continual  repetition 
of  a  proems  ad  infinitum,  or  else  a  purely  arbitrary  breach 
at  6ome  point.  Bonnet's  famous  theoiy  of  reproduction 
represented  every  living  creature  as  containing  germs 
which  were  perfect  representatives  of  the  next  generation, 
so  that  on  the  same  principle  they  neoeesarily  included 
germs  of  the  next  generation,  and  so  on  indefinitely.  The 
theory  was  sufficiently  refuted  when  onoe  clearly  stated, 
as  in  the  following  poem  called  the  Universe®,  by  Henry 
Baker: 

'Efteh  eeed  includes  a  plant:  that  pk&t,  ag^ftin. 
Has  other  eeedsy  which  other  plants  contain : 
Those  other  plants  hare  all  their  seeds,  and  those 
More  plants  agwn,  Baeoesavely  inclascL 

*  Thus,  ev*ry  single  henry  that  we  find, 
Hm^  really,  in  itself  whole  forests  of  its  kind, 
Empire  and  wealth  one  acorn  may  dispense, 
By  fleets  to  sail  a  thousand  ages  hence/ 

Tlie  general  principle  of  inference,  that  what  we  know 
of  one  case  must  be  true  of  similar  cases,  if  they  really 
are  identical  in  the  essential  conditions,  prevents  our 
asserting  anything  which  we  cannot  apply  time  after 
time  tmder  tlie  same  circumstances.  On  this  principle 
Stevinus  beautifully  demonstrated  that  weights  resting 
on  two  inclined  planes  and  balancing  each  other  must  be 
proportional  t^j  the  lengths  of  the  planes  between  their 
aptix  anJ  a  liorizon'  ^     ^   la,     He  imagined  an  uniform 
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endless  chain  to  be  himg  over  tlie  planes,  and  to  hang 
[below  in  a  symmetrical  festoon.  If  the  chain  were  ever 
to  move  by  gi'avity,  there  would  be  the  same  reason  for 
its  moving  on  for  ever,  and  thus  producing  a  perpetual 
motion.  As  this  is  absurd,  the  portions  of  the  chain 
lying  on  the  planes,  and  equal  in  length  to  the  planes, 
must  bahince  each  other.  On  similar  grounds  we  may 
dis^prove  the  existence  of  any  self-moving'  machine^  for  if 
it  coidd  once  alter  ita  own  state  of  motion  or  rest,  in  how- 
ever small  a  degree,  there  is  no  reason  why  it  should  not 
do  the  like  time  after  time  ad  injinitum.  Even  Newton's 
proof  of  his  third  law  of  motion,  in  the  case  of  gravity,  is 
of  this  character.  For  he  remarks  that  if  two  gravitating 
bodies  do  not  exert  exactly  equal  forces  in  opposite  direc- 
tions, the  one  exerting  the  strongest  pull  will  carry  both 
itself  and  the  other  away,  and  will  move  with  constantly  | 
increasing  velocity  ad  Injinitfim.  But  though  the  nrgu- 
nient  might  seem  sufficiently  convincing,  Ne^vton  in  his 
characteristic  way  made  an  experiment  with  a  loadstone 
and  iron  floated  upon  the  surface  of  water  C  In  recent 
years  the  very  foundation  of  the  principle  of  conservation 
of  energy  has  been  phiced  on  the  assumption  that  it  is 
impossible  by  any  combination  whatever  of  natural  bodies 
to  produce  force  continually  from  nothing s.  The  principle 
admits  of  frecpient  application  in  various  subtle  forma 

Lucretius  attempted  to  prove,  by  a  most  ingenious  argu-  i 
ment  of  this  kind,  tliat  matter  must  be  indestructible^ " 
For  if  a  definite  quantity,  however  small,  were  to  fall  out 
of  existence  in  any  finite  time,  an  equal  quantity  might 
be  supposed  to  lapse  in  every  equal  interval  of  time,  so 
that  m  the  infinity  of  past  time  the  universe  must  have 
ceased  to  exist^i.     But  the  argument,  however  ingenious, 

f  *  Principia/  bk.  I.  Law  iii.  Corollary  6, 

«  Helniholtz,  Taylors  *  Si'ientific  Memoira*  (1853),  vol  vl  p.  118. 
*»  •  LucretiuSt'  bk.  L  lines  233-264, 


besetting  error  of  most  fii'st  attempts  at  scientific  research. 
The  facility  to  generalize  accurately  and  philosophically 
requires  large  caution  and  long  training ;  and  is  not  fully 
attained,  especially  in  reference  to  more  general  views, 
even  by  some  who  may  properly  claim  the  title  of  veiy 
acciu*ate  scientific  observers  in  a  more  limited  field.  It 
is  an  intellectual  habit  which  acquires  immense  and 
accumulating  force  from  the  contemplation  of  wider 
analogies/ 

Hasty  and  superficial  genertdizations  have  always  been 
the  bane  of  science,  and  there  would  be  no  difficulty  in 
finding  endless  illustrations.  Between  things  which  are 
the  same  in  number  there  is  a  certain  resemblance,  namely 
'in  number,  but  ui  the  infancy  of  science  men  could  not  be 
persuaded  that  there  was  not  a  deeper  resemblance  im- 
plied in  that  of  nural^er.  Pythagoras  was  not  the  inventor 
of  a  mystical  science  of  number.  In  the  ancient  OriLiital 
religions  the  seven  metals  were  connected  with  the  seven 
planets,  and  in  the  seven  days  of  the  week  we  still  have, 
and  probably  always  shall  have,  a  relic  of  the  septiform 
system  ascribed  by  Dio  Cassius  to  the  ancient  Egyptians. 
The  disciples  of  Pythagoras  carried  the  doctrine  of  the 
number  seven  into  great  detail.  Seven  days  are  men- 
tioned in  Genesis ;  infants  acquire  their  teeth  at  the  end 
of  seven  months ;  they  change  them  at  the  end  of  seven 
years ;  seven  feet  was  the  limit  of  man  s  height ;  every 
seventh  year  was  a  climacteric  or  critical  year,  at  which  a 
change  of  disposition  took  place.  Then  again  there  were 
the  seven  sages  of  Greece,  the  seven  wonders  of  the  world, 
the  seven  rites  of  the  Grecian  games,  the  seven  gates  of 
Thebes,  and  the  seven  generals  destined  to  conquer  that 
city. 

In  natural  science  there  were  not  only  the  seven 
planets,  and  the  seven  metals,  but  also  the  seven  primi- 
tive  colours,  and  the  seven  tones  of  music.     So  deep  a 
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hold  did  this  doctrine  take  that  we  still  have  its  results 
in  many  ciustoms,  not  only  in  the  seven  days  of  the  week, 
but  the  seven  years  apprenticeship,  puberty  at  fourteen 
^yeai^  the  second  clinatMitteric*  and  legal  majority  at  twenty- 
Hone  years,  the  third  climacteric.     The  system  was  repro- 
Iduced  in  the  seven  sacraments  of  the  Roman  Catholic 
C?hurch,  and  the  seven  year  periods  of  Comte  s  grotesque 
eystem  of  domestic  worship.     Even  in  scientific  matters 
the  loftiest  intellects  have  occasionally  yielded,  as  when 
Newt-on  was  misled  by  the  analogy  between  tlie  seven 
tones  of  music  and  the  seven  colours  of  his  spectrum. 
Other   Tuimerical   analogies,  though  rejected  by  Galileo, 
lield    Kepler    in   thraldom;    no   smnll    part   of   Kepler's 
laboui's    during    seventeen    years    was   spent   upon   nu-      _ 
■merical   and   geunietrical   analogies  of  the  most  baselesd^Hl 
'     character ;  and  he  gravely  Iield  that  there  could  not  be 
more  than  six  phinot^»  because  there  were  not  moi'e  than 
five  reguhir  solids.     Even  the  acute  genius  of  Huyghens 
did  not  prevent  him  from  mferring  that  but  one  satellite 
■could  belong  to  Saturn,  because,  with  those  of  Jupiter  and 
tlie   Earthy  it  completed  the  perfect  number  of  six.     A 
whole  series  of  other  superstitions  and  fallacies  attach  to 
the  numbers  six  and  niiiel, 
■     It  is  by  false  generalization,  again,  that  the  laws  of 
nature  have  been  supposed  always  to  possess  that  sim- 
plicity and  perfection  which   we  attribute  to  particular 
forms  and  relations.     Tlie  heavenly  bodies,  it  was  lield, 
must  move  in  circles,  for  the  circle  was  the  perfect  figure. 
Even   Newton  seemed  to  adopt  the  questionable  axiom 
^that  nature  must  always  proceed  In  the  simplest  way ;  in 
Pstating  his  first  rule  of  philosophizing,  he  adds^"  :  '  To  this 
purpose  the  philosophers  say,  that  nature  does  nothing  in 

\  Ikruig  Gould,  *  On  the  Fatalities  of  Number,'  in  '  Carious  Mjths  of 
||l\e  WuUlle  Ages*  (iS66),  p.  209. 
»  •  IViuriiiin/  l»k,  HI.  ad  inUium. 
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vain,  when  less  will  serve ;  for  Nature  is  pleased  with 
simplicity,  and  affects  not  the  pomp  of  superfluous  causes/ 
Keill,  again,  lays  down^  as  an  axiom  that  *  The  causes  of 
natural  things  are  such,  as  are  the  most  simple,  and  are 
sufiBcient  to  explain  the  phenomena :  for  nature  always 
proceeds  in  the  simplest  and  most  expeditious  method ; 
because  by  this  manner  of  operating  the  Divine  Wisdom 
displays  itself  the  more/  If  this  axiom  had  any  clear 
grounds  of  truth,  it  would  not  apply  to  proximate  laws ; 
for  even  when  the  ultimate  law  may  appear  simple  the 
results  may  be  infinitely  diverse,  as  in  the  various  elliptic, 
hyperbolic,  parabolic,  or  circular  orbits  of  the  heavenly 
bodies.  Simplicity  is  naturally  agreeable  to  a  mind  of 
very  finite  powers,  but  to  an  Infinite  Mind  everything  is 
simple. 

Every  great  advance  in  science  consists  in  a  great  gene- 
ralization, pointing  out  deep  and  subtle  resemblances. 
The  Copernican  system  was  a  generalization,  in  that  it 
classed  the  earth  among  the  planets ;  it  was,  as  Bishop 
Wilkins  expressed  it,  *  the  discovery  of  a  new  planet,'  but 
it  was  opposed  by  a  more  shallow  generalization.  Those 
who  argued  from  the  condition  of  things  upon  the  earth's 
surface,  thought  that  every  object  must  be  attached  to 
and  rest  upon  something  else.  Shall  the  earth,  they  said, 
alone  be  free  ?  Accustomed  to  certain  special  results  of 
gravity  they  could  not  conceive  its  action  under  widely 
difierent  circumstances^.  No  hasty  thinker  could  seize 
the  deep  analogy  pointed  out  by  Horrocks  between  a  pen- 
dulum and  a  planet,  true  in  substance  though  mistaken  in 
some  details.  All  the  advances  of  modem  science  rise 
from  the  conception  of  Galileo,  that  in  the  heavenly 
bodies,  however  apparently  different  their  condition,  we 

n  Keill,  *  Introduction  to  Natural  Philosophy,'  p.  89. 

o  Jcremiae  Horroccii  *  Oi)era  Posthuma'  (1673),  pp.  26,  a*» 
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shall  iiltiniately  recogDise  the  same  fundamental  principles 
of  mechanical  science  which  are  true  on  earth* 

Genei-alization  is  the  great  prerogative  of  the  intellect, 
but  it  is  a  power  only  to  be  exercised  safely  with  much 
caution  and  after  long  training.  Every  mind  must  gene- 
ralize, but  there  are  the  widest  differences  in  the  depth  of 
the  resemblances  discovered  and  the  care  with  which  the 
discovery  is  verified.  There  seems  to  be  an  innate  power  of 
insight  which  a  few  men  have  possessed  pre-eminently, 
and  which  enabled  them,  with  no  oxemption  indeed  from 
labour  or  temporary  error,  to  discover  the  one  in  the 
many*  Minds  of  excessive  acuteness  may  exist,  which 
have  yet  only  the  powers  of  minute  discrimination,  and  of 
storing  up,  in  the  treasure-house  of  memory,  vast  acciunn- 
lations  of  words  and  incidents.  But  the  power  of  dis- 
covery belongs  to  a  more  restricted  class  of  minds.  La- 
place said  that,  of  all  inventors  who  had  contributed  the 
most  to  the  advancement  of  human  knowledge,  Newton 
and  Lagrange  appeared  to  possess  in  the  highest  degree 
the  happy  tact  of  distinguishing  general  principles  among 
a  multitude  of  objects  enveloping  them,  and  this  tac 
he  conceived  to  be  the  tnie  characteristic  of  scientific 
genius  **. 

o  Young'B  *  Works/  vol.  ii.  p.  564. 


CHAPTER  XXVIII. 

ANALOGY. 

As  we  have  seen  in  the  previous  chapter,  generaliza- 
tion passes  insensibly  into  reasoning  by  analogy,  and  the 
diflference  is  but  one  of  degree.  We  are  said  to  generalize 
when  we  view  many  objects  as  agreeing  in  a  few  pro- 
perties, so  that  the  resemblance  is  extensive  rather  than 
deep.  When  we  have  two  or  only  a  few  objects  of 
thought,  but  are  able  to  discover  many  points  of  resem- 
blance, we  argue  by  analogy  that  the  correspondence  will 
be  even  deeper  than  appears.  It  may  not  be  true  that 
the  words  are  always  used  in  these  distinct  senses,  and 
there  is  no  doubt  great  vagueness  in  the  employment 
of  these  and  many  other  logical  terms ;  but,  if  there  is 
any  clear  discrimination  to  be  drawn  between  generaliza- 
tion and  analogy,  it  is  indicated  above. 

It  has  been  often  said,  indeed,  that  analogy  denotes  not 
a  resemblance  between  things,  but  between  the  relations 
of  things.  A  pilot  is  a  very  different  man  from  a  Prime 
Minister,  but  he  bears  the  same  relation  to  a  ship  that 
the  minister  does  to  the  state,  so  that  we  may  analogi- 
cally describe  the  Prime  Minister  as  the  pilot  of  the  state. 
A  man  differs  still  more  from  a  horse,  nevertheless  four 
men  bear  to  three  men  the  same  relation  as  four  horse? 
bear  to  three  horses ;  there  is  the  analogy. 

Four  men  :  Three  men  :  :  Four  horses  :  Three  horses, 
or  Foiu*  men  :  Four  horses  :  :  Three  men  :  Three  horses. 
There  is  a  real  analogy  between  the  tones  of  the  Mono- 


Aagd.  Ibe  Sftgn  of  Thebes,  and  the  Gates  of  Thebes,  but 
ik  iIdcb  Dot  extend  beyond  the  &cft  that  they  were  all 
ittm  m  Dttmber*  Between  the  most  discrete  notions,  as, 
§m  iiiflliiiee»  tliose  of  time  and  space*  analogy  may  exist, 
Ming  from  the  fact  tlxat  the  mathematical  conditions  of 
the  k^iee  of  time  and  of  motion  along  a  line  are  similar. 
Th€re  is  no  identity  of  nature  between  a  word  and  the 
Hurng  it  signifies ;  the  substance  iron  is  a  heavy  solid, 
llie  wurd  iron  is  either  a  momentary  disturbance  of  the 
tur.  or  a  film  of  black  pigment  on  white  paper ;  but  there 
m  amfegy  between  words  and  their  significates.  The 
Onfestenoe  iron  is  to  the  substance  iron-carbonate,  as  the 
VMM  iron  is  to  the  name  iron-carbonate,  when  these  names 
w»  veed  iccording  to  their  correct  scientific  definitions. 
TW  whole  struetni'e  of  language  and  the  whole  utility  of 
sign:^  marks^  symbols*  pictures,  and  representations  of 
varkm^^  kinds,  rest  upon  analogy.  I  may,  perhaps,  hope 
t^  iruter  tally  upon  this  important  subject  at  some  ftiture 
I^Mw  attad  to  attempt  to  show  how  the  invention  of  signs 
tiMiMffit  OS  to  express,  guide,  and  register  our  thoughts. 
Il  mOl  N  '"^^  out  to  ol>serve  here  that  the  use  of  words 
it*\  „.  ves  analogies  of  a  subtle  kind  ;  we  should 
IMI  ^  Hit  a  lo^  how  to  describe  a  notion,  were  we  not 
tt<t<y  tv»  i^niploy  in  a  metapborical  sense  the  name  of 
^udScitfutly  resembling  it.  There  woidd  be  no 
(B)r  the  sweetness  of  a  melody,  or  the  brilliance 
uulej^  it  were  furnished  by  the  taste  of 
lir  bf^htness  of  a  torch. 
«i«^^  examination  of  the  cases  in  which  we 
!#  iftit  WMtd  analogy,  shows  that  it  includes  all 
i^T%atittMttce  or  similarity.  The  analogy  may 
Urity  of  number  or  ratio ;  or  in  like 
w^ce.  It  may  also  consist  in  more 
4M^  ij^iv^een  physical  prr^perties.  We 
^.....   iT...  "v^Mcd  iitconsis tent ly  with  custom, 


if  we  said  tbat  there  was  an  analogy  between  iron,  nickel, 
and  cobalt,  manifested  in  tbe  strength  of  their  magnetic 
powers.  There  is  a  still  more  perfect  analogy  between. 
iodine  and  chlorine  j  not  that  every  property  of  iodine  la 
identical  with  the  corresponding  property  of  chlorine  ; 
for  then  they  would  be  one  and  the  same  kind  of  sub- 
stance^  and  not  two  substances  ;  but  every  property  of 
iodine  resembles  in  all  but  degree  some  property  of  chlo- 
rine* For  almost  every  substance  in  which  iodine  forms 
a  component,  a  corresponding  substance  may  be  dis- 
covered containing  chlorine,  eo  that  we  may  confidently 
infer  from  the  compounds  of  the  one  to  the  compounds 
of  the  other  substance.  Putiussium  iodide  cr3^stldlizes  in 
cubes ;  therefore  it  is  to  be  expected  that  potassium  chlo- 
ride will  also  crystallize  in  cubes.  The  science  of  chemistry, 
as  now  developed,  rests  almost  entirely  upon  a  aireful  and 
most  extensive  comparison  of  tlie  properties  of  substances, 
bnnging  to  light  deep-lying  analogies.  When  any  ap- 
parently exceptional  or  new  substance  is  encountered,  the 
chemist  is  guided  in  his  treatment  of  it  entirely  by  the 
analogies  wliich  it  seems  to  present  with  previously  known 
substances. 

In  this  chapter  I  cannot  hope  to  illustrate  the  all- 
pervading  influence  of  analogy  in  human  thought  and 
science.  All  science,  it  has  been  said,  at  tlie  outset,  arises 
from  the  dlscoveiy  of  identity,  and  analogy  is  but  one 
name  by  which  we  denote  the  deeper-lying  cases  of  re- 
semblance. I  shall  only  try  to  point  out  at  present  how 
analogy  between  apparently  diverse  classes  of  phenomena 
often  serves  as  an  all-important  guide  in  discovery.  We 
thus  comnnjnly  gain  the  first  insight  int<j  the  nature  of  an 
apparently  imique  object,  and  we  thus,  in  the  progress  of 
a  science,  often  discover  that  we  are  treating  over  again, 
in  a  new  form,  phenomena  which  were  well  known  to  us 
in  another  form. 
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Analogy  as  a  Guide  in  Discovery, 


I        280 

^^L  There  can  be  no  doubt  that  discovery  is  most  frequently 
^^PlOcompIiHhed  by  fullowingiip  hints  received  from  analog}\ 
as  Jeremy  Bonthani  reniarked*.  Wlieuever  a  phenomenon 
IH  perceived,  the  first  impulse  of  the  mind  is  to  connect  it 
with  the  must  nearly  similar  phenomenon.  If  we  could 
ever  meet  a  thing  wholly  siti  generis,  presenting  no 
analogy  to  anything  else,  we  should  be  incapable  of 
investigating  its  nature,  except  by  purely  haphazard 
triab  The  prol>ability  of  success  by  such  a  process  is  so 
tdight,  that  it  is  prefemble  to  fullow  up  the  slighttist  clue. 
Ah  I  have  pointed  out  already  (vol.  ii.  p.  24),  the  possible 
modi  iicjit ions  of  condition  in  experiments  are  usually  in- 
finite in  number,  and  infinitely  ntnnei:ous  also  are  tlie 
hypotheses  upon  which  we  may  proceed.  Now  it  is  self- 
_  evident  that,  however  slightly  superior  the  probability  of 
^H  fiuccoss  by  one  course  of  procedure  may  be  over  another, 
^^  tboimiet  probable  one  sliould  always  be  adopted  first. 
^H  The  ohemist  ha^4iig  discovered  what  he  believes  to  be 
^^  «  ©ew  dement,  will  liave  an  infinite  variety  of  modes  of 
I  niiiiiin  and  investigating  it.  If  in  any  one  of  its  qualities 
I  ^  MJbrtaikoe  displays  a  resemblance  to  an  alkaline  metal, 
^K  ftr  iteMM^  ho  will  naturally  proceed  to  try  whether  it 
^^  MMMMi  <^^t^t  properties  common  to  the  alkaline  metals. 
I  ikt#H  ^  *|^j\^rently  simplest  phenomenon  presents  so 
^i^jlijfcl  for  notice  that  we  have  a  choice  at  each 
f>*^  mwmg  many  hypotheses. 

V  ^fficult  tti  find  a  more  instructive  instance 

Ufli$cl\  the  miod  is  guided  l)y  analogy  than 

Sir  John  Herschel  of  the  course  of 

*  ^Hii^  li^  Wl**  led  to  anticipate  in  theory  one 

-  ^'^(^  «^periniental  discoveries*     Sir  John 

-^s^  <tiM!*^*  'Works/  vol  viii.  p.  276. 
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Herschel  noticed  that  in  three  physical  phenumena,  a 
screw-like  form,  technically  called  helicoidal  dissymmetry, 
was  presented,  namely  in  electrical  lieliees,  plagihedral 
quartz  crystals,  and  the  rotation  of  the  plane  of  polariza- 
tion of  light.  As  he  himself  has  said  \  *  I  reasoned  thus  : 
Here  are  tliree  phenomena  agreeing  in  a  very  strange  pecu- 
Harky.  Probably,  this  peculiarity  is  a  connectuig  link, 
physically  speaking,  among  them.  Now,  in  the  case  of 
the  crystals  and  the  light,  this  probability  has  been  turned 
into  certainty  by  my  own  experiments.  Therefore,  induc- 
tion led  me  to  conclude  that  a  similar  connexion  exists, 
and  must  turn  up,  somehow  or  other,  between  the  electric 
cuiTent  and  polarized  light,  and  that  the  plane  of  polariza- 
tion would  be  deflected  by  magneto-electricity/  By  this 
course  of  analogical  thought  Sir  John  Herschel  had  actu- 
ally  been  led  to  anticipate  Faraday  s  great  discovery  of  the 
influence  of  magnetic  strain  upon  polarized  light.  He 
had  tried  Eis  long  ago  as  1822-25  to  discover  the  influence 
of  electricity  on  light,  by  sending  a  ray  of  polarized  light 
through  a  helix,  or  near  a  long  wire  conveying  an  electric 
current.  Such  a  course  of  inquiry,  fallowed  up  with  the 
persistency  of  Faraday,  and  with  bis  experimental  re- 
sources, would  doubtless  have  effected  the  strange  dis* 
covery.  Herschel  also  suggests  that  the  plagiheLkal  form 
of  quartz  crystals  must  be  due  to  a  screw-like  strain 
diuing  the  progi*ess  of  crystallization  ;  but  the  notion, 
although  probable,  remains  unverified  by  experiment  to 
the  present  day. 

If  ever  men  approach  the  investigation  of  the  me- 
chanism of  thought,  they  must  be  guided  by  analogy. 
Already  many  philosophers  have  drawn  analogies  between 
nerve  influence  and  the  transmission  of  vibrations.  Dr. 
Briggs,  Newton  in  his  24th  Query,  and  Hartley,  have 
vaguely  speculated  concerning  such  vibrations,  and  some 
^  *  Life  of  Faraday/  by  Benco  Jones,  vol.  ii.  p.  206. 
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counteimoce  is  now  given  to  the  notion  by  the  somewhat 
Himilar  rate  of  propagation  uf  nerve  pulses  and  eotmd- 
wave«  in  &oft  bodies.  But  the  phenomena  of  memorr  are 
far  more  difBciilt  to  reduce  to  any  material  mechanism, 
and  I  know  of  no  material  analogy  but  the  intere^ng 
one  suggested  by  Hooke  «*,  who  likens  memory  to  *  thoee 
bells  or  vases  which  Vitniviiis  mentions  to  be  placed  in 
the  ancient  theatre,  which  did  receive  and  return  the 
sound  more  vigorous  and  strong;  or  like  the  unison* 
toned  strings,  l>ells,  or  glasses,  which  receive  impressions 
from  sotmda  without,  and  retain  the  impresMions  for  some 
time,  answering  the  tone  by  the  same  tone  of  their  own,* 


I^^K  Analogy  in  the  Mathematical  Sciences, 

^m  Whoever  wishes  to  acquire  a  deep  acquaintance  yvM 
^1  tlie  conatitiition  of  Nature  must  oliserve  that  there  are 
^B  d«^  analogies  which  connect  whole  branches  of  science  in 
^B  a  parallel  manner,  and  enable  us  to  infer  of  one  class  of 
fhmiMmai^  what  we  know  of  the  other.  It  has  thus 
kappmed  on  several  occasions  that  tlie  discovery  of 
an  Ulifiiispected  analogy  between  two  hitherto  diBtinct 
I  Wuclifia  of  knowledge  has  been  the  starting-point  for  a 
H  f%A|iKl  txiurse  of  discovery •  The  truths  readily  observed 
in  tKi»  ooe  may  be  of  a  different  character  from  those 
wImIi  fiTMeiit  themselves  in  the  other.  The  axialogy. 
WtdNi  onci^  poinltnl  out,  leads  us  easily  to  discover  regions 
^  MMi^  *ictent?e  yet  undeveloped,  but  to  which  the  key  is 
1  by  tlie  corresponding  truths  in  the  other 
An  interchange  of  aid  most  wonderful  in  its 
l^^.ttM  1..  iv  thxii*  take  place,  and  at  the  same  time  the 
^  ^  to  H  higher  generalization,  and  a  more  com- 

^4i<^U3ivt>  view  of  mind  and  nature. 

i  ^  pgnUiiiinous  Works/  p»  14T, 
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No   two   sciences    might    seem    at    first    sight    more 

euth'ely  discrete  and  divergent  in  their  suliject  matter 
than  geometry  and  arithmetic,  or  algebra.  The  first  deals 
with  circles,  squares,  parallelograms,  and  various  other 
forms  in  space ;  the  latter  with  mere  symbols  of  number, 
the  symbols  having  form  indeed,  but  bearing  a  meaning 
independent  of  shape  or  size.  Prior  to  the  time  of  Des- 
carteSj  tc^o,  the  sciences  actually  were  developed  in  a  slow 
and  painful  manner  in  almost  entire  independence  of  each 
other*  The  Greek  philosophers  indeed  could  not  avoid 
noticing  occasional  analogies,  as  when  Plato  in  the 
Thfeetetus  describes  a  square  number  as  equally  equal, 
and  a  number  produced  by  multiplying  two  unequal 
factors  as  oblong,  Euclid,  in  the  7th  and  Sth  books  of 
his  Elements,  continually  uses  expressions  displaying  a 
consciousness  of  the  same  analogies,  as  when  he  calls  a 
number  of  two  factors  a  plane  number ,  iwtTreSo^  aptdfio^j 
and  distinguishes  a  square  number  of  which  the  two 
factors  are  equal  as  an  equal-sided  or  plane  number, 
iVoTrXefpo?  Kai  eiri-jrcSos  apiOfio^,  He  also  calls  the  root 
of  a  cubic  number  its  side,  irXeupa,  In  the  Diophantlne 
algebra  many  problems  of  a  geometrical  character  were 
solved  by  algebraic  or  numerical  processes ;  but  there 
was  no  general  system,  so  that  the  solutions  were  of  an 
isolated  character.  In  general  the  ancients  were  far  more 
advanced  in  geometric  than  symbolic  methods ;  thus 
Euclid  in  his  4th  book  gives  us  the  means  of  dividing 
a  circle  by  purely  geometric  or  mechanical  means  into  2, 
3,  4,  5,  6,  8,  10,  12,  15,  20,  24,  30  parts,  but  he  was 
totally  unacquainted  with  the  theory  of  the  roots  of  unity 
exactly  correspondmg  to  this  division  of  the  circle. 

Durmg  the  middle  ages,  on  the  other  hand,  algebra  ad- 
vanced beyond  geometry,  and  modes  of  solving  equations 
were  painfully  cUscovered  by  those  who  had  no  notion 
that  at  every  step  they  were  implicitly  solving  important 
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geometric  problems.  It  is  true  that  Kegiomontanus,  Tar- 
taglia,  Bombelli,  and  possibly  other  e^irly  algebraists,  solved 
isolated  geometrical  problems  by  the  aid  of  algebra,  but 
particular  numbers  were  always  used,  and  do  consciousness 
of  a  general  method  was  displayed*  Vieta  In  some  degree 
anticipated  the  final  discovery,  and  occasionally  represented 
the  roots  of  an  equation  geometrically,  but  It  was  reserved 
for  Descartes  to  show,  in  the  most  general  manner,  that 
every  equation  may  be  represented  by  some  curve  or 
figure  in  space,  and  that  every  bend,  point,  cusp,  or  other 
peculiarity  in  the  curve  indicates  some  peculiarity  in  the 
values  of  the  algebraic  symbols.  It  is  impossible  to  describe 
in  any  adequate  manner  the  importance  of  this  discovery. 
The  advantage  was  twofold  :  algebra  aided  geometry,  and 
geometry  gave  reciprocal  aid  to  algebra*  Curves  such  as 
the  long  described  sections  of  the  cone  were  found  to 
correspond  to  quadratic  equations  of  no  great  difficulty ; 
and  it  was  inipoasible  to  manipulate  the  symbolic  equa- 
tions without  discovering  properties  of  those  all  important 
curvea  The  w^ay  was  thus  opened  for  the  algebraic  treat- 
ment of  motions  and  forces,  without  which  Newton's 
'  Principia '  could  never  have  been  worked  out.  Newton 
indeed  was  possessed  by  a  strange  and,  to  8ome  extent, 
unfortunate  infatuation  in  favour  of  the  ancient  geome- 
trical methods  ;  but  it  is  well  known  that  he  employed 
aymbohc  methods  to  discover  his  profound  truths,  and  he 
every  now  and  then,  by  some  accidental  use  of  algebraic 
expressions,  confessed  its  greater  powers  and  generality. 

Geometry,  on  the  other  hand,  gave  the  greatest  assist- 
ance to  algebra,  by  afibrding  concrete  representations  of 
relations  which  would  otherwise  be  too  abstract  for  easy 
comprehension.  A  curve  of  no  great  complexity  may 
give  the  whole  history  of  the  variations  of  value  of  a 
troublesome  mathematical  expression.  As  soon  as  we 
know,  too,  that  eveiy  regular  geometrical  curve  repre- 


eents  some  algebraic  equation,  we  are  presented  by  simple 

observation  of  many  meclianical  movements  with  abun- 
dant suggestions  towards  the  discovery  of  mathematical 
problems.  Every  particle  of  a  carriage-wheel  when  mov- 
ing on  a  level  road  is  constantly  describing  a  cycloidal 
curve,  the  curious  properties  of  which  exercised  the  in- 
genuity of  all  the  most  skilful  mathematicians  of  the 
seventeenth  century,  and  led  to  important  advancements 
in  algebiuic  power.  It  may  well  be  held  even  that  the 
discovery  of  the  Differential  Calculus  is  mainly  due  to 
geometrical  analogy,  because  mathematicians,  in  attempt- 
ing to  treat  algebraically  the  tangent  of  a  continuously 
varying  curv^e,  were  obliged  to  entertain  the  notion  of 
infinitely  small  quantities'^.  There  can  be  no  doubt 
that  Newton*s  fluxional,  or  in  fact  geometrical  mode  of 
stating  the  differential  calculus,  however  much  it  sub- 
sequently retarded  its  progress  in  England,  facilitated  its 
apprehension  at  first,  and  I  should  think  it  almost  certain 
that  Newton  discovered  the  calculus  geometrically. 

We  may  accordingly  look  upon  this  discovery  of 
analogy,  this  happy  alliance,  as  Bossut  calla  it^,  between 
geometry  and  algebra,  as  the  chief  source  of  discoveries 
whicli  have  been  made  for  three  centuiies  past  in  mathe- 
matical methods.  This  is  certainly  the  opinion  of  no  less 
an  authority  than  Lagrange,  who  has  said,  *  So  long  as 
algebra  and  geometry  have  been  sepai'ate,  their  progress 
was  slow,  and  their  employment  limited;  but  since  these 
two  sciences  have  been  united,  they  have  lent  each  other 
mutual  strength,  and  have  marched  together  with  a  rapid 
step  towards  perfection.' 

The  advancement  of  mechanical  science  has  also  been 
greatly  aided  by  analogy.      An  abstract  and  iatangible 

d  Lflcroix,  *  Traitd  Gldmentaire  de  CbIcuI  Diff^rentiel  et  de  Calcul 
Int^^/  5  ""*  ddit  p,  699. 

0  *  Histoire  dea  Math^matiques,'  vol.  i  p.  298. 
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exiHtence  like  force  demands  tniicli  power  of  oonception, 
but  it  luiB  a  perfect  concrete  representative  in  a  line,  the 
end  of  which  may  denote  tlie  point  of  application,  and  the 
direction  the  line  of  action  of  the  force,  while  the  length 
can  be  made  arbitrarily  to  denote  the  amount  of  the  force. 
Nor  does  the  analogy  end  here ;  for  the  moment  of  tlie 
force  about  any  point,  or  its  product  into  the  perpen- 
dicular distance  of  its  line  of  action  from  the  point,  is 
found  to  be  correctly  represented  by  an  area,  namely 
twice  the  area  of  the  triangle  contained  between  the 
point  luid  the  ends  of  the  line  representing  the  force. 
Of  late  years  a  great  generalization  has  been  effected; 
the  Double  Algebra  of  De  Morgan  is  true  not  only  of 
space  relations,  but  of  forces,  so  that  the  triangle  of  forces 
18  reduced  to  a  case  of  pure  geometrical  addition.  Nay, 
the  triangle  of  lines,  the  triangle  of  velocities,  the  triangle 
of  forces,  the  triangle  of  couples,  and  perhaps  other 
cognate  theorems,  are  reduced  by  analogy  to  one  simple 
theorem,  which  amounts  merely  to  this,  that  tliere  are 
two  ways  of  getting  from  one  angular  point  of  a  triangle 
to  another,  which  ways,  though  different  in  length,  are 
identical  in  their  final  results  *^,  In  the  wonderful  system 
of  quaternions  of  the  late  Sir  W,  R,  Hamilton,  these 
analogies  are  embodied  and  carried  out  in  the  most 
genernl  manner,  so  that  whatever  problem  involves  the 
threefold  dimensions  of  space,  or  relatione  analogous  to 
those  of  space,  is  treated  by  a  symbolic  method  of  the 
most  comprehensive  simplicity.  Since  nearly  all  physical 
problems  do  involve  space  relations,  or  those  analogous 
to  them,  it  is  difficult  to  imagine  any  limits  to  the  work 
which  may  be  ultimately  achieved  by  this  calculus. 

It  ought  to  be  added  that  to  the  discovery  of  analogy 

^  See  GocMlwin,  'Cambridge  Philosoplnciil  Transactions'  (1845), 
voL  viii,  p.  269.  O'Brien,  *  On  Symbolicjvl  Statics/  Philosophical 
Uftgttzme,  4th  Series^  vol  i.  pp.  491  &c. 
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I  of  mathematical  and  logical  expressione, 
we  undoubtedly  owe  the  greatest  recent  advance  in  logical 
science.  Boole  based  his  extension  of  logical  processes 
entirely  upon  the  notion  that  logic  was  an  algebra  of  two 
quantities^  o  and  i .  His  profound  genius  for  the  investi- 
gation of  symbolic  methods  led  liiiu  to  perceive  by  analogy 
that  there  must  exist  a  general  system  of  logical  deduc- 
tion, of  which  the  old  logicians  had  seized  only  a  few  stray 
fragments.  Much  mistaken  as  he  was  in  placing  algebra 
as  a  higher  science  than  logic,  no  one  can  deny  that  the 
development  of  the  more  complex  and  dependent  science 
had  advanced  far  beyond  that  of  the  simpler  science,  and 
that  Boole,  in  drawing  attention  to  the  connexion,  made 
one  of  the  most  important  discoveries  in  the  history  of 
science.  As  Descartes  had  wedded  algebra  and  geometry, 
so  did  Boole  substantially  accomplish  the  maniage  of  logic 
and  algebra. 


Analogy  in  the  Theory  of  Undulations. 

There  is  no  class  of  phenomena  which  more  thoroughly 
illustrates  alike  the  power  and  weakness  of  analogy  than 
the  waves  which  agitate  every  kind  of  medium.  All  waves, 
whatsoever  be  the  matter  through  which  they  pass,  obey 
certain  common  principles  of  rhythmical  orharmonic  motion, 
and  the  subject  therefore  presents  a  vast  field  for  mathema- 
tical generalization.  At  the  same  time  each  kind  of  medium 
may  allow  of  waves  peculiar  in  their  conditions,  so  that  it 
is  a  beautiful  exercise  in  analogical  reasoning  to  observe 
how,  in  making  inferences  from  one  kind  of  medium  to 
another,  we  must  make  allowance  for  difference  of  circum- 
stancea  The  waves  of  the  ocean  are  large  and  visible, 
and  there  are  the  yet  greater  tidal  waves  which  extend 
around  the  globe.    From  such  palpable  cases  of  rhythmical 


movement  we  pass  by  analogy  to  waves  of  sound,  varjnng 
in  length  from  about  32  feet  to  a  small  fraction  of  an  inch. 
We  have  but  to  imagine,  if  we  can,  the  fortieth  octave  of 
the  middle  C  of  a  piano,  and  we  reach  the  undulations  of 
yellow  light,  the  ultra-violet  being  about  the  forty-first 
octave.  Thus  we  pass  gradually  from  the  palpable  and  evi- 
dent to  that  which  is  obscure,  if  not  incomprehensible,  Tet 
the  very  same  phenomena  of  reflection,  interference,  and 
refraction  J  which  we  find  in  the  one  case,  may  be  expected 
to  occur  rntdatis  mutandis  in  the  other  cases. 

From  the  great  to  the  small,  from  the  evident  to  the 
obscure,  is  not  only  the  natural  order  in  which  inference 
proceeds,  but  it  is  the  historical  order  of  discovery,  Tlie 
physical  science  of  the  Greek  pliilosophers  must  have  re- 
mained incomplete,  and  their  theories  groundless,  because 
they  do  not  seem  ever  to  have  understood  the  nature  and 
importance  of  undulations.  AD  their  systems  were  there- 
fore based  upon  the  entirely  different  notion  of  continuous 
movement  of  translation  from  place  to  place.  Modem 
Science  tends  more  and  more  to  the  opposite  conclusion 
that  all  motion  is  alternating  or  rhythmical,  energy 
flowing  onwards  but  matter  remaining  comparatively 
fixed  in  position.  Diogenes  Laertius  indeed  con'ectly 
compared  the  propagation  of  sound  with  the  spreading  of 
wavers  on  the  surface  of  water  when  disturbed  by  a  stone, 
and  Vitruvius  displayed  a  more  complete  comprehension 
of  the  same  analogy*  It  remained  for  Newton  to  create 
the  theory  of  undulatory  motion  in  showing  by  mathe- 
matical deductive  reasoning  that  the  particles  of  an  elastic 
fluid,  by  vibrating  backwards  and  forwards,  might  carry 
forward  a  pulse  or  wave  moving  onwards  from  the  source 
of  disturbance,  while  the  disturbed  particles  return  to  their 
place  of  re^t.  He  was  even  able  to  make  a  first  approxi- 
mation by  theoretical  calculation  to  the  velocity  of  sound- 
waves in  the  atmosphere.     His  theory  of  sound  formed  a 
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hardly  less  important  epoch  in  science  than  his  far  more 
celebrated  theory  of  gravitation.  It  opened  the  way  to 
all  the  subsequent  appHcations  of  mechanical  principles  to 
the  insensible  motion  of  molecules.  He  seemed  to  have 
been  frequently,  too,  upon  the  brink  of  another  appli- 
cation of  the  same  principles  which  would  have  advanced 
science  by  at  least  a  centuiy  of  progi^ess,  and  made  him 
the  undisputed  founder  of  all  the  theories  of  mutter.  He 
expressed  opinions  at  various  times  that  light  miglit  be 
due  to  undulatory  movements  of  a  medium  occupying 
space,  and  in  one  intensely  interesting  sentence  remarks  «f 
that  colours  are  probably  vibmlions  of  different  lengths, 
'  much  after  the  manner  that,  in  the  sense  of  hearing, 
nature  makes  use  of  aerial  vibrations  of  several  big- 
nesses to  generate  sounds  of  divers  tones,  for  the  analogy 
of  nature  is  to  be  observed  *,  He  correctly  foresaw  that 
red  and  yellow  light  would  consist  of  the  longer  undida- 
tions,  and  blue  and  violet  of  the  shorter,  while  white  light 
woidd  be  Cij»m|)osed  of  an  indiscriminate  mixture  of  waves 
of  various  lengths.  Newton  almost  overcame  one  of  the 
strongest  apparent  difficulties  of  the  undulatory  theory  of 
light,  namely,  the  propagation  of  light  in  straight  lines. 
For  he  obsei*ved  that  though  waves  of  sound  bend  round 
an  obstacle  to  some  extent,  they  do  not  do  so  in  the  same 
degree  as  w^ater-waves^.  He  had  but  to  extend  the  ana- 
logy proportionally  to  light-waves,  and  not  only  would 
the  difficulty  have  vanished,  but  the  true  theory  of  dit- 
fraction  would  have  been  open  to  him.  Unfortunately 
he  had  a  preconceived  theory  that  rays  of  light  are  Ivent 
from  and  not  towards  the  shadow  of  a  body,  a  theory 
which  for  once  he  did  not  sufficiently  compare  with  ob- 
servation to  detect  its  ftdsity.     I  am  not  aware,  too,  that 

K  Birch,    'History  of  the  Royal  Society,'    vol.  m.  p»  a6j,  quoted  by^ 
Young,  *  Works,*  vol.  i*  p.  146. 

*>  *Opticks,*  Query  38,  ^ixl  edit.  p.  337. 
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instead  of  being  coincident  with  the  direction  of  vibration, 
as  it  would  be  in  the  case  of  transverse  sound  undulations. 
•Thus  the  laws  of  elastic  forces  appear  to  be  essentially 
different  in  application  to  the  luminiferous  ether  and  to 
ordinary  solid  bodies  \ 

Between  light  and  heat,  forms  of  energy,  which  at  first 
sight  appear  so  different,  a  perfect  analogy  has  gradually 
been  established.  Not  only  do  rays  of  light  and  heat 
obey  exactly  the  same  laws  of  reflection  and  refraction, 
but  they  are  subject  to  exactly  the  same  laws  of  absorp- 
tion and  polarization.  Wherever  a  light-ray  is  deficient 
in  the  solar  spectrum,  a  heat-ray  is  also  missing.  It  is 
now  considered  that  light  is  but  the  influence  of  heat-rays 
of  certain  TVave-lengths  upon  the  eye,  so  that  we  may  in 
fact  cease  to  distinguish  radiant  heat  and  rays  of  light. 
Heat  in  the  radiant  condition  is,  of  course,  to  be  distin- 
guished from  the  molecular  vibration  also  called  heat, 
and  from  the  potential  energy  which  it  produces  when 
absorbed  by  substances,  and  rendered  latent. 

Use  of  Analogy  in  Astronomy. 

We  shall  be  much  assisted  in  gaining  a  true  apprecia- 
tion of  the  value  of  analogy  in  its  feebler  degrees,  by  con- 
sidering how  much  it  has  contributed  to  the  progress  of 
astronomical  science.  Our  point  of  observation  is  so  fixed 
with  regard  to  the  universe,  and  our  means  of  examining 
distant  bodies  is  so  restricted,  that  we  are  obliged  in 
many  cases  to  be  guided  by  limited  and  apparently  feeble 
resemblances.  In  many  cases  the  result  has  been  con- 
firmed by  subsequent  direct  evidence  *  of  the  most 
forcible  character. 

While    the    scientific   world  was   divided   in   opinion 

i  Rankine,  'Philosophical  Transactions*  (1856),  vol.  cxlvi.  p.  282. 
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between  the  Copemican,  and  Ptolemaic  systems,  it  was 
analogy  which  furnished  the  most  satisfactory  argumentei  j 
Galileo  discovered,  by  the  use  of  his  new  telescope^  tbilH 
four  small  satellites  which  circulate  round  Jupiter,   and 
make  a  miniature   planetary  world.       These  four  Medi- 
cean  Stars,  as  they  were  called,  were  plainly  seen  to  re- 
volve round  Jupiter  in  various  periods,  but  approximately 
in  one  plane,  and  astronomers  irresistibly  inferred  thatflj 
what  might  happen  on  the  smaller  scale  might  also  be    " 
found  true  of  the  greater  planetary  system.     This  dis- 
covery gave  the  holding  turn,  as  Sir  John  Herschel  has  j. 
expressed  it,  to  the  opinions  of  mankind.     Even  Franciafl 
Bacon,  who  had,  in  a  manner  little  to  the  credit  of  his" 
scientific    sagacity,   previously    opposed    the '  Copemican 
views,  now  became  partially  convinced,  saying  *  We  aflSrm 
the  solisequium  of  Venus  and  Mercury  ;  since  it  has  been 
found  by  Galileo  that  Jupiter  also  has  attendants/     Nor 
did  Huyghens  think  it  superfluous  to  adopt  the  analogy 
as  a  vaUd  argument  ^\     Even  in  an  advanced  stage  of  the 
science  of  physical  astronomy,  the  Jovian  system  has  not 
lost  its  analogical  interest ;   for  the  mutual  perturbations 
of  the  four  satellites  pass  through  all  their  phases  within 
a  few  centuries,  and  thus  enable  us  to  verify  in  a  minia- 
ture case  the  principles  of  stability,  which  Laplace  has 
established  for  the  great  planetary  system*     Oscillations 
or  disturbances  which  in  the  motions  of  the  planets  appear 
to  1k3  secular,  because  their  periods  extend  over  millions 
of  years,  can  be  watched,  in  the  case  of  Jupiter  s  satellites, 
through  complete  revolutions  witliin  the  historical  periods 
of  astronomy  I 

In  obtaining  a  knowledge  of  the  stellar  universe  we 
must  depend  much  upon  somewhat  precarious  analogies* 
We  must  start  with  the  opinion,  entertained  by  Bruno  as 

^  '  Coamotlieoros'  (1699),  p,  16. 

'  Laplace,  *  SjBtem  of  the  World/  vol  ii,  p*  316. 
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ago  as  1591,  that  the  stars  may  be  suns  attended 
erhaps  by  planets  Uke  our  earth.  This  is  the  most 
Iprobable  first  assumption,  supported  in  some  degree  by 
very  recent  spectrum  obserTations,  which  show  the  simi* 
larity  of  Hght  derived  from  many  stars  with  that  of  the 
I  sun.  But  at  the  same  time  we  learn  by  the  prism  that 
I  there  are  nebulae  and  stars  in  conditions  widely  different 
^^from  anything  known  in  our  system.  In  the  course  of 
^'time  the  analogy  may  perhaps  be  restored  to  comparative 
I  completeness  by  the  discovery  of  many  suns  in  various 
stages  of  nebulous  condensation.  The  history  of  the  evo- 
lution  of  our  own  world  may,  m  it  were,  be  traced  back 
in  bodies  less  developed,  or  traced  forwards  in  systems 
more  advanced  towards  the  dissipation  of  energy,  and  the 
extinction  of  Hfe.  As  in  a  great  workshop,  we  may  per- 
haps see  the  material  work  of  Creation  as  it  has  variously 
progressed  through  thousands  of  millions  of  yeara. 

By  tlie  careful  delineation  and  classification  of  the 
nebulae  and  stellar  systems,  we  may  hope  in  time  to  find 
some  parallel  even  to  that  apparently  space-filling  system. 
of  the  Milky  Way.  Michell  pointed  out  that  the  Pleiades 
form  a  remarkable  group  of  worlds,  and  he  thought  that 
it  might  present  an  analogy  to  the  sun  imd  its  immediate 
neighbours.  The  observations  of  the  Herschels  and  other 
more  recent  astronomers,  show  that  we  really  belong  to 
a  vast  stratum  of  worlds  of  a  peculiar  split  form,  in- 
cluding countless  myriads  of  stars  of  various  sizes.  The 
belief  in  analogy  is  irresistible,  and  astronomers  have 
fdready  looked  into  the  depths  of  space,  hoping  to  find 
distant  nebulous  specks  w4iich  might  resemble  the  sup- 
posed form  of  the  Milky  Way,  and  extend  our  know- 
ledge  to  a  higher  order  of  universes.  Such  expectations 
are  probably  premature,  or  even  unfoimded ;  neverthe* 
less  in  the  forms  of  the  nebulae  we  may  find  much  in- 
struction.     The    spiral   form  disclosed  in   many    bodies 
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by  Lord  Rosse's  telescope  possesses  some  analogy  to  what 
would  happen  in  a  system  revolving  in  a  dense  retard- 
ing medium.  Let  us  once  ascertain  by  the  epectroscope 
that  there  is  a  dense  envelope  of  gas,  and  the  forms  of 
those  bodies  are  at  once  brought  into  harmony  with  the 
laws  of  matter  on  this  globe.  Viewing  such  worlds  as 
we  do  from  a  fixed  distant  point,  they  appear  variously 
distorted  according  to  the  laws  of  perspective  ;  but  wlien 
we  find  in  many  objects  forms  which  might  have  pro- 
ceeded from  the  same  object  variously  inclined  to  the 
line  of  vision,  analogy  will  aid  us  m  determining  the 
real  form.  Thus  when  we  see  an  apparent  nebulous 
ring,  we  may  be  unable  to  decide  whether  it  is  really 
a  ring  of  matter  or  a  spherical  shell,  of  which  the  ob- 
liquely seen  edges  are  alone  apparent.  But  if  elsewhere 
we  discover,  as  did  Lord  Rosse,  another  nebula  present- 
ing the  distinct  appearance  of  a  ring  seen  edgeways,  we 
may  infer  with  some  probability  from  one  case  to  the 
other.  By  similar  processes  of  comparison  and  analogical 
reasoning,  we  may  in  time  assign  with  much  confidence 
the  absolute  forms  of  many  classes  of  celestial  objects". 

In  speculations  concerning  the  physical  condition  of 
other  planets  and  heavenly  bodies,  we  must  often  depend 
upon  analogies  of  a  very  weak  character.  We  may  be 
said  to  know  that  the  moon  has  mountains  and  valleys, 
plains  and  ridges,  volcanoes,  and  streams  of  lava,  and, 
in  spite  of  the  absence  of  air  and  water,  the  rocky  sur- 
face of  the  moon  presents  so  many  familiar  appearances 
that  we  do  not  hesitate  to  compare  them  witli  the  features 
of  our  own  globe.  We  infer  with  high  probability  that 
Mars  has  polar  snow  and  an  atmosphere  absorbing  blue 
rays  like  oxu*  own  ;  Jupiter  undoubtedly  possesses  a  cloudy 
atmospliere,  {xissibly  not  unlike  a  magnified  copy  of  that 
Burromiding  the  earth,  but  our  tendency  to  adopt  an- 
^  Grant's  'History  of  riiysiral  Astronomy/  pp.  570-571. 


logies  receives  a  salutary  correction  in  the  recently  dis- 

>vered  fact  that  the  atmosphere  of  Ummis  contains 
bydrogen.  PhilosopherB  of  the  liighest  grade  have  not 
Btopped  at  these  comparatively  safe  inferences,  but  have 

peculated  on  the  existence  of  living  creatures  in  other 
planets.   Huyghens  remarked  that  as  we  infer  by  analogy 

rom  the  dissected  body  of  a  dog  to  that  of  a  pig  and 
&x  or  other  animal  of  the  same  general  foiTii,  and  as  we 
expect  to  find  the  same  viscera,  the  heart,  stomach,  lungs, 
intestines,  &c*,  in  corresponding  positions,  so  when  we 
notice  the  similarity  of  the  planets  in  many  respects,  we 

lust  expect  to  find  them  alike  in  other  points"*  He 
Bven  enters  into  an  inquiry  whetlier  the  inhabitants  of 
[)ther  planets  would  possess  reason  and  knowledge  of  the 

aime  sort  aa  ours,  concluding  in  the  affirmative.  Although 
the  power  of  intellect  might  bo  different,  he  considers  that 
they  would  have  the  same  geometry  if  they  had  any  at 
al],  and  that  what  is  true  with  U8  would  be  true  with 
them*'.  As  regards  the  sun,  he  wisely  observes  that  every 
conjecture  fails.  Laplace  entertained  a  strong  belief  in 
the  existence  of  inhabitants  on  other  planets.  The  benign 
uifliience  of  the  sim  gives  birth  to  animals  and  plants 
upon  the  surface  of  the  earth,  and  analogy  induces  us  to 
believe  that  his  rays  would  tend  to  have  a  similar  effect 
elsewhere.  It  is  not  probable  that  matter  which  Ls  here 
so  fruitful  of  life,  would  be  steiile  upon  so  great  a  globe 
as  Jupiter,  which,  like  the  earth,  has  its  days  and  nigiits 
and  years,  and  changes  which  indicate  active  forces.  Man 
indeed  is  formed  for  the  temperature  and  atmosphere  in 
wliich  lie  lives,  and,  so  far  as  appeal^,  could  not  live  upon 
the  other  planets.  But  there  might  be  an  infinity  of 
organizations  relative  to  the  diverse  constitution  of  the 
bodies  of  the  universe.     The  most  active  imagination  can- 
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not  form  any  idea  of  such  various  creatures,  hut  their 
existence  is  not  unlikelyP. 

We  now  know  that  many  metals  and  other  elements 
never  found  in  organic  structures  are  yet  capable  of  form- 
ing compoimds,  with  substances  of  vegetable  or  animal 
origin*  It  is  therefore  just  possible  that  at  different  tem- 
peratures creatures  formed  of  different  but  analogous  com- 
pounds might  exist,  but  it  would  seem  indispensable  that 
carbon  should  still  form  the  basis  of  organic  structures ; 
for  we  have  no  analogies  to  lead  us  to  suppose  that  in 
the  absence  of  that  complex  element,  life  can  exist.  Could 
we  find  globes  surrounded  by  atmospheres  resembling  our 
own  in  temperature  and  composition,  we  should  be  almost 
forced  to  believe  them  inhabited,  but  the  probabilitj  of 
any  analogical  argument  decreases  rapidly  as  the  condi- 
tion of  a  glol :>e  diverges  from  that  of  our  own.  The  Cardi- 
nsd  Nicholas  de  Cusa  held  long  ago  that  the  moon  was 
inhabited,  but  the  absence  of  any  appreciable  atmosphere 
renders  the  existence  of  inhabitants  highly  improbable. 
Specidations  resting  upon  weak  analogies  hardly  belong 
to  the  scope  of  true  science,  and  can  only  be  tolerated  as 
an  antidote  to  the  far  worse  dogmatism  which  would 
assert  that  the  thousand  million  of  persons  on  earth,  or 
rather  a  small  fraction  of  them^  are  the  sole  objects  of 
oare  of  the  Power  which  designed  this  limitless  Universe; 


Failures  of  Analogy, 

onstant  is  the  aid  which  we  derive  from  the  use  of 
in  all  attempts  at  discovery  or  explanation,  that 
m  most  iuiportant  to  observe  in  what  cases  it  may  lead 
ife»  into  diflSculties.  That  wMch  we  expect  by  analogy  to 
^aoHl  may— 

I  of  the  World/  voL  il  p.  326.    '  Essai  Pliilosophiqne,'  p.  Bj. 


(i)  Be  found  to  exist ; 

(2)  May  seem  not  to  exist,  but  nevertheless  may  really 
exist ; 

(3)  May  actually  be  non-existent* 

In  the  second  ease  the  failure  is  only  apparent,  and 
arises  from  our  obtuseness  of  perception,  the  smallnesa 
of  the  phenomenon  to  be  noticed,  or  the  disguised  char 
racter  in  wliich  it  appears.  I  have  already  pointed  out 
that  the  analogy  of  sound  and  light  seems  to  foil  because 
light  does  not  bend  round  a  comer,  the  fact  being  that  it 
does  BO  bend  in  the  phenomena  of  difiraction,  which 
present  the  effect,  however,  in  such  an  unexpected  and 
minute  form,  that  even  Newton  w^as  misled,  and  turned 
from  the  correct  hypothesiQ  of  undulations  which  he  had 
partially  entertained. 

In  the  third  class  of  cases  analogy  fails  us  altogether, 
and  we  expect  that  to  exist  which  really  does  not  exist. 
Thus  we  fail  to  disc  ^ver  the  phenomena  of  polarization  in 
sound  travelling  through  the  atmosphere,  since  air  is  not 
capable  of  any  appreciable  transverse  undulations.  These 
failures  of  analogy  are  of  pecuHar  interest,  because  they 
make  the  mind  aware  of  its  superior  powers.  There  have 
been  many  philosophers  who  said  that  we  can  conceive 
nothing  in  the  intellect  which  we  have  not  previously 
received  through  the  senses.  Tliis  is  true  in  the  sense 
that  we  cannot  image  them  to  the  mind  in  the  concrete 
form  of  a  shape  or  a  colour  ;  but  we  can  speak  of  them  and 
reason  concerning  them  ;  in  short,  we  often  know  them 
ill  everything  but  a  sensuous  manner.  Accurate  investi- 
gation shows  that  all  material  substances  retard  the 
motion  of  bodies  through  them  by  substracting  energy 
by  impact.  By  the  law  of  continuity  we  can  frame  the 
notion  of  a  vacuous  spac^  in  which  there  is  no  resistance 
whatever,  nor  need  we  stop  there  ;  for  we  have  only  to 
proceed  by  analogy  to  the  case  where  a  medium  shoidd 
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adduced,  we  learn  that  analogical  reasoning  leads  us  to 
the  conception  of  many  things  which,  so  far  as  we  can 
ascertain,  do  not  exist.  In  this  way  great  perplexities 
have  arisen  in  the  use  of  language  and  mathematical 
symbols.  All  language  depends  upon  analogy;  for  we 
join  and  arrange  words  so  that  they  may  represent  the 
corresponding  junctions  or  arrangements  of  things  and 
their  qualities.  But  in  the  use  of  language  we  are 
obviously  capable  of  forming  many  combinations  of  words 
to  which  no  corresponding  meaning  apparently  exists. 
The  same  difficulty  arises  in  the  use  of  mathematical 
signs,  and  mathematicians  have  needlessly  puzzled  them- 
selves about  the  square  root  of  a  negative  quantity,  which 
is,  in  many  applications  of  algebraic  calculation,  simply  a 
sign  without  any  analogous  meaning,  there  being  a  failure 
of  analogy. 


VOL.   II. 


CHAPTEK  XXIX. 


EXCEPTIONAL     PHENOMEKA. 


If  Bcience  consiete  in  the  detection  of  identity  and  tlia| 
recognition  of  one  uniformity  existing  in  many  objects,  it 
follows  almost  of  necessity  that  the  progress  of  science^ 
depends  upon  the  study  of  exceptional  phenomena.     Such 
new  phenomena  are  the  raw  material  upon  which  we  are^ 
to  exert  our  fiiculties  of  observation  and  reasoning,   in 
order  to  reduce  the  new  facts  beneath  the  sway  of  the 
laws  of  nature,  either  those  laws  already  well  known,  or  _ 
those  to  lie  discovered.     Not  only  are  strange  and  ioex^a 
plicahle  fticts  those  which  are  on  the  whole  most  likely  to 
lead  us  to  some  novel  and  important  discovery,  but  they 
arc  also  best  fitted  to  arouse  our  attention.     So  long  as 
events  happen  in  accordance  with  our  anticipations,  and 
the  routine  of  every-day  observation  is  unvaried,  there  is 
nothing  to  hnpress  upon   the  mind  the  smallness  of  itsj 
knowledge^  and   the   depth    of  mystery,  which  may   be] 
hidden  in  the  commonest  sights  and  objects.     In  early 
times  the  myriads  of  stars  which  remained  in  apparently 
fixed  relative  positions   upon   the   heavenly  sphere,   re^fl 
ceived  far  less  notice  from  astroTiomers  than  those  few 
planets  wliose  wandering  and  inexplicable  motions  formed 
an  unsolved  riddle.     Ilipparchus  was  induced  to  prepare 
the  first  catalogue  of  stars,  because  a  single  new  star  had 
been  added  to  those  nightly  \asible  ;  and  in  the  middle 


ages  two  brilliaut  but  temporary  stars  caused  more 
popular  interest  in  astronomy  tliaii  any  otlier  events, 
and  to  one  of  them  we  owe  all  the  ub.servations  of  Tycho 
Brahe,  the  mediaeval  Hipparcliua 

In  other  sciences,  as  well  fis  in  that  of  the  heavens, 
exceptional  events  are  commonly  the  points  fi*om  which 
we  start  to  explore  new  rejfions  of  knowledge.  It  has 
been  beautifully  said  that  Wonder  is  the  daughter  of 
Ignorance,  but  the  motlier  of  Invention  ;  and  though  the 
most  familiar  and  slight  events,  if  fully  examined,  will 
afford  endless  food  for  wonder  and  for  wisdom,  yet  it  is 
the  few  pecidiar  and  unlooked-for  events  which  most  often 
lead  a  gcientific  mind  into  a  course  of  discovery.  It  is 
true,  indeed,  that  it  requires  much  pliilosophy  to  observe 
things  which  are  too  near  to  ub. 

The  high  scientific  importance  attaching,  then,  to  ex- 
ceptions, renders  it  desirable  that  we  should  carefully 
consider  the  various  modes  in  which  an  exception  may 
be  disposed  of;  while  some  new  facts  will  be  found  to 
confirm  the  very  laws  to  which  at  first  sight  they  seem 
clearly  opposed,  others  will  cause  us  to  limit  the  generality 
of  om'  previous  statements.  In  some  cases  the  exception 
may  be  proved  to  be  no  exception  ;  occasionally  it  will 
prove  fatal  t(j  our  previous  most  confident  speculations ; 
and  there  are  some  new  phenomena  wdiich,  without  really 
destroying  any  ol  our  former  theories,  open  to  us  wliolly 
new  fields  of  scientific  investigation.  The  study  of  this 
subject  is  especially  interesting  and  important,  because,  as 
I  have  before  said  (vol.  ii.  p.  233),  no  important  theory 
can  be  built  up  complete  and  perfect  aU  at  once.  When 
unexplained  phenomena  present  themselves  as  objections 
to  the  theory,  it  will  often  demand  the  utmost  judgment 
and  sagacity  to  assign  to  them  their  proper  plaee  and 
force.  The  acceptation  or  rejection  of  a  theory  will  entirely 
depend  upon  discriminating  the  one  insuperable  coutra- 
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djctory  fkci  from  manj^  wlilch,  however  singular  and 
inexplicable  at  first  sight,  may  aftenraids  be  diown  to  be 
resultfi  of  wholly  different  causes^  or  posibly  the  meet 
•^itriking  reaulta  of  tlie  very  law  with  whidi  they  stand  izLi 
apparent  conflict. 

I  can  enumerate  at  least  eight  different  daases  or  kinds 
of  exceptional  pheBameia,  to  one  or  other  of  which  anj 
stipposed  exception  to  the  known  laws  of  nature  will 
ultimately  be  referred ;  they  may  he  briefly  described  bb 
below,  and  will  be  eufliciently  illustrated  in  the  succeeding 
sections* 

(t)  Imaginary,  or  &lse  exceptions,  that  is,  &ctB,  ob- 
jects, or  events  which  are  not  really  what  they  are  sup- 
posed to  be. 

(2)  Apparent,  but  congruent  exceptions,  which,  though 
apparently  in  conflict  w^itb  a  law  of  nature,  are  really  in 
agreement  with  it 

(3)  Singular  exceptions,  which  reaDy  agree  with  a  law 
of  nature,  but  exhibit  remarkable  and  unique  results  of  it 

(4)  Divergent  exceptions,  which  really  proceed  trom  the 
ordinary  tu3ti«Hi  of  known  processes  of  nature,  but  which 
are  excessive  in  amount  or  monstrous  in  character. 

(5)  Aceiflenta!  exceptions,  arising  from  the  interference 
of  some  entirely  distinct  but  known  law  of  nature, 

(6)  Novel  and  unexplained  exceptions,  which  lead  to 
the  discovery  of  a  new  series  of  laws  and  phenomena, 
modifying  or  disguising  the  effects  of  previously  known 
laws,  without  being  incouwstent  with  them. 

(7)  Limiting  exceptions,  sliowing  the  falsity  of  a  sup- 
posed law  in  cases  to  which  it  b^^d  been  extended,  but  not 
aflecting  its  truth  in  other  cases. 

(8)  Coiitraclictory  or  real  exceptions  whicli  lead  us  to 
the  conclusion  that  a  supposed  hypothesis  or  theory  is  in 
opposition  to  the  phenonieua  of  nature,  and  must  therefore 
be  abandoned. 
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It  ought  to  be  clenrly  understood  that  in  no  case  is  a 
law  of  nature  really  thwarted  or  prevented  from  being 
fulfilled.  The  effects  of  a  law  may  be  disguised  and 
hidden  from  our  view  in  some  instances — in  others  the 
]aw^  itself  may  be  rendered  inapplicable  altogether — but 
if  a  law  is  applicable  it  must  be  carried  out.  Every 
law  of  nature  raiist  therefore  be  stated  with  the  utmost 
generality  of  all  the  instances  really  coming  under  it. 
Babbage  proposed  to  distinguish  between  universal  prin- 
ciples^ Avliich  do  not  admit  of  a  single  exception^  such 
as  that  every  number  ending  in  5  is  divisible  by  five, 
and  general  principles  which  are  more  frequently  obejed 
thrui  violated,  as  that  *men  w^ill  be  governed  by  wliat 
1,  they  believe  to  be  their  interest**/  But  in  a  scientific 
^^  point  of  view  general  principles  must  be  luiiversal  as 
^^b*^g^dK  some  distinct  class  of  objects^  or  they  are  not 
T^  principles  at  alL  If  a  law  to  which  exceptions  exist  is 
^■stated  without  allusion  to  those  exceptions,  the  state- 
^Pment  is  erroneous.  I  have  no  right  to  say  that  'AH 
liquids  expand  by  heat/  if  I  know  that  water  below 
4"  C.  does  not ;  I  ought  to  say,  *  All  liquids,  except  water 
below  4*"  C,  expand  by  heat;'  and  eveiy  new^  exception 
discovered  will  falsify  the  statement  until  inserted  in  it. 
To  speak  of  some  laws  as  being  generally  true,  me-aning 
not  universally  but  in  the  majority  of  cases*  is  a  hiu-t- 
ful  abuse  of  the  word,  but  is  quite  usual.  General  should 
mean  that  which  is  true  of  a  w^lK»le  genvs  or  class,  and 
every  tnie  statement  must  be  true  of  some  assigned  or 
iissignable  class. 


Imaginaiy  or  False  Exceptions, 

Wlien   a  supposed  exception   to   a   law   of  nature   is 
brought  to  our  nutice,  the  first  inquiiy  ought  properly 
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to  be—Is  there  any  breach  of  the  law  at  aU  ?    It  may 

be  tliat  the  supposed  exceptional  fact  is  not  a  fact  at 
all,  that  it  is  a  mere  figment  of  the  imagination.  When 
King  Charles  requested  the  Eoyal  Society  to  investigate 
the  curious  fact  that  a  live  fish  put  into  a  l)ucket  of 
water  does  not  increaise  the  weight  of  the  bucket  and 
its  contents,  the  Eoyal  Society  wisely  commenced  their 
deliberations  by  inquiring  whether  the  fact  was  so  or  not* 
Every  statement,  however  false,  must  have  some  cause  or 
prior  condition,  and  tlie  real  question  for  the  Royal  Society 
to  investigate  was,  how  tlie  King  came  to  think  that  the 
fact  was  so.  Mental  conditions,  as  we  have  seen  (vol  ii. 
p.  4),  enter  into  all  acts  of  observ^ation,  and  are  often  a 
worthy  subject  of  inquiry.  But  there  are  many  instances 
in  tire  history  of  physical  science,  in  which  much  trouble 
and  temporary  error  liave  been  caused  by  false  assertions 
carelessly  made,  and  carelessly  accepted  without  experi- 
mental verification. 

The  reception  of  the  Copemican  theory  was  much  im- 
peded by  the  objection,  that  if  the  earth  were  perpetually 
moving,  a  stone  dropped  from  the  top  of  a  high  tower 
should  be  left  behind,  and  shoidd  appear  to  move  towards 
the  west,  just  as  a  stone  dropped  from  the  mast-head  of  ■ 
a  moving  ship  would  fall  behind,  owing  to  the  motion  of 
the  ship.  The  Copernicans  attempted  to  meet  this  grave 
objection  in  every  way  but  the  true  one,  namely,  that  of 
showing  by  trial  that  the  asserted  facts  are  not  correct 
ones.  In  the  first-  place,  if  a  stone  liad  been  di'opped  with 
suitable  precautions  from  the  ma.st*liead  of  a  moving  ship, 
it  would  liave  fallen  close  to  the  foot  of  the  mast,  because  ^ 
by  the  first  law  of  motion  it  would  remain  in  the  same  f 
state  of  horizontal  motion  communieatetl  to  it  by  the 
mast.  As  the  anti-Copernicans  had  assumed  the  contrary 
result  a8  certain  to  ensue,  tlieir  argument  would  of  course 
have  iVillen  ilirouefli  at  once.     Had  the  Copernicans  next 
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proceeded  to  test  with  great  care  the  other  assertioD  in- 
volved, they  would  have  become  still  better  convinced 
of  the  truth  of  their  own  theory.  A  stone  dropped  from 
the  top  of  a  high  tower,  or  into  a  deep  well,  wonld 
certainly  not  have  been  deflected  from  the  vertical  direc- 
tion m  the  considerable  degree  required  to  support  the 
anti-Copernican  views  ;  but,  with  very  aocurat-e  obser- 
vation, they  might  have  discovered,  as  Benzenberg  sub- 
sequently did,  a  very  smdl  deflection  towards  the  west 
(vol.  i.  p.  453)*  At  the  moment  when  a  body  begins  to 
fall  freely,  it  begins  to  resemble  a  very  small  afitellite 
moving  under  the  force  of  gravity,  as  exerted  from  the 
earth's  centre  of  attraction,  and  it  therefore  describes,  like 
other  satellites,  a  portion  of  an  elliptic  orbit^.  Had  the 
Copernicans  then  been  able  to  detect  and  interpret  the 
meaning  of  this  small  divergence,  they  would  have  found 
m  it  a  conclusive  proof  of  their  own  views. 

Midtitudes  of  cases  might  be  cited  in  which  laws  of 
nature  seem  to  be  evidently  broken,  but  in  which  the 
apparent  breach  entirely  arises  from  a  misapprehension  of 
the  facts  of  the  case.  It  is  a  general  law,  absolutely  true 
of  all  crystals  yet  submitted  to  examination,  that  no 
crystal  has  a  re-entrant  angle,  that  is  an  angle  which 
towards  the  axis  of  the  crystal  is  greater  than  two  right 
angles.  Wherever  the  faces  of  a  crystal  meet  they  pro- 
duce a  projecting  edge,  and  w^herever  edges  meet  they 
produce  a  comer.  Many  crystals,  however,  when  care- 
lessly examined,  present  exceptions  to  this  law,  but  closer 
observation  always  shows  that  the  apparently  re-entrant 
angle  really  arises  from  the  oblique  union  of  two  distinct 
crysttds.  Other  crystals  seem  to  possess  faces  contradict- 
ing all  the  principles  of  crystallography  ;  but  again 
careful  examination  shows  that  the  supposed  faces.are  not 

*^  *  Cambi-idge  and  Dublin  Mathematicttl  Journar  (1848),  vol  iii. 
p.  206. 


forms  are  similarly  modified,  so  as  to  produce  a  series  of 
what  are  called  hemikedral  forms. 


Apparent  hut  Congruent  Exceptions. 

Not  imfreqiiently  a  law  of  nature  will  present  results 
in  certain  circumstances  which  appear  to  be  entirely  in 
conflict  with  the  law  itself.  Not  only  may  the  action  of 
the  law  be  much  complicated  and  disguised,  but  it  may 
in  various  ways  be  reversed  or  inverted,  so  that  all  care- 
less observers  are  misled.  Ancient  philosophers  gene- 
rally believed  that  while  some  bodies  were  heavy  by 
nature,  others,  such  as  flame,  smoke,  bubbles,  clouds,  &c,, 
were  essentially  light,  or  possessed  a  tendency  to  move 
upwards.  So  acute  and  learned  an  inquirer  as  Aristotle 
entirely  failed  to  perceive  the  true  nature  of  buoyancy  or 
apparent  lightness,  and  the  doctrine  of  intrinsic  lightneas* 
being  expounded  in  his  works,  became  the  accepted  view 
for  many  centuries.  It  is  tnie  that  Lucretius  was  fully 
aware  why  flame  tends  to  rise,  holding  that — 

*  The  flame  has  weight,  thoiigli  higMy  rare, 
Nor  motiuts  but  when  compelled  by  heavier  air.* 

Archimedes  also  was  so  perfectly  acquainted  with  the 
buoyancy  of  bodies  immersed  in  water,  that  he  could  not 
fail  to  perceive  the  existence  of  a  parallel  effect  in  air. 
Yet  throughout  the  early  middle  ages  the  light  of  true 
science,  clear  though  feeble,  could  not  contend  with  the 
powerful  but  confused  glare  of  the  fiilse  Peripatetic  doc- 
trine. The  genius  of  Galileo  and  New^ton  was  required 
to  convince  peojile  of  the  simple  truth  that  all  matter 
is  heavy,  l>ut  that  the  gravity  of  one  substance  may  be 
overborne  by  that  of  another,  as  one  scale  of  a  balance 
18  carried  up  by  the  preponderating  weight  in  the  oppo- 
site scale.    It  IB  curious  to  find  Newton  gravely  explaining 


the  difference  of  abeolate  and  relative  gra\*ify,  as  if  it 
were  a  new  discovery  proceeding  from  his  theory®.  More 
than  a  century  elapsed  before  other  apparent  exceptiou 
to  the  Newtonian  pliilosophy  were  explained  away. 

Newton  himself  allowed  that  the  motion  of  the  apddea 
of  the  moon's  orbit  appeared  irreconcilable  with  the  law 
of  gravity,  and  it  remained  for  Clairant  to  remove  the 
reproach  by  more  complete  mathematical  analyBis.  There 
muiit  alwaya  indeed  remain,  iu  the  motions  of  the  tides 
or  of  the  heavenly  l^odies,  discrepancies  of  some  amount 
liotwoeii  theory  and  observation ;  but  like  discrepancies 
iw  iHi  often  yielded  in  past  times  to  prolonged  investi- 
\kMi  Uuit  all  [>hyHici8t8  have  corae  to  regsird  them  aa 
IjT  Hpj*an>iU  exoej^tionsi  which  will  afterwards  be  found 
U^  b^  utnv  i>imfinnations  of  the  law  with  which  they  now 
to  cimfliet* 
The  mo8t  beautiful  iiifttanee,  pcrliaps,  which  can  l^ 
adduced  of  an  apparent  exception^  is  found  in  the  total 
reflection  of  light,  wlilch  occurs  when  a  beam  of  light 
mtliin  a  medium  fidls  very  obliquely  upon  the  boundary 
it|Mirating  it  from  a  rarer  medium •  It  is  the  general 
br  that  when  a  ray  strikes  the  limit  between  two  media 
yt^JUferent  refractive  indices,  part  of  the  light  is  reflected 
mHl  fMt  is  refracted,  but  when  the  o|)]iquity  of  the  ray 
^liA^  di^  denser  medium  passes  beyond  a  certain  point 
y»*  *.  5Uilden  appnrt'Ut  breach  of  continuity,  and  the 

%^  "'^  •  **':rlit  is  reflected,     A  veiy  clear  rer^son  can 

'y  s  exceptional  conduct  of  the  light  :  for 

Uw  of  refraction  the  sine  of  the  angle  of 
.v<!irs  a  fixed  ratio  to  the  sine  of  the  angle 
LVKOw  ■<♦  dbii  the  greater  of  the  two  angles,  which 
.    ''fUL    u  tJw  les^  dense  medium,  may  increase  up 
.  i  wWn  the  media  ditfer  in  refractive 
^MmM  become  a  right  angle,  as  this 
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would  require  the  sine  of  an  angle  to  be  greater  than  the 
radius.  It  might  seem^  perhaps,  tliat  this  was  an  exception 
of  the  kind  elsewhere  described  as  a  limiting  exception,  in 
which  a  law  is  shown  tolje  inapplicable  beyond  certain  de- 
fined limits ;  but  in  the  explanation  of  the  exception 
according  to  the  uudulatory  theory,  we  find  that  there 
is  really  no  breach  or  exception  to  the  general  law. 
Whenever  an  inidulation  strikes  any  point  in  a  bounding 
surface^  spherical  waves  are  produced  and  spread  from 
the  point  The  refracted  ray  is  the  residtant  of  an  infi- 
nite number  of  such  spherical  waves,  and  the  bending  of 
the  ray  at  the  common  surfiice  of  two  media  depends  upon 
the  comparative  velocities  of  propagation  of  the  undula- 
tions in  those  media.  But  if  a  ray  falls  very  obliquely 
upon  the  surface  of  a  rarer  metlium,  the  waves  arising 
from  successive  points  of  the  surface  may  spread  so  rapidly 
as  never  to  intersect,  and  no  resultant  wave  will  then  l>e 
produced.  We  thus  perceive  that  from  general  mathe- 
matical conditions  may  arise  very  distinct  apparent  effects. 
There  may  occur  from  time  to  time  distinct  failures  in 
our  most  well-grounded  predictions,  A  comet,  of  which 
the  orbit  has  been  well  determined,  may  fiiil,  like  Lexells 
Comet,  to  appear  at  the  appointed  time  and  place  in  the 
heavens.  In  the  present  day  we  should  not  hold  such  an 
exception  to  our  successful  predictions  to  weigh  against 
our  belief  in  the  theory  of  gravitation,  but  shoidd  assume 
that  some  unknown  body  had  through  the  action  of  gravi- 
tation itseli*  deflected  the  comet.  As  Clairaut  remarked, 
in  publishing  his  calculations  concerning  the  expected  re- 
appearance of  Halley's  Comet,  a  body  which  passes  into 
regions  so  remote,  and  which  is  hidden  from  our  view 
during  such  long  periods,  might  be  exposed  to  the  influ- 
ence of  forces  totally  unknown  to  us,  such  as  the  action 
of  other  comets,  or  even  of  some  planet  too  far  removed 
from  the  sun  to  be  ever  perceived  by  iis.     In  the  case  of 


Lexells  Comet  it  was  afterwards  shown,  curiously  enough, 
that  ita  appearance  was  not  one  of  a  regular  series  of 
periodical  returns  within  tlxe  sphere  of  our  vision,  but  a 
Hirigle  exceptiouf  J  visit  never  to  be  repeated,  and  probably 
due  to  the  perturbing  powers  of  Jupiter.  Yet  this  soli- 
tary visit  was  a  strong  confirmation  of  the  hiw  of  gravity 
wnth  which  it  seemed  to  be  in  conflict 

The  division  of  Bielas  Comet  into  two  companion  comets 
was  at  the  time  when  it  occurred  one  of  those  unh3oked- 
for  and  Inexpliaible  events  which  awaken  the  attention 
and  interest  of  ol^servers  in  the  highest  degree.  Comets 
indeed  have  altogether  the  character  of  eccentric  strangers 
intruding  into  our  planetary  system,  and  in  almost  every 
point  they  are  yet  inexplicable  ;  but  there  is  a  possibihty 
tliat  the  sei»aration  of  Bielas  Comet  may  prove  to  be  a 
comparatively  ordinary  event  of  cometary  history.  For 
if,  as  is  now  believed,  comets  be  aggregates  of  small  me- 
teoric stones  or  particles,  forming  the  denser  parts  of  con- 
tinuous streams  of  such  bodies  circulating  round  the  sim, 
then  it  is  not  unlikely  that  these  aggregates  may  at  times 
be  increased  or  diminished  by  the  meeting  or  separation 
of  meteoric  streams. 

Singular  Exceptions. 

JLmong  the  most  interesting  of  apparent  exceptions  are 

llio^  which  I  propose  to  call  situ/ular  exceptions,  because 

i^wue  more  or  less  closely  analogous  to  the  singidar 

^^ «  soluiious  which  occur  in  mathematicid  science. 

(latical  law  embraces  an  infinite  multi- 

mhiiA\  li^v^  ^  perfect  agreement  with  each 

H^gpect.     It  may  nevertheless  happen 

«y%iV  obeying  the  general  law,  stands 

jJl^CMt  from  all  the  rest.     The  daily 

iti^  axis    '       to  all  the  stars 
/ 
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ill  the  heavens  an  appai'ent  relative  motion  of  rotatioa 
from  east  to  west ;  but  out  of  countless  thousands  which 
obey  the  rule  the  Pole  Star  alone  seems  to  break  it 
Exact  observations  indeed  show  tliat  it  ako  revolves 
in  a  small  circle,  but  it  might  happen  for  a  short  time 
that  a  star  existed  so  close  to  tlie  pole  that  no  appreciable 
cliange  of  place  would  be  caused  by  tlie  daily  rotation. 
It  would  then  constitute  a  perfect  singular  exception  ; 
for,  while  really  obeying  the  law,  it  would  break  the  terms 
in  which  it  is  usually  stated.  In  the  same  way  the  poles 
of  evety  revolving  Ixxly  are  singular  points. 

Whenever  the  laws  of  nature  are  reduced  to  a  mathe- 
matical form  we  may  expect  to  meet  with  singular  cases, 
and,  as  all  the  physical  sciences  will  meet  in  the  mathema- 
tical principles  of  mechanics,  there  is  no  part  of  nature 
where  we  may  not  probably  encounter  them.  In  me- 
chanical science  itself  the  circular  motion  of  rotation  may 
be  considered  a  single  exception  to  the  rectilineal  motion 
of  translation.  It  is  a  general  Uiw  that  any  number  of 
parallel  forces,  whether  acting  in  the  same  or  opposite 
directions,  will  have  a  resultant  which  may  be  substituted 
for  them  with  like  effect.  This  resultant  will  be  equal 
to  the  algebraic  sum  of  the  forces,  or  the  difference  of 
those  acting  in  one  direction  and  the  other ;  it  will  pass 
through  a  point  which  is  determined  by  a  simple  formula, 
and  which  may  be  described  as  the  mean  point  of  all  the 
points  of  application  of  the  parallel  forces  (vol  i*  p,  422). 
Thus  we  readily  determine  the  resultant  of  parallel  forces, 
except  in  one  pecuhar  case,  namely,  when  two  forces  are 
equtd  and  oj>pc^site  but  not  in  the  same  straight  line. 
Being  equal  and  opposite  the  amount  of  the  resultiint  is 
nothing,  yet,  as  the  forces  are  not  in  the  same  straight 
line,  they  do  not  balance  and  destroy  each  other.  Exami- 
ning the  formida  for  the  point  of  application  of  the  re- 
sultant, we  find  that  it  gives  an  infinitely  great  magnitude. 
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peculiar  crjBtmk  cif  qoaits.  and 
vmd^  mlgectad  to  a  magnetic  atnia,  i 
fmmaA(r6l  E  pp.  234*  287).  the  {Jane  of 
futaled  in  a  acrew-Uke  maEuier*  Tliia  eflbct  is  90  ctJineij 
md  jfenefis,  ao  ui JOte  any  other  pbemracna  in  natm^  aa 
to  appear  truly  eSLceptaonal ;  yei  Biathrmatical  analfw 
diowB  it  to  be  only  a  single  case  of  mndi  more  genenl 
lawa.  Aa  stated  by  ThoniKm  and  Tait**  it  ariaea  finm 
the  eompoeitiQn  of  two  timform  circular  modoins*  If 
while  a  point  is  moving  round  a  circle,  the  centre  of  that 
code  BKure  npoo  another  drcle,  a  great  Tariety  of  cnrioiia 
citrvea  will  be  prodooed  aeoording  as  we  vary  the  dimen- 
of  the  circles  or  the  rapidity  of  the  motions.  In 
aK  where  the  two  ciides  are  exactly  equals  the  point 
will  be  foond  to  move  gradaally  round  the  centre  of  the 
statiopary  circle,  and  describe  a  curious  star-like  figure 
oonnected  with  the  molecular  motions  out  of  which  the 
fofcatioruil  power  of  the  media  arises.  Among  other  sin- 
gular excepiioDs  in  optics  may  be  placed  the  couical  refirao- 
tion  of  lighU  already  noticed  (vol.  ii.  p*  1 75),  connected 
with  the  i^eculiar  form  assumed  by  a  wave  of  light  when 
'  '  TtiLitiuri  oa  Natutul  Philosophy/  vol  1.  p.  50. 
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passing  through  certain  dcmble-refractiiig  crystiils.  The 
laws  ol)eyed  hy  the  wave  are  exactly  the  same  as  in  other 
cases,  yet  the  results  are  entirely  sui  generis.  So  far  are 
such  cases  from  coutradictiug  the  theory  of  ordinary 
cases,  that  they  aftbrd  the  supreme  opportunities  for 
verification. 

In  astronomy  singidar  exceptions  miglit  occur,  and  in 
an  approximate  manner  they  do  occur.  We  might  point 
to  the  riugs  of  Saturn  as  ohjects  whicli,  thougli  undoubt- 
edly obeying  the  law  of  gravity,  are  yet  entirely  unique, 
as  far  as  our  observation  of  the  universe  has  gone.  They 
bikgree^  mdeed,  with  the  other  bodies  of  the  planetary 
system  in  the  stabih"ty  of  their  movements,  -which  never 
diverge  fax*  from  tlie  mean  position.  But  a  truly  ssingular 
event  might  happen,  or  might  have  happened,  under 
slightly  different  circumstances.  Had  the  rings  been 
exactly  uniform  all  round,  and  with  a  centre  of  gi^avity 
coinciding  for  a  moment  with  that  of  Saturn^  a  singular  case 
of  imstable  equihbrium  would  have  arisen,  necessarily  re- 
Bidting  in  the  sudden  collapse  of  the  rings,  and  the  fall  of 
their  debris  upon  the  surface  of  the  plaoet.  Thus  in  one 
single  case  the  theorj^  of  gravity  would  give  a  result 
wholly  unlike  anytliing  else  known  in  the  mechanism  of 
the  heavens. 

It  is  possible  that  we  might  meet  with  singidar  excep- 
tions in  crj^stallography.  If  a  crystal  of  the  second 
or  di metric  system,  in  which  the  tliii*d  axis  is  usually 
uneqiud  to  either  of  the  other  two,  hap{)ened  to  have  tlie 
three  axes  equal,  it  might  be  mistaken  at  first  sight  for  a 
F  crystal  of  the  cubic  system,  but  would  in  many  ways 
exhibit  different  faces  tmd  dissimilar  properties.  There 
is,  again,  a  possible  class  of  diclinic  crj^stals  in  wliich  twu 
axes  are  at  right  angles  and  tlie  third  axis  inclined  to  the 
other  two.  Tliis  class  is  chiellv  remarkable  for  its  non- 
existence  in  a  material  point  of  view,  since  no  crystals 


have  yet  been  proved  to  have  such  axes.  It  seems  likely 
that  the  cIubs  would  constitute  only  a  smgular  case  of  the 
luore  general  tridiiiic  system,  in  which  all  three  axes  are 
inclined  to  each  other  at  various  angles.  Now  if  the  di- 
cliuic  fonn  were  merely  accidental,  and  not  necessitated 
by  any  genend  law  of  molecular  constitution,  its  actual 
uaurreuce  Mould  be  infinitely  improl^able,  just  as  it  Ib 
rnfiuitely  improbable  tliat  any  star  shoidd  indicate  the 
^^  North  Pulo  with  pertect  exactness, 
^B  In  the  curves  denoting  the  relation  between  the  temper- 
^B  iture  and  prcbsure  of  water  there  is  one  very  remarkable 
^^  jxfcint  entirely  single  and  unique,  at  which  alone  water 
I  Ciui  namain  in  the  three  conditions  of  gas,  liquid,  and  solid 

I  in  tKt?  Mine  veHBcL     It  is  the  point  at  wliich  three  curves 

I  intor^xH,  mmiely,  tlie  Bteam  line  showing  at  what  temper- 

I  iiture^  and  |m>4^mvH  water  is  just  upon  the  point  of  be- 

I  oimiing  gaseinm,  and  other  similar  lines  which  show  when 

I  iw  iH  just  on  the  point  of  uielting,  and  when  ice  is  just 

1^         about  to  assume  the  gaseous  state  directly. 


Divergent  Exceptions. 


Closely  amdogous  to  singidar  exceptions  are  those  diver- 
gent exceptions,  in  which  a  phenomenon  manifests  itself 
iii  Tery  unusual  magnitude  or  chai-acter,  without  however 
^  mnv  degree  becoming  subject  to  pecidiar  laws.  Thus 
^  tkfowuig  ten  coins,  it  happened  in  four  eases  out  of 
Q^  tlkrows,  that  all  the  coins  tell  witli  heads  uppermost 
^il.i  It  taS) ;  these  would  usually  be  regarded  as  very 
jiibfi^  ^Tents,  and,  according  to  the  theory  of  proba- 
llber  would  be  comparatively  veiy  rare  ;  yet  they 
^l^jr  fironi  an  miusual  conjunction  of  accidental 
nIfriW  no  really  exceptional  causes.  In  all  classes 
^-w%ff>.  uWmdmtnn  we  may  expect  to  meet  with  similar 
ftmk  Ae  mTerage.    Sometimes  due  merely  to 
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the  principles  of  probability,  sometimeB  to  deeper  reasons. 
Among  every  large  collection  of  persons,  we  shall  probably 
find  some  persons  who  are  remarkabiy  large  or  remark- 
ably small,  giants  or  dwarfs,  whether  in  bodily  or  mental 
conformation.  Such  cases  appear  to  be  not  mere  hisus 
natuTGB,  since  they  usually  occur  with  a  frequency  closely 
accordant  with  the  law  of  error  or  diverofence  from  an 
average,  as  shown  by  M.  Quetelet  and  Mr.  Galton  (vol.  i. 
p.  446).  The  rise  of  genius,  or  the  occurrence  of  extra- 
ordinary musical  or  mathematical  faculties,  are  attributed 
by   M.  Galton  to  the  same  principle  of  divergence. 

Under  this  class  of  exceptions  I  am  inclined  to  place 
all  kinds  of  remarkable  events  arising  from  an  unusual 
conjunction  of  many  ordinary  tendencies.  When  several 
distinct  forces  happen  to  concur  together,  we  may  have 
surprising  or  alarming  results.  Great  storms,  floods, 
droughts  and  other  extreme  deviations  from  the  average 
condition  of  the  atmosphere  thus  arise.  They  must  be 
expected  to  happen  from  time  to  time,  and  will  yet 
be  very  unfrequent  compared  with  minor  disturbances. 
They  are  not  anomalous  but  only  extreme  events, 
exactly  analogous  to  extreme  inns  of  luck.  There  seems, 
indeed,  to  be  a  fallacious  impression  in  the  minds  of  many 
persons,  that  the  theory  of  probabilities  necessitates  uni- 
formity in  the  happening  of  events,  so  that  in  the  same 
space  of  time  there  will  always  be  closely  the  same 
number,  for  instance,  of  railway  accidents  and  murders. 
Buckle  has  superficially  remarked  upon  the  comparative 
constancy  of  many  such  events  as  ascertained  by  Quetelet, 
and  some  of  his  readers  acquire  the  false  notion  that 
there  is  a  kind  of  mysterious  inexorable  law  producing 
uniformity  in  natural  and  human  affairs.  But  notliing 
can  be  more  opposed  to  the  teachings  of  the  theory  of 
probability,  which  always  contemplates  the  occurrence  of 
extreme  and  unusual  runs  of  luck.     Tliat  theory  shows 
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the  great  improbability  that  the  number  of  railway  ac< 
dente  per  month  should  he  always  equal,  or  nearly  e 
Thtj  public  attention  is  atrotigly  attracted  to  any  unusu 
conjunctioii  of  eveut^s,  but  there  is  a  fallacious  tendency 
suppose  that  every  Buch  conjunction  must  be  due  tXf 
peculiar  new  cause  coming  into  operation.  Unless  it  o 
be  clearly  shown  that  such  unusual  conjunctions  oca 
more  frequently  than  they  should  do  according  to  t 
theory  of  prolmbilities,  we  should  regard  them  as  mere 
divergent  exceptions. 

Eclipses  and  remarkable  conjunctions  of  the  heaven 
bodies  may  also  be  regarded  as  residts  of  ordinary  laM 
which  nevertheless  appear  to  break  the  regular  cout 
of  nature,  and  never  fail  to  excite  surprise  or  even  fei 
Such  conjunctions  of  bodies  vary  gi*eatly  in  frequenc 
One  or  other  of  the  satellites  of  Jupiter  is  eclipsed  almo 
every  day,  but  the  simultaneous  eclipse  of  three  satellite 
can  only  take  place,  according  to  the  calculations  of  Wa 
gen  tin,  after  tlie  lapse  of  1,3 1 7,900  years.  The  relations  j 
the  four  satellites  are  so  remarkable,  that  it  is  actually  in 
pt>8sible,  according  to  the  theory  of  gravity,  that  they  shoa 
all  sufter  eclipse  simultaneously.  But  it  may  happen  oca 
sionally  that  wliile  some  of  the  satellites  are  really  eclipsl 
by  entering  Jupiter  s  shadow,  the  others  are  either  occulta 
or  rendered  invisible  by  passing  over  his  disk,  as  seen  h 
us*  Thus  on  four  occasions,  in  1681,  1802,  1826,  and  18+, 
Jupiter  has  been  witnessed  in  the  singular  condition  i 
being  apparently  deprived  of  satellites.  A  close  conjun( 
tion  of  two  planets  always  excites  surprise  and  admirj 
tion,  though  conjunctions  must  naturally  occur  at  interva 
in  the  ordinary  course  of  their  motions.  We  cBimi 
wonder,  then,  that  when  three  or  four  planets  approac 
each  other  closely,  the  event  is  long  remembered,  A  ma 
exceptional  conjunction  of  Mars,  Jupiter,  Saturn,  and  Mes 
CTury,  which  took  place  in  the  year  2446 


by  the  Chinese  Emperor,  Chueo  Hio,  as  a  new  epoch  for 
the  chronology  of  that  Empire,  though  there  is  some 
doubt  whether  the  conjimction  was  really  observed  or  was 
calculated  from  the  supposed  laws  of  motion  of  the  planets. 
It  is  certain  that  on  the  i  ith  November,  1524,  the  planets 
Venus,  Jupiter,  Mars,  and  Saturn  were  seen  very  close 
together,  w^hile  Mercury  was  only  distant  by  about  16**  or 
thirty  apparent  diameters  of  the  sun,  this  conjunction  being 
probably  the  most  remarkable  which  has  occurred  io  his- 
torical times. 

Among  the  perturbations  of  the  planetary  motions  we 
may  find  divergent  exceptions  arising  from  the  peculiar 
accumulation  or  intensification  of  effects^  as  in  the  case  of 
the  long  inequality  of  Jupiter  and  Saturn  (vol  ii,  p.  70). 
Leverrier  has  shown  that  there  is  one  place  between  the 
orbits  of  Mercmy  and  Venus,  and  another  between  those 
of  Mars  and  Jupiter,  in  either  of  which,  if  a  smaD  planet 
happened  to  exist,  it  would  suffer  comparatively  immense 
disturbance  in  the  elements  of  its  orbit.  Now  between  Mars 
and  Jupiter  there  do  occur  the  minor  planets,  the  orbits 
of  which  are  in  many  cases  exceptionally  divergent*?. 

It  is  w^orthy  of  notice  that  even  in  such  a  subject  as 
formal  logic,  divergent  exceptions  seem  to  occiu',  not  uf 
course  due  to  chance,  but  exhibiting  in  an  unusual  degree 
a  phenomenon  which  is  more  or  less  manifested  in  all  other 
cases.  I  pointed  out  in  p,  162  of  the  first  volume,  that 
propositions  of  the  general  type  A  — BC  f  be  are  capable 
of  expression  in  six  equivalent  logical  forms,  so  that  they 
manifest  in  a  higher  degree  than  any  other  proposition 
yet  discovered,  the  phenomenon  of  logical  equivalency. 

Under  the  head  of  divergent  exceptions  we  might 
doubtless  place  all  or  nearly  ail  of  the  instances  of  sub- 
stances  possessing  physical  properties  in  a  very  high  or 
low  degree,  which  were  described  in  the  chapter  on 
9  Grant's  '  Histon'  of  Phyaical  Astronomy/  p.  1x6. 
Y    2 
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Generalization,  (vol.  ii.  p.  259).  Quicksilver  is  divergent 
among  metals  as  regards  its  melting  point,  and  potas^um 
and  eodium  as  regards  their  specific  gravity.  Monstrous 
productions  and  variations,  whether  in  the  animal  or 
vegetable  kingdoms,  should  probably  be  assigned  to  this 
class  of  exceptions* 

Accidental  Exceptions, 

The  third  and  largest  class  of  exceptions  contains  those 
which  arise  fiom  the  casual  interference  of  extraneous  causes. 
A  law  may  be  in  operation,  and,  if  so,  must  be  perfectly 
fulfilled,  but,  while  we  conceive  that  we  are  examining 
its  results,  we  may  have  before  us  the  effects  of  a  totally 
different  cause,  possessing  no  connexion  with  the  subject 
of  our  inquiry.  The  law  is  not  really  broken,  but  at  the 
same  time  the  supposed  exception  is  not  iUusory,  It  may 
be  a  phenomenon  w^hich  cannot  occur  but  under  the  cson- 
dition  of  the  law  in  question,  yet  there  has  been  such 
subsequent  interference  and  modification  of  the  result, 
tliat  there  is  an  apparent  failure  of  science.  There  is, 
for  instance,  no  subject  in  which  more  rigorous  and  ia- 
variable  laws  have  been  established  than  in  crystallo- 
graphy. As  a  general  rule,  each  chemical  substance  pos- 
sesses its  own  definite  form,  by  which  it  can  be  infallibly 
recognised ;  but  the  mineralogist  has  to  be  on  his  guard 
against  wbat  are  called  pseudomorphtc  crystals.  In  some 
circumstances  a  substance,  having  perfectly  assumed  its 
proper  crystalline  form,  may  aftei'wards  undergo  chemi- 
cal change  ;  a  new  ingredient  may  be  added,  a  former 
one  removed,  or  one  element  may  be  substituted  for 
another.  In  carbonate  of  lime  the  carbonic  acid  Is  some- 
times replaced  by  sulphuric  acid,  so  that  we  find  g)rpsum 
in  the  form  of  calcite  ;  other  cases  are  known  where  the 
change  is  inverted  and  calcite  is  found  in  the  form  of 
gypsum.     Mica,  talc,  steatite,  hematite,  are  other  minerals 


subject  to  these  curious  transmutotions.  Sometimes  a 
crystal  embedded  in  a  matrix  is  entirely  dissolved  away, 
and  subsequently  a  new  kind  of  mineral  is  gradually 
deposited  in  the  cavity  as  in  a  tnould.  Quartz  is  tliua 
Ibund  cast  in  many  forms  wholly  unnatural  to  it.  A 
still  more  perplexing  case  sometimes  occurs.  Carbonate 
of  lime  is  one  of  the  substances  capable  of  assuming 
two  distinct  forms  of  crystallization,  in  wliich  it  bears 
respectively  the  names  of  calcite  and  arragonite.  Now 
arragonite^  while  retaining  its  outward  form  unchanged, 
may  undergo  an  internal  molecular  change  into  calcite, 
as  indicated  by  the  altered  cleavage.  Thus  we  may  come 
across  crystals  apparently  of  arragonitCj  which  seem  to 
break  all  the  laws  of  crystallography,  by  possessing  the 
cleavage  of  an  entirely  different  system  of  crystallization. 

Some  of  the  most  invariable  and  certain  laws  of  nature 
are  disguised  by  interference  of  unlooked-for  causes. 
While  the  baxometer  was  yet  a  new  and  curious  subject 
of  investigation,  its  theory,  as  stated  by  Torricelli  and 
I  Pascal,  seemed  to  be  contradicted  by  the  fact  that  in 
a  well-constructed  instrument  the  mercury  would  often 
$tand  far  above  31  inches  in  height.  Boyle  showed  •* 
that  the  mercury  could  be  made  to  rise  as  much  as  75 
inches  in  a  perfectly  cleansed  tube,  or  about  two  and  a 
half  times  as  high  as  coidd  be  due  to  the  pressure  of 
the  atmosphere.  Many  absurd  theories  about  the  pres- 
sure of  imaginary  fluids  were  in  consequence  put  forth*, 
and  the  subject  was  involved  in  much  confusion  until 
the  adhesive  or  cohesive  force  between  glass  and  mercury, 
when  brought  into  perfect  contact,  was  pointed  out  as 
the  real  interfeiing  c^iuse. 

Guy-Lussac,  again,  observed  that  tlie  temperature  of 
boiling  water  was  very  diflercnt  in  some  kinds  of  vessels 

^  *  Discourse  to  the  Royal  Society/  28th  May,  1684. 
»  Roljert  Hooke's  '  PosthumouB  Works/  p.  365, 
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from  what  it  waa  iu  others.  It  is  only  in  contact  wid 
metallic  surfaces  or  sharply  broken  edges  that  the  tern 
peratare  is  at  all  fixed  at  212-  Fahr,  The  8uspende< 
tix'czing  of  liquids  is  another  case  where  the  action  o^ 
a  law  of  nature  appears  to  be  interrupted.  Sphen^ida 
ebullition  seemed  at  first  sight  a  most  anomalous  phe 
Ufuuenon  ;  it  was  almost  incredible  that  water  should  noi 
boil  in  a  red-hut  vessel,  or  that  ice  oould  actually  hi 
produced  in  a  red-hot  crucible*  These  paradoxical  resultl 
are  now  fully  explained  as  due  to  the  inteiposition  of  i 
non-conducting  film  of  vapour  between  the  globule  01 
liquid  and  tlie  sides  of  the  vessel.  The  feats  of  con- 
jurors who  liandle  liquid  metals  are  readily  aocountec 
for  in  the  same  manner.  At  one  time  the  passive  siaii 
of  steel  was  regarded  as  entirely  anomaloua.  It  maj 
be  assumed  as  a  general  law  that  when  two  pieces  re- 
spectively oi  electro-negative  and  electni-positive  met 
are  placed  in  nitric  acid,  and  made  to  touch  each  other; 
the  electro-negative  metal  will  undergo  rapid  solutio 
But  when  iron  is  the  electro-negative  and  platinum  th 
electro-positive,  the  solution  of  the  ii^on  entirely  au' 
abnijitly  ceases,  Faraday  ingeniously  proved  that  thia 
effect  was  due  to  a  thin  film  of  oxide  of  iron,  which  forma 
ui>on  the  surface  of  the  iron  and  protects  it^. 

The  law  of  gravity  is  of  so  simple  and  general  a  cha- 
racter, and  is  apparently  so  disconnected  from  the  othei 
laws  of  nature,  that  it  never  suffers  any  disturbance,  ancj 
is  in  no  way  disguised,  but  by  the  complication  of  its  own 
effects.  It  is  otherwise,  however,  witli  those  entirelj 
secondary  laws  of  the  planetary  system,  which  have  onlj^ 
an  empirical  basis.  The  fact  that  all  the  long  known 
planets  and  satellites  have  a  similar  motion  from  west  tc 
east  is  not  necessitated  by  any  principles  of  science,  bii^ 
points  merely  to  some  common  condition  existing  in  thd 
^  *  Experimental  Researches  in  Elei-tricitj,*  roL  ii.  pp*  24^-245.       I 


nebulous  mass  from  wliieli  our  system  has  doubtless  been 
evolved.  The  retrograde  motions  of  the  satellites  of 
Uranus  constitutedi  a  distinct  breach  in  thiB  law  of  uniform 
direction^  which  became  all  the  more  interesting  when  the 
single  satellite  of  Neptune  w^aa  also  found  to  be  retro- 
gimle.  It  now  became  probable,  as  Baden  PoweO  well 
observed,  that  tlie  anomaly  would  cease  to  be  singular, 
and  become  a  case  of  another  law,  pointing  to  some 
general  interference,  which  has  taken  place  on  the  bounds 
of  the  planetary  system.  Not  only  have  the  sat^ellites 
snftered  from  this  perturbimce,  but  Uranus  is  also 
anomalous  in  having  an  axis  of  rotation  lying  nearly  in 
the  ecliptic ;  and  Neptune  constitutes  a  distmct  exception 
to  the  empirical  law  of  Bode  concerning  the  distances  of 
the  planets,  wliich  exceptional  circumstance  may  pos- 
sibly be  due  to  the  same  disturbance. 

Geology  is  a  science  in  which  accidental  exceptions  are 
very  likely  to  occur.  Only  when  we  find  strata  iu  their 
original  relative  positions,  can  w^e  surely  infer  that  the 
order  of  succession  is  the  order  o(  time.  But  it  not 
uncommonly  happens  that  strata  are  inverted  by  the 
bending  and  doubling  action  of  extreme  j>ressuie.  Land- 
slips may  carry  one  body  of  rock  into  proximity  with  an 
umrelated  series,  and  produce  results  apparently  inex- 
plicable ^  Floods,  streams,  icebergs,  and  other  casual 
agents,  may  occasionally  lodge  remains  in  places  where 
they  would  be  wholly  imexpected. 

Though  such  interfering  causes  may  have  been  often 
wrongly  Bupposed  to  explain  important  discoveries,  the 
geologist  must  of  course  always  bear  the  possibility  of 
interference  in  mind.  Scarcely  more  than  a  century  ago 
it  was  yet  held  by  many  persons  that  fossils  were  acci- 
dental productions  uf  nature,  mere  forms  into  which 
minerals  had  been  shaped  by  no  peculiai-  cause.  Voltaire 
1  Murclilaoii'g  *  Sihirian  System/  vol.  ii.  p.  733,  &c. 
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appears  not  to  have  been  able  to  aco 
planation  ;  but  fearing  that  the  occurred 
on  the  Alps  would  support  the  Mosaic 
deluge,  he  did  not  hesitate  to  attribi 
remains  of  fishes  accidentally  brought  tl 
or  pilgrims.  In  archa*olo^cal  investiga 
caution  is  requisite  in  allowing  for  seoi 
ancient  tombs  and  tumuli,  for  imitati 
cidences,  disturbance  by  subsequent  ti 
other  archaeologistB,  in  fact,  for  a  raultitil 
circumstances.  In  common  life  extit 
must  happen  from  time  to  time,  as  wh 
in  France  was  astonished  at  an  iron  cb 
the  sky  near  to  her  feet,  the  fact  being 
had  thrown  it  out  of  his  balloon,  which 
her  heail  miseen  at  the  time. 

To  this  class  of  accidental  exceptions  j 
innumerable  l>reaches  of  the  rules  of  infla 
These  rules  would  be  invariable  were! 
forms  derived  from  distinct  roots  somi| 
together,  that  mistaken  analogies  someti 
fusion,  and  a  viiriety  of  such  disturbing 
irregularity.  Philology  already  presei^ 
stances  of  the  manner  in  which  a  compr< 
be  traced  out  in  a  thoroughly  scientific  m 
apparently  inexplicable  exceptions. 
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Novel  and  Unexplained  Ex 

When  a  law  of  nature  appears  to  fl 
other  law  has  mterfered  with  its  action 
obviously  present  themselves ; — the  intj 
be  a  known  and  familiar  one,  or  it  maj 
viously  undetected.  In  the  first  case, 
sufficiently  considered  in  the  preceding 


nothing  to  do  but  calculate  as  exactly  as  possible  the 
amount  of  interference,  and  make  allowance  for  it ;  the 
apparent  failure  of  the  law  under  examination  sliould 
then  disappear,  B\it  in  the  second  case  the  results  may 
be  much  more  important.  A  phenomenon  which  entirely 
fails  to  be  explained  by  any  known  laws  may  indicate  the 
interference  of  some  wholly  new  series  of  natural  forces. 
The  ancients  could  not  help  perceiving  that  the  general 
tendency  of  bodies  downwards  failed  in  the  case  of  the 
loadstone,  nor  would  the  doctrine  of  essential  lightness 
explain  the  exception,  since  the  substance  drawn  upwards 
by  the  loadstone  is  a  heavy  metal.  We  now  see  clearly 
that  there  w^as  no  breach  in  the  perfect  generality  of  the 
law  of  gravity,  but  tbat  a  new  form  of  energy  manifested 
itself  in  a  conspicuous  form  in  the  loadstone  for  the  first 
time.  In  this  case  the  forces  concerned,  those  of  gravity 
and  electrical  attraction,  have  never  yet  been  brought 
into  correlation  with  each  other. 

Other  sciences  show  us  that  laws  of  nature,  rigorously 
true  and  exacts  may  often  be  developed  by  those  who  are 
ignorant  of  far  more  complex  phenomena  involved  in  their 
applicationp  Newtons  comprehension  of  geometrical 
optics  was  sufficient  to  explain  all  the  ordinary  refractions 
and  reflections  of  light.  The  simple  laws  of  the  bending 
of  rays  apply  to  all  rays,  whatever  the  character  of  the 
undulations  composing  them.  Newton  suspected  the 
existence  of  other  classes  of  phenomena  when  he  spoke  of 
rays  as  having  sides;  but  it  remained  for  later  experi- 
mentalists to  show  that  light  is  a  transverse  undidation, 
like  the  bendinof  of  a  rod  or  cord. 

Dalton's  atomic  theory  is  doubtless  true  of  all  chemical 
compounds,  and  the  essence  of  it  is  that  the  same  com- 

^  pound  will  always  be  found  to  contain  the  same  elements 
in  certain  definite  proportions.     Pure  calcium  carbonate 

^contains  48  pai'ts  by  weight  of  oxygen  to  40  of  calcium, 
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and  1 2  of  carboD.  But  when  careful  ani 
of  a  great  many  minerals,  this  law  often 
What  was  unquestionably  the  same  mi 
its  crystalline  form  and  physical  propel 
give  varying  proportions  of  its  compo: 
sometimes  contain  unusual  elements  w 
Ije  set  down  as  mere  impurities.  Dolomi 
compound  of  the  carbonates  of  magnesia  ai 
mens  from  different  pkices  do  not  exhibi 
l>etween  the  lime  and  magnesia,  and 
occasionally  forms  a  real  constituent  of 
facts  could  be  reconciled  with  the  lawi 
by  supposing  the  inteiference  of  a  n< 
Isomorpliism. 

It  is  now  sufficiently  established  that 
are  closely  related  to  each  otlier,  so  thi 
were,  step  into  each  others  places  wi| 
altering  the  form  of  the  compound  nq 
shape  of  the  crystals  which  they  cons^ 
bonates  of  iron,  calcium,  and  magneai 
identical  in  tlieir  crystalline  forms,  h 
crystiillize  together  in  harmony,  producinj 
of  considerable  complexity,  which  neveil 
verify  the  laws  of  equivalent  pro  port ioud 
of  isomorphism  once  established,  not  on] 
was  formerly  a  stumbling-block,  but  givl 
aid  to  chemists  in  deciding  upou  the  rea 
new  salts,  since  those  compounds  of  isomi 
which  have  identical  cr}^stalline  forms  li 
responding  chemical  fonnnlai. 

We  may  always  expect  that  from  time 
extraordinary  phenomena  will  be  discover 
to  new  views  of  the  laws  of  nature.  Thi 
tion,  for  instance,  that  the  resistance  of  ^ 
to  a  ciurent  of  electricity  is  affected  in 
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degree  by  rays  of  light  falling  upon  the  E^elenium,  points 
to  a  wholly  new  relation  between  light  and  electricity* 
The  peculiar  so-called  allolropic  changes  which  sulpliur, 
selenium,  and  phosphorus  undergo  by  an  alteration  in 
the  amount  of  latent  heat  which  they  contain,  will  pro- 
bably lead  at  some  future  time  to  important  inferences 
concernitig  the  molecular  constitution  of  solids  and  liquids. 
Tlie  curious  substance  ozone  has  perplexed  many  chemists, 
and  Andrews  and  Tait  thought  that  it  affonled  evidence 
of  the  decomposition  of  oxygen  by  the  electric  discharge. 
The  researches  of  Sir  B.  C,  Brodie  negative  this  notion, 
and  afford  evidence  of  the  real  constitution  of  the  sub- 
stance ^*^,  which  still,  however,  remains  exceptional  in  its 
properties  and  relations,  and  affords  a  hope  of  important 
discoveries  in  chemical  theory. 


Limiting  Exceptions, 

We  may  pass  to  cases  where  exceptional  phenomena 
are  actually  iiTecoucihible  with  a  law  of  nature  previously 
regarded  as  true  by  philos(jphei"s.  Error  must  now  be 
allowed  to  have  been  committed,  but  it  is  obvious  that 
the  error  may  be  more  or  less  extensive.  It  may  be  that 
a  law  holding  rigorously  true'  of  the  facts  actually  under 
notice  had  been  extended  by  generalization  to  other 
series  of  lacts  then  unexamined.  Subsequent  investiga- 
tion may  show  the  fiilsity  of  this  generalization,  and 
the  result  must  be  to  limit  the  law  for  the  fiiture  to 
those  objects  of  which  it  is  really  true,  while  we  bring 
the  other  classes  of  objects  under  distinct  generalizations. 
The  contradiction  to  our  previous  opinions  is  partial  and 
not  total, 

Newton  laid  down  as  a  result  of  experiment  that  every 
ray  of  homogeneous  light  has  a  definite  refrangibility,  which 

T»»  '  Pbilosopliical  Trftiii?»cU(}ns  *  (1872),  vol  clxii.  do,  a^. 


it  preserves  throughout  its  course  until  extinguishBcL  This 
is  hideed  but  on©  case  of  the  general  principle  of  undula- 
tory  movement,  which  Sir  Jolm  Herschel  has  stated  in 
the  most  complete  maimer  under  the  title,  'Principle  of 
Forced  Vibrations'  (vol.  ii.  p,  65),  and  has  asserted  to  be 
absolutely  universal  and  without  exception.  But  Sir  John 
Herschel  himself  described  in  the  *  Philosophical  Transac- 
tions* for  1845  a  curious  appearance  in  a  solution  of  qui- 
nine ;  as  view^ed  by  transmitted  light  the  solution  appeared 
colourless,  but  in  certain  aspects  it  possessed  a  beautiful 
celestial  blue  tint.  Curiously  enough  the  coloured  light 
comes  only  from  the  firfit  portion  of  Hquid  w^hich  the 
light  enters.  Similar  phenomena  in  fluor-spar  had  been 
described  by  Sir  D,  Brewster  in  1838.  Professor  Stokes, 
having  minutely  investigat>ed  the  phenomena,  discovered 
that  they  were  more  or  less  present  in  almost  all  vegetable 
infusions,  and  in  a  number  of  mineral  substances.  He 
came  to  the  conclusion  that  this  phenomenon,  called  by 
liirn  Fluorescence,  could  only  be  explained  by  a  degrada- 
tion or  alteration  in  the  refrangibility  of  the  rays  of  light ; 
he  asserts,  in  fact,  that  light- rays  of  very  short  length  of 
vibration  in  falling  upon  certain  atoms  excite  undulations 
of  greater  length,  in  total  opposition  to  the  principle  of 
forced  vibrations.  No  complete  explanation  of  the  mode 
of  change  is  yet  possible,  because  it  evidently  de|>ends 
upon  the  intimate  constitution  of  the  atoms  of  the  sub- 
stances concerned  ;  but  Prolessor  Stokes  believes  that  the 
principle  of  forced  vibrations  is  true  only  so  long  as  the 
excursions  of  an  atom  are  very  small  compared  with 
the  magnitude  of  the  complex  molecules".  It  is  now  also 
w^ell  known  that  in  Calorescence  the  refrangibility  of  rays 
may  be  increased  and  the  wave-length  diminished.  Rays 
of  obscure  heat  and  low  refrangibility  may  be  concentrated 
so  as  to  heat  a  sohd  8U^  i.nd  make  it  give  out  rays 

^  *  PIlilu»o|ilut'Lil  Tiansiici  'ol  cxiii.  pp.  465,  548,  &c* 
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belonging  to  any  part  of  the  spectrum,  and  it  seems  pro- 
bable that  this  effect  arises  from  the  impact  of  distinct  but 
conflicting  atoms.  Nor  is  it  in  light  only  that  we  discover 
limiting  exceptions  to  the  law  of  forced  vibrations  ;  for  if 
we  closely  observe  gentle  waves  lapping  upon  tlie  stones 
at  the  edge  of  a  lake  or  other  piece  of  water,  we  shall 
notice  that  each  larger  wave  in  breaking  upon  a  stone 
gives  rise  to  a  series  of  waves  of  a  smaller  order.  Thus 
there  must  be  constantly  in  progress  a  degradation  in  the 
magnitude  of  water-waves.  The  principle  of  forced  vibra- 
tions seems  then  to  be  too  generally  stated  by  Sir  John 
Herschel,  but  it  must  be  a  very  difficult  question  of  me- 
chanical theoiy  to  discriminate  the  circumstances  in  which 
it  does  and  does  not  hold  true. 

We  may  sometimes  foresee  the  possible  existence  of 
exceptions  yet  unknown  by  experience,  and  limit  the 
statement  of  our  discoveries  accordingly.  Very  extensive 
inquiries  have  shown  that  aU  substances  yet  examined 
fall  into  one  of  two  classes  ;  they  are  all  either  ferro- 
magnetic, that  is,  magnetic  in  the  same  way  as  iron,  or 
they  are  diamagnetic  like  bismuth.  But  it  does  not 
thence  follow  that  every  substance  must  be  ferro-magnetlc 
or  diamagnetic.  The  magnetic  properties  are  shown  by 
Sir  W,  Thomson'^  to  depend  upon  the  specific  inductive 
capacities  of  the  substance  in  three  rectangidar  directions. 
If  these  inductive  capacities  are  all  positive,  we  have  a 
ferro-magnetic  substance  ;  if  negative,  a  diamagnetic  sub- 
stance ;  but  if  the  specific  inductive  capacity  were  posi- 
tive in  one  direction  and  negative  in  the  others,  we  should 
have  an  exception  to  previous  experience,  and  could  not 
place  the  substance  under  either  of  the  present  recognised 
classes* 

So  many  gases  have  been  reduced  to  the  liquid  state, 
and  so  many  solids  fused,  that  scientific  men  rather  hastily 
o  '  PliiloBophical  Mflgazine/  4th  Series,  vol  i.  p.  182. 
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adopted  the  generalization  tlutt  all  substances  could  exist 
in  all  three  states.  A  certain  number  of  gases,  such  as 
oxygen,  hydrogen,  and  nitrogen,  have  resisted  all  efforts 
to  liquefy  them,  and  it  now  seems  probable  from  the  ex- 
periments of  Dr.  Andrews  that  they  are  limiting  excep- 
tions. Dr,  Andrews  finds  that  above  88**  Fahr,  carbonic 
acid  cannot  be  liquefied  by  any  pressure  he  could  apply, 
whereas  below  this  tempei^ture  liquefaction  is  always 
possible.  By  analogy  it  becomes  highly  probable  that 
even  hydrogen  might  be  liquefied  if  cooled  to  a  sufficiently 
low  temperatiu'e.  We  must  modily  our  pre\dou8  views, 
and  either  assert  that  heloiv  a  certain  critical  ternperature 
every  gas  may  be  liquefied,  or  else  we  must  assume  that 
a  highly  condensed  gas  is,  when  above  the  critical  temper- 
ature, undistlnguishable  from  a  liquid.  At  the  same  time 
we  receive  an  explanation  of  a  remarkable  exception  pre- 
sented by  liquid  carbonic  acid  to  tlie  general  rule  that 
gases  expand  more  by  heat  than  liquids.  Tliis  liquid 
carbonic  acid  was  found  by  Thilorier  in  1835  to  expand 
more  than  four  times  as  much  as  air ;  but  by  the  light  of 
Dr.  Andrews'  experiments  we  may  learn  to  regard  the 
liquid  as  rather  a  highly  condensed  gas  than  an  ordinary 
liquid,  and  it  is  actually  possible  to  reduce  the  gas  to  the 
apparently  liquid  condition  wthout  any  abrupt  conden- 
sationP. 

It  is  an  empirical  law  of  the  planetiiry  system  that  all 
the  bodies  composing  it  revolve  from  west  to  east ;  that 
law  is  broken,  as  we  have  seen,  in  the  cases  of  one  planet 
and  several  satellites,  probably  by  the  interference  of  an 
accidental  disturbing  force.  The  law  also  fails  to  l>e 
true  of  comets,  which,  taken  as  a  whole,  appear  to  move 
according  to  no  single  uniform  law.  This  exception,  how- 
ever, is  one  of  limitation  only,  for  in  all  probability  comete, 
although  at  present  members  of  our  system,  have  not 
P  MaxweU,  *Tbe<i^- 
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always  been  so,  but  have,  iii  wandering  tliroiigh  space, 
[been  entangled  in  our  system  and  retained  by  the  attrac- 
tive influence  of  Jupiter^  or  one  of  the  other  larger  planets* 
We  must  then  limit  the  statement  of  the  law  of  uniform 
direction  to  bodies  which  are  derived  from  the  original 
constituents  of  the  nebulous  mass. 

Limiting  exceptions  occur  most  frequently  in  the  natural 
sciences  of  Botany,  Zoolog}%  Geology,  &c.,  the  laws  of 
which  are  almost  w^holly  empirical.  In  innumerable  in- 
stances the  confident  belief  of  one  generation  has  been 
falsified  by  the  wder  observation  of  a  succeeding  one. 
Aristotle  confidently  held  that  ^dl  swans  are  white^,  and 
the  proposition  fieeraed  trne  until  not  a  himdred  years 
ago  black  swans  were  discovered  in  Western  Australia, 
At  one  time  all  the  animal  remains  discovered  in  the 
Scottish  Old  Red  Sandstone  were  fishes  or  shells,  imtil 
at  last  a  single  small  air-breatliing  reptile  occurred  oppor- 
tunely to  prevent  any  hasty  conclusions^*.  In  zoology  and 
physiology  we  may  expect  a  fundamental  identity  to  exist 
in  the  vital  processes,  but  conLtinual  discoveries  show  that 
there  is  no  limit  to  the  apparently  anomalous  expedients 
by  which  life  is  reproduced.  Alteniate  generation,  fer- 
tilization for  several  successive  generations,  heiTnaphro- 
ditism,  are  opposed  to  all  we  sboidd  expect  from 
induction  founded  upon  the  higher  animals.  But  such 
phenomena  are  only  limiting  exceptions  showing  that 
what  is  true  of  one  class  is  not  true  of  another.  In 
certain  of  the  cephalopoda  we  meet  the  extraordinary 
\  fact  that  an  arm  of  the  male  is  cast  off  and  lives  inde- 
pendently until  it  encounters  the  female. 

1  *  Prior  Analytics/  ii,  2,  8,  and  elsewhere, 
f  Murchi8on*s  *SiIuria*  (1854),  p.  254. 


Reed  Exceptions  to  Supposed  Laws. 

The  exceptiaDH  which  we  have  lastly  to  consider,  ar^ 
perhaps  the  most  important  of  all,  since  they  lead  to 
the  entire  rejection  of  a  law  or  theory  before  accepted. 
No  law  of  nature  can  fail  ;  there  are  no  such  things  as 
real  exceptions.  Where  contradiction  exists  it  must  be  iu 
the  inind  of  the  experimentalist*  Either  the  law  is 
imaginary  or  the  phenomena  which  conflict  with  it ;  if, 
then,  by  our  senses  we  can  satisfy  ourselves  of  the  actual 
oceuiTcnce  of  the  phenomena,  the  law  must  be  rejected 
as  lllusoiy.  The  followers  of  Aristotle  held  that  nature 
abhorred  a  vacuum,  and  thus  accounted  for  the  rise  of 
water  in  a  pump.  Wlien  Torricelli  pointed  out  the  visible 
fact  that  water  would  not  rise  more  than  33  feet  in  a 
pumpj  nor  mercury  more  than  about  30  inches  in  a  glass 
tnbe,  they  attempted  to  repi*esent  these  facts  as  limiting 
exceptions,  saying  that  nature  abhorred  a  vacuum  •to  a 
certain  extent  and  no  further.  But  the  Academicians 
del  Cimento  completed  their  discomfiture  by  showing  that 
if  we  remove  the  pressure  of  the  surrounding  air,  and 
in  proportion  as  we  remove  it,  nature's  feelings  of  abhor- 
rence decrease  and  finally  disappear  altogether.  Even 
Aristotelian  doctrines  coidd  not  stand  such  direct  contra- 
diction. 

Lavoisier  s  ideas  concerning  the  constitution  of  acids 
received  complete  refutation.  He  named  oxygen  the  add 
generator,  because  he  believed  that  all  acids  were  com- 
pounds of  oxygen,  a  generahzation  based  on  insuflBcient 
data.  Berthollet,  as  early  as  1789,  proved  by  analysis  that 
hydrogen  sulphide  and  prussic  acid,  both  clearly  acting 
the  part  of  acids,  were  devoid  of  oxygen;  the  former 
might  perhaps  have  been  interpreted  as  a  limiting  excep- 
tion, but  when  so  powerful  an  aei*l  ^<  hvclrrigen  chloride 
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{muriatic  acid)  was  found  to  contain  no  oxygen  tlie  theory 
had  to  be  relinquished.  Berzelius  theory  of  the  dual 
formation  of  chemical  compounds  has  met  a  similar 
fate. 

It  is  ohvious  that  all  conclusive  experimenta  crucis 
constitute  real  exceptions  to  the  supposed  laws  of  the 
theory  which  is  overthrown.  Newton's  corpuscular  theory 
of  light  was  not  rejected  on  account  of  its  ahsurdity  or 
ioconceivabihty,  for  iu  these  respects  it  is,  im  we  have 
seen,  far  superior  to  the  undulatory  theory.  It  was  re- 
jected because  certain  small  diffraction  fiinges  of  colour 
did  not  appear  in  the  exact  place  and  of  the  exact  iiize 
which  calculation  showed  that  they  ought  to  appear 
according  to  the  conditions  of  the  theor)^  (vol  ii.  pp.  145- 
151).  One  single  fact  clearly  irreconcilable  with  a  theory 
involves  its  total  rejection*  In  the  greater  number  of 
cases,  what  appears  to  be  a  fatiil  exception,  may  be  after- 
wards explained  away  as  a  singular  or  disguised  result  of, 
the  very  laws  with  which  it  seems  to  conflict,  or  as  due  to  ] 
the  interference  of  extraneous  causes  ;  but  if  we  fail  thus 
to  reduce  the  ftict  to  congruity,  it  remains  more  powerlul 
than  any  theories  or  any  dogmas. 

Of  late  years  not  a  few  of  the  favourite  doctrines  of 
geologists  have  been  rudely  destroyed.  It  was  the  general 
belief  that  human  remains  were  to  be  foimd  only  in  those 
deposits  which  are  actually  in  progress  at  the  present  day, 
so  that  the  creation  of  man  appeared  to  have  taken  place 
at  the  beginning,  as  it  were,  of  this  geological  age.  The 
discovery  of  a  single  worked  flint  in  older  strata  and  in 
connexion  with  the  remains  of  extinct  mammals  was  suf- 
ficient to  explode  such  a  doctrine.  Similarly,  the  opiiuons 
of  geologists  have  been  altered  by  the  discovery  of  the 
Eozoon  in  the  Laurentian  rocks  of  Canada ;  it  was  pre- 
viously held  that  no  remains  of  life  occurred  in  any  older 
strata  than  those  of  the  Silurian  system.     As  the  exami- 
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nation  of  the  strata  of  the  glohe  becomes  more  and  more 
complete,  our  views  of  the  origin  and  succession  of  life 
upon  the  globe   must   undergo  many  changes   and   ex 
tensions. 


Uncktssed  Exceptions, 

At  every  period  of  scientific  progress  there  will  neces- 
y  exist  a  multitude  of  exceptional  and  unexplained 
l^henomeua  which  we  know  not  how  to  regard*  They  are 
the  outstanding  facts  upon  which  the  labours  of  investi- 
gators must  be  exerted, — the  ore  from  which  the  gold  of 
future  discovery  is  to  be  extracted.  It  might  be  thought 
that,  as  oiu  knowledge  of  the  laws  of  nature  increase43, 
the  number  of  such  exceptions  should  decrease  ;  but,  on 
the  contrary,  tlie  more  we  know  the  more  there  is  yet  to 
learn  and  explain.  This  arises  from  several  reasons ;  in 
the  first  place  the  principal  laws  and  forces  iri  nature  are 
numerous,  so  that  he  who  bears  in  mind  the  wonderfullv 
large  numbers  developed  In  the  doctrine  of  combinations, 
will  anticipate  the  existence  of  almost  infinitely  nume- 
rous relations  of  one  law  to  another.  When  we  are  once 
in  possession  of  a  law,  we  are  potentially  in  possession  of 
tdl  its  consequences ;  but  it  does  not  follow  that  the  mind 
of  man,  so  limited  in  its  powers  and  capacities,  can  actu- 
ally wurk  them  all  out  in  detail.  Just  as  the  aberration 
of  light  was  discovered  empirically,  though  it  should  have 
been  foreseen,  so  there  are  doubtless  multitudes  uf  unex- 
plained facts,  the  connexion  of  which  with  laws  of  nature 
already  kno%vn  to  us,  mx*  should  perceive,  were  we  not 
hindered  by  the  iraperlection  of  our  deductive  powers- 
But,  in  the  second  place,  as  will  be  more  fully  jx)inted 
out,  it  is  not  to  be  supposed  that  we  have  in  any  degree 
approximated  to  an  exhaustion  of  nature's  powera     The 
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njOBt  familiar  facts  may  teem  with  indicationB  of  forces, 
BOW  secrets  hidden  fruin  ub,  because  we  have  not  miiid- 
directed  eyes  to  discriminate  them.  The  progress  of 
science  will  consist  in  the  discovery  from  tiDie  to  time 
of  new  exceptional  phenomena,  and  their  assignment  by 
degrees  to  one  or  other  of  the  heads  already  described. 
When  a  new  fact  proves  to  be  merely  a  false,  apparent, 
singular,  divergent,  or  accidental  exception,  we  may  gain 
a  more  minute  and  accurate  acquaintance  with  the  effects 
of  certain  laws  already  known  to  exist.  We  have  indeed 
no  addition  to  what  was  implicitly  in  our  possession,  but, 
as  already  explamed,  there  is  much  difference  between 
k 00 wing  the  laws  of  nature  and  perceiving  all  their  com- 
plicated effects.  Should  a  new  fact  prove  to  be  a  limiting 
or  real  exception,  we  have  to  alter,  in  part  or  in  whole, 
our  views  of  nature  and  are  saved  from  eiTors  into  which 
we  Iiad  fallen.  Lastly,  the  new  fact  may  come  under  the 
sixth  class,  and  may  eventually  prove  to  be  a  novel  and 
unexplained  phenomenon,  indicating  the  existence  of 
new  laws  and  forces,  complicating  but  not  otherwise 
interfering  with  the  effects  of  laws  and  forces  previously 
known. 

The  best  instfuice  which  I  c^m  find  of  an  miresolved  ex- 
ceptional phenomenon,  consists  in  the  anomalous  vapour- 
densities  of  j>hosphorus,  arsenic,  mercury,  and  cadmiunu 
It  is  one  of  the  most  important  laws  of  chemistry,  dis- 
covered by  Gay-Lussac,  that  equal  volumes  of  gases  exactly 
correspond  to  equivalent  weights  of  the  snbstances,  and 
this  holds  generally  true  of  any  elements  wliich  we  can 
convert  into  gas  or  vapour.  Unfortunately  phosphorus 
and  ai'senic  give  vapours  exactly  twice  as  dense  as  they 
should  do  by  analogy,  and  nierciuy  and  cadmium  diverge 
in  the  other  direction,  giving  vapours  half  as  dense  as  we 
should  expect.  We  cannot  treat  these  anomalies  as  limit- 
ing exceptions,  and  say  that  the  law  holds  true  of  sub- 
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stances  genemlly  but  not  of  these ;  for  the  properties  of 
gaBe8,  n&  previously  notlcsed  (vol.  ii.  p.  250),  usually  admit 
of  the  Bureat  and  widest  generalizations.     Besides,   the   fl 
preciseneas  of  the  ratio  of  divergence  points  to  the  real 
ob8er\^anoe  of  the  law  in  a  modified  manner.     We  might 
endeavour  to  reduce  the  exceptions  by  doubling  the  atomic 
weights  of  phosphorus  and  arsenic,  and  halving  those  of  ^ 
mercury  and  cadmium.     But  this  step  has  of  course  been  H 
matmely  considered  by  chemists,  and  is  found  to  conflict 
with  all  the  other  analogies  of  the  substances  and  the 
principles  of  isomorj>hisnL     One  of  the  most  probable  ex- 
planations is  that  phosphorus  and  arsenic  produce  vapour 
in  an  allotropic  condition,  which  might  perhaps  by  intense 
heat  be  resolved  into  a  simple  gas  of  half  the  density ; 
but  facts  are  wholly  wanting  to  support  this  hypothesis, 
and  it  cannot  be  applied  to  the    other  two   exceptions 
without  supposing  that  gases  and  vapours  generally  are 
capable  of  resolution  into  something  simpler.     In  short, 
chemiBts  can  at  present  make  notliing  of  these  anomalies. 
As  Hofmaim  distinctly  says,  '  Their  philosophical  inter- 
pretation bulongs  to  the  future  ,  .  ,  They  may  turn  out 
to  be  typical  facts,  round  wliich  many  others  of  the  like 
kind  may  come  hereafter  to  be  grouped  ;  and  they  may 
prove  to  be  allied  with  special  properties,  or  dependent  on 
particular  conditions  as  yet  unsuspected^/ 

The  expansion  of  solids  and  Hquids  by  heat  is  also  a 
general  law,  in  which  we  cannot  expect  to  find  any  real 
anomalies,  any  facts  indicating  too  wide  generalization, 
or  even  any  accidental  disturbing  causes.  The  con- 
tmetion  of  water  and  several  other  liquids,  even  of  fusible 
metal,  by  heat,  together  with  the  few  cajses  in  wliieli  a 
solid  contracts  by  heat,  must  therefore  be  probably  re- 
garded as  results  of  the  very  law  of  expansion  acting  in  a 
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complicated  and  diRgui^ed  manner.  It  would  be  easy  to 
point  out  an  almost  infinite  number  of  other  unex- 
plained anomalies.  Physieists  assert,  as  an  absolutely 
imiTersal  law,  that  in  liquefoction  heat  is  absorbed ^  yet 
sulphur  is  at  least  an  apparent  exception. 

The  two  substances,  Sulphur  and  Selenium,  are  re- 
markable for  their  relations  to  heat.  Sulphur  may , 
almost  be  said  to  have  two  melting  points,  for,  though 
liquid  like  water  at  iso""  C,  it  becomes  quite  thick 
and  tenacious  between  221''  and  249°,  melting  once 
again  at  higher  temperatures.  As  well  as  the  other 
element  named,  it  may  be  thrown  into  several  curious 
states,  which  chemists  conveniently  dispose  of  by  calling 
them  allotropiCj  a  term  freely  used  when  they  are 
puzzled  to  know  what  has  happened.  The  chemical  and 
physical  history  of  iron,  again,  is  full  of  anomalies  ;  not 
only  does  it  undergo  inexplictiblc  changes  of  hardness 
and  texture  in  its  alloys  with  carbon  and  other  substances, 
but  it  is  almost  the  only  substance  which  conveys  aoimd 
with  greater  velocity  at  a  higher  than  at  a  lower  tem- 
perature*, the  velocity  increasing  from  20°  to  100°  C,  and 
then  decreasing.  Silver  is  also  anomalous  in  regard  to 
sound.  These  are  all  instances  of  inexplicable  exceptions, 
the  bearing  of  which  must  be  ascertained  in  the  future 
progress  of  science. 

When  the  discovery  of  new  and  peculiar  phenomena 
conflicting  with  our  theories  of  the  constitution  of  nature 
is  reported  to  us,  it  becomes  no  easy  task  to  steer  a  philo- 
sophically coiTect  course  between  cretlidity  and  scepticism. 
We  are  not  to  assume,  on  the  one  hand,  that  there  is  any 
limit  to  the  wonders  which  nature  can  present  to  us. 
Nothing  except  the  contradictory  is  really  impossible,  and 
many  things  which  we  now  regard  as  common-place  were 


*  Stewart^s  *  Elementary  Treatise  on  Heat,*  p,  80, 
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considered  as  little  short  of  the  miraculous  when  first 
perceived.  The  electric  telegraph  was  a  visionary  dream 
among  mediaeval  physicists ;  it  luis  hardly  yet  ceaeed  to 
excite  our  wonder ;  to  our  descendants  centuries  hence 
it  will  probably  appear  inferior  in  ingenuity  to  some 
inventions  wliich  they  will  possess.  Now  every  strange 
phenomenon  may  be  a  s^ret  spring  which,  if  rightly 
touched,  will  open  the  door  to  new  chambers  in  the  palace 
of  nature.  To  refuse  to  believe,  then,  in  the  occurrence  of 
anything  new  and  strange  would  be  to  neglect  the  most 
precious  chances  of  discovery.  We  may  say  with  Hooke 
that  *  the  believing  strange  things  possible  may  perhaps 
be  an  occasion  of  taking  notice  of  sucli  things  as  another 
would  pass  l)y  without  regard  as  useless/  We  are  not, 
therefore,  to  shut  our  ears  even  to  such  apparently  absurd 
stories  as  those  concerning  second  sight,  clairvoyance, 
animal  magnetism,  ode  force,  table-turning,  or  any  of  the 
popular  dehisions  which  from  time  to  time  are  current. 
The  facts  recorded  concerning  these  matters  are  facts  in 
some  sense  or  other,  and  they  demand  explanation,  either 
as  new  natural  phenomena,  or  as  the  results  of  combined 
credtdity  and  imposture.  Most  of  the  statements  con- 
cerning the  supposed  phenomena  referred  to  have  been, 
or  by  careful  investigation  would  doubtless  be,  referred  to 
the  latter  head,  and  the  absence  of  any  appearance  of 
scientific  ability  or  care  in  many  of  those  who  describe 
them,  is  sufficient  to  east  a  doubt  upon  their  value.  It  is 
mainly  upon  this  ground,  and  not  on  account  merely  of 
the  strangeness  and  intrinsic  improbability  of  the  state- 
ments made  that  we  should  hesitate  to  accept  them.  Cer- 
tainly in  the  obscure  phenomena  of  mind,  tliose  relating 
to  memory,  dreams,  somnambidism,  and  other  peculiar 
actions  or  states  of  the  nervous  system,  there  are  many 
inexplicable  and  almost  incredible  facts,  and  it  is  equally 
unphilosophical  to  beheve  or  to  disbelieve  without  clear 
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evidence.  There  are  many  facts,  too,  concerning  the 
instincts  of  animals,  and  the  mode  in  which  they  find  their 
way  from  place  to  place,  which  are  at  present  quite  inex- 
plicable. We  may  always  feel  sure  that  there  are  many 
things  not  yet  dreamt  of  in  our  philosophy. 


CHAPTER    XXX, 


CLASSIFICATION, 


The  extensive  subject  of  Classification  has  been  deferred 
to  a  late  part  of  this  treatise,  because  it  involves  many 
qnestions  of  difficiiltv,  and  did  not  seem  naturally  to  fall 
into  any  earlier  place.  But  it  must  not  be  supposed  that, 
in  now  formally  taking  up  the  subject,  we  are  for  the  first 
time  entertaining  the  notion  of  classification.  All  logical 
inference  involves  classificailon,  which  is  indeed  the  nece&* 
sary  accompaniment  of  tlie  action  of  judgment  It  is 
impossible  to  detect  a  point  of  similarity  between  two  or 
more  objects  without  thereby  joining  them  together  in 
thought,  and  thus  forming  an  incipient  or  potential  class. 
Nor  can  we  ever  bestow  a  common  name  upon  two  or 
more  objects  without  thereby  equally  implying  the  exis- 
tence of  a  class.  Every  common  name  is  the  name  or 
a  class,  and  every  name  of  a  class  is  a  common  name.  It 
Lis  evident  also  that  every  generd  notion,  or  concept  is  but 
another  way  of  speaking  of  a  class.  Usage  alone  leads  us 
to  use  the  word  classification  in  some  cases  and  not  in 
others.  We  are  said  to  form  the  general  notion  paraUdih 
grarn  when  we  regard  an  infinite  number  of  possible  four- 
sided  rectilinear  figures  as  resembling  each  other  in  the 
common  property  of  possessing  parallel  sides.  We  should 
fbe  said  to  form  a  class,  Trilobite,  when  we  place  alongside 
of  each  other  in  a  museum  a  number  of  hand  specimens 
resembling  each  other  in  certain  defined  qualities.     But 


the  logical  nature  of  the  operation  is,  or  should  be,  exactly 
the  same  in  both  cases.  We  form  a  class  of  figures  called 
parallelograms,  and  we  fomi  a  general  notion  of  Trilo- 
bites, 

Science,  it  has  been  said  at  the  outset,  is  the  detection 
of  identity,  and  classification  is  the  placing  together,  either 
in  thought  or  in  actual  proximity  of  space,  those  notions 
or  olrjects  Ijet ween  which  identity  has  been  detected.  Ac- 
cordingly the  value  of  classification  is  co-extensive  w^ith 
the  value  of  science  and  general  reasoning.  Whenever 
we  form  a  class  we  reduce  multiplicity  to  unity,  and 
detect,  as  Plato  said,  the  one  in  the  many.  The  result 
of  such  classification  is  to  yield  generalized  knowledge,  as 
distinfjuished  from  the  direct  and  sensuous  knowledge  of 
particular  facts.  Of  every  class^  so  far  as  it  is  correctly 
formed,  the  great  principle  of  substitution  is  true,  and 
whatever  we  know  of  one  object  in  a  class  we  also  know 
of  the  other  objects,  so  far  as  identity  has  been  detected 
between  them.  The  facilitation  and  abbreviation  of  mental 
labour  is  at  the  bottom  of  all  mental  progress.  The 
reasoning  faculties  of  Newton  were  not  different  in  quali- 
tative character  from  those  of  a  ploughman;  the  difference 
lay  in  the  extent  to  wdiich  they  w^ere  exerted,  and  the 
number  of  facts  which  could  be  treated.  Every  thinking 
being  generalizes  more  or  less,  but  it  is  the  depth  and 
extent  of  his  generalizations  which  distinguiA  the  philo- 
sopher. Now  it  is  the  exertion  of  the  classifying  and 
generalizing  powers  which  thus  enables  the  intellect  of 
man  to  cope  in  some  degree  with  the  infinite  number  and 
.  variety  of  natural  phenomena  and  objects.  In  the  chaptei-s 
upon  Combinations  and  Permutations  it  was  rendered  quite 
evident,  that  from  a  few  elementary  differences  immense 
numbers  of  various  combinations  can  be  produced.  The 
process  of  classification  enables  us  to  resolve  these  com- 
binations,  and  refer  each  one  to  its  place  according  to 
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one  or  other  of  the  elementary  circumstances  out  of  wliicli 
it  was  prothiced.  We  restore  nature,  as  it  were,  to  the 
simple  conditinufi  out  of  which  its  endless  variety  was 
developed.  As  Professor  Bo  wen  has  excellently  8aid^ 
*  Tlie  first  necessity  which  is  imposed  upon  us  by  the 
constitution  of  the  mind  itself,  is  to  break  up  the  infinite 
wealth  of  Nature  into  groups  and  classes  of  things,  with 
reference  to  their  refiemblaiice.s  and  affinities,  and  thus  to 
enlarge  the  grasp  of  our  mental  faculties,  even  at  the 
expense  of  sacrificing  the  minuteness  of  information  which 
can  be  acquired  only  by  studying  objects  in  detiiil.  The 
first  efforts  in  the  pursuit  of  knowledge,  then,  must  be 
directed  to  tlic  business  of  Classification.  Perhaps  it  will 
be  found  in  the  sequel,  that  Classification  is  not  only  the 
beginning,  but  the  culmination  and  the  end,  of  hinnan^^ 
knowledge/ 

Ciasst/iccUion  Involving  Induction^ 

The  purpose  of  classification  must  always  be  the  detec- 
tion of  re.semblances  and  laws  of  nature.  However  much 
the  process  may  in  some  cases  be  disguised,  classification 
18  not  really  distinct  from  the  process  of  perfect  induction, 
whereby  we  endeavour  to  ascertain  the  connexions  which 
exist  between  the  several  properties  of  the  objects  under 
treatment.  There  can  be  no  use  in  placing  an  object  in  a 
class  imless  something  more  than  the  fact  of  being  in  that 
class  is  thereby  implied.  If  we  arbitrarily  formed  a  class 
of  metals  and  placed  therein  a  selection  from  the  list  of 
known  metals  made  by  the  ballot — we  should  have  no 
reason  to  expect  that  the  metals  in  question  would  re- 
semble each  other  in    any  points  except  that  they  are 

^  *A  Treatise  on  Logic,  or,  the  Laws  of  Pure  Thought/  by  Francis 
Bo  wen,  Professor  of  Moral  Philosophy  in  Harvard  CJollege,  Camhridgt^, 
United  States,  1866,  p.  315. 


metals,  and  have  been  selected  by  the  ballot  But  when 
chemists  carefully  selected  from  the  list  the  five  metals, 
PotaRsium,  Sochum,,  Caesium,  Eubidium,  and  Litliium, 
and  called  them  the  Alkaline  metals,  a  great  deal  was 
implied  in  this  classification.  On  comparing  the  qualities 
of  these  substances,  tliey  are  all  found  to  combine  very 
energetically  with  oxygen,  to  decompose  water  at  all 
temperatures,  and  to  form  strongly  basic  oxides,  which 
are  very  soluble  in  water,  yielding  powerfully  caustic  and 
alkaline  hydrates  from  which  water  cnnnot  be  expelled 
by  heat.  Their  carbonates  are  also  soluble  in  water,  and 
each  metal  forms  only  one  chloride.  It  may  also  be  ex- 
pected  as  a  general  rule  tliat  eacdi  salt  into  which  one  of 
the  five  metals  enters  mil  correspond  to  salts  into  which 
the  other  metals  enter,  there  being  a  general  analogy 
between  the  properties  and  compounds  of  these  metals. 

Now  in  forming  this  class  of  alkaline  metals,  we  have 
done  more  than  merely  select  a  convenient  order  of 
statement.  We  have  arrived  at  a  discovery  of  certain 
empirical  laws  of  nature,  the  probability  being  very  con- 
siderable  that  a  metal  which  exhibits  some  of  these  pro- 
perties will  sim  possess  the  others.  If  we  discovered  ^ 
another  metal  whose  carbonate  was  soluble  in  water," 
and  which  energetiailly  combined  vnth  water  at  all  tem- 
peratures, producing  a  strongly  basic  oxide,  we  should 
infer  that  it  would  form  only  a  single  chloride,  and 
that,  generally  speaking,  it  woidd  enter  into  a  series  of 
compounds  corresponding  to  the  salts  of  the  otlier 
alkaline  metals.  The  formation  of  this  class  of  alkaline 
metals,  then,  is  no  mere  matter  of  convenience  ;  it  is  an 
important  and  highly  successful  act  of  inductive  dis- 
covery, enabling  us  to  register  many  undoubted  propo- 
sitions as  results  of  perfect  induction,  and  to  make  an 
almost  indefinite  series  of  inferences  depending  upon  the 
principles  of  imperfect  induction. 
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Professor  Huxley  has  defined  the  ]  rocess  of  cla8si6cii- 
tion  in  the  following  tenns**.  *  By  the  cUissification  of  any 
series  of  objects,  is  meant  the  actual  or  ideal  arrange- 
ment together  of  those  which  are  like  and  the  separation 
of  thoae  which  are  unlike  ;  the  purpose  of  this  arrange- 
ment being  to  facilitate  the  operations  of  the  mind  in 
clearly  conceiving  and  retaining  in  the  memory  the  cha- 
ractci's  of  the  objects  in  queBtion.' 

This  statement  is  doubtless  correct,  so  far  as  it  goes, 
but  it  does  not  include  all  that  Professor  Huxley  himself 
implicitly  treats  under  classification.  He  is  fully  aware 
that  deep  correlations,  or  in  other  terras  deep  uniformi- 
ties or  laws  of  nature,  will  be  disclosed  by  any  well 
chosen  and  profound  system  of  classification.  I  should 
therefore  propose  to  modify  the  above  statement^  as  fol- 
lows : — '  By  the  classification  of  any  series  of  objects,  is 
meant  the  actual  or  ideal  arrangement  together  of  those 
wdiich  are  like  and  the  sepai-ation  of  those  which  are 
unlike,  the  purpose  of  this  arrangement  being,  primarily, 
to  disclose  the  correlations  or  laws  of  union  of  proper- 
ties or  circumstances,  and,  secondarily,  to  facilitate  the 
operations  of  the  mind  in  clearly  conceiving  and  retain- 
ing in  the  memory  the  characters  of  the  objects  in 
question/ 

MuUiplicUy  of  Modes  of  Classijircation, 

In  approaching  the  question  how  any  given  grouj 
of  objects  may  best  be  classified,  let  it  be  remarked  that 
there  must  generally  be  an  unlimited  number  of  modes 
of  classifying  any  group  of  objects.  Misled,  as  we  shall 
see,  by  the  problem  of  classification  in  the  natural  sciences, 
philosophers  often  seem  to  think  that  in  each  subject 
there  must  be  one  essentially  natural  classification  which 

^  '  Lectures  on  the  Elements  of  Comparative  Anatomy/  1864,  p.  i. 
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is  to  be  selected,  to  the  exclusion  of  all  others.  This 
erroneous  notion  probably  proceeds  also  in  part  from  the 
limited  powers  of  thought  and  the  inconvenient  mechani- 
cal conditions  under  which  we  labour.  If  we  arrfLnge  the 
books  in  a  library  catalogue,  we  must  arrange  them  in 
some  one  order ;  if  we  compose  a  treatise  on  mineralogy, 
the  minerals  must  be  successively  descnbed  in  some  one 
arrangement ;  if  w^e  describe  even  such  eirnjile  things  as 
geometrical  figures,  they  must  be  taken  in  some  fixed 
order.  We  shall  naturally  therefoi*e  select  that  classification 
which  appears  to  be  most  convenient  and  instructive  for 
our  principal  purpose.  But  it  does  not  fuUow  that  this 
system  of  classification  possesses  auy  exclusive  excellence^ 
and  tliere  will  be  usually  many  other  possible  armnge- 
raentSj  each  valuable  in  its  own  way.  A  perfect  intel- 
lect would  not  confine  itself  to  one  order  of  thought, 
but  WTiuld  simultaneously  regard  a  group  of  objects  as 
classified  in  all  the  ways  of  which  tliey  are  capable. 
Thus  the  elements  may  be  classified  according  to  their 
atomicity  into  the  groups  of  Monads,  Dyada,  Triads, 
Tetrads,  Pentads,  and  Hexads,  and  this  is  probably  the 
must  instructive  classification  ;  but  it  does  not  prevent 
us  from  also  classifying  them  according  as  they  ans 
metallic  or  non-metallic,  solid,  liquid  or  gaseous  at  orfi* 
nary  temperatures,  useful  or  useless,  abundant  or  wsi&iR^ 
feiTo-magnetic  or  diamagnetic,  aiid  so  oiu 

Mineralogists  have  spent  a  great   detd    of  li&uir  lo 
trying  to  discover  a  so-called  natural  system 
cation  for  minerals.     They  have  constantly 
the    difficulty   that    the    chemiciil   compcailBitti  Mi,   rv>t 


run   together   with   the    ciy^stallographie 
various  physical  properties  of  the  laifitf 
identical  in  the  form  of  their  cryBtaJk* 
belonging  to  the  first  or  cubical  sywUaKL\4l< 
often  found  to  have  no  resemblaaori 
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sitioiL  The  ideDticalty  same  sobstance,  again,  is  occa- 
monallj  found  crystallized  in  two  essentjally  different 
crystaUogTaphic  forms ;  calcium  carbonate^  for  instance^ 
appealing  as  calc-spar  and  arragomte.  Now  the  simple 
truth  is  that  if  we  are  unable  to  discover  any  correspond- 
ence, or»  as  we  shall  call  it^  any  correlation  between  the 
several  properties  of  a  mineral,  we  cannot  make  any  one 
arrangement  which  will  enable  us  to  treat  at  any  one 
time  all  these  properties.  We  must  really  classify  mine* 
lals  in  as  many  different  methods  as  there  are  different 
imrelated  properties  of  sufficient  importance.  Even  if, 
for  the  purpose  of  describing  minerals  successively  in 
some  one  oixler  m  a  treatise,  we  select  one  system,  that, 
for  instance,  having  regard  to  chemical  composition,  we 
ought  mentally  at  least  to  regard  the  same  minends  as 
classified  in  all  other  possible  modea 

Exactly  the  same  may  be  said  of  the  classification  of 
plants.  An  immense  number  of  difierent  modes  of  classi- 
tying  plants  have  been  proposed  at  one  time  or  other, 
an  exhaustive  account  of  which  wOl  be  found  in  Rees* 
*  Cyclopaedia/  article  *  Classification/  or  in  the  Introduc- 
tion to  Lindley  s  *  Vegetable  Kingdom/  There  liave  been 
the  Fructista?,  such  as  Ca?salpinus,  Morison,  Hermann, 
Boerhaave  or  Gaertner,  who  anunged  plants  according 
to  the  form  of  the  fruit  The  Corollistoe,  Eivinus,  Lud- 
wig,  and  Toumefort,  paid  attention  chiefly  to  the  number 
or  arrangement  of  the  parts  of  the  corolla.  Magnol  se- 
lected the  calyx  as  the  critical  part,  while  Sauvage 
arranged  plants  according  to  their  leaves  ;  nor  are  these 
instances  more  than  a  small  selection  from  the  actual 
variety  of  modes  of  classification  wliicli  have  been  tried. 
Of  such  attempts  it  may  be  said  that  every  proposed  sys- 
tem will  probably  yield  some  information  conceniing  the 
relations  of  plants,  and  it  is  only  after  trj^ing  many  modes 
that  it  is  possible  to  approxim^*^  *"  *he  best. 
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Natural  and  Artijicial  Systems  of  Classijication. 

It  has  been  usual  to  distinguish  systems  of  classifica- 
tion as  natural  and  artificial,  those  being  called  natural 
which  seemed  to  express  the  order  of  existing  things  as 
determined  by  nature.  Artificial  methods  of  classification, 
on  the  other  hand,  included  those  formed  for  the  mere 
convenience  of  men  in  remembering  or  treating  natural 
objects- 

The  difference,  as  it  is  commonly  regarded^  has  been  well 
described  by  Ampfere*^,  as  follows :  '  We  can  distinguish 
two  kinds  of  classifications,  the  natural  and  the  artificial. 
In  the  latter  kind,  some  characters,  arbitrarily  chosen, 
serve  to  determine  the  place  of  each  object ;  we  abstiuct 
all  other  characters,  and  the  objects  are  thus  found  to  be 
brought  near  to  or  to  be  separated  from  each  other,  often 
in  the  most  bizarre  manner.  In  natural  systems  of  classi- 
fication, on  tlie  contrary,  we  employ  concun*ently  all  the 
characters  essential  to  the  objects  with  which  we  are 
occupied,  discussing  the  importance  of  each  of  them  ;  imd 
the  results  uf  this  hibour  are  not  adopted  unless  the 
objects  which  present  tlie  closest  analogy  are  brought 
most  near  together,  and  the  groups  of  the  several  orders 
which  are  formed  from  them  are  also  approximated  in  pro- 
portion as  they  offer  more  similar  characters.  In  this  way 
it  arises  that  there  is  always  a  kind  of  connexion,  more  or 
less  marked,  between  eaeli  group  and  the  group  which 
follows  it.' 

There  is  much,  however,  tliat  is  vague  and  logically 
false  in  this  and  many  otlier  definitions  whicli  have  been 
proposed  by  naturalists  to  express  their  notion  of  a 
natural  system.     We  are  not  informed  how  the  import^ 

*^  *  EsBai  Bur  la  Plulosophle  des  Sciences',  p.  9. 


ance  of  a  resemblance  is  to  be  determined,  nor  what  is 
the  measure  of  the  closeness  of  analogy.  Until  all  the 
wordB  employed  in  a  definition  are  made  clear  in  meaning, 
the  definition  itself  is  worfee  than  useless,  Now  if  the 
views  concerning  classification  here  upheld  are  true,  there 
can  be  no  sharp  and  precise  distinction  between  natural 
and  artificial  systems.  All  arrangements  which  eerve  any 
purjiose  at  all  must  be  more  or  less  natural,  bec^iuse,  if 
closely  enough  scrutinized,  they  will  involve  more  resem- 
blances than  those  whereby  the  class  was  defined. 

It  is  true  that  in  the  biological  sciences  there  would  be 
one  arrangement  of  i^lants  or  anim^ds  which  would  be 
conspicuously  instructive,  and  in  a  certain  sense  natural^ 
if  it  could  be  attained,  and  it  is  that  after  which  natural- 
ists have  been  in  reality  striving  for  nearly  two  centuries, 
nainely,  that  arrangement  which  would  display  the  genea- 
logical descent  of  eveiy  Ibrm  from  the  original  life  germ. 
Those  morphological  resemblances  upon  which  the  classi- 
fication of  living  beings  is  almost  always  based  are  in- 
herited resemblances,  and  it  is  evident  that  descendants 
will  usually  resemble  their  parents  and  each  other  in  a 
great  many  points. 

I  have  said  that  a  natural  is  distinguished  from  an 
tu'bitniry  or  artificial  system  unly  in  degree.  It  vrill  be 
found  almost  impossible  to  arrange  objects  according  to 
anv  one  circumstance  without  finding;  that  some  correla- 
tion  of  other  circumstances  is  thus  made  apparent.  No 
ingement  could  seem  more  arbitrary  than  the  common 
"alphabetical  arrangement  according  to  the  initial  letters 
of  the  nanae.  But  we  cannot  scrutinize  a  list  of  names 
of  persons  without  noticing  a  predominance  of  Evans's 
and  Jones's,  imder  the  letters  E  and  J,  and  of  names 
beginning  with  Mac  under  the  letter  M.  The  predomi- 
nance is  so  great  that  we  could  not  attribute  it  to  chance, 
and  inquiry  would  of  course  show  that  it  arose  from  im- 


portant  facts  concerning  the  nationality  of  the  persons.  It 
would  appear  that  the  Evans  s  and  Jones's  were  of  Welsh 
descent,  and  those  whose  names  bear  the  prefix  Mac  of 
Scotch  descent*  With  the  nationality  would  be  more  or 
less  strictly  correlated  many  peculiarities  of  physical  con- 
stitution,  language,  habits,  or  mental  character.  In  other 
cases  I  have  been  interesteil  in  noticing  the  empirical 
inferences  which  are  displayed  in  the  most  apparently 
arbitrary  arrangements.  If  a  large  register  of  the  names 
of  ships  be  examined  it  will  often  be  found  that  a  number 
of  ships  bearing  the  same  name  were  built  about  the  same 
time,  n,  correlation  due  to  the  occurrence  of  some  striking 
incident  shortly  previous  to  the  building  of  the  ships. 
The  age  of  ships  or  other  structures  is  usually  closely  cor- 
related with  their  general  form,  nature  of  materials,  &c. 
It  is  impossible  to  examine  the  details  of  some  of  the 
most  apparently  artificial  systems  of  classification  of  plants, 
without  finding  that  many  of  the  classes  are  natural  in 
character.  Thus  in  Tournefort*s  arrangement,  depeuding 
almost  entirely  on  the  formation  of  the  corolla,  we  find 
the  natural  orders  of  the  Labiatae,  CrueiferaB,  Rosacese, 
Umbel liferSB,  Liliaceir,  and  Papilionacese,  recognise  1  in 
his  4th,  5  th,  6th,  7  th,  9th,  and  loth  classes.  Many  of  the 
classes  in  Linnaeus'  celebrated  sexual  system  also  approxi- 
mate to  natural  classes. 


Correlation  of  Properties. 

Habits  and  usages  of  language  are  always  apt  to  lead 
us  into  the  error  of  imagining  that  when  we  employ 
difterent  words  we  mean  diflerent  tilings.  In  introducing 
the  subject  of  classification  nomiiially  I  was  careful  to 
draw  the  reader's  attention  to  the  fact  that  all  reasoning 
and  all  operations  of  scientific  method  really  involve 
classification,  though  we  are  accustomed  to  use  the  name 
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in  some  cases  and  not  in  others*  Now  the  name  correl 
tion  refjuirea  to  be  need  with  the  same  qualification.] 
ThingH  are  correlated  {con,  relata)  when  they  are  so  rt*- 
lated  or  bound  to  each  other  that  where  one  is  the  other  | 
IS,  ami  where  one  is  not  the  other  is  not.  Throughout 
this  work  we  have  then  been  dealing  wnth  con-elations. 
In  geometry  the  occiurence  of  three  equal  angles  in  a 
triangle  is  correlated  with  the  existence  of  three  equal 
Hides ;  in  physics  gravity  is  correlated  with  inertia ;  in 
botany  exogenous  growth  is  correlated  with  the  poeses- 
Bion  of  two  cotyledons,  or  the  production  of  flowers  with 

v4hat  of  Bpiral    vessels*     But   it   is   in    the   classificatoiy 
ciences  especially  that  the  word  correlation  has  been  em; 
ployed. 

We  find  it  stated  that  in  the  class  Mammalia  tiie 
possession  of  two  occipital  condyles,  with  a  well-ossified 
ixisi-ocoipital,  is  correlated  with  the  possession  of  man- 
dibles, each  ramus  of  which  is  composed  of  a  single  piece 
of  bone,  articulated  with  the  squamosal  element  of  the 
skull,  and  also  with  the  possessiun  of  mammae  and  non- 
nucleated  red  blood-corpuscles.  Professor  Huxley  remarks^ 
that  this  statement  of  the  character  of  tbe  class  mammalia 
is  something  more  than  an  arbitrary  definition  ;  it  is  a 
itement  of  a  law  of  correlation  or  co-existence  of  animal 

"structures,  from  which  most  important  conclusions  are 
deJucible,  It  involves  a  generalization  to  the  effect  that 
in  nature  the  structures  mentioned  are  always  found 
associated  together.  This  Btmply  amounts  to  saying  that 
the  formation  of  the  class  mammalia  involves  an  act  of 
inductive  discoverv,  and  results  in  the  establishment  of 
certain  empirical  laws  of  natm'e.  Professor  Huxley  has 
excellently  expressed  the  mode  in  which  discoveries  of  this 
kmd  enable  naturalists  to  make  deductions  or  predictions 

<i  '  Lectures  on  the  Elements  of  Comparative  Anatomy,  ami  on   tlm 
ClaBBification  of  AnimolB/  1864,  p.  3. 
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with  considerable  confidence,  but  he  has  also  pointed  out 
that  such  mferences  are  likely  from  time  to  tinie  to  prove 
mistaken.     I  will  quote  his  own  words  : 

*  If  a  fragmentary  fossil  be  discovered,  consisting  of  no 
more  than  a  ramus  of  a  mandible,  and  that  part  of  the 
skidl  with  which  it  articulated,  a  knowledge  of  this  law 
may  enable  the  pala&ontologist  to  affirm,  with  great  con- 
fidence, that  the  animal  of  which  it  formed  a  part 
suckled  it^s  young,  and  had  non-nucleated  red  blood-cor- 
puscles ;  and  to  predict  tliat  should  the  back  part  of  that 
skull  be  discovered,  it  will  exhibit  two  occipital  condyles 
and  a  well-ossified  basi-occipital  bone* 

*  Deductions  of  this  kind,  such  as  that  made  by  Cuvier 
in  the  famous  case  of  the  fossil  opossum  of  Montmartre, 
have  often  been  verified,  and  are  well  calculated  to  im- 
press the  \nilgar  imagination  ;  so  that  they  have  taken 
rank  as  the  triumphs  of  the  anatomist.  But  it  should 
carefully  be  borne  in  mind,  that,  like  all  merely  empirical 
laws,  which  rest  upon  a  compamtively  narrow  observa- 
tional basis,  the  reasoning  from  them  may  at  any  time 
break  down.  If  Cuvier,  for  example,  had  had  to  do  with  a 
fossil  Thylacinus  instead  of  a  fossil  Opossum,  he  would 
not  have  found  the  marsupial  bones,  though  the  inflected 
angle  of  the  jaw  woidd  have  been  obvious  enough.  And 
so,  though,  practically,  any  one  who  met  with  a  character- 
istically mammalian  jaw  would  be  justified  in  expecting 
to  find  the  characteristically  mammalian  occiput  associ- 
ated with  it ;  yet,  he  would  be  a  bold  man  indeed,  who 
should  strictly  assert  the  Mief  which  is  LmpHed  in  this 
expectation,  viz.,  that  at  no  period  of  the  world's  history 
did  animals  exist  %vhich  combined  a  mammalian  occiput 
with  a  reptilian  jaw,  or  vice  versdJ 

One  of  the  most  distinct  and  remarkable  instances  of 
correlation  in  the  animal  world  is  that  which  occurs  in 
ruminating  animals,  and  which  could  not  be  better  stated 
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than  in  the  folloiiing  extraxjt  from  the  classical  work 
Cuvier^: 

'  I  doubt  if  any  one  would  have  divined,  if  im taught  . 
by  observation,  that  all  ruminants  have  the  foot  cleft^H 
and  that  they  alone  have  it.  I  doubt  if  any  one  would  '' 
have  divined  that  there  are  frontal  horns  only  in  this 
class :  that  those  among  them  which  have  sharp  canines  j 
for  the  most  part  lack  horns,  H 

*  However,  since  these  relations  are  constant,  they  must 
have  some  sufficient  cause  ;  but  since  we  are  ignorant  of 
it,  we  must  make  good  the  defect  of  the  theory  by  means 
of  observation  :  it  enables  us  to  establish  empirical  laws 
which  become  almost  as  certain  as  rational  laws  whenj 
they  rest  on  sufficiently  repeated  observations ;  so  that] 
now  whoso  sees  merely  the  print  of  a  cleft  foot  may  con- 
clude that  the  animal  which  left  this  impression  rumi-  j 
nated,  and  this  conclusion  is  as  certain  as  any  other  infl 
physics  or  morals*  This  footprint  alone,  then,  yields  to 
him  who  observes  it,  the  form  of  the  teeth,  the  fi^rm  of 
the  jaws,  the  form  of  the  vertebra*,  the  form  of  all  the 
bones  of  the  legs,  of  the  thighs,  of  the  shouldei^s,  and  of 
the  pelvis  of  the  animal  which  has  passed  by  :  it  is  a 
surer  mark  than  all  those  of  Zadig/ 

We  meet  witli  a  good  instcince  of  the  piu*ely  empirical ' 
correlation  of  ciroumBtances  when  we  claissify  the  planets 
of  the  solar  system  according  to  their  densities  or  periods  i 
of  axial   rotation  \     If  we   examine  a   table   specifying 
the  usual  astronomical  numbers  of  the  solar  system,  we 
find  that  four  planets  resemble  each  other  very  closely 
in  the  period  of  axial  rotation,  and  the  same  four  plaiieta  \ 
are  all  found  to  have  high  densities,  thus : — 

•  ^Oseemens  Fosailee,'  4tb  eilit,  vol.  i.  p.  164.     Quoted  by  HuxkjJ 
•  Lecturea,*  &c.,  p.  5. 

i  ChamberB,  *  Descriptive  Astronomy/  1st  edit.  p.  23. 
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Niinje  of 
Planet. 

Period  of  AxiAl 
liotatiun. 

Deiisitjr. 

Mercury 
Venus 
Eftrth 
Mai-8 

24  hours    5  minutes 
23      „      21       „ 

23  „      56       „ 

24  n         37 

.. ..    794 

••  ••     533 
..  ..     5-67 
..  ..     584 

Forming  a 
as  follows  :  — 

similar  table  for  the  other  chief 

planets,  it  is 

Name  of 
PlAtiet. 

Period  of  Axial 
Hot&tion> 

Density, 

Jupiter 
8fttiirn 

9  hours  55  minutes 
10     H      29       „ 

..  ..      r36 

..  ..         74 

Urauus 
Neptune 

9      "      30       » 

..  ..       -97 
..  ..      loa 

It  will  of  course  be  observed  that  in  neither  group  is 
the  equality  of  the  rotational  period  or  of  the  density  more 
than  rudely  approximate,  nevertheless  the  difterence  of 
the  numbers  in  the  first  and  second  group  is  so  veiy 
marked,  the  periods  of  the  first  bemg  at  least  double  and 
the  densities  four  or  five  times  those  of  the  second,  that 
the  coincidence  cannot  be  attributed  to  accident.  The 
reader  will  also  notice  that  the  first  group  consists  of  the 
planets  nearest  to  the  sun,  that  with  the  exception  of 
the  earth  none  of  them  possess  satellites,  and  th;it  they 
are  all  comparatively  small  j  tlie  second  gi\iup  are  fiirthest 
trom  the  sun,  and  all  of  them  possess  several  satellita*?, 
and  are  comparatively  great.  Therefore,  with  but  slight 
exception,  the  following  correlations  hold  true  : — 


InU'rior  planets. 
Ext<?rior      ,, 


Long  period. 
Short      ,, 


Small  iise. 
Great   j. 


High  denaity. 
Low        „ 


No  HAtellitoa, 
Many    „ 


These  coincidences  certainly  point  with  much  proba- 
bility to  a  difference  in  the  conditions  of  origin  of  the 
two  groups,  but  no  further  explanation  of  the  matter  is 
yet  possible. 

The  classification  of  comets  by  Mr.  Hind  and  Mr.  A.  S* 
Davis  according  to  their  periods  tends  to  establish  the 
conclusion   that   distinct    groups   of  comets    have    been 
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brought  into  the  solar  gystem  by  the  attractive  jiowers  of 
Jupiter,  Uranus,  or  other  planets?.  The  classiiication  of 
nebula?  as  oommenoed  by  the  two  Herschels,  and  con- 
tinued by  Lord  Eosse,  Mr.  Huggins.  and  others,  will 
probably  lead  at  some  future  time  to  tlie  discovery  of 
important  empirical  laws  concerning  the  constitution  of 
the  universe.  The  minute  examination  and  classification 
of  meteorites,  as  carried  on  by  Mr,  Sorby  and  others, 
seems  likely  to  afford  us  an  insight  into  the  constitution 
of  the  material  universe.  J 

We  should  never  fail  to  rememWr  and  record  thefl 
slightest  and  most  apparently  inexpli<mble  coincidences  or 
correlations,  for  they  may  prove  of  importance  in  the  future. 
Discoveries  I>egin  when  we  are  least  expecting  them. 
It  is  a  very  significant  fact  that  the  greater  number 
of  variable  stars  are  of  a  reddish  colour.  Not  all  variable 
stars  are  red,  nor  all  red  stars  variable,  but  considering  M 
that  only  a  small  fraction  of  the  observed  stars  are  known  ^ 
to  be  variable,  and  only  a  small  fraction  are  red,  the 
ninribor  which  fall  into  both  elas.ses  is  too  great  to  be 
accirlental  ^'.  It  is  also  remarkable  that  the  greater  number 
of  Htars  jKigsessing  great  proper  motion  are  double  stars, 
tlie  stiir  6 1  Cygni  being  especially  noticeable  in  this 
ruhpect  K  The  correlation  in  these  cases  is  not  perfect 
and  without  exception,  but  the  preponderance  is  so  great 
as  to  point  to  some  natiiial  correlation,  the  exact  nature 
of  which  must  be  a  matter  for  future  investigation.  Sir 
John  Herschel  has  remarked  that  the  two  double  stars 
6 1  Cygni  and  a  Centauri  of  which  the  orbits  w^ere  well 
ascertained,  evidently  belonged  to  the  same  family  or 
genus  •*. 

e  *  Plnlu»n|»hjcal   MftgJizine/  4th  Series,  vol.  xxxix.  p.  396 ;  vol,  xJ. , 
p.  183  ;  vol.  xli.  p.  44.       li  Humboldt,  'Oasmoe,*  (Bolm)  vol  iiL  p,  224. 
'  Baily,  *  Uritisli  Ass«t;iali<jii  Catalogue/  p,  48. 
^  *  Outlines  of  AHtrouumy,*  §  850^  4th  edit,  p.  578. 
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Clxissijication  in  Crystallography. 

One  of  the  most  perfect  and  instructive  instances  of 
classification  which  we  can  find  is  furnished  by  the  science 
of  crystallography,  already  briefly  noticed  (vol.  i.  p.  153). 
The  system  of  arrangement  now  generally  adopted  is 
conspicuously  natural,  and  is  even  mathematically  perfect. 
A  crystal  consists  in  every  part  of  similar  molecules  simi- 
larly related  to  the -adjoining  molecules,  and  connected 
with  them  by  forces  the  nature  of  which  we  can  only 
learn  by  their  apparent  efiects.  But  these  forces  are 
exerted  in  space  of  three  dimensions,  so  that  there  is  a 
limited  number  of  suppositions  which  can  be  entertained 
as  to  the  relations  of  these  forces.  In  one  case  each  mole- 
cule will  be  similarly  related  to  all  those  which  are  next 
to  it ;  in  a  second  case,  it  will  be  similarly  related  to  those 
in  a  certain  plane,  but  differently  related  to  those  not  in 
that  plane.  In  the  simpler  cases  the  arrangement  of 
molecules  is  rectangular ;  in  the  remaining  cases  obUque 
either  in  one  or  two  planes. 

In  order  to  simplify  the  explanation  and  conception  of 
the  complicated  phenomena  which  crystals  exhibit,  an 
hypothesis  has  been  invented  which  is  an  excellent  illus- 
tration of  the  class  of  Descriptive  Hypotheses  before  men- 
tioned (vol.  ii.  p.  153).  Crystallographers  imagine  that 
there  are  within  each  crystal  certain  axes,  or  lines  of 
direction,  by  the  comparative  length  and  the  mutual 
inclination  of  which  the  nature  of  the  crystal  is  deter- 
mined and  recorded.  In  one  somewhat  exceptional  class 
of  crystals  there  are  three  such  axes  lying  in  one  plane, 
and  a  fourth  perpendicular  to  that  plane ;  but  in  all 
the  other  classes  there  are  imagined  to  be  only  three  axes. 
Now  these  axes  can  be  varied  in  three  ways  as  regards 


length  :    (i)  they  may  be  all  equal,  or  (2)  two  equal  am 
one  unequaK  or  (3)  all  imeqiuiL    They  may  also  be  vari 
ill  four  ways  as  regards  clirection  :  (i)  they  may  be  all  ul 
right  angles  to  each  other;  (2)  two  axes  may  be  at  righ 
oiigles  and  the   third  perpendicular  to  one  of  them  aa 
nblique  to  the  other  ;  (3)  two  axes  may  be  at  right  angles 
each  other  and  the  third  oblique  to  both  ;   (4)  the  t 
axes  may  Im  all  oblique  to  each  other.     Now  if  all  thi 
variatious  aB  regards  length  were  combined  with    th 
regarding  direction,  it  would  seem  to  be  possible  to  bav( 
twelve  ckisHes  of  crystals  in  all,  the  enumeration   bein 
then    logically    Mud   geometrically    complete.      But    as  a 
matter  of  empirical  observation,  many  of  these  classes  are 
not  found  to  occur,  olilique  axes  being  seldom  or  never 
equal     There   remain   in    all   seven    distinct    classes   of 
cry nf ale,  but   even  of  these  one  class   is    not    positively 
known  to  be  represented  in  nature. 

The  first  class  of  crystals  is  defined  by  possessing  tlu-^ 
equal  rectangular  axes,  and  equal  elasticity  in  all  direc- 
tions. The  primary  or  most  simple  form  of  the  crystals 
is  the  cube  ,  but  by  the  modification  or  removal  of  the 
corners  of  the  cube  by  planes  variously  inclined  to  the 
axes,  we  have  the  regular  octohedron,  the  dodecahedron, 
or  various  combmations  of  these  forms.  Now  it  is  a  law 
of  this  class  of  crystals  that  as  each  axis  is  exactly  like 
each  of  the  other  two,  every  modification  of  any  corner  of 
a  cry^stal  must  be  repeated  symmetrically  with  i^egard  to 
the  other  axes ;  thus  the  forms  produced  are  symmetri- 
cal or  regular,  and  the  class  is  called  the  Regular  System 
of  Ciystals,  It  includes  a  gi^eat  variety  of  substances, 
some  of  them  bemg  elements,  such  as  carbon  in  the  form 
of  diamond,  others  more  or  less  complex  compounds,  such 
as  rock-salt,  potassium  iodide  and  bromide,  the  several 
kinds  of  alum,  fluor-spar,  iron  bisulphide,  garnet,  spinelle, 
&c.     No  correlation  then  is  apjiai-ent  between  the  form  of 
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crystallization  and  the  chemical  composition.  But  what 
we  have  to  notice  is  that  the  physical  properties  of  the 
crystallized  substances  with  regard  to  light,  heat,  elec- 
tricity, &c.,  are  closely  similar.  Light  and  heat  undula- 
tions, wherever  they  enter  a  crystal  of  the  regular  system, 
spread  with  equal  rapidity  in  all  directions,  just  as  they 
would  in  a  imiform  liquid,  gas,  or  amorphous  solid,  such 
as  unstrained  glass.  Crystals  of  the  regular  system  accord- 
ingly do  not  in  any  case  exhibit  the  phenomena  of  double 
refraction,  unless  by  mechanical  compression  we  alter  the 
conditions  of  elasticity.  These  crystals,  again,  expand 
equally  in  all  directions  when  heated,  and  if  we  could  cut 
a  suflBciently  large  plate  from  a  cubical  crystal,  and  ex- 
amine the  sound  vibrations  of  which  it  is  capable,  we 
should  find  that  they  indicated  an  equal  elasticity  in 
every  direction.  Thus  we  see  that  a  great  number  of 
important  properties  are  correlated  with  that'  of  crys- 
tallizing in  the  regular  system,  and  as  soon  as  we  know 
that  the  primary  form  of  crystallization  of  a  substance  is 
the  cube,  we  are  able  to  infer  with  approximate  cer- 
tainty that  it  possesses  all  these  properties.  The  class 
of  cubical  crystals  is  then  an  evidently  natural  class, 
one  disclosing  general  laws  connecting  together  the 
physical  and  mechanical  properties  of  the  substances  so 
classified. 

In  the  second  class  of  crystals,  called  the  dimetric, 
square  prismatic,  or  pyramidal  system,  there  are  also 
three  axes  at  right  angles  to  each  other,  two  of  which  are 
equal,  and  the  third  or  principal  axis  is  unequal,  being 
either  greater  or  less  than  either  of  the  other  two.  In 
such  crystals  accordingly  the  elasticity  and  other  physical 
properties  are  alike  in  all  directions  perpendicular  to  the 
principal  axis,  but  vary  in  all  other  directions.  If  a  point 
within  a  crystal  of  this  system  be  heated,  the  heat  spreads 
with  equal  rft^*^"~  '^^  planes  perpendicular  to  the  prin- 
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cipal  axis,  but  more  or  le^s  rapidly  in  the  direction  of  this 
axis,  so  that  the  isothermal  surface  is  an  ellipsoid  of  revo- 
lution round  that  axis. 

Neaily  the  same  statement  may  be  made  concerning 
the  third  or  hexagonal  or  rhombohedral  system  of 
crystals,  in  which  there  are  three  axes  lying  in  one  plane 
and  meeting  at  angles  of  60°^  while  the  fourth  axia  is 
perpendicular  to  the  other  three.  The  hexagonal  prism 
and  the  rhomboliedron  are  tlie  two  commonest  forms 
assumed  by  crj^stals  of  this  system,  and  in  ice,  quartz, 
and  calc-spar,  we  have  abundance  of  beautiful  specimens 
of  the  various  foniis  produced  by  the  modification  of  the 
primitive  form,  Calc-spar  alone  is  said  to  cryst;Ulize  in 
at  least  700  varieties  of  forms.  Now  of  all  the  crystals 
belonging  botli  to  this  and  the  dimetric  chiss,  we  know 
that  a  ray  of  light  passing  in  the  direction  of  the  prin- 
cipal axis  will  be  refracted  siugly  as  in  a  crystal  of  the 
regular  system  ;  but  in  every  other  dh-ection  the  light 
will  Bufter  double  refraction  being  separated  into  two  rays, 
one  of  which  obeys  the  ordinary  law  of  refraction,  but  the 
other  a  much  more  complicated  law.  The  otlier  physical 
properties  vary  in  an  analogous  manner.  Thus  calc-spar 
expands  by  heat  in  the  direction  of  the  principal  axis,  but 
contracts  by  a  small  quantity  in  directions  perpendicular 
to  it.  So  closely  indeed  are  these  various  physical  pro- 
perties correlated  that  Mitscherlich,  having  observed  the 
Ifiw  of  expansion  in  calc-spar,  was  enabled  to  predict  that 
the  double  refracting  power  of  the  substance  would  be  de- 
creased by  a  rise  of  temperature,  as  was  proved  by  expe- 
riment to  be  the  case. 

In  the  fonrth  system,  called  the  trimetric,  rhombic,  or 
right  pri.smatic  system,  there  are  three  axes,  at  right 
angles,  but  all  unequal  in  length.  It  may  be  assei-ted 
in  general  terms  that  the  mechanical  properties  vary  in 
such  crystals  in  every  direction,  and  heat  spreads  so  that 
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the  isotliernial  surface  Is  an  ellipsoid  with  three  imequal 


axes. 


In  the  remaining  three  classes,  called  the  monoclinic, 
diclinic,  and  tridinic,  the  axes  are  more  or  less  oblique, 
as  described  above  (vol*  ii.  p.  360),  and  at  the  same  tiDie 
uneqiifih  The  corapHcation  of  phenomena  is  therefore 
greatly  increased,  and  it  need  only  be  stated  that  there 
are  always  two  directions  in  which  a  ray  is  singly  re- 
fracted, but  that  in  all  other  directions  double  refraction 
takes  place*  Tlie  conduction  of  heat  is  unequal  in  all 
directions,  the  isothermal  surface  being  an  ellipsoid  of 
three  unequal  axes.  The  relations  of  such  crystals  to  other 
jJienomena  are  often  very  complicated,  and  hnrdly  yet 
reduced  to  ]aw\  Thus  some  crystals,  cidled  pyro-electric, 
manifest  vitreous  electricity  at  some  points  of  their  sur- 
face, and  resinous  electricity  at  other  points  when  rising 
in  temperature,  the  character  of  the  electricity  being 
clianged  when  the  temperature  sinks  again.  Tliis  pro- 
duction of  electricity  is  believed  indeed  to  Ije  connected 
with  the  heniihedral  character  of  the  crystals  exliibiting 
it  The  CTystalline  structure  of  a  substance  again  influ- 
ences its  magnetic  behaviour,  the  general  law  being  that 
the  direction  in  which  the  molecules  of  a  crystal  are  most 
closely  approximated  tends  to  place  itself  axially  or  equa- 
torially  between  the  poles  of  a  magnet,  according  as  the 
body  is  magnetic  or  diamagnetic.  Further  questions  arise 
if  we  apply  pressure  to  crystals.  Thus  doubly  refracting 
crystals  \x\i\\  one  principal  axis  acquire  two  axes  when 
the  pressure  is  peiTpendicidar  in  direction  to  the  principal 
axis. 

All  the  phenomena  peculiar  to  crystalline  bodies  are 
thus  closely  correlated  with  tlie  formation  of  tlie  crystal, 
or  will  abnost  certainly  be  found  to  be  so  as  investigation 
j)roceeds.  It  is  upon  empirical  observ^ation  indeed  that 
the  laws  of  connexion  are  in  the  first  place  founded,  but 
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the  simple  IiypothesiB  that  the  elasticity  and  approxima- 

jtioa  of  the  particles  vary  in  the  directions  of  the  crj^stalline 

^axes  allows   of  the  application  of  deductive  reason ing» 

The  whole  of  the  phenomena  are  gradually  being  proved 

jto  be  consistent  with  this  hj^pothesis,  so  that  we  have  in 

this  subject  of  crystallography  a   beautiful   instance   of 

successful  classification,  connected  "with  a  nearly  perfect 

physical  hypothesis.     Moreover  this  hypothesis  was  veri- 

[fied  experimentally  as  regards  the  mechanical  vibi'ations 

I  of  soimd  by  Savart,  who  found  that  the  vibrations  in  a 

[plate  of  biaxial  crystal  indicated  the  existence  of  varying 

[elasticity  in  varying  directions. 


Chssificatimi  an  Inverse  and  Tentative  Operation. 

If  all   attempts   at  soHsalled   natural   classification  be 

kejdly  attempts  at  perfect  induction,  it  follows  that  they 

jare  all  subject  to  the  remarks  which  were  made  upon  the 

[inverse  character  of  the  inductive  process,  and  upon  the 

[difficulty  of  every  inverse  operation   (vol.  i.  pp.    14,  15, 

140,  &c.).     There  will  of  necessity  be  no  royal  road  to  the 

discovery  of  the  best  system,  and  it  will   even  be  im- 

b possible  to  lay  down  any  series  of  rules  of  procedure   to 

[assist   those  w^ho  are  in  search  of  a  good  arrangement* 

'  The    only   invariable  logicjil  rule  which  could  be  stated 

would  be  as  follows  : — Having  given  certain  objects,  group 

them  in  every  way  in  which  they  can  be  grouped,  and 

'  then  observe  in  which  method  of  grouping  the  coincidence 

of  f  roperties  is  most  conspicuously  manifested.     But  this 

nietlio  1  of  exhaustive  classification  will  in  idmost  every 

lc«»se   be   impracticable,   owing   to   the   immensely   great 

luiD^ber  of  modes  in  which  a  comparatively  smidl  number 

of  objects  may  be  grcmped  together.     Alxjut  sixty-three 

,  c»lein<*iits  have  Viccn  ckissified  by  chemists  in  six  principid 

I  -^Htps  as  Monad,  Dyad.  Triad,  &c.  elements,  tlie  numbers 


in  the  cLasses  varying  from    three  to  twenty   elements. 

iNow  if  we  were  to  calculate  the  whole  number  of  ways 

[in  which  sixty-three  objects  can  be  arranged  in  six  groups, 
wo  should  find  the  number  to  be  so  great  that  the  life 
of  the  longest  lived   man  would   be   wholly  inadequate 

Ito  enable  bim  to  go  through  these  possible  groupings. 

JThe  rule  of  exhaustive  arrangement,  then,  is  absolutely 
imjiracticable.  It  follows  also  that  mere  haphftzard  trial 
cannot  as  a  general  rule  give  any  useful  result.  If  we 
were  to  write  the  names  of  the  elements  in  succession 
upon  sixty-three  cards,  throw  them  into  a  ballot-box,  and 
draw  them  out  haphazard  in  six  handfuls  time  after 
time,  the  probability  is  excessively  small  that  we  take 
them  out  at  tmy  one  trial  in  a  specified  order,  for  in- 
stance that  at  present  adopted  by  chemists. 

The  usual  mode  in  which  an  investigator  proceeds  to 
form  a  classification  of  any  new  group  of  objects,  seems  to 
consist  in  tentatively  arranging  them  according  to  their 
most  obvious  similarities.  Any  two  objects  which  present 
a  close  resemblance  to  each  other  will  be  joined  and 
formed  into  the  rudiment  of  a  class,  the  definition  of 
w^bich  will  at  first  include  all  the  apparent  points  of 
resemblance.  Other  objects  as  they  come  to  oiu^  notice 
wiU  be  gradually  fissigned  to  those  groups  with  which 
they  present  the  greatest  number  of  iioints  of  resem- 
blance, and  the  definition  of  a  class  will  often  have  to 
be  altered  in  order  to  admit  them»  The  early  chemists, 
for  instance,  could  hardly  avoid  classing  together  the 
common  metals,  gold,  silver,  copper,  lead,  and  iron,  which 
present  such  couspicuoiLS  points  of  similarity  as  regaixls 
density,  metallic  lustre,  malleability,  &c.  With  the  pro- 
gress of  discovery,  however,  dlfticulties  begin  to  present 
themselves  in  such  a  grouping.  Antimony,  bismuth,  and 
arsenic  are  distinctly  metallic  as  regards  lustre,  density, 
and  some  chemical  properties,  but  are  wanting  in  malle- 
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ability.  The  more  recently  discovered  and  rare  tellurium 
preeenta  greater  difficulties,  for  it  has  many  of  the  physical 
properties  of  metal^  and  yet  all  its  chemical  properties  are 
ansdogoug  to  those  of  sulphur  and  selenium  which  have 
never  been  regarded  as  metals.  Great  chemical  differences 
^again  are  by  degrees  discovered  between  the  five  metals 
just  mentioned;  and  the  class,  if  it  is  to  have  any  chemical 
validity,  must  be  made  to  include  other  elements,  having 
none  of  the  original  properties  on  wliieh  the  class 
founded.  Hydrogen  is  a  transparent  colourless  gaa 
the  least  dense  of  all  substances,  yet  in  its  diemical  ana- 
logies it  is  a  metal,  as  suggested  by  Faraday ''^  in  1838, 
and  almost  proved  by  the  late  Professor  Graham  ;  it 
must  be  placed  in  the  same  class  as  silver.  In  this  way 
it  comes  to  piiss  that  almost  every  classification  which  is 
proposed  in  the  early  stages  of  a  science  will  be  found 
to  break  down  as  the  deeper  similarities  of  the  objects 
come  to  be  detected.  The  most  ob\dous  points  of  differ- 
ence will  have  to  be  neglected.  Chlorine  is  a  gaa,  bromine 
a  liquid,  and  iodine  a  solid,  and  at  first,  sight  these  miglit 
have  seemed  formidable  circumstances  to  overlook  ;  but  in 
chemical  analogy  the  substances  are  closely  imited.  The 
progress  of  organic  chemistry,  too,  has  yielded  wholly  new 
ideas  of  the  similarities  of  compounds.  Who,  for  instance, 
would  recognise  without  extensive  research  a  close  simi- 
larity between  glycerine  and  alcohol,  or  between  fatty  sub- 
stances and  ether.  The  class  of  paraffins  contains  three 
substances  gaseous  at  ordinary  temperatures,  several 
liquids,  and  some  crystalline  solids.  It  required  much  m- 
sight  to  detect  the  perfect  affinity  which  exists  between 
such  apparently  different  substances. 

The  science  of  chemistry  now  depends  to  a  great  extent 
on  a  correct  classification  of  the  elements,  as  will  be  learnt 
by  consulting  the  able  article  on  Classification  by  Pro- 
»»  '  Life  of  Farafky/  voL  il  p,  87. 
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fessor  G.  C.  Foster  in  Watts'e  '  Dictiouary  of  Chemistry/ 
But  the  present  theory  of  classification  was  not  reached 
until  at  least  three  previous  false  systems  had  been  long 
entertained.  And  though  there  is  much  reason  to  believe 
that  the  present  system  of  classification  according  to 
atomicity  is  substantially  correct,  many  errors  may  yet 
be  discovered  in  the  details  of  the  grouping. 


Symbolic  Statement  of  the  Theory  of  Classification. 

The  whole  theory  of  classification  can  be  explained  in 
the  most  complete  and  general  manner,  by  reverting  for 
a  time  to  the  use  of  the  Logical  Abecedarium,  which  was 
found  to  be  of  supreme  importance  in  Formal  Logic  (vol  i. 
p.  109).  That  form  expresses  in  fact  the  necessary  classi- 
fication of  all  objects  and  ideas  as  depending  on  the  laws 
of  thought,  and  there  is  no  point  concerning  the  purpose 
and  methods  of  classification  which  may  not  be  explained 
most  precisely  by  the  use  of  letter  combinations,  the  only 
inconvenience  being  the  somewhat  abstract  and  repulsive 
form  in  which  the  subject  is  thus  represented. 

If  we  pay  regard  only  to  three  qualities  or  circum- 
stances in  which  things  may  resemble  each  other,  namely 
the  qualities  A,  B,  C,  then  there  are  according  to  the  laws 
of  thought  eight  possible  classes  of  objects.  If  there  exist 
objects  belonging  to  all  these  eight  classes,  thus  indicated, 


ABC 

aBC 

ABc 

aBc 

A6C 

ahC 

Khc 

abc 

it  follows  that  the  qualities  A,  B,  C  are  subject  to  no 
conditions  except  the  primary  laws  of  thought  and  nature 
(vol.  i.  p.  6).     There  is  then  no  special  law  of  nature  to 
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discover,  and,  if  we  arrange  the  classes  in  any  one  order 
rather  than  another,  it  must  be  for  the  purpose  of  showng 
that  the  combinations  are  logically  complete.  It  will  be 
obvious  that  there  are  three  difierent  possible  arrange- 
ments which  may  l>e  of  some  use ;  firstly,  that  employed 
above  in  which  all  the  combinations  containing  A  stand 
first,  and  those  devoid  of  it  follow  ;  secondly,  and  thirdly, 
the  similar  arrangements  in  which  the  combinations  con- 

ining  B,  and  C,  respectively  stand  first. 

Suppose  now  that  there  are  but  four  kinds  of  objects 
possessing  the  qualities  A,  B,  C,  and  that  these  kinds  are 
represented  by  the  combinations  ABC,  A&C,  aBc,  ahc. 
The  order  of  arrangement  will  now  be  of  importance  ;  for 
if  we  place  them  in  the  order 

ABC 

aBc 

KhC 

.abc 

placing  the  Bs  first  and  those  which  are  is  last,  we  shall 
perhaps  overlook  the  law  of  correlation  of  properties  in- 
volved.    But  if  we  arrange  the  eoinbi nations  as  follows 

J  ABC 

lAiC 

aBc 

it  becomes  apparent  at  once  that  where  A  is,  and  only 
where  A  is,  the  propei'ty  C  is  to  be  found,  B  being  in- 
difierently  present  and  absent.  The  second  arrangement 
then  would  be  called  a  natural  one,  as  rendering  mani- 
fest i\\^  conditions  under  which  the  combinations  exist. 

As  a  further  mstance,  let  us  suppose  that  eight  objects 
are  presented  to  us  for  classification,  which  exhil>it  corabi- 
nations  of  the  five  properties,  A,  B,  C,  D,  E,  in  the  follow- 
uig  manner : — 


r^r  V 


Vy  M^JXKJtOJL  X'  X 

\J.a.X.  M.\JX1  ,                                                                                           %3\JiJ 

ABCcZE 

aBCdE 

ABcc?e 

aBccZe 

A6CDE 

aftCDE 

A5cDe 

aftcDe. 

They  are  now  classified,  so  that  those  containing  A  stand 
first,  and  those  devoid  of  A  second,  but  no  other  property 
seems  to  be  correlated  with  A.  Let  us  alter  this  arrange- 
ment and  group  the  combinations  as  follows  : — 

ABC(iE  A6CDE 

ABcc^e  A6cDe 

aBCc^E  aftCDE 

a^cde  abcDe. 

It  requires  very  little  examination  to  discover  that,  in  the 
first  ^oup,  B  is  always  present  and  D  absent,  whereas  in 
the  second  group,  B  is  always  absent  and  D  present.  This 
is  the  result  which  follows  fi:om  a  law  of  the  form  B  =  rf 
(see  voL  L  p.  157),  so  that  in  this  mode  of  arrangement 
we  readily  discover  a  close  correlation  between  two  letters. 
Altering  the  groups  again  as  follows : — 

kBCdE  ABcde 

aBCdE  aBcde 

A6CDE  AlcDe 

abCDE  abcDe, 

we  discover  another  evident  correlation  between  C  and  E. 

Between  A  and  the  other  letters,  or  between  the  two  pairs 

of  letters  B,  D  and  C,  E  there  is  no  logical  connexion 

whatever. 

This  example  may  perhaps  seem  tedious,  but  it  will  be 
found  instructive  in  this  way.  We  are  classifying  only 
seven  objects  or  combinations,  in  each  of  which  only  five 
qualities  are  considered.  There  are  only  two  laws  of  cor- 
relation between  four  of  those  five  qualities,  and  those 
laws  are  of  the  simplest  logical  character.  Yet  the  reader 
would  hardly  discover  what  those  laws  were,  and  confi- 
voL.  n.  B  b 
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dently  assign  them  by  mere  contemplation  of  the  oombina* 
tioDS,  as  given  b  the  first  group.  Several  tentative  clas^- 
ficatioiiB  muHt  probably  be  made  l>efore  we  can  resolve  the 
question*  Let  ua  now  suppose  that  instead  of  seven  objects 
and  five  qualities,  we  have,  say,  five  hundred  objects  and 
fifty  qualities.  If  we  were  to  attempt  tlie  same  method  rf 
exhaustive  grouping  which  we  before  employed,  we  should 
have  to  arrange  the  five  hundred  objects  in  fil*ty  ditierent 
ways,  before  we  could  be  sure  that  we  had  discovered  even 
the  simpler  taws  of  correlation.  But  even  the  sueces^te 
grouping  of  all  those  possessing  each  of  the  fifty  properties 
would  not  necessarily  give  us  all  the  laws.  There  might 
exist  compliaited  relations  between  several  properties 
simultaneously,  for  the  detection  of  which  no  rule  of  pro*- 
cedure  whatever  can  be  given. 

If  the  reader  entertains  any  doubt  as  to  the  difficulty 
of  classifying  combinations  so  as  to  disclose  their  reb- 
tions,  let  him  test  the  matter  practically  upon  the  fol- 
lowing series  of  combinations.  They  involve  only  six 
letters  denoting  six  qualities,  which  are  subject  to  four 
laws  of  correlation  of  no  great  complexity. 

ABCDEF  ABcBef 

ABCD(F  AhcdEf 

ABCD(/  r^BcDEF 

ABCdEf  aBcBcF 

ABcDEF  aBcDef 

ABtDeF  ahcdEf, 

I  shall  be  happy  to  receive  the  solution  of  the  above 
problem  in  classification  from  any  reader  who  thinks  he 
has  solved  it ;  that  is  to  say,  I  shall  be  glad  to  ascer- 
tain whether  any  reader  succeeds  in  detecting  the  laws 
of  correlation  between  the  letters,  which  yield  the  above 
combinations,  according  to  the  principles  of  the  Indirect 
Method  described  in  Chapter  VT 


Bifurcate  Classification. 

Every  system  of  clasBificatioii  ought  theoretically  to  be 
formed  ou  the  principles  of  the  Logical  Al>ecedarium.  Each 
superior  class  ahould  be  divided  into  two  inferior  classes, 
distinguished  by  the  possession  and  non-possesssiun  of  a 
single  specified  property.  Each  of  tliese  minor  classes, 
again,  is  divisible  by  any  other  property  whatever  which 
can  be  suggested,  and  thus  every  classification  logically 
consists  of  an  infinitely  extended  series  of  subaltern 
genera  and  sj)ecie8.  The  classifications  which  we  form 
are  in  reality  very  small  fragments  of  those  which  would 
correctly  and  fully  represent  the  relations  of  existing 
things.  But  if  we  take  more  than  four  or  five  quahties 
into  account,  the  number  of  subdivisions  grows  imprac- 
ticably large*  Our  finite  minds  ai^e  unable  to  treat  any 
complex  group  exhaustively,  and  we  are  obliged  to 
simplify  and  generalize  scientific  problems,  often  at  the 
risk  of  overluuking  particular  conditions  and  exceptions. 

Every  system  of  classes  elisjilayed  in  the  manner  of  the 
Logiail  Abecedm^ium  may  be  called  hi/urcatc,  because  every 
class  branches  out  at  each  step  into  two  minor  classes, 
existent  or  imaginary.  It  would  be  a  great  mistake  to 
regard  this  arrangement  as  in  any  way  a  peculiar  or 
special  methud ;  it  is  not  only  a  natural  and  important' 
one,  but  it  is  the  inevitable  and  only  system  which  is 
logicaUy  perfect,  according  to  the  fundamental  laws  of 
thought.  All  other  arrangements  of  classes  coiTesi>c»nd 
to  the  bifurcate  arrangement,  with  the  implication  that 
some  of  the  minor  classes  are  not  represented  among 
existing  things.  If  we  take  the  genus  A  and  divide  it 
into  the  species  AB  and  AC,  we  imply  two  propositions, 
namely  that  in  the  class  A,  the  properties  of  B  and  C 
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never  occur  together,  and  that  they  are  never  both  abeent ; 
these  propositions  are  indeed  logically  equivalent  to  one, 
namely  AB  ^  Ac.  Our  classification  is  then  identical  with 
the  following  bifurcate  one  : — 


Ai 


ABc 


A6C 


If,  again,  we  divide  tlie  genus  A  into  three  species  AB, 
AC,  AD,  we  are  either  logically  in  error,  or  else  we  must 
be  understood  to  imply  the  existence  of  three  propositions 
excluding  the  union  within  the  genus  A  of  the  properties  ! 
of  B,  C  and  D,   namely   AB  =  ABcc?,  AC  =  A6Cd,   and! 
AD  ^  A&eD.     It  comes  to  the  same  thing  if  we  say  tliafc  ] 
our  classification  is  really  a  liifurcate  one,  as  follows  ; — 

A 


ABc 


A6<- 


ABCD      ABCci   ABcD 

=  o  ^  O  =0 


ABc( 


d    A6CD 

=  o 


XhQd  K 


L\y 


The  logical  necessity  of  bifurcate  classification  has  been 
clearly  and  correctly  stated  in  the  'Outline  of  a  New  System  1 
of  Logic'  by  George  Bentham,  a  work  of  which  the  logical 
value  has  been  quite  overlooked  until  lately*  Mr.  Bentham 
points  out,  iu  p»  113,  that  every  clasBificxition  must  be 
essentially  bifurcate  and  takes,  as  an  example,  the  division 
of  vertebrate  animals  into  four  subclasses,  as  follows  : — 

Mammifera — endowed  with  mamma?  and  lungs. 
Birds  without  mammse  but  with  lungs  and  wiii| 

Fish  deprived  of  lungs. 

Reptiles  deprived  of  mammas  and  wings  but  with  ^ 

lungs. 
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We  have,  then,  as  Mr.  Bentham  says,  three  bifid  divi- 
sions, thus  represented : — 

Vertebrata 


Endowed  with  lungs  deprived  of  lungs 

Endowed  with  deprived  of  Fiah 

mammae  mammse 


Mammifera  with  wings  without  wings 

Birds  Reptiles 

It  is  however  quite  evident  that  according  to  the  laws 
of  thought  even  this  arrangement  is  incomplete.  The 
subclass  mammifera  must  either  have  wings  or  be  deprived 
of  them ;  we  must  subdivide  this  class,  or  assume  that 
none  of  the  mammifera  have  wings,  which  is,  as  a  matter 
of  fact,  the  case,  the  wings  of  bats  not  being  true  wings  in 
the  meaning  of  the  term  as  applied  to  birds.  Fish,  again, 
ought  to  be  considered  with  regard  to  the  possession  of 
mammaB  and  wings;  and  in  leaving  them  undivided  we 
really  imply  that  tliey  never  have  mamma;  nor  wing«,  the 
wings  of  the  flying-fish,  again,  being  no  exceptiotu  If 
we  resort  to  the  use  of  our  letters  and  defiue  Ui/eta  an 
follows — 

A  =  vertebrata, 

B  =  having  lungs, 

C  =  having  mammsB, 

D  =  having  wings, 

then  there  are  four  existent  classes  of  vertebrata  which 
appear  to  be  thus  described — 

ABC 
ABcD 
ABcrf 
A6. 
But  in  reality  the  combinations  are  implied  to  be 


ABCV^  ^  Maramifera» 
ABtD  =  Birds, 
ABe(/  =  Reptiles, 
Abed  ^Fish, 

^i  \vt)  imply  at  the  same  time  that  the  other  four  con- 
nnMihle  C(3fnl>inations  containing  B,  C,  or  D,  namely 
A  BCD,  A6CD,  AhCd,  and  AAtD,  do  not  exist  in  nature. 

The  bifurcate  form  of  classification  seems  to  be  needless 
when  the  property  according  to  which  we  classify  any 
jjnnip  of  things  admits  of  numerical  discrimmation.  It 
would  seem  absurd  to  arrange  things  according  as  they 
have  one  degree  of  the  property  or  not  one  degree,  two 
decrees  or  not  two  degrees,  and  so  on.  The  elements,  for 
instance,  are  classified  according  as  the  atom  of  each  satu- 
rates, one,  two,  three  or  more  atoms  of  a  monad  element^ 
such  as  chlorine,  and  they  are  called  accordingly  Monad, 
Dyad,  Triad,  Tetrad  elements,  and  so  on.  It  would  he 
wholly  useless  to  apply  the  bifid  arrangement,  thus  : — 

Element 


I 

Monad 


not -Monad 


By&d 


not- Dyad 


Triad 


t:^. 


not -Triad 


Tetrad 


not-Tetrad. 


llic  reason  of  this  is  that,  by  the  very  nature  of  number 
as  described  in  Chapter  VIII,  every  number  is  logically 
tliscriniinated  from  every  other  number.  There  can  thus  , 
be  no  logical  confusion  in  a  numerical  arrangement,  and  fl 
the  series  of  numbers  Indefinitely  extended  is  also  exhaus- 
tive. Every  tiling  admitting  of  a  property  expressible  in 
nnnibcrs  must  fintl  its  place  somewhere  in  the  series  of 
imnd>ers.  The  chords  in  music  correspond  to  the  various 
ipler  numerical  ratios  and    must   admit   of  complete 


exhaustive  classification  in  respect  to  the  complexity  of 
the  ratios  forming  them.  Plane  rectilinear  figures  may 
also  be  classified  according  to  the  number  of  their  sides 
as  triangles,  quadrikiteral  figures,  pentagons,  hexagons, 
heptagons,  &c.  The  bifurctite  arrangement  is  not  false 
when  applied  to  such  series  of  objects ;  it  is  even  neces- 
sarily involved  in  the  arrangement  which  we  do  apply, 
so  that  its  formal  statement  is  needless  and  tedious.  The 
same  may  be  said  of  the  divieion  of  portions  of  space. 
Reid  and  Karnes  endeavoured  to  cast  ridicide  on  the 
bif "iircate  an-angement "  by  proposing  to  classify  the  parts 
of  England  into  Middlesex  and  what  is  not  Middlesex, 
di\ading  the  latter  again  into  Kent  and  what  is  not 
Kent,  the  latter  again  into  Sussex  and  what  is  not  Sussex ; 
and  so  on.  This  is  so  far,  however,  from  Vjeing  an 
absurd  proceeding  that  it  is  requisite  to  assure  us  that 
we  have  made  an  exhaustive  enumeration  of  the  parts  of 
England* 

The  Five  Predicables, 

As  a  geneiul  rule  it  is  highly  desirable  t^o  consign  to 
oblivion  all  the  ancient  logical  names  and  expressions, 
which  have  infested  the  science  for  many  centuries  past. 
If  logic  is  ever  to  be  a  usefid  and  progressive  science, 
logicians  must  distinguish  between  logic  and  the  history 
of  logic.  As  in  the  case  of  any  other  science  it  may  be 
desirable  to  examine  the  course  of  thought  by  which  logic 
has,  before  or  since  the  time  of  Aristotle,  been  brought 
to  its  present  state  ;  the  history  of  a  science  is  always 
instructive  as  giving  instances  of  the  mode  in  whicli  dis- 
coveries take  place.  But  at  the  same  time  we  ought 
carefully  to    disencumber  the    statement    of   the  science 

n  George  BentLam,  ^  Outline  of  a  New  System  of  Logic,'  p.  115. 
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antiquity  whidi 
are  not  actually  udeftil  at  the  preaeDt  daj. 

Among  those  ancient  expresBons  which  may  well  be 
excepted  from  saeh  coosidenrtioDS  and  ever  retained  in 
use,  are  the  *Five  Worda'  or  *FiTe  Predicables'  which 
were  deBcribed  by  Porphyry  in  his  *  Introdnction  to 
totles  Organum.'  Two  of  them  indeed,  namely  G^ 
and  Specie$,  are  the  moet  Ten^aUe  names  in  philoeoph^ 
having  probably  been  first  employed  in  their  present 
logical  m^uiings  by  Socrates.  In  the  present  day  it 
requires  some  mental  effort,  as  Mr.  Georges  Lewes  has 
r^narkedV  to  see  anything  important  in  the  indention 
of  notions  now  so  familiar  as  those  of  Genus  and  Species. 
But  in  reality  the  introduction  of  such  terms  showed  the 
rise  of  the  first  germs  of  logic  and  scientific  method: 
it  showed  that  men  were  b^^ning  to  analyse  their  pro- 
cesses of  thought. 

The  Five  Predicables  are  Genus,  Species^  Difference, 
Property,  and  Accident,  or  in  the  original  Greek  70^, 
€iSoft  Aa^opi,  Uio¥,  <Tv^^fifiKQ^,  Of  thcse,  Grenufi  may  be 
taken  to  mean  any  class  of  objects  which  is  regarded  as 
broken  up  into  two  minor  classes,  wbich  form  Species 
of  it.  Tbe  Genus  is  defined  by  a  certain  number  of 
qualities  or  circumstances  which  belong  to  all  objects 
included  in  the  class,  and  which  are  sufficient  to  mark 
out  these  objects  from  all  others  which  we  do  not  intend 
to  iiiclude.  Interpreted  as  regards  intension,  then,  the 
Genus  is  a  group  of  qualities  ;  interpreted  as  regards 
extensiein,  it  is  a  group  of  objects  possessing  those 
qtUilitiLH.  If  now  another  quality  be  taken  into  account 
which  h  possessed  by  some  of  the  objects  and  not  by 
the  othera,  this  quality  becomes  a  Difference  which  divides 
the  Genus  into  two  Species.  We  may  interpret  the  Species 

"  *  Biographicnl  History  of  Pliilosophy/  (1857)  vol.  i.  p.  126,  Grote*s 
^Hhiory  of  Greece/  vwL  viii.  p.  578* 
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eitber  in  intension  or  extension  ;  in  the  former  respect 
it  is  more  than  the  Genus  as  containing  one  more  quality, 
the  Difference  :  in  the  latter  respect  it  is  less  than  the 
Genus  as  containing  only  a  portion  of  the  group  coosti- 
tiitiiig  the  Genus.  We  may  say  then»  witli  Aristotle,  tliat 
in  one  sense  the  Genus  is  in  the  Species,  namely  in  inten- 
sion, and  in  another  sense  the  Species  is  in  the  Genus, 
namely  in  extension.  The  Difference,  it  is  evident,  can 
be  intei^preted  in  intension  only. 

A  Property  is  a  quality  which  belongs  to  the  whole  of 
a  class,  but  does  not  enter  into  the  definition  of  that  class* 
Thus  if  it  he  a  generic  property  it  belongs  to  every  indi- 
vidual oliject  contained  in  the  genus.  It  is  a  property  of 
the  genus  Parallelogram  that  the  opposite  angles  are 
equal.  If  we  regard  a  Rectangle  as  a  species  of  parallel- 
ogram, the  difference  being  that  one  angle  is  a  right  angle, 
it  follows  as  a  specific  property  that  all  the  angles  are 
right  angles.  Though  a  property  in  the  strict  logical 
sense  must  belong  to  each  of  the  objects  included  in  the 

P  class  of  which  it  is  a  property,  it  may  or  may  not  belong 
to  other  objects.  The  proj^erty  of  having  the  opposite 
angles  equal  may  belong  to  many  figures  besides  parallel- 
ograms, for  instance,  regular  Iiexagons.  It  is  a  property 
of  the  circle  that  all  triangles  constructed  upon  the  dia- 
meter with  the  apex  upon  the  circumference  are  right 
angled  triangles,  and  vice  versd,  all  closed  curves  of 
which  this  is  true  must  be  circles.  We  might  with  ad- 
vantage distinguish  properties  whicli  thus  belong  to  a 
class,  antl  only  to  that  class^  as  peculiar  properties.  They 
enable  us  to  make  statements  in  the  form  of  simple  iden- 
tities (vol  i,  p.  44).  Thus  we  know  it  to  be  a  pecidiar 
property  of  the  circle  that  for  a  given  length  of  perimeter 
it  encloses  a  greater  area  than  any  other  possible  curve  ; 
hence  we  may  say — 

Curve  of  equal  curvature  —  curve  of  greatest  area. 
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It  is  a  peculiar  property  of  equilateral  triangles  that  ■ 
they  are  equiangular,  or,  vice  versd,  it  is  a  peculiar  pro-  I 
perty  of  equiangular  triangles  that  they  are  equilateral. 
It  18  a  property  of  crystals  of  the  regular  eystem  that 
they  are  devoid  of  the  power  of  double  refraction,  but 
this  is  not  a  property  peculiar  to  them,  because  vitreous 
and  other  amor])hous  transparent  solids,  such  as  glass, 
together  with  all  liquids  and  gases,  are  also  devoid  of  the 
same  property. 

An  Accident,  the  fifth  and  last  of  the  Predicables,  is  any 
quality,  which  may  or  may  not  belong  to  certain  objects, 
and  which  has  no  connexion  with  the  classification  adopted. 
The  particular  size  of  a  crystal  does  not  in  the  slight-est 
degree  affect  the  nature  of  the  crystal,  nor  does  the 
manner  in  which  it  may  be  grouped  with  other  ciystuls  ; 
tliese,  then,  are  Accidents  as  regards  a  crystal  lographic 
classification*  With  respect  to  the  chemical  composition  I 
of  a  snbBtance,  again,  it  is  an  accident  whether  the  sulv 
stance  be  ci^stallized  or  not,  or  whether  it  be  organized 
or  not.  As  regards  botanical  classification  the  absolute 
size  of  a  plant  is  an  accident,  due  to  external  circutQ- 
stances.  Thus  we  see  that  a  logical  accident  is  any 
quaHty  or  circumstance  which  is  not  known  to  be  cor- 
related with  those  qualities  or  circumstances  forming 
the  definition  of  the  species. 

The  use  of  the  Predicables  can  be  very  concisely  ex- 
plained by  our  syoibols.  Thus,  let  A  be  any  definite 
group  of  qualities  and  B  another  quality  ;  then  A  will 
constitute  a  genus,  and  AB,  Ah  will  be  species  of  it,  B 
behig  the  difference.  Let  C,  D  and  E  be  other  qualities* 
and  on  examining  the  combinaiions  in  which  A,  B,  C,  D,  E 
occur  let  them  be  as  follows  : — 


ABCDE 
ABCDe 


AhCffE 
AhCfle. 


OLASSIFWATION. 


S7d 


Here  we  see  that  wherever  A  is  C  is  also  found,  so  that  C 
IS  a  generic  property  ;  D  occurs  always  with  B,  so  that  it 
constitntes  a   specific    property,  while  E  is  indifferently 
,       present  and  absent,  so  as  not  to  bo  in  any  way  correlated 
[       with  any  of  the  other  lettera  ;  it  represents,  therefore,  an 
accident     It  will  now  be  seen  that  the  Logical  Abece- 
darium  Teally  represents  an  interminable  series  of  subor- 
dinate genera  and  species  ;   it  is  but  a  concise  symbolic 
statement  of  what  was  involved  in  the  ancient  doctrine  of 
I       the  Predicables. 

^^As 


Smnmum  Ge7Uis  and  Injima  Species. 


As  a  genus  means  any  class  whatever  which  is  re- 
garded as  composed  of  minor  classes  or  species,  it  follows 
that  the  same  class  will  be  a  genus  in  one  pomt  of  view 
and  a  species  in  another.  Metal  is  a  genus  as  regards 
alkaline  metal,  a  species  as  regards  element^  and  any 
I  extensive  system  of  classes  consists  of  a  series  of  subor- 
dinate, or  as  they  are  technically  called,  sukiUeni  genera 
and  species.     The  question,  however,  arises,  whether  any 

Pencil  chain  of  classes  has  a  definite  termination  at  either 
end.  The  doctrine  of  the  old  logicians  was  to  the  effect 
^hat  it  teiTQinated  upwards  in  a  gtmus  generalissimmn  or 
mimmum  ffenus,  which  was  not  a  species  of  any  wider 
dllSB.  Some  very  general  notion,  such  as  sichstance,  object 
or  thing^  was  supposed  to  be  so  comprehensive  as  to  in- 
clude all  tlimkable  objects,  and  for  all  practical  purposes 
j  this  might  be  so.  But  as  I  liave  already  explained  (vol.  i, 
I  p.  88),  we  cannot  really  think  of  any  object  or  class 
without  thereby  separating  it  from  what  is  not  that  object 
or  class.  All  thinking  is  relative,  and  implies  discrimina- 
tion, so  that  every  class  and  every  logical  notion  must 
have  its  negative.  If  so,  there  is  no  such  thing  as  a  summum 
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genus,  for  we  cannot  fi^me  the  reqiiijsite  noticm  of  a  class 
forming  it  without  imi»ljing  the  exiBteoce  of  another  class 
discfiminated  from  it,  hot  which  with  the  8nppoeed 
Jttiiimiim  jnenu^  will  fonn  the  species  of  a  still  higher  genus, 
which  is  ahsori 

Although  there  is  no  absolute  summum  gaaus,  neverthe- 
less rektiTely  to  any  branch  of  knowledge  or  any  special 
argument,  there  is  always  some  daas  or  notion  which 
bounds  our  horizon  as  it  were.     The  chemist  restricts  his 
view  to  material  substances  and  the  forces  manifested  in^ 
them ;  the  mathematician  extends  his  view  so  as  to  com* V 
prehend  all  notions  capable  of  numerical  discrimination* 
The  biologist,  on  the  other  hand,  has  a  narrower  s]>here 
containing  only  organized  bodies^  and  of  these  the  botanist^ 
and  the  zoologist   take  parts.     In  other  subjects  there 
may  be  a  still  narrower  summum  genus,  as  when  the  lawyei 
regards   only   living   and   reasoning   beings   of  his    own 
country* 

In  the  description  of  the  Logical  Abecedarium,  it  was 
pointed  out  (vol-  i.  p.  io8)  that  every  series  of  com- 
binations was  really  the  development  of  some  one  single 
class,  denoted  by  X,  which  letter  indeed  was  accxird- 
ingly  placed  in  the  fii-st  column  of  the  table  on  p.  109. 
This  is  the  formal  acknowledgment  of  the  principle 
clearly  stated  by  De  Moi^an,  that  all  reasoning  pro- 
ceeds within  some  assumed  suramum  genus.  But  atfl 
the  same  time  the  fact  that  X  as  a  logical  term  roust 
have  its  negative  x,  shows  that  it  cannot  be  an  absolute 
summum  genus.  ^ 

There  arises,  again,  the  question  whether  there  be  anyH 
such  thing  as  an  injirfut  species,  which  cannot  be  divided  ~ 
into  any  smaller  spcK^ies.     The  ancient  logicians  were  of 
opinion  that  there  always  was  some  assignable  class  which 
could  only  be  divided  into   individuals,  but  this  doctrine 
apjiears    to   me   tlieoretically    incorrect,   as   Mr,    George 
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Bentham  indeed  long  ago  stated  P.  We  may  always  put 
an  arbitrary  limit  to  the  Bubdivisions  of  our  classification 
at  any  point  convenient  to  our  purpose.  The  crj^stallo- 
grapher  would  not  generally  consider  as  different  Bpecies 
of  crystalline  form  those  which  differ  only  in  the  degi^ee  of 
development  of  the  faces.  The  naturalist  overlooks  innu- 
merable slight  differences  between  plants  or  animals  which 
he  refers  to  the  same  species.  But  in  a  strictly  logical 
point  of  view  ckissification  might  be  carried  on  so  long  as 
there  is  a  single  point  of  difference,  however  minute, 
between  two  objects,  and  we  might  thus  go  on  until  we 
arrived  at  individual  objects  which  are  numerically  distinct 
in  the  logical  sense  attributed  to  that  expression  in  the 
chapter  upon  Number*  We  must  either,  then,  call  tlie 
individual  the  injima  species  or  allow  that  there  is  no 
such  species  at  all 


The  Tree  of  Ptyrphyry. 


The  bifurcate  method  of  classification,  arising  as  it  does 
from  tlie  primary  laws  of  thought,  is  the  very  founda- 
tion of  all  strict  scientific  method,  and  its  application  in 
formal  logic  constitutes  the  method  of  Indirect  Inference, 
of  which  the  nature  and  importance  were  shown  in  Chap- 
ter VI.  So  slight,  however,  has  been  the  attention  paid 
to  this  all  important  subject,  that  I  shall  in  this  case 
break  the  rule  which  I  have  laid  down  for  myself^  not  to 
mingle  the  subject  of  logic  as  a  science  with  the  histoiy 
of  logic. 

Both  Plato  and  Aristotle  were  fully  acquainted  with 
the  value  of  bifurcate  division  which  they  occasionally 
employed  in  an  explicit  manner.     It  is  impossible,  too, 

1'  '  Outline  of  a  New  System  of  Logic/  1827.  p,  117. 
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that  Aristotle  sliould  state  the  laws  of  thought,  and 
employ  the  predicables  without  implicitly  recognising  the 
logical  necessity  of  that  method.  It  is^  however,  in  Por- 
phyry's remarkable  and  in  many  respects  excellent  *  Intro- 
duction to  the  Categories  of  Aristotle'  that  we  find  the 
most  distinct  account  of  it.  Porphyry  not  only  fully  and 
accurately  describes  the  Predicables,  but  incidently  intro- 
duces an  example  for  illustrating  those  predicables,  which 
constitutes  a  good  spFecimen  of  bifurcate  classification. 
Translating  his  words^  fi-eely  we  may  say  that  he  tak^ 
Substance  as  the  genus  to  be  divided^  imder  which  are 
successively  placed  as  Species^Body,  Animated  Body, 
Animal,  Kational  Animal,  and  Man.  Under  Man,  again, 
come  Socrates,  Plato,  and  other  paiticular  men.  Now  of 
these  notions  Substance  is  the  genus  generalissimum,  and 
is  a  genus  only,  not  a  species.  Man,  on  the  other  hand^ 
is  the  species  specialissima  (infinia  species),  and  is  a  species 
only,  not  a  genus.  Body  is  a  species  of  substance,  but  a 
genus  of  animated  body,  which,  again,  is  a  species  of  body 
but  a  genus  of  animal.  Animal  is  a  species  of  animated 
body,  but  a  genus  of  rational  animal,  which,  again,  is 
a  species  of  animal,  but  a  genus  of  man.  Finally,  man 
is  a  species  of  rational  animal,  but  is  a  species  merely 
and  not  a  genus,  being  divisible  only  mto  particidar 
men. 

PorphjTy  proceeds  at  some  length  to  employ  hb 
example  in  furtlier  illustration  of  the  predicables.  We 
do  not  find  in  Porphyry* s  own  work  any  scheme  or 
diagram  exhibiting  this  curious  specimen  of  classifi- 
cation, but  some  of  the  earlier  commentator  and  epitome 
writers  drew  what  has  long  been  called  the  Tree  of 
Porpliyry. 

Thus  in  the  *  Epitome  Logica*  of  Nicephorus  BlemmidaSj 


•1  *PorplijTii  Ifiagoge/  Caput  ii,  24. 


we  find  a  diagmm  *■  of  which  the  followirig  is  nearly  a 
facsimile  : — 


f        ^     r 
€19 


trwf/La  atrmfxarov 


A 


A 

fX€Taj3ariKoy  aficrdfiaTOV 


XoytKOv  aXoyop 
TO¥  avQpmmop^ 

In  the  above  scheme  we  find  the  bifurcate  principle 
accurately  but  not  completely  applied.  Each  genus  is 
subdivided  into  two  species,  described  by  a  pair  of  posi- 
tive and  negative  terms,  so  that  the  species  are  together 
equal  in  extent  to  the  genus.  But  it  will  of  course  be 
obser\^ed  that  each  negative  brauch  is  left  without  further 
subdivision,  so  that  there  is  only  a  sijigle  infirua  species, 
namely  man,  instead  of  thirty-two  fintd  branches,  as  there 
would  be  in  a  theoretically  complete  system. 

This  tree  was  subsequently  reproduced  in  the  works 
of  a  multitude  of  logicians  in  a  form  which  is  more 
complicated  and  not  so  good  as  that  of  Nicephorus,  Thus 
^  'Epitome  Logica,  AugTistee  Vmdel»*  1605,  p.  118. 
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in  the  *  Opuscula'  of  Aquinas,  as  quoted  by  Mansel  in  \m 
edition  of  Aldrichs  'Artis  Logicae  Rudimenta/  second 
edition,  p.  31,  we  find  the  Tree  nearly  in  the  following 
form  : — 

Substantia 
Coi-porea  Iiicorj)orea 

Corpus 

AniiEaturn  luauiroutum 

Vivens 


Sensibile 


^^v>\<i      ^^'^^Wra 


luseiiMbile 


^         Animal 
Itationale  IiTatit>iutl« 

Humo 


Socrates 


Pkfco. 


This  example  of  the  bifiircate  method,  although  re- 
peated in  almost  all  compendiums  and  troatiises  on  logic, 
attracted  no  particular  attention  until  the  time  of  Peter 
Ramus  and  his  followers,  who  are  commonly  siiid  to  have 
bestowed  so  much  attention  and  praise  upon  it  as  to  be 


I 


legarded  by  some  persons  as  its  inventors*  Tlie  Eameau 
Tree  is  a  name  frequently  employed  instead  of  the  Por- 
ph)T*ian  Tree,  or  tlie  ^Xi>«f,  tliat  is,  tlie  Ladder  of  Por- 
phyry, as  it  was  sometimes  called  by  the  Greek  logicians. 
Although  I  have  looked  through  several  comraentaries 
upon  the  Dialectics  of  Ramus,  I  do  not  find  that  very 
much  is  said  upon  the  subject  In  the  Questions  of 
Frederick  Benrhusius'',  the  metliod  of  dichotomy  is 
described  as  'ilia  natiuralis  et  antiquissimorum  philoso- 
phorum  pra^stantissima  Dichotomia/  hut  in  none  of  the 
works  do  I  find  the  Tree  itself  given. 

Among  modern  Ligieians  Jeremy  Eenthani  possesses 
the  great  merit  of  having  drawn  atteutiou  to  the  logical 
importance  of  bifurcate  division.  His  remarks  on  the 
subject  are  cont^iined  in  that  extraordinary  collection  of 
digressive,  and  often  almost  incomprehensible  papers, 
called  Chrestomathia%  two  of  the  tVjnnidable  title-pages 
of  which  are  given  below.  The  fifth  appendix  In  tins 
work,  forming  the  larger  and  most  important  part  of  the 
book,  consists  of  an  Essay  on  Nomenclature  and  Classifi- 
cation ^  Although  written  in  his  later  and  worse  style* 
this  essay  is  well  worth  reading,  and  full  of  forcible 
remarks.     It  may  be  regarded,  I  believe,  as  the  first  of 

•■  In  Petri  Rami,  Regii  Professoria  Clarisa.  DittlecticEe  Libros  duos 
Lutetia?  Anno  LXXll,  postrerao  sine  Proelectionibus  Ecditos,  explica- 
tiunura  Quspstiones :  ([use  Pi«dagogiai  Logicae  de  Docenda  DisceEdaque 
Dialectica.    Auctore  Frcderico  Beurhusio.   Landoni^  1581,  p.  120. 

«  *ChrestQmatliia :  being  a  Collection  of  Papers,  explanatory  of  the  Design 
of  an  Institution  proposed  to  l>e  set  on  foot,  under  the  name  of  the 
Chrestomnthic  Day  School,  or  Cbrestoniatluc  School,  for  the  extension  of 
the  New  System  of  Instruction/  &c*  By  Jeremy  Bentham,  Esq.»  liondon, 
1816. 

'  *  An  Essay  on  Nomenclature  and  Classification:  including  a  Critical 
Examination  of  tho  Encycloi>iedical  Table  of  Lord  Bacon,  as  improved  by 
D'AJembert :  and  the  first  lines  of  a  new  one  grounded  on  the  application 
of  the  Logical  Principle  of  Exhaustively  Bifurcate  Analysis.'  London, 
1817. 
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the  series  of  English  writings  which  have,  in  the  present 
century,  made  logic  a  new  and  progressive  science.  In 
Table    IV,    Bentham   gives   the    Arbor   Porphyriana,   as 

exhibited  in  the  course  of  a  college  lecture  in  1761,  call- 
ing it  the  original  form.  His  reading  of  logic  seems  to 
have  been  restricted  to  the  coinpendiums  of  Saunderson 
and  Watts,  and  it  was  only  after  the  text  was  written  that 
he  obtained  an  opportunity  of  consulting  the  work  of 
Porphyry,  and  was  sui^iriaed  to  find  no  diagram  therein. 
He  attributes  its  invention  to  Peter  Ramus,  although  he 
had  never  seen  the  writings  of  that  logician,  and  had 
merely  learnt  their  titles  from  a  dictionary. 

In  this  essay  he  states  in  the  most  powerful  way  the 
advantages  of  the  bifurcate  method  of  classificatioii,  which 
liad  been  suggested  to  him  by  a  chapter  in  Saundersou's 
logic  and  the  diagram  given  in  the  college  course. 
Althougli  the  Tree  of  PorphjTy  and  the  principles  of 
bifurcation  had  been  mentioned  by  almost  all  logician?, 
the  utility  and  excellence  of  the  method,  he  says  (p.  28 7)* 
had  not  made  itself  apparent*  Indeed  the  method  was 
mentioned  but  to  bo  slighted,  or  to  be  made  a  subject  of 
pleasantly  by  Reid  and  Karnes,  Beutham  sufficiently 
states  his  owti  opinion  when  he  speaks  (p*  295)  of  *the 
matchless  beauty  of  the  Ramean  Tree/  After  ftdly  show- 
ing its  logical  value  as  an  exhaustive  method  of  classifi- 
cation, and  refuting  the  objections  of  Reid  and  Karnes, 
on  a  wrong  ground,  as  I  think,  he  proceeds  to  inquire  to 
what  length  it  may  be  cxirried.  He  correctly  points  out 
two  objections  to  the  extensive  use  of  bifid  arrangements, 
(i)  because  they  soon  become  impmcticably  extensive  find 
unwieldy,  and  (2)  because  they  are  uneconomicaL  In  his 
day  the  recorded  number  of  different  species  of  plants 
was  40,ocH3,  and  he  leaves  the  reader  to  estimate  the  im- 
mense number  of  branches  and  the  enormous  area  of  a 
bifurcate  table  which  should  exhibit  all  these  species  in 
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one  scheme.  He  also  points  out  the  apparent  loss  of 
labour  in  making  any  large  bifurcate  classification ;  but 
this  he  considers  to  be  fully  recompensed  by  the  logical 
value  of  the  result,  and  the  logiciil  training  acquired  in  its 
execution.  Jeremy  Bentham,  then,  ftdly  recognises,  as  I 
conceive,  the  value  of  the  Logicid  Abecedarium  under 
another  name,  though  he  apprehends  the  limit  to  its  use 
placed  by  the  finiteness  of  our  mental  and  manual  powers. 

Mr.  George  Bentham  has  also  fully  recognised  the 
value  of  bifurcate  classification,  both  in  his  *  Outline  of  a 
New  System  of  Logic'"  (pp.  1 05-11 8),  and  in  his  *Es8ai 
sur  la  Nomenclature  et  la  Classification/  This  latter 
work  consists  of  a  free  translation  or  improved  version  in 
French  of  Jeremy  Bentham's  *  Essay  on  Classification.' 
Further  illustrations  of  the  value  of  the  bifurcate  method 
are  adduced  from  the  natural  sciences,  and  Mr.  Bentham 
points  out  that  it  ia  really  this  method  which  was  employed 
by  Lamark  and  Decandolle  in  their  so-called  analyticiil 
arrangement  of  the  French  Flora.  The  following  table 
contains  an  excellent  example  of  bifurcate  division,  con- 
sisting of  the  principal  classes  of  Decandolle  3  Bystem,  as 
given  by  Mr.  Bentham  in  Table  No.  III.  p.  108  of  hia 
Essay,  the  names>  however,  being  translated  :— 

"  Concerning  the  connexion  of  this  work  with  the  great  diecovery  of 
the  quantiUcntion  of  the  predicat'ej  I  may  refer  the  reader  to  the  remarka 
and  articles  of  ilr.  Herbert  Spencer  and  Professor  Tlioraas  Spencer 
Ba}Ties,  in  the  'Contemporary  Kcview'  of  Mart-h,  April,  and  Jnly,  1873, 
voh  xxi,  pp.  490,  796  -  vol.  xxii.  p.  318;  as  alfia  to  my  own  article  in 
answer  to  Professor  BajTies  in  the  same  E^eview  for  May,  i873»  vol.  xxi. 
p.  821.  Professor  Bajnes  makea  it  evident  that,  when  Sir  W»  Hamilton 
reviewed  Mr.  Bentham's  work  in  1833,  he  did  not  Bufficieutly  acqnaint 
himself  with  its  contents*  I  must  contmue  to  hold  that  the  principle  of 
quantification  is  explicitly  stated  by  Mr,  Bentham,  and  it  must  be  re- 
garded as  a  remarkable  fact  in  the  history  of  logic  that  Hamilton,  while 
vindicating,  in  1847,  hia  own  claims  to  originality  and  priority  against 
the  scheme  of  De  Morgan,  should  have  overlooked  the  much  earlier 
and  more  closely  related  discoveries  of  Bentham. 

C  C  2 
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Mr.  Bentham  also  gives  a  bifurcate  arrangement  of 
animals  after  the  method  proposed  by  Dumeril  iii  his 
'Zoologie  Analytique/  tliis  naturalist  being  distinguished 
by  his  clear  perception  of  the  logical  importance  of  the 
method. 

A  more  recent  binary  classification  of  the  animal  kiiig- 
dom  aa  regards  the  larger  classes  may  be  foimd  in  Pro* 
feasor  Ecay  Greene  s  *  Manual  of  the  Coelenterata,*  p.  1 8, 

Does  Abstraction  imply  Generalization  ? 

Before  we  can  acquire  a  sound  corapreliension  of  the 
subject  of  classification  we  nuist  answer  a  very  difficult 
question,  namely,  whether  logical  abstraction  does  or  does 
not  always  imply  generalization.  It  comes  to  exactly  the 
same  thing  if  we  ask  whether  a  species  may  be  coexten- 
sive with  its  genua,  or  whether,  on  the  other  hand^  the 
F  genus  must  contain  more  than  the  species.  To  abstract 
logically  is,  as  we  have  seen  (vol.  i.  p.  33),  to  overlook  or 
withdraw  our  notice  from  some  point  of  difference.  When- 
ever we  form  a  class  we  abstract,  for  the  time  being,  the 
difterences  of  the  objects  so  united  in  respect  of  some 
common  quahty.  If,  for  instance,  we  class  together  a 
great  number  of  objects  as  dwelling-houses,  we  overlook 
or  abstract  the  fact  that  some  dwelling-houses  are  con- 
structed of  stone,  others  of  brick,  wood,  iron,  &c.  Very 
often  at  least  the  abstraction  of  a  circumstance  increases 
the  number  of  objects  included  under  a  class  according  to 
the  law  of  the  inverse  relation  of  the  quantities  of  exten- 
sion and  intension  (vol.  i,  p.  32).  Dwelling-house  is  a 
wider  term  than  brick  dwelling-house.    House,  or  building, 

bis  more  general  still  than  dweliing-house.  But  the  ques- 
tion before  us  is,  whether  abstraction  always  increases  the 
numlier  of  objects  included  in  a  class,  which  amoimts  to 
asking  whether  the  law  of  the  inverse  relation  of  logical 
quantities  is  always  true.     The  interest  of  the  question 


hetuBsMempt  to amwti the qjoaAmhyi 
m  tern  mxamfim.  Compafe  the  two  daaaes 
ff^m.  It  ii  GeTtaiii  that  there  are  manj  guns  which  are 
not  riiiulfr  td  mm^  m  that  mhatractioo  of  the  dirmiistaiioa 
'  miide  of  trr/ci'  incTGaMa  the  extent  of  the  notion.  Next 
iscnnfiaro  gun  ami  fneiaUic  ymi.  All  guns  made  at  the 
{iranent  da/  ooniitirf^  I  believe,  of  meta^  »  that  the  two 
notiontiMin  to  be  oo-extenaive ;  but  guns  were  at  fiiBt  macle 
of  piooaa  of  wood  bound  together  like  a  tab,  and  as  the 
logical  term  gun  takes  no  account  of  time,  it  must  include 
all  gunii  tliat  liave  ever  existed.  Here  again  extension 
uicrt5fiiWiB  m  intension  decraasea.  Compare  once  more 
•»tcanj-K»coinotive  engine*  and  •locomotive  engine/  In 
the  j*re«ont  day  bo  far  as  I  am  aware  all  locomotives  are 
worki*(l  hy  »U*am,  ho  that  the  omission  of  that  qualifica- 
tion fj»i(^'ht  Hi-iMn  not  to  widen  the  term ;  but  it  is  quite 
pOHHilil(j  thai  in  Bomo  future  age  a  different  motive  power 
may  t>e  UHcd  in  locornotives  ;  and  as  there  is  no  limitation 
o(  tiuw  in  the  use  of  logical  term%  we  must  certainly 
assume  that  th(  ro  in  a  class  of  locomotives  not  worked  by 
steam,  an  well  a«  a  china  that  is  worked  by  steam. 
When  tliu  natural  class  of  Euphorbiacea?  was  origin- 
illy  foniied,  all  tlie  plants  known  to  belong  to  it  were 
devoid  of  corollas  ;  it  would  have  seemed  therefore  that 
ihe  two  cUw^Ht^H  *  KuphorbiHCcaj/  and  'Euphorbiace^  devoid 
X  *  TIk*  Oliwwfietaiuii  of  the  Scicucce/  Jtc,  jixl  edit.  p.  7. 


of  Corollas/  were  of  equal  extent.  Subsequently  a  number 
of  plante  plainly  belonging  to  the  same  class  were  found 
in  tropical  countries,  and  they  possessed  bright  coloured 
corollas,  Naturalista  beheve  with  the  utmost  confidence 
that  'Ruminants'  and  *  Ruminants  with  cleft  feet'  are 
identical  terms,  because  no  ruminant  has  yet  been  dis- 
covered without  cleft  feet.  But  we  can  see  no  impossibility 
in  the  conjunction  of  rumination  with  uncleft  feet,  and  it 
would  be  too  great  an  assumption  to  sfiy  that  we  are 
certain  that  an  example  of  it  will  never  be  met  with. 
Instances  can  be  quoted,  without  end,  of  objects  bemg  ulti- 
mately discovered  which  combined  properties  or  forms 
which  had  never  before  been  seen  together.  In  the  animal 
kingdom  the  Bhick  Swan,  the  Ornithorhyncus  Paradoxus, 
and  more  recently  the  singidar  fish  called  Ceratodus  For- 
steri,  all  discovered  in  Australia,  have  united  characters 
never  previously  known  to  co-exist  At  the  present  time 
deep-sea  dredging  is  bringing  to  light  many  animals  of  a 
new  and  unprecedented  nature.  Smgular  exceptional  dis- 
coveries may  certainly  occur  in  other  branches  of  science. 
When  Davy  first  succeeded  in  elimuiating  metallic  potas- 
Bium,  it  was  a  well  establislied  empirical  law  that  tdl 
metallic  substances  possessed  a  high  specific  gravity,  the 
least  dense  of  all  metals  then  known  being  zinc,  of  which 
the  specific  gravity  is  7*1,  Yet,  to  the  surprise  of  chemists, 
potassium  was  found  to  be  an  undoubted  metal  of  less 
density  than  water,  its  specific  gravity  being  o'865. 

It  is  hardly  requisite  to  prove  by  further  examples  that 
our  knowledge  of  nature  is  incomplete,  so  that  we  cannot 
safely  assume  the  non-existence  of  new  combinations. 
Logically  speaking,  we  ought  to  leave  a  place  open  for 
animals  which  ruminate  but  are  without  cleft  feet,  and 
for  every  other  possible  intermediate  form  of  animal,  plant, 
or  mineral  A  purely  logical  classification  must  take 
account  not  imly  of  what  certainly  does  exist,  but  of  what 
jnay  in  after  ages  be  found  to  exist. 
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I  mil  go  a  step  further,  and  say  that  we  must  hare 
places  in  our  scientific  classifications  for  purely  imaginaiy 
existences.  A  very  large  proportion  of  the  mathematical 
functions  which  are  conceivable  have  no  application  to  the 
circumstances  of  this  world.  Physicists  certainly  do  in- 
vestigate the  nature  and  consequences  of  forces  which 
nowhere  exist.  Newton's  *  Principia^  is  ftdl  of  such  inves- 
tigations. In  one  chapter  of  his  *Mecanique  Celeste' 
Laplace  indulges  in  a  remarkable  speculation  as  to  what 
the  laws  of  motion  would  have  been  if  momentum  instead 
of  varying  simply  as  the  velocity  had  been  a  more  com- 
plicated function  of  it.  I  have  already  mentioned  (vol.  L 
p.  256)  that  Sir  George  Airy  contemplated  the  existence 
of  a  world  in  which  the  laws  of  force  should  be  such  that 
a  perpetual  motion  would  be  possible,  and  the  Law  of 
Conservation  of  Energy  would  not  hold  true. 

Thought  is  not  bound  down  to  the  Umits  of  what  is  mate- 
rially existent,  but  is  circumscribed  only  by  those  Funda- 
mentid  Laws  of  Identity,  Contradiction  and  Duality,  w^hich 
were  laid  down  at  the  outset.  This  is  the  point  at  which 
I  should  differ  from  Mr,  Herbert  Spencer.  He  appears  to 
suppose  that  a  classification  is  complete  if  it  has  a  place 
fur  every  existiDg  object,  and  this  may  perhaps  seem  to 
1)6  practically  sufficient ;  but  it  is  subject  to  two  profound 
objections.  Firstly,  we  do  not  know  all  that  exists,  and 
therefore  in  limiting  our  classes  we  are  erroneously  omitting 
multitudes  of  objects  of  unknown  form  and  nature  which 
may  exist  either  on  this  earth  or  in  other  parts  of  space. 
Secondly,  as  1  have  explained,  the  powera  of  thought  are 
not  limited  by  material  existences,  and  we  may  or,  for  some 
purposes,  must  imagine  objects  which  probably  do  not 
exist,  and  if  we  im^igine  them  we  ought  (strictly  speak- 
ing) to  find  appropriate  places  for  them  in  tlie  chissifi- 
cations  of  science. 

The  chief  difficulty  of  this  subject,  however,  consists  in 
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the  fact  that  mathematical  or  other  certain  laws  may  en- 
tirely forbid  the  existence  of  some  combinations*  The 
circle  may  be  defined  as  a  plane  curve  of  equal  curvature, 
and  it  is  a  property  of  it  that  it  contiiins  the  greatest  area 
within  the  least  possible  perimeter.  May  we  then  con- 
template mentally  a  circle  not  a  figure  of  greatest  possible 
I  area  ?  Or,  to  take  a  still  simpler  example,  a  parallelogram 
possesses  the  property  of  having  the  opposite  angles  equal. 
May  we  then  mentally  divide  parallelograms  into  two 
classes  according  as  they  do  or  do  not  have  their  opposite 
angles  equal  ?  It  might  seem  absurd  to  do  so,  because  we 
know  that  one  of  the  two  species  of  pai'allelogram  would 
be  non-existent.  But,  then,  what  is  the  meaning  of  the 
thirty-fourth  proposition  of  Euclid  s  first  book,  unless  the 
student  had  previously  contemplated  the  existence  of 
both  species  as  possible.  We  cannot  even  deny  or  dis- 
prove the  existence  of  a  certain  combination  without 
thereby  in  a  certain  way  recognising  that  combination  as 
an  object  of  thought. 

The  general  conclusion,  then,  at  which  I  arrive,  is  in 
opposition  to  that  of  Mr.  Herbert  Spencer.  I  think  that 
whenever  we  abstract  a  quality  or  circumstance  we  do 
generalize  or  widen  the  notion  from  which  we  abstract. 
Whatever  the  terms  A,  B,  and  C  may  be,  I  hold  that  in 
strict  logic  AB  is  mentally  a  wider  term  than  ABC, 
because  AB  includes  the  two  species  ABC  and  A  Be.  The 
term  A  is  wider  still,  for  it  includes  the  four  species  ABC, 
ABe?^  A6C,  Ahc,  The  Logical  Abeeedarium,in  short,  is  the 
only  limit  of  the  classes  of  objects  which  we  must  contem- 
plate 111  a  purely  logical  point  of  view.  Wliatever  notions 
be  !)raught  before  us,  we  must  mentally  combine  them  in 
all  the  ways  sanctioned  by  the  laws  of  thought  and  ex- 
hibited ill  the  Abecedarium,  and  it  is  a  matter  for  after 
consideration  to  de  term  me  how  many  of  these  combimi- 
tions  exist  in  outward  nature,  or  liow  many  are  actually 
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forbitlden  by  tlie  nature  of  spiu».    A  classification  is  esseih 
tially  a  mental  not  a  material  thing** 

Discovery  of  Alarks  or  Characteristics. 

Although  the  chief  purpose  of  classification  is  to  discl'jse 
the  deepest  and  most  general  resemblances  of  the  ohjectsi 
classified,  yet  the  practical  value  of  any  particular  system 
will  partly  depend  upon  the  ea.se  with  which  we  csm  refer 
an  object  to  its  proper  class,  and  thus  infer  concerning  it 
all  that  is  known  generally  of  that  class.  This  operation 
of  discovering  to  which  class  of  a  system  a  certain  speci- 
men or  case  belongs  is  generally  called  Diagnosis^  a 
tecluiical  term  very  familiarly  used  by  physicians;  who 
constantly  require  to  diagnose  or  determine  the  nature 
of  the  disease  from  which  a  patient  is  suftering.  Now 
every  class  is  defined  by  cerUiin  specified  qualities  or  cir- 
cumstances, the  whole  of  which  are  present  iii  every  object 
contained  in  the  class,  and  not  all  present  in  any  object 
excluded  from  it.  These  defining  circumstances  ought 
to  consist  of  the  deepest  and  most  important  circum* 
stances,  by  which  we  vaguely  mean  those  probably 
forming  the  conditions  with  which  the  minor  circum- 
stances are  correlated.  But  it  will  often  happen  that  the 
so-caUed  important  points  of  an  object  are  not  those  which 
can  most  readily  be  observed.  Thus  the  two  g^eat  classes 
of  phanei'ogamous  plants  are  defined  respectively  by  the 
possession  of  two  cotyledons  or  seed-leaves,  and  one  coty- 
ledon. But  when  a  plant  comes  to  our  notice  and  we 
want  to  refer  it  to  the  right  class,  it  will  often  happen 
that  we  have  no  seed  at  all  to  examine,  in  order  to  dis- 
cover whether  there  be  one  seed-leaf  or  two  m  the  gernu 
Even  if  we  have  a  seed  it  will  often  be  very  atncdl,  and  a 
carefid  dissection  under  the  microscope  will  h  ^ 

ascertam   the   number   of   cotyledons,     t^*- 


examination  of  the  germ  would  mislead  us,  for  the  coty- 
ledons may  be  obsolete,  as  in  Cuscuta,  or  united  together, 
as  in  Clintonia.  Botanists  therefore  seldom  actually  refer 
to  the  seed  for  such  simple  infoniiation.  Certain  other 
chai'acters  of  a  plant  are  closely  correlated  with  the  number 
of  seed-leaves ;  thus  monoeotyledonous  plants  idmost 
always  possess  leaves  with  parallel  veins  like  those  of 
grass,  while  dicotyledonous  plants  have  leaves  with  reti- 
culated vehia  like  those  of  an  oak  leaf.  In  monoeotyle- 
donous plants,  too,  the  parts  of  the  flower  are  most  often 
three  or  some  multiple  of  three  in  nmnber,  while  in  dico- 
tyledonous plants  the  number's  four  and  five  and  their 
multiples  prevail.  Botanists,  therefore,  by  a  glance  at  the 
leaves  and  flowers  can  almost  eertmuly  refer  a  plant  to  its 
right  class,  and  can  infer  not  only  the  number  of  coty- 
ledons which  would  be  found  in  the  seed  or  young  plant, 
but  also  the  structure  of  the  stem  and  the  other  general 
cliaracters  and  relations  of  a  dicotyledon  or  a  mono- 
cotyledon. 

Any  conspicuous  and  easily  discruninated  property 
which  we  thus  select  for  the  purpose  of  deciding  to  which 
class  an  object  belongs,  may  be  called  a  characteristic.  The 
logical  conditions  of  a  good  characteristic  mark  are  very 
simple,  namely,  that  it  should  be  possessed  by  all  objects 
entering  into  a  certain  class,  and  by  none  others.  The 
characteristic  may  consist  either  of  a  single  quality  or 
circumstance,  or  of  a  conjunction  of  such,  provided  that 
they  all  be  constant  and  easily  detected.  Thus  in  the 
classification  of  mammals  the  teeth  are  of  the  greatest 
assistance,  not  because  a  slight  variation  in  the  number 
and  form  of  the  teeth  is  of  any  great  importance  in  the 
general  economy  of  the  animal,  but  because  such  variations 
are  foimd  by  empirical  observation  to  coincide  with  most 
important  diflerences  in  the  general  affinities.  It  is  found 
that  tlie  minor  classes  and  genera  of  mammals  can  be 
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registered  and  discriminated  aocn 
iSHpeciuUy  by  the  foremost  molars 
moIarH.  Some  of  tbe  teeth,  indeed,  a 
BO  that  zoologists  prefer  to  tiimt 
teeth  which  are  most  constant J^,  ai 
i3ot  only  the  arrangement  of  the  oth 
conformation  of  the  animal. 

It  is  a  very  difficult  matter  to  m^ 
line  between  the  animal  and  veget 
may  oven  be  doubted  whether  any 
be  established.  The  most  fundaoj 
character  of  a  vegetable  structure 
tlio  aKsence  of  nitrogen  from  the  cc 
Supposing  this  to  be  the  case,  the  I 
exMminiiig  minute  organisms  we  cai 
whetht3r  they  contain  nitrogen  or  il 
ea^illy  detected  circumstance  is  the 
criminate  between  animals  and  v€ 
furninhed  to  some  extent  by  tlie  faa 
of  starch  gi'anules  is  restricted  to  tl^ 
Tims  the  Desmidiacese  maybe  safelyj 
table  kingdom,  l)ecau8e  tliey  contj 
must  not  employ  this  characteristic  il 
macoae  are  probably  vegetables,  % 
produce  starch,  J 

Diagnostic  Systems  of  Cli 

We  have  seen  that  diagnosis  ig 
coveriLig  the  place  in  any  system  ol 
object  has  already  been  referred  by  d 
gation,  the  object  being  to  avail  ourf 
tion  concerning  such  an  object  whi^ 
accumulated  and  recorded.     It  is  ol 

y  Oweu,  '  Essay  on  the  ClasBification  and  ^ 
tlie  Mainmalla/  p.  20. 


matter  of  the  greatest  importance,  for,  unless  we  can 
recognise,  from  time  to  time,  objects  or  subBtiinces  wliioh 
have  been  before  investigated,  all  recorded  discoveries 
would  lose  their  value.  Even  a  single  investigator  nniet 
have  some  means  of  recording  or  systematizing  his  ob- 
servations of  any  large  number  of  objects  like  those 
furnished  by  the  vegetable  and  animal  kingdoms. 

Now  whenever  a  class  has  been  properly  formed,  a 
definition  must  have  been  laid  down,  stating  the  qualities 
and  circumstances  possessed  by  all  the  objects  which  are 
intended  to  be  included  in  the  class,  and  not  possessed 
completely  by  any  other  objects*  Diagnosis,  therefore, 
consists  simply  in  comparing  the  qualities  of  a  certain 
object  with  the  definitions  of  a  series  of  classes ;  the 
absence  in  the  object  of  any  one  quality  stated  in  the 
definition  excludes  it  from  the  class  thus  defined;  whereas, 
if  we  find  every  point  of  a  definition  exactly  fulfilled  in 
the  specimen,  we  may  at  once  assign  it  to  the  class  in 
question.  It  is  of  course  by  no  means  certain  that  every- 
thmg  which  has  been  affirmed  of  a  class  is  true  of  all 
objects  afterwards  referred  to  the  class ;  for  this  would 
be  a  case  of  imperfect  inference,  which  is  never  more 
than  a  matter  of  probability.  A  definition  can  only  make 
known  a  finite  number  of  the  properties  of  an  object,  so 
that  it  always  remains  possible  that  objects  agreeing  in 
those  assigned  properties  will  diflfer  in  other  ones.  An 
individual  cannot  be  defined,  and  can  only  be  made  known 
by  the  exhibition  of  the  individual  itself,  or  by  a  material 
specimen  exactly  representing  it.  But  this  and  many 
other  questions  relating  to  definition  must  be  treated  if 
I  am  able  to  take  up  the  general  subject  of  language  in 
another  work. 

Diagnostic  systems  of  classification  should,  as  a  general 
rule,  be  arranged  on  the  bifurcate  method  explicitly.  Any 
property  may  be  chosen  which  divides  the  whole  group 
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of  t>bjcct8  into  two  distinct  parts,  and  eacli  part  mav  be 
Biib-divided  successively  by  any  prominent  and  well 
marked  circumstance  which  is  present  in  a  large  part  of 
the  genus  and  not  in  the  other.  To  refer  an  object  to  its 
proper  place  in  such  an  arrangement  we  have  only  to  not^^ 
whether  it  does  or  does  not  possess  the  successsive  critical 
circumstances,  Dana  devised  a  classification  of  this  kind* 
by  which  to  refer  any  crystal  to  its  place  in  the  series  of 
six  or  seven  classes  already  described.  If  a  crystal  has  all 
its  edges  modified  alike  or  the  angles  replaced  by  three  or 
six  similar  planes,  it  belongs  to  the  monometric  system  ; 
if  not,  we  observe  whether  the  number  of  similar  planes 
at  the  extremity  of  the  crystal  is  tlu-ee  or  some  multiple 
of  three,  in  w4nch  case  it  Ls  a  crystal  of  the  hexagonal 
system  ;  and  so  we  proceed  with  further  successive  dis* 
criminations. 

To  ascertain  the  name  of  a  mineral  by  examination  with 
the  blow-pipe,  an  arrangement  more  or  less  evidently  ou 
the  bifurcate  plan,  has  been  laid  down  by  Von  Kobell* 
Minerals  are  di\nded  according  as  they  possess  or  do  not 
possess  metalUc  lustre ;  as  they  are  fusible  (including 
imder  fusible  substances  those  w^hich  are  volatile)  or  not 
fusible  in  a  determinate  degree,  according  as  they  do  or 
do  not  on  charcoal  give  a  metallic  bead,  and  so  on. 

Perhaps  the  beet  example  to  be  found  of  any  arrange- 
ment simply  devised  for  the  purpose  of  diagnosis,  is 
Mr.  George  Bentham  s  *  Analytical  Key  to  the  Natural 
Orders  and  Anamolous  Genera  of  the  British  Floi^,' 
given  m  his  '  Handbook  of  the  British  Flom^'     In  this 
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*  Dana's  '  Slineralngy,'  vol  i,  p.  123.  Quoted  in  Watts's  '  Dictionary  of 
Chemistry/  vol,  lu  p.  166. 

^  *  Instrnctions  for  the  Diseriniiuation  of  Minerals  by  Simple  Chemical 
Experiments/  by  Franz  von  Kul>ell,  traoslated  from  tb©  German  by  R.  C, 
Campbell,  Qlasgow^  1841. 

t>  Edition  of  1 866,  p.  Ixiii. 


scheme,  the  great  composite  family  of  plants,  together 
with  the  closely  approximate  genus  Jasione,  are  first 
separated  from  all  other  flowering  plants  by  the  compound 
cliaracter  of  their  flo%Ters.  The  remaining  plants  are  sub- 
divided according  as  the  perianth  is  double  or  single. 
Since  no  plants  are  yet  known  in  which  the  perianth  can 
be  said  to  have  three  or  more  distinct  rings,  this  division 
becomes  practically  the  same  as  one  into  double  and  not- 
double.  Flowers  with  a  double  perianth  are  next  discrimi- 
nated according  as  the  corolla  does  or  does  not  consist  of 
one  piece,  according  as  the  ovary  is  free  or  not-free,  as  it 
is  simple  or  not  simple,  as  the  corolla  is  regular  or  irre- 
gular, and  so  on.  On  looking  over  this  arrangement,  it 
will  be  found  that  numerical  discriminations  often  occur, 
the  numbers  of  petals,  stamens,  capsules,  or  other  parts 
being  the  criteria,  in  which  cases,  as  already  explained 
(vol,  il  p.  374)»  the  actual  exhibition  of  the  bifid  division 
would  be  tedious. 

Linnaeus  appears  to  have  been  perfectly  acquainted 
with  the  nature  and  uses  of  diagnostic  classifiaition,  which 
he  describes  under  the  name  of  Synopsis,  saying*^ : — 
'Synopsis  tradit  Divisiones  arbitrarias,  longiores  aut  brevi- 
ores,  plures  aut  pauciores  :  a  Botanicis  in  genere  non 
agnoscenda.  Synopsis  est  dichotomia  arbitraria,  qua? 
instar  vise  ad  Botamcem  ducit,  Limites  autem  non  deter- 
minat/ 

The  rules  and  tables  drawn  out  by  chemists  to  facilitate 
the  discovery  of  the  nature  of  a  substance  in  qualitative 
analysis  are  usually  arranged  on  the  bifurcate  method, 
and  form  excellent  examples  of  diagnostic  classification, 
the  qualities  of  the  substances  employed  in  testing  being 
in  most  cases  merely  characteiistic  j>roperties  of  little 
importance  in  other  respects.  The  chemist  does  not  detect 
potassium  by  reducing  it  to  the  state  of  metallic  potas- 
c  *  Philosophia  Botanica'  ( 1770),  §  154,  p.  98. 
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8]um»  and  then  observing  whether  it  has  all  the  principal 
qualities  belonging  to  potassium.     He  selects  from  among 
the  whole  number  of  compounds  of  potassium  that  salt, 
namely   the    compound   of   platinum   tetra-cbloride    and 
potassium  chloride,   which  has  the  most  distinctive   ap- 
peai-ance,  as  it  is  comparatively  msoluble  and  produces^ 
a  peculiar  yellow  and  higlily  crystalline  precipitate.     Ac-B 
cordingly  whenever  this  precipitate  can  be  produced  by 
adding  platinum  chloride  to  a  solution  potassium  is  pre 
sent.     The  fine  purple  or  violet  colour  which  potaBsium 
salts  usually  communicate   to  the  blowpipg    flame^    had 
long   been  used  ajs  a  characteristic  mark.     Some   other 
elements  were  readily  detected  by  the  colouring  of  the 
blowpipe  flame,  barium  giving  a  pale  yellowieh  green^^ 
and  salts  of  strontium  a  Ijright  red.     By  the  use  of  the" 
spectroscope  the  coloured  light  given  oflf  by  any  incan- 
descent vapour  is   made  to  give  perfectly  characteristic 
marks  of  the  elements  contained  in  the  vapour. 

Diagnosis  seems  to  be  identical  with  the  process  termed 
by  the  ancient  logicians  ahscissio  injiniti,  the  cutting  o: 
of  the  infinite  or  negative  part  of  a  classification  when  wa 
discover  by  observation  that  an  object  possesses  a  par- 
ticular property.  At  every  step  in  a  bifurcate  division^ 
some  objects  possessing  the  difterence  will  fall  into  the 
aflSrmativo  part  or  species ;  all  the  remaining  oljjects  in 
the  world  fall  into  the  negative  part  w^hich  wiU  be  infinite 
in  extent*  Diagnosis  consists  in  the  successive  rejection 
from  further  notice  of  those  almost  infinite  classes  with 
which  the  specimen  in  question  does  not  agree. 


Index  Classifications. 

Under  the  general  subject  of  classification  we  may 
certainly  include  all  arrangements  of  objects  or  names, 
which  we  make  for  the  purpose  of  saving  labour  in  the 


I 


iscovery  of  an  object.  Even  8uch  apparently  trivial  and 
rbitrary  arrangements  as  alphabetical  or  other  indices, 
re  really  classifications  subject  to  all  the  principles  of 
subject.  No  such  arrangement  can  be  of  any  use 
inless  it  involves  some  correlation  of  circumstances,  so 
Ithat  knowing  one  thing  we  learn  another.  If  we  merely 
range  letters  in  the  pigeon-holes  of  a  secretaire  we 
stabliah  a  eoiTelation,  for  all  letters  in  the  first  hole  will 
be  written  by  pei'sons^  for  instance,  whose  names  begin 
with  A,  and  so  on.  Knowing  then  the  initial  letter  of 
the  writer  s  name  we  know  also  the  place  of  the  letter^  and 
the  labour  of  search  is  thus  reduced  to  one  twenty-sixth 
part  of  wdiat  it  would  be  without  any  aiTangement. 

Now  the  purpose  of  a  mere  catalogue  is  to  discover  the 
place  in  which  an  object  is  to  be  fouad,  but  the  art  of 
cataloguing  involves  logical  considerations  of  some  interest 
and  importance.  We  want  to  establish  a  correlation  be- 
tween the  place  of  an  object  and  some  circunintance  about 
the  object  which  shall  enable  us  readily  to  refer  to  it  ; 
this  circumstance  therefore  should  be  that  which  will 
most  readily  dwell  in  the  memory  of  the  searcher.  A 
piece  of  poetry,  for  instance,  will  be  best  remembered,  in 
all  probability,  by  the  first  line  of  the  piece,  according 
to  the  laws  of  the  association  of  ideas,  and  the  name  of 
the  author  will  be  the  next  most  definite  circumstance ; 
a  catalogue  of  poetry  should  therefore  be  arranged  alpha- 
betically according  to  the  first  word  of  the  piece,  or  the 
name  of  the  author,  or,  still  better,  in  both  ways.  It 
would  be  w^holly  absurd  and  impossible  to  arrange  poems 
according  to  their  suljects,  so  vague  and  mixed  are  these 
found  to  be  when  the  attempt  is  made. 

It  is  a  matter  of  considerable  literary  importance  to 
decide  upon  the  best  mode  of  cataloguing  books,  so  that 
any  required  book   in  a  library  shall    be   most   readily 

classified  in  a  great  number  ( 


may 
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ways,  according  to  subject,  langtiage,  date  or   ]laoe   of- 
publication,   size,   the   initial  words   of  the  book  itseli^j 
of  the   title-page,  the  colophon,  the  authors  name,  thej 
jaibhsher s  name,  the  printers  name,  the  character  of  the 
type,  and  so  on.     Every  one  of  these  modes  of  arrange- 
ment may  be  useful,  for  we  may  ha|ipen  to  remember  one 
circumstimce  about  a  book  when  we  have  forgotti^n  alLl 
others ;    but  as  we  cannot  usually  go  to  the  expense  of  ] 
forming  more  than  two  or  three  indices  at  the  most*,  wej 
must  of  course  select  those  circumstances  for  the  basis] 
of  arran^temcnt  wliich  will  be  likelv  to  lead  to  the  difi- 
covery  of  a  book   most   surely.      Many  of  the   criteria 
mentioned  are  evidently  inapplicable.     The  language  inj 
which  a  book  is  WTitten  is  no  doubt  definite  enough,  but  ^ 
would  afford  no  criterion  for  the  classification  of  any  large 
group  of  English  books,  or  of  those  ^v^itten  in  any  one 
language.     ClussifiLation  by  suljects  would  be  an  cxceed-j 
ingly  ut^eful  method  if  it  weie  practicable,  but  experience, 
or  indeed  a   little  reflection,  shows   it   to   be   a   logical 
absurdity.     It  is  a  very  difficult  matter  to  classify  the 
sciences,  so  close  and  complicated  are  in  many  cases  the 
relations  between  them.     But  with  books  the  complica- 
tion is  infinite]  y  greater,  since  the  same  book  may  treat  i 
successively    of  different   scieDces,    or   it   may  discuss  a^ 
problem  involving  many  entirely  diverge  |>iiueiplea  and 
branches  of  knowledge.      A  good  history  of  the  steam 
engine  will  be  antiquarian,  so  far  as  it  traces  out  records  , 
of  the  earliest  efforts  at  discovery  ;   purely  scientific,  as  j 
regards    the    principles    of    Ihcimodynamics    involved  ;j 
iechuieal,  as  regards  the  mechanical  means  of  applying] 
those  princijiles  ;    economical,   as  regfu^ds   the  industrial 
results  of  the    invention ;    biographical,    as  regards  the 
_  lives  of  the  inventors.     A  hisUjry  of  Westminster  Abbey 
ight  belong  either  to  the  bistoiy  of  architectm-e, 
history  of  the  church,  or  the  Idstoiy  of  Eughuid.     If  we  I 


abandon  the  attempt  to  carry  out  an  arrangement  accord- 
ing to  the  natural  classification  of  the  sciences,  and  form 
comjirehensive  practical  groups,  we  shall  be  continually 
perplexed  by  the  occuiTence  of  intermediate  cases,  and 
opinions  will  differ  ad  iiijinitum  as  to  the  detdls.  If, 
to  avoid  the  difficulty  about  Westminster  Abbey,  we  form 
a  class  of  books  devoted  to  the  History  of  Buildings,  the 
question  will  then  arise  whether  Slonehenge  is  a  building, 
and  if*  bo,  wlietlier,  crumleehs,  nionnd^,  or  even  monolitha 
are  so.  At  the  other  end  of  the  scale  we  shall  be  uncer- 
tain whether  to  include  under  the  class  History  of  Build- 
ings, lighthouses,  monuments,  bridges,  &c.  In  regard  to 
piu'ely  literary  works,  rigorous  classification  is  still  less 
possible.  The  very  same  work  may  pailfike  of  the  nature 
of  poetry,  biography,  history,  philosophy,  or  if  we  form  a 
comj^reheosive  class  of  Belles-Lettres,  nobody  can  say 
exactly  what  does  or  dtjes  not  come  under  the  term. 

My  own  exjierieuce  entirely  bears  out  the  opinion  of 
the  late  Professor  De  Morgan,  that  classifieatioD  according 
to  the  name  of  tlie  author  is  tlie  only  one  practicable  in  a 
large  librar)%  and  this  method  baa  been  admirably  carried 
out  in  the  great  Catalogue  of  the  British  Museum.  The 
name  of  the  author  is  the  most  precise  circumstance  con- 
cenihig  a  book,  which  usually  dwells  in  the  memory.  It 
is  more  nearly  a  characteristic  of  the  book  than  anything 
else.  In  an  alphabeticiil  arrangement  we  have  an  exhaus- 
tive classification,  including  a  place  for  every  possible 
name.  The  following  remarks ^^  of  De  Morgan  seem  there- 
fore to  be  entirely  correct.  *  From  much,  almost  daily  use, 
of  catalogues  for  many  years,  I  am  perfectly  satisfied  that 
a  classed  catalo^fue  is  more  difficidt  to  use  than  to  make. 
It  is  one  mans  theory  of  the  subdivision  of  knowledge, 
and  the  chances  are  against  its  suiting  any  other  man. 
Even  if  all  doubtful  works  were  entered  under  several 
^  *  Pliilosopliical  Magazine,*  3rd  8<;ries  (1845),  vol.  xxvi.  p.  522. 
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different  heads,  the  frontier  of  the  dubious  region  would 
itaelf  be  a  mere  matter  of  doubt.  I  never  turn  from  a 
classed  oitalogue  to  an  alpliabetical  one  without  a  feeling 
of  relief  and  security.  With  the  latter  I  can  always,  by 
taking  proper  pains,  make  a  library  yield  its  utmost ; 
with  the  former  I  can  never  be  satisfied  that  I  have 
taken  proper  pains,  until  I  have  made  it,  in  fact,  as  many 
different  catalogues  as  there  are  different  headings,  with 
separate  trouble  for  each.  Those  to  whom  bibliographical 
research  is  familiar,  know  that  thev  have  much  more 
frequently  to  hunt  an  author  than  a  subject :  they  know 
also  that  in  searching  for  a  subject,  it  is  never  safe  to 
take  another  persons  view,  however  good,  of  the  limita 
of  that  subject  with  reference  to  their  own  particular 
purposes/ 

It  is  often  very  desirable,  however,  that  an  alphabetical 
name  catalogue  should  be  accompanied  by  a  subordinate 
eubject  catalogue,  but  in  this  case  no  attempt  should 
be  made  to  devise  a  theoretically  complete  classification, 
Every  principal  sulject  treated  in  a  book  should  be  entered 
separately  in  an  alphabetical  list,  under  the  name  most 
likely  to  occur  to  the  searcher,  or  under  several  namea 
This  method  was  partially  carried  out  in  Watts  s  valual)le 
'Bibliothecii  Britannica,*  but  it  was  perfectly  appUed  in  the 
adnjirable  sul  ject  index  to  the  *  British  Catalogue  of  Books/ 
and  equally  well  in  the  *  Catalogue  of  the  Manchester  Free 
Lil)rary  at  Campfield/  this  latter  being  the  most  perfect 
model  of  a  printed  catalogue  with  which  I  am  acquainted. 
The  public  Catalogue  of  the  British  Museum  is  aiTanged 
as  far  as  possible  according  to  the  alphabeticiJ  order  of 
the  author's  names,  but  in  writing  the  titles  for  this 
catalogue  severrd  copies  are  simultaneously  produced  by  a 
manifold  waiter,  so  that  a  catalogne  according  to  the  order 
of  the  books  on  the  shelves,  and  another  according  to  the 
first  words  of  the  title-page,  are  created  by  a  mere  re- 


arrangement  of  the  spare  copies.  In  the  *  English  Cyclo- 
paedia' it  is  suggested  that  twenty  copies  of  the  book  titles 
miglit  readily  have  been  utilized  in  forming  additional 
catalogues,,  arranged  according  to  the  place  of  publication, 
tlie  language  of  the  book,  the  general  nature  of  the  sub- 
ject, and  80  forth  ®, 

It  will  hardly  be  a  digression  to  point  out  the  enormous 
saving  of  labour,  or,  what  comes  to  the  same  thing,  the 
enormous  increase  in  our  available  knowledge,  both  lite* 
rary  and  scientific,  which  arises  from  the  formation  of  ex- 
tensive indices.  The  *  State  Papers/  containing  the  whole 
history  of  the  nation,  were  practically  sealed  to  literary 
inquirers  until  the  Government  undertook  the  ta^k  of 
calendaring  and  indexing  them.  The  British  Museum 
Catalogue  is  another  national  work,  of  which  tlie  im- 
portance in  advancing  knowledge  cannot  be  overrated. 
The  Royal  Society  is  accompU-shing  a  work  of  world-wide 
importance,  in  publishing  a  complete  catalogue  of  meraoij*s 
upon  physical  science.  The  time  will  perha]>s  come  when 
our  views  upon  this  subject  will  be  extended,  and  either 
Government  or  some  public  society  will  undertake  the 
systematic  cataloguing  and  indexing  of  masses  of  his- 
toriail  and  scientific  information  which  are  now  almost 
closed  against  inquiry, 

p 

H      The  great  generalizations  establisht^d  in  the  works  of 

'Herbert  Spencer  and  Charles  Darwin  have  thrown  great 

light  upon  many  other  sciences,  and,  strange  as  it  may 

■deem  to  say  so,  they  have  removed  several  difiiculties  out 

of  the  way  of  the  logician.     The  subject  of  classification 

has  long  been  studied  in  almost  exclusive  reference  to  tlie 


Cktssijicittion  in  the  Biological  Sciences. 


o  •English  CyelopRrdia,*  *Arts  and  Sciences,'  vol.  v.  p.  233. 
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arrnngement  of  the  various  lands  of  animals  and  plants. 
Systematic  Botany  and  Zoology  have  been  conimouly 
known  as  the  Classificatory  Sciences,  and  scientific  men 
seemed  to  suppose  that  the  methods  of  arrangement, 
which  wee  suitable  for  living  creatures,  must  be  the  best 
for  all  other  classes  of  objects.  Several  mineralogists, 
especially  Mobs,  have  attempted  to  arrange  minerals  in 
genera  and  species,  just  as  if  they  bad  been  animals  capable 
af  reproducing  their  kind  with  variations,  and  thus  having 
alatives  like  distant  cousins. 
It  is  highly  remarkable  tliat  this  confu&ion  of  ideas 
between  the  relationship  of  living  forms  and  the  logiciil 
relationship  of  things  in  general  prevailed  from  the  eaj'liest 
times,  as  manifested  in  the  etyniolagy  of  words.  We 
familiarly  speak  of  a  kind  of  things  meaning  a  class  of 
things,  and  the  kind  consists  of  those  things  which  are 
aim,  or  come  of  the  same  race.  It  is  even  believed  by 
some  etymologists  thiit  secotnl  means  other  kind^  the  Latin 
suffix  cund  being  thus  regarded  as  cognate  with  kind^* 
Similarly  when  Socrates  and  bis  followers  wanted  a  name 
for  a  class  regarded  in  a  philosophical  light,  they  again 
adopted  the  analogy  in  queetion,  and  called  it  a  ytm^,  or 
race,  the  root  y^v-  being  distinctly  connected  with  the 
notion  of  generation. 

So  long  as  the  species  of  plants  and  animals  were 
believed  to  proceed  from  distinct  and  unconnected  acts  of 
Creation,  the  multitudinous  points  of  resemblance  and 
diflerence  whieli  they  prej^ent,  possessed  a  simply  logical 
character,  and  might  be  treated  as  a  guide  to  the  classifi- 
cation of  other  objects  generally.  But  when  once  we 
come  to  regard  these  resemblances  as  purely  hereditary 
in  their  origin,  we  see  that  the  sciences  of  systematic 
Botany  tind  Zoology  have  a  special  character  of  their 
own.  There  is  no  reason  whatever  to  suppose  that  the 
^  Vernon^  *  Anglo  Saxon  Cuide/  p  68. 


same  kind  of  natural  classification  which  is  beet  in  biology 
will  apply  also  in  mineralogy,  in  chemistry,  or  in  astronomy. 
The  universal  logical  principles  which  underlie  all  classifi- 
cations are  of  course  the  same  in  natural  history  as  in  the 
sciences  of  brute  matter,  but  the  special  logical  resem- 
blances which  arise  from  the  relation  of  parent  and 
oflspring  will  not  be  found  to  prevail  between  different 
kinds  of  crystals  or  mineral  bodies. 

The  genealogical  view  of  the  mutual  relations  of  ani- 
mals and  plants  lei^ds  us  to  discard  all  notions  of  any 
regular  progression  of  living  forms,  or  any  theory  as  to 
their  symmetrical  relations.  It  was  at  one  time  a  great 
question  whether  the  ultimate  scheme  of  natural  classifi- 
cation would  prove  to  be  in  a  simple  Hue,  or  a  circle,  or  a 
combination  of  circles.  Macleay's  once  celebrated  system 
was  a  circular  one,  and  each  class-circle  was  composed  of 
five  order-circles,  each  of  which  was  composed  again  of 
five  tribe-circles,  and  so  on,  the  subdivision  being  at  each 
step  into  five  minor  circles.  Thus  he  held  that  in  the 
animal  kinirdom  there  were  five  sub-kingdoms— the  Ver- 
tebrata,  Annulosa,  Radiata,  Acrita^  and  MoUusca,  Each 
of  these  was  acain  divided  into  five— the  Vertebrata  con- 
sisting  of  Mammalia,  Eeptdia,  Pisces,  Amphibia,  and 
Aves^,  It  is  quite  evident  that  in  any  such  symmetrical 
system  the  animals  were  made  to  suit  themselves  to  the 
classes  instead  of  the  classes  being  snited  to  the  animals. 

We  now  perceive  that  the  ultimate  system  wiU  be  an 
almost  infinitely  extended  genealogical  tree,  which  will 
be  capable  of  representation  by  lines  on  a  plane  surface 
of  sufficient  extent.  But  there  is  not  the  least  reason  to 
suppose  that  this  tree  will  have  a  symmetrical  form. 
Some  branches  of  it  would  be  immensely  developed  com- 
pared  with  others.     In  some  cases  a  fonn  may  have  pro- 

S  Swuinaon,  *  Treatise  on  the  Geography  aud  Classification  of  Aiiimftlb, 
*  Cabinet  Cyclop aKlrti/  p.  201, 
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pagated  itself  almost  from  primeval  times  with  little  vari- 
ation. 

In  other  cases  frequent  diflerentiations  will  have  oo- 
ciirred.  Strictly  speaking,  this  genealogical  tree  ought  to 
represent  the  descent  of  each  indi\4dual  li\4ng  form  now 
existing  or  which  has  existed.  It  should  be  as  personal 
and  minute  in  its  detail  of  relations,  as  the  Stemma  of  the 
Kings  of  England.  We  must  not  assume  that  any  two 
forms  are  absolutely  and  exactly  alike,  and  in  any  case  i 
they  are  numerically  distinct.  Every  parent  then  must 
be  represented  at  the  apex  of  a  series  of  divergent  lines, 
representing  the  generation  of  so  many  children.  Any 
complete  and  perfect  system  of  classification  must  regard 
individuals  as  the  infimae  species*  But  as  in  the  lower 
races  of  animals  and  plants  the  differences  between  indi- 
viduals are  usually  very  slight,  and  apparently  unimportant^ 
while  the  nura!:)ers  of  such  individuals  are  immensely  great, 
beyond  all  pos^bility  of  separate  treatment,  scientific  men 
have  always  stopped  at  some  convenient  but  arbitrary 
point,  and  have  assumed  that  forms  so  closely  resembling 
each  other  as  to  present  no  constant  difference  were  all  of 
one  kind.  Tliey  have,  in  short,  fixed  their  attention 
entirely  upon  the  main  features  of  family  difference.  In 
the  genealogicid  tree  which  they  have  been  unconsciously 
aiming  to  construct,  diverging  hne^  meant  races  diverging 
in  character^  and  the  purpose  of  all  efforts  at  so-called 
natural  classification  was  to  trace  out  the  relationships 
between  existing  plants  or  animals.  Now  it  is  evident 
that  hereditary  descent  may  have  in  different  cases  pro- 
duced very  different  results  as  regards  the  problem  of 
classification.  In  some  cases  the  differentiation  of  charac- 
ters may  have  been  very  frerpient,  and  specimens  of  all 
the  characters  produced  may  have  been  transmitted  to  the 
present  time.  A  living  form  wiU  then  have,  as  it  werOt 
an  almost  infinite  number  of  cousins  of  various  degrees. 
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and  there  will  be  an  immense  number  of  forms  finely 
graduated  in  their  resemblances.  Exact  and  distinct 
rclaasificatioii  will  then  be  almost  impossible,  and  the 
wisest  coiu-se  will  be  not  to  attempt  arbitrarily  to  distin- 
guish forms  closely  related  in  natui^e,  but  to  allow  that 
there  exist  transitional  forms  of  eveiy  degree,  to  mark  out 
if  possible  the  extreme  limits  of  the  family  relationship, 
and  perhaps  to  select  the  most  generalized  form,  or  that 
which  presents  the  greatest  number  of  close  resemblances 
to  others  of  the  family,  as  the  type  of  the  whole, 

Mr.  Daiwdn,  in  bis  most  interesting  work  upon  Orchids, 
points  out  that  the  tribe  of  MalaxeaB  are  distinguished 
from  Epidendrese  by  the  absence  of  a  caudicle  to  the 
pollinia,  but  as  some  of  the  Malaxete  have  a  minute  cau- 
dicle the  division  really  breaks  down  in  the  most  essential 
point, 

*This  is  a  misfortime/  he  remarks'*,  *  which  every  natu- 
ralist encount€T"s  in  attempting  to  classify  a  largely  de- 
veloped or  so-called  natural  group,  in  which,  relatively  to 
other  groups,  there  has  been  little  extinction.  In  order 
that  the  naturalist  may  be  enabled  to  give  precise  and 
clear  definitions  of  his  di\^ions,  whole  ranks  of  interme- 
diate or  gradational  forms  must  have  been  utterly  swept 
away  :  if  here  and  there  a  member  of  the  intermediate 
ranks  has  escaped  annihilation,  it  puts  an  effectual  bar  to 
any  absolutely  distinct  definition/ 

In  other  cases  a  particular  plant  or  animal  may  perhaps 
have  transmitted  it-s  fonn  from  generation  to  generation 
almost  imchanged,  or,  what  comes  to  the  same  result, 
those  forms  which  diverged  in  character  from  the  parent 
stock,  may  liave  proved  unsuitable  to  their  circumstances, 
and  rnay  have  peiished  sooner  or  later.  We  shall  then 
find  a  particular  form  standing  apart  from  all  others,  and 
marked  by  various  distinct  characters.  Occasionally  we 
J»  Darwin,  *  Fertilization  of  Orchids/  p.  159. 
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may  meet  with  specimens  of  a  race  which  was  formerly 
far  more  common  but  is  now  undergoing  extinction,  and 
is  nearly  the  laat  of  its  kind.  Thus  we  may  exphiin  the 
occurrence  of  exceptional  forms  such  as  are  found  in  the 
Amphioxus.  The  Equisetacea?  perplex  botanists  by  their 
want  of  affinity  to  other  orders  of  A  erogenous  plants. 
This  doubtless  indicates  that  their  genealogical  con- 
nexion with  otiier  plants  must  be  sought  for  in  the 
most  distant  past  ages  of  geological  development. 

Constancy  of  character,  as  Mr.  Darwin  has  said^  is 
what  is  chiefly  valued  and  sought  after  by  naturaliats  ; 
that  is  to  sav  naturalists  wish  to  find  some  distinct  family- 
markj  or  group  of  characters  by  which  they  may  clearly 
recognise  the  relationship  of  descent  between  a  large 
group  of  living  forms.  It  is  accordingly  a  great  relief  to 
the  mind  of  the  naturalist  when  he  comes  upon  a  defi- 
nitely marked  gi'oup,  such  as  the  Diatoraaceae,  which  are 
clearly  separated  from  their  nearest  neighbour-;  the  Des- 
midiaeea?  by  Iheir  siliceous  framework  and  the  al>8ence  of 
chlorophylL  But  we  must  no  longer  think  that  because 
we  fiiil  in  detecting  constancy  of  character  the  fault  is 
in  our  classificatory  sciences.  Where  gradation  of  charac- 
ter really  exists,  we  must  devote  ourselves  to  defining  and 
registering  the  degrees  and  limits  of  that  gi*adation.  The 
ultimate  natural  arrangement  will  often  be  devoid  of  strong 
lines  of  demarcation. 

Let  naturali.'its,  too,  form  their  sysitems  of  natural 
classification  with  all  care  they  can,  yet  it  will  certainly 
happen  from  time  to  time  that  new  and  exceptional  forms 
of  animals  or  vegetables  will  be  discovered,  and  will 
require  the  modification  of  the  system.  A  natiural  system 
is  directed,  as  w^e  have  seen,  to  the  discovery  of  empirical 
laws  of  correlation,  but  these  laws  being  purely  empirical 
will  frequently  l>e  folsified  by  more  extensive  investiga- 
1  'Descent  of  Man,*  voL  i.  p.  214. 


tiun.  From  time  to  time  the  notions  of  naturalists  have 
been  greatly  widened,  efipecially  in  the  case  of  Australian 
animak  and  plants,  by  the  discoveiy  of  unexpected  coni- 
biuations  of  organs,  and  such  events  must  often  liappen 
in  the  future.  If  indeed  the  time  shall  come  when  all 
the  forms  of  plants  are  discovered  and  accurately  de- 
scribed, the  science  of  Systematic  Botany  mil  then  be 
placed  in  a  new  and  more  ftivourable  position,  as  remarked 
by  Alphonse  DecandoUe'^. 

It  ought,  I  think,  to  be  allowed  that  though  the  genea- 
logical classification  of  plants  or  animals  is  doubtless  the 
most  natural  and  instructive  of  all,  it  is  not  necessarily 
the  best  for  all  purposes.  There  may  be  correlations  of 
properties  important  for  medicinal,  or  other  practical 
pm^poses,  wliich  do  not  correspond  to  the  correlations  of 
descent.  We  must  regard  the  bamboo  as  a  tree  ratlicr 
than  a  grass,  although  it  is  iHDt^mically  a  grass.  Fur 
legal  purposes  we  may  still  w^itli  advantage  continue  to 
treat  as  fish,  the  wdiide,  seal,  and  other  cetacese.  We 
nuist  clajBs  plants  together  according  as  they  are  Arctic, 
or  Alpine,  or  belong  to  the  temperatej  sub-tropical  or 
tropical  regions.  There  may  be  some  atuses  of  likeness 
apart  from  hereditary  rehitionship,  and  in  a  logical  and 
practical  point  of  view  we  must  not  attribute  exclusive 
excellence  to  any  one  method  of  claseifi cation. 


Classification  hj  T^jies. 

Perplexed  by  the  chfficulties  arising  in  natural  history 
from  the  discovery  of  intermediate  tonus,  naturalists  have 
resorted  to  wliat  they  call  classification  by  types.  In- 
stead of  forming  one  distinct  class  defined  by  the  invari- 
able possession  of  certain  assigned  properties,  and  rigidly 
including  or  excluding  objects  according  as  they  do  or 

^  *  Laws  of  Botauiml  Numeuclaturc,'  p.  t6. 


do  not  possess  all  these  properties,  naturalists  select  a 
typical  form  or  specimen,  and  they  group  around  it  all 
other  forms  or  specimens  which  resemble  this  type  moa* 
than  any  other  selected  type.  '  The  tv|)e  of  each  genufl^' 
we  are  told^  *  should  be  that  species  in  which  (he  chaiao> 
ters  of  its  group  are  best  exhibited  and  most  evenly 
balanc^/  It  would  usually  consist  of  those  defendants 
of  a  form  w^hich  liad  undergone  little  alteration,  while 
other  descendants  had  suftered  slight  di6Ferentiation 
various  directions. 

It  would  be  a  great  mistake  to  suppose  that  this  dassi* 
fication  by  types  is  a  logically  distinct    method.     It 
either  not  a  real  method  of  cltissificatiou   at  all,  or  it 
a  merely  abbreviated  mode  of  representing  a  very  eon 
plicated  system  of  arrangement.    A  class  must  be  define 
by  the  invariable  presence  of  certain  common  propertie 
If,    then,  we  venture    to  include  an  individual   in  whic 
one   of  these   properties  does  not  appear,   we  either  fa 
into  logical  contradiction,  or  else  we  form  a  new^  da 
with  a  new  definition.     Even  a  single  exemption  cot 
tutes  a  new  class  by  itself,  and  by  calling  it  an  excec 
tion  we  merely  imply  that  this  new  class  closely  resemble 
that  from  which  it  diverges  in  one  or  two  points  onh 
Thus  if  in  the  definition  of  the  natural  order  of 
we   find  that  the  seeds  are  one  or  two  in  each  carpel, 
but  that  in  the  genus  SinnBa  there  are  three  or  four,  thia 
must  mean  either  that  the  number  of  seeds  is  not  a  par 
of  the  fixed  definition  of  the  class,  or  else  that  Spirsea  dc 
not  belong  to  that  class,  though  it  may  be  closely  ar 
praxiraated  to  it*    Naturalists  continually  find  tliemselves' 
between   two  horns  of  a  dilemma  ;    if  they  restrict  thai 
number  of  marks  specified  in  a  definition  so  that  everj 
form  intended  to  come  within  the  class  shall  possess  all) 

*  Wftterhouse,  quoted  by  Woodward  in  his  *  Rudunentary  Treat Ue  oi 
RccQixt  and  Fossil  Shells.*  p.  6i, 


those  marks^  it  will  then  be  usually  found  to  include  too 
many  forms  ;  if  tlie  definition  be  made  more  particular, 
the  result  is  to  produce  so-called  anomalous  genera,  which, 
while  tliey  are  held  to  belong  to  the  class,  do  not  in  all 
respects  conform  to  its  definition.  The  practice  hiLs  hence 
arisen  of  allowing  considerable  latitude  in  the  definition 
of  natural  orders.  The  family  of  Cruciferae,  for  instance, 
forms  an  exct'cdingly  well  marked  natniTil  order,  and 
among  ita  characters  we  find  it  specified  that  the  fruit 
is  a  pod,  divided  into  two  cells  by  a  thin  partition, 
from  which  the  valves*  generally  separate  at  maturity  ; 
but  we  nre  also  informed  that,  in  a  few  genera,  the  pod 
is  one-celled,  or  indehiscent,  or  separates  transversely  into 
several  joints^.  Now  this  must  either  mean  that  the 
formation  of  the  pod  is  not  an  essential  point  in  the 
definition,  or  that  there  are  several  closely  associated 
families. 

The  same  hokls  true  of  tyj)ical  classification*  The  type 
itself  is  an  individual,  not  a  class,  and  no  other  object  can 
be  exactly  like  the  type.  But  so  soon  as  we  abstract  the 
individual  peculiaritieH  of  the  type  and  thus  specify  a 
finite  number  of  qualities  in  which  other  objects  may 
resemble  tlie  type,  we  immediately  constitute  a  class. 
If  some  olvjects  resemble  the  type  in  some  points  and 
others  in  other  points,  then  each  definite  collection  of 
points  of  resemblance  constitutes  intensively  a  separate 
class.  The  very  notion  of  classification  by  types  is  in 
fact  erroneous  in  a  strictly  logical  point  of  view.  The 
naturalist  is  constantly  occupied  by  endeavouring  to  mark 
out  definite  groups  of  living  forms,  where  the  forms  them- 
selves do  not  in  many  cases  admit  of  any  such  rigorous 
lines  of  demarcation.  A  certain  laxity  of  logical  methud 
is  thus  apt  to  creep  in,  the  only  remedy  for  which  will  be 


^  Bentliam's  'Handbook  of  the  Briiisli  Flora'  {1866),  p.  25, 
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tlie  frank  recosrnitioTi  of  the  fuci  tliat  accordinor  to  thu 
theory  of  Iiereditaiy  descent,  the  giTtdation  of  cbaracters 
is  probably  the  nile,  and  the  precise  demarcation  between 

groups  the  exception. 


Ndtural  Genera  and  Species, 


m 


One  iroportant  result  of  the  establiBlmient  of  the  tbeoiy 
of  evolution,  is  to  explode  all  notions  about  the  existenc 
of  natural  groups  constituting  separate  creations.    Natui 
lists  have  long  held  that  every   J^hint  belongs  to   sonj€ 
species  or  group,  marked  out  by  invariable  character 
which  do  not  change  by  difference  of  soil,  climate,  croaa-1 
breeding,  or  other  cireumBtances.     They  were  unable  tol 
deny  the  existence  of  such  things  as  sub-species,  varieties 
or  hybrids,  so  that  a  species  of  plants  was  often  sul 
divided  and  classified   within  itself     But  then  the  dif| 
ferences  upon  which  this  sub-classification  depended  wer 
supposed  to  he  variable,  and  thus  distinguished  from  the 
invariable  charactem  imposed  upon  the  whole  species 
its  creation.     Similarly  a  Natural  Genus  was  a  group  ol 
species,  and  was  marked  out  from  other  genem  by  eterna 
difierences  of  still  greater  importance* 

We  now,  however,  perceive  that  the  existence  of  anj 
such  groups  as  genera  and  species  is  an  arbitrary  cit^tioal 
of  the  naturaliBt's  mind.     All  resemblances  of  plants,  in-l 
deed,  are  natural,  so  far  as  they  express  their  hereditary! 
affinities,  but  tliis  ap])lies  as  well  to  the  variations  withii; 
the  species  as  to  the  species  itself,  or  the  larger  nati 
classes.    All  is  a  matt€r  of  degree.    The  deeper  difference 
between  plants  have  been  produced  by  the  differeutiatrngS 
action  of  circumstances  during  millions  of  year3,  so  that; 
it  would  naturally  require  millions  of  years  to  undo  thi 
result,  and  prove  experimentally  that  the  forms  can  bej 
ajjproximated  together  again.   Sub-sjiecies  may  often  hav<3 
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arisen  witliiii  historical  times,  and  varieties  approacliing 
to  flub-species  may  often  be  produced  by  tbe  borticul- 
turist  in  a  few  years.  Such  varieties  can  easily  be  brought 
back  to  their  original  forro,  or,  if  placed  in  the  origiDal 
circumstances,  will  themselves  revert  to  that  form ;  but 
}rding  to  Danvins  views  all  forms  are  capable  of  un- 
limited change,  tmd,  it  might  possibly  be,  unlimited  re- 
version, if  sufficient  time  and  suitable  circomstiinces  be 
gi'anted. 

Mnny  fruitless  and  erroneous  attempts  have  been  made 
to  establish  some  rigorous  criterion  of  specific  and  generic 
difTerence,  so  that  tliese  classes  might  Lave  a  definite  value 
or  rank  in  all  branches  of  biology.  Linnanxs  adopted  the 
view  that  the  species  was  to  be  defined  as  a  distinct 
Creation  saying",  'Species  tot  numeramus,  quot  diverse 
format  in  principio  sunt  creattr/  or  again,  'Species  tot  sunt, 
quot  diversas  formas  ab  initio  prodnxit  Infinitum  Ens ; 
quffi  formjE,  secundum  generationis  inditas  leges,  pro- 
duxere  plures,  at  sibi  semper  similes/  Of  genera  he  also 
eays^  *  Genus  omne  est  naturale,  in  primordio  tale  ci^ea- 
turn/  It  was  a  common  doctrine  added  to  and  essential 
Uo  that  of  distinct  creation  that  these  species  could  not 
produce  intermediate  and  variable  forms,  so  that  we  find 
Linna}us  in  another  work  obliged  by  the  ascertained  exis- 
tence of  hybrids  to  take  a  different  view  ;  he  stivs^',  'Novas 
species  immo  et  genera  ex  copula  diversai'um  epecierum 
in  regno  vegetabilium  oriri  primo  intuitu  paradoxum^ 
videtur ;  interim  observationea  sic  fieri  non  ita  dissuadent/ 
Even  supposing  in  the  present  day  that  we  could  assent 
to  the  notion  of  a  certain  number  of  distinct  creational 
acts,  this  notion  would  not  lielp  us  in  the  theory  of  classi- 


<*  •  PLilosoplihi  Botanica*  {1770),  §  157,  p,  99. 
o  Ibid  §  159,  fL  100, 
P  *  Aiiioemtates  Academicte'  (1744),  vol.  i.  p.  70.     Quoted  in  *KiIin- 
burgh  nevk'w/  October  1868,  vol.  cxxviiJ.  pp,  416^  417. 
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i  Imwt  oerer  pointed  oot  maj  sepmtt 
nelKod  of  deddiiig  wi^i  are  tlie  resaha  of  dtfltbd  en^ 
tioo%  md  what  are  not.  Aa  Darwiii  oaja^  ^  tbe  de&idiiBi 
Dol  indiHie  an  eleioait  wlii^  emsmssd  posnUfk 
aadi  aa  aD  ad  of  creatioii.*  It  is^  in  &^ 
Vjr  mvMitipfiiiti  of  (brma  and  rlamification  that  we  skooU 
aaoartam  wlial  we  £atiiiel  cnatiaoa  and  what  wisre  act; 
tliia  ^pfrniittwF*?  would  be  a  nsait  and  not  a  meras  d 


The  mmoit  natmaltal  Agaams  aeesna  to  caopodfr  tbt 
he  haa  diaooTcred  an  important  prinopla,  to  tlie  e&ct  tlua 
gmetal  plan  or  a^nctore  it  the  true  grottnd  for  the  dir 
cnminatian  of  the  great  daaaea  of  animals,  which  may  be 
called  brancfaea  of  the  animal  idngdom^  He  alao  tU&b 
that  genera  are  definite  and  natural  gronp&  *Geaesp^ 
he  aaja*,  'are  moat  doaehr  allifid  groups  of  animsklg^  difi^ 
ing  neither  in  form,  nor  in  com  plication  of  structure,  hot 
aimply  in  the  ultimate  Btroctural  peculiarities  of  sow 
of  thor  parts ;  and  this  L^  I  believe,  the  best  definidm 
which  can  be  given  of  genera.'  But  it  is  surely  apparent 
that  there  are  endless  degrees  both  of  structitfal  peedi^ 
aritj  and  of  oomplication  of  structure.  It  is  impoeedble  Ui 
define  the  amount  of  structural  peculiarity  which  conrti- 
tutes  the  genus  as  dLstingxiifihed  from  the  apeciea 

Tiie  form  which  any  classification  of  plants  or  animals 
tends  to  take  is  that  of  an  unlimited  series  of  subaltern 
daasea.  Originally  botanists  confined  themselves  for  the 
moat  part  to  a  limited  number  of  such  claaaes;  thus 
Linnaeus  adopted  Clase,  Order,  Genus,  Species,  and 
Variety,  an<l  even  seemed  to  think  that  there  was  some- 
tiling  essentially  natural  in  a  five- fold  arrangement  of 
groups  ^ 


•I  ♦  Dcflcont  of  Man/  vol  I  p,  228. 

f  A^iiaau,  *  Kitdaj  tMi  at  ion/ p.  219* 


■  lliicL  p,  J 49, 


With  the  progress  of  boUtny  intermediate  and  ad- 
ditional divisions  have  gradually  been  introduced.  Ac- 
cording to  the  Laws  of  Botanical  Nomenclature  adopted 
by  the  International  Botanical  Congress,  held  at  Paris " 
in  August,  1867,  no  less  than  twenty-one  names  of  classes 
are  recognised — namely,  Kingdom^  Division,  Sub-division, 
ClasSj  Sub-class,  Cohort,  Sul>-cohort,  Order,  Sub-order, 
Tribe,  Sub^tribe,  Genus,  Sub-genus,  Section,  Sub-section, 
Species,  Sub-species,  Variety,  Sub- variety,  Variation, 
Sub-variation.  It  is  allowed  by  the  authors  of  this 
scheme,  that  the  definition  or  degree  of  importance  to  be 
attributed  to  any  of  these  terms  may  vaiy  in  a  certain 
degree  according  to  individual  opinion.  The  only  point 
on  which  botanists  are  not  allowed  discretion  is  as  to 
the  order  of  the  successive  sub-divisions  ;  the  division  of 
genera  Into  tribes,  or  of  tribes  into  orders  ;  any  inversion, 
in  short,  of  the  arrangement  being  inadmissible-  There  is 
no  reason  to  suppose  that  even  the  above  list  is  complete 
and  inestensible.  The  Botanical  Congress  itself  recognised 
the  distinction  between  variations  according  as  they  are 
Seedlings,  Half-breeds,  or  Lttsit^  Naturw,  The  compli- 
cation of  the  inferior  classes  is  increased  figain  by  the 
existence  of  hybrids,  arising  from  the  fertilization  of  one 
species  by  another  deemed  a  distinct  species,  nor  can  we 
place  any  limit  to  the  minuteness  of  discrimination  of 
degrees  of  breeding  short  of  an  actual  pedigree  of  descent. 

It  w^ill  be  evident  to  the  reader  that  in  the  remarks 
upon  classification  as  applied  to  the  Natural  Sciences, 
given  in  this  and  the  preceding  sections,  I  have  not  in  the 
least  attempted  to  treat  the  subject  in  a  manner  adequate 
to  its  extent  and  importance.  A  volume  would  be  insuf- 
ficient for  tracing  out  the  principles  of  scientific  method 

^  *  Laws  of  Botanical  Nomenclature,'  by  Alphonse  Bccandolle,  trana^ 
lated  from  the  Fi-eucL,  1868,  p,  19. 
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speciallj  appltcmble  to  theee  branches  of  sdenoe.  ^ 
jKire  I  may  be  able  io  nay  upon  the  enbject  will  be  beiur 
saii,  if  erer^  when  I  am  able  to  take  up  the  clodelj- 
connected  aobject  of  Scteutific  Nomenclature,  Terminolcgft 
and  Descriptive  Representation,  In  the  meantime,  1  biw 
iriibed  to  show,  in  a  negative  point  of  view^  that  natoil 
daanfieation  in  the  animal  and  vegetable  kingdoms  b  » 
fecial  problem^  and  that  the  special  methods  and  diffi- 
eultiea  to  which  it  gives  rise  are  not  those  common  to  all 
caaee  of  dassification,  as  so  many  physicists  have  sup 
posed*  Geneak^gical  resemblances  are  only  a  apodal  cas^ 
of  reaemblances  in  general. 

r  Unique  or  Exceptional  Oljects. 

In  flaming  a  system  of  classification  in  almost  an? 
branch  of  science^  we  must  expect  to  meet  \\dth  uniqoe 
or  peculiar  objects,  which  are  so  called  because  they  seem 
to  stsmd  alone,  having  few  analogies  with  other  obicda 
They  may  also  be  said  to  be  siii  generis^  each  unique  ob- 
ject formings,  as  it  were,  a  class  by  itself ;  or  they  are 
called  nondescript,  because  in  thus  standing  apart  it  is 
difficult  to  find  terms  in  which  to  explain  their  propeiiies. 
The  rings  of  Saturn,  for  instance,  form  a  unique  object 
among  the  celestial  bodiea  We  have  indeed  coasideretl 
this  and  many  other  instances  of  unique  objects  in  the 
preceding  chapter,  on  Exceptional  Phenomena.  Apparent, 
Singular,  and  Divergent  Exceptions  especially,  are  analo- 
gous in  nature  to  unique  oljjects. 

In  the  classification  of  the  elements,  Carbon  standi 
apart  as  a  substance  entii-ely  unique  in  its  powers  of 
producing  compounds.  It  is  considered  to  be  a  quadri- 
valent element,  and  it  obeys  all  the  ordinary  laws  of 
chemical  combination,  Yet  it  mnnifests  powers  of  affinity 
in  such  an  exalted  degree  that  the  substances  in  which  it 


CLASSIFICATION. 


419 


appears  are  raore  numerous  tbaii  all  the  other  compounds 
known  to  chemists.  Almost  the  whole  of  the  substances 
whieli  have  been  called  organic  contain  carbon,  and  are 

r probably  held  together  by  tlie  carbon  atoms,  so  that  many 
Ihemists  are  now  inclined  to  abnndon  the  name  Organic 
Chemistry,  and  substitute  tlie  name  Chemistry  of  the 
Carbon  Compounds,  It  used  to  be  believed  that  the 
production  of  the  so-called  organic  compounds  was  due 
solely  to  the  action  of  a  vital  force,  or  some  inexplicable 
cause  involved  in  the  phenomena  of  life,  but  it  is  now 
found  that  chemists  are  able  to  commence  with  the 
elementary  mat^i^rials,  pure  carbon,  hydrogen,  and  oxygen, 
and  by  strictly  chemical  operations,  combine  these  together 
so  as  to  form  comjilicated  organic  compomids.  So  many 
compounds  have  already  been  thus  formed  that  the  proba- 
bility is  very  great  that  many  others  will  be  so  formetl  in 
the  course  of  time,  and  we  might  be  inclined  to  generalize, 
and  infer  that  all  so-called  organic  compounds  might  ulti- 
mately be  produced  without  the  agency  of  Hving  beings. 
Thus  the  distinction  between  the  organic  and  the  inorganic 
kingdoms  seems  to  be  breaking  down,  but  our  wonder  at 
the  peculiar  powers  of  carbon  must  increase  at  the  same 
time. 

In  considering  generalization,  the  law  of  continuity  was 
applied  chiefly  to  physical  properties  capable  of  mathe- 
matical treatment.  But  in  tlie  classificatory  sciences,  also, 
the  same  important  principle  is  often  beautifully  ex- 
emplified. Many  objects  or  events  seem  to  be  entirely 
exceptional  and  abnormal,  and  in  regard  to  degree  or 
magnitude  they  may  be  so  termed.  We  might  adduce 
examples  on  the  one  hand  of  such  extreme  cases,  but  it 
is  often  easy  to  show,  on  the  other  hand,  that  they  are 
connected  by  intermediate  links  with  other  apparently 
different  cases. 

In  the  organic  kingdoms  of  nature  there  is  a  common 
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groundwork   of    similarity   running   througli  all   classes,] 

but  particular  actions  and  processes  present   themselveal 
conapicuously  in  particular  families  and  classes,     Tenacityl 
of  life  is  most  marked  in  the  Rotifera,  and  some  other 
kinds  of  microscopic  organisms,  which  can  be  dried  and 
boiled  without   loss  of  life.     Reptiles   are  distinguished 
by  torpidity,  and  the  length  of  time  they  can  live  without 
food.  Birds,  on  the  contrary,  exhibit  ceaseless  activity  and  I 
liigh  muscular   power.     The   ant   is   as   conspicuous    for^ 
intelligence  and  size  of  brain  among  insects  as  the  quad- 
rimiana  and  man  among  vertebrata.     Among  plants  the 
Leguminosse  are  dLstinguLshed   by  a  tendency  to    sleep, 
folding  their  leaves  at  the  approach  of  night.     In  the 
genim  Mimosa,  especially  the  Mimosa  pudica,  commonly 
called  the  sensitive  plant,  the  same  tendency  is  magniiied 
into  an  extreme  instability,  almost  resembling  voluntary  ■ 
motion.     More  or  less  of  the  same  irritability  probably 
belongs  to  vegetable  foiTns  of  every  khid,  but  it  is  of 
course  to  be  investigated  with  special  ease  in  such  an 
extreme  case.    In  the  Gymnotus  and  Torpedo,  we  find  that 
organic  structures  can  act  like  galvanic  batteries,     Are  we 
to  suppose  that  such  animals  are  entirely  anomalous  ex- 
ceptions ;  or  may  we  not  justly  expect  to  find  less  intense 
manifestations    of    electric    action    in    all    animals   and 
plants  ? 

In  the  animal  world  we  find  many  phenomena  which 
seem  to  be  peculiar  to  certain  classes,  but  are  afterwards 
tbund  to  diiier  but  in  degree  from  what  is  always  present 
The  lower  animals,  for  instance,  seem  to  difler  entirely 
ft'om  the  higher  ones  in  the  power  of  reproducing  lost 
limbs.  A  kind  of  crab  has  the  habit  of  casting  portions  of 
its  claws  when  much  fiightened,  but  they  soon  grow  again. 
There  are  midtitudes  of  smaller  animals  wliich,  like  the 
Hydra.,  may  be  cut  in  two  and  yet  live  and  develop  into 
new  complete  Individuals.  No  mammalian  animal  can  repro- 
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duce  a  limb,  and  in  appearance  there  is  no  analogy.  But 
it  \Yiis  suggested  by  Blumenbach  that  the  healing  of  a 
wound  in  the  higher  animals  really  represents  in  a  lower 
degree  the  power  of  reproducing  a  limb.  That  thus  is 
true  may  be  shown  by  adducing  a  multitude  of  inter- 
mediate eases,  each  adjoining  pair  of  which  are  clearly 
analogous,  so  that  we  pass  gradually  from  one  extreme  to 
the  other.  Darwin  holds,  moreover,  that  any  such  re- 
storation of  parts  is  closely  connected  with  that  perpetual 
replacement  of  the  particles  which  causes  every  organized 
body  to  be  after  a  time  entirely  new  as  regards  its  con- 
stituent substance.  In  short,  we  approach  to  a  great 
generalLzation  under  which  all  the  phenomena  of  growth, 
restoration,  and  mamtenance  of  organs  are  effects  of  one 
and  the  same  power^.  It  is  perhaps  still  more  sur- 
prising to  find  that  the  complicated  process  of  sexual 
reproduction  in  the  higher  animals  may  be  gradually 
traced  down  to  a  simpler  and  simpler  form,  which  at  last 
becomes  undistinguishable  from  the  budding  out  of  one 
plant  from  the  stem  of  another.  By  a  great  generalization 
we  may  regard  all  the  modes  of  reproduction  of  organic 
life  as  alike  in  their  nature,  and  varying  only  in  com- 
plexity of  developments 


Limits  of  Classification, 

Science  can  extend  only  so  far  as  the  power  of  accurate 
classification  extends.  If  we  cannot  detect  resemblances, 
and  assign  their  exact  character  and  amount,  we  cannot 
have  that  generalized  knowledge  which  constitut-es  science; 
we  cannot  infer  from  case  to  case.     It  will  readily  be 

3c  Darwin,  *  The  Variation  of  AnimAls  and  Plants,'  vol.  li.  pp,  293^ 
359,  <fec. ;  quoting  Paget,  ^  Lecturea  on  Pathology/  1853,  pp.  152,  164. 
y  Ibid.  vol.  ii.  p*  37a. 
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observed  that  classification  is  the  opposite  proceys  to  dis-  ^ 
crimioation.  If  we  feel  that  two  tastes  differ,  for  instance, 
the  tastes  of  two  specimens  of  winej  the  mere  fact  of\ 
difference  existing  prevents  inference.  The  detection  of 
the  difference  saves  us,  indeed,  from  false  inference,  be- 
cause so  far  as  difference  exists,  all  inference  is  impossible. 
But  classification  consists  in  detecting  resemblances  of  all 
degrees  of  generality,  and  ascertaining  exactly  how  far 
such  resemblances  extend^  while  assigning  precisely  at  the 
same  time  the  points  at  which  difference  begina  It  h 
enables  us,  then,  at  once  to  generalize  and  make  inferences  H 
where  it  is  possible,  and  it  saves  us  at  tlie  same  time  from 
going  too  far.  Full  classifications  constitute  a  complete 
record  of  all  our  knowledge  of  the  objects  or  events 
classified,  and  the  limits  of  exact  or  scientific  knowledge 
are  identical  with  the  limits  of  classification. 

It  must  by  no  means  be  supposed  that  every  group 
of   natural    objects  will    be   found    capable    of  rigorous 
classification.     Tliere  may  be  substances  wdiich  vary  by 
insensible   degrees,   consisting,   for    instance,   in   varying      i 
mixtures  of  simpler  substances.      Granite  is  a  mixture  H 
of    quartz,    felspar,    and    mica,    but    there    are    hardly 
two  specimens  in  which  the   proportions  of  these  three 
constituents  are  alike,  and  it  would  be  impossible  to  lay 
down  defijnitions  of  distinct  species   of  gi'anite  %vithout 
finding  an  infinite  variety  of  intermediate  species.     The 
only  tnie  classification  of  granites,  then,  would  be  founded  B 
on  the   proportions   of  the   constituents   present,  and   a  ™ 
chemical   or  microscopic    analysis  would  be  requisite,  in      i 
order  that  we  should  assign  any  specimen  to   its  truefl 
position  in  the  series.     Granites  vary,,  again,  by  insensible 
degrees,  as  regards  the  magnitude  of  the  crystals  of  fel- 
spar and  mica.     Prociscly  similar  remarks  might  be  made 
concerning  the  claasification  of  other  plutonic  rocks,  such 
i\^  syenite,  basalt,  pumice-stone,  lava,  tuff,  &c. 


The  nature  of  a  ray  of  homogeneoiie  light  is  strictly 
defined,  either  by  Its  place  in  the  spectrum  or  by  the  cor- 
responding wave-length,  but  a  ray  of  mixed  light  admits 
of  no  simple  clasBification  ;  any  of  the  infinitely  numerous 
rays  of  the  continuous  spectrum  may  be  present  or  absent, 
or  present  in  various  intensities,  so  that  we  can  only  class 
and  define  a  mixed  colour  by  defining  the  intensity  and 
wave-length  of  each  ray  of  homogeneous  light  which  is 
present  in  it  Complete  spectroscopic  analysis  and  the 
determination  of  the  intensity  of  every  part  of  the  spec- 
tram  yielded  by  a  mixed  ray  ia  requisite  for  its  accurate 
classifieation.  Nearly  the  same  may  be  said  of  complex 
sounds,  A  simple  Eound  undulation,  if  we  could  meet 
with  such  a  sound,  w^ould  admit  of  precise  and  exhaustive 
classtfication  as  regards  pitch,  the  length  of  wave,  or  the 
number  of  waves  reaching  the  ear  per  second  being  a  suf- 
ficient criterion*  But  almost  all  ordinary  sounds,  even 
those  of  musical  instruments,  consist  of  complex  aggregates 
of  undulations  of  several  different  pitches,  and  in  order  to 
classify  the  sound  we  should  have  to  measure  the  inten- 
sities of  each  of  the  constituent  sounds,  a  work  which  has 
been  partially  accomplished  by  Professor  TIelmholtz,  as 
regards  the  vowel  sounds.  The  different  tones  of  voice 
distinctive  of  different  individuals  must  also  be  due  to  the 
intermixture  of  minute  waves  of  various  pitch,  which  are 
at  present  quite  beyond  the  range  of  experimental  in- 
vestigation. We  cannot,  then,  at  present,  attempt  to 
classify  the  diflTerent  kinds  or  timbres  of  sound. 

The  difficulties  of  classifictition  are  even  greater  when  a 
varying  phenomenon  cannot  be  shown  to  be  a  niixtiure  of 
simpler  phenomena.  If  wo  attempt,  for  instance,  to 
clossify  the  tastes  of  natural  and  artificial  substances,  we 
may  rudely  group  tliem  according  as  they  ajre  sweet, 
bitter,  saline,  alkaline,  acid,  aBtringent,  or  fiery  ;  but  it  is 
Bvident  that  these  groups  are  liounded  by  no  sharp  lines 
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of  definition.  Tastes  of  mixed  or  intermediate  cbaracter 
may  exist  almost  ad  injinitmn,  and,  what  is  still  more 
troublesome,  the  tastes  clearly  united  within  one  class 
may  differ  more  or  less  from  each  other,  without  our  being 
able  to  arrange  them  in  subordinate  genera  and  species. 
The  same  remarks  may  be  made  concerning  the  classifi- 
cation of  odom'8,  which  may  be  roughly  grouped  according 
to  the  arrangement  of  Linneeus  as,  Aromatic,  Fragrant, 
Ambrosiac,  Alliaceous,  Fetid,  Virulent,  Nauseous.  Within 
each  of  these  vague  classes,  however,  there  would  be 
infinite  shades  of  variety,  and  each  class  would  graduate 
probably  into  each  other  class.  The  varieties  of  odour 
which  can  be  discriminated  by  an  acute  olfactory  organ 
are  almost  infinite  ;  every  rock,  stone,  plants  or  animal 
has  some  slight  odour,  and  it  is  well  known  that  dogs,  or 
even  blind  human  beings,  can  discriminate  persons  by  a 
slight  distinctive  odour  which  usually  passes  unnoticed. 

Nearly  similar  remarks  may  be  made  concerning  the 
higher  feehngs  of  the  human  mind,  usually  called  emotions. 
We  know  what  is  anger,  grief,  fear,  hatred,  love ;  and 
many  systems  for  classifying  these  feelings  have  been 
proposed  at  one  time  or  another.  They  may  be  roughly 
distinguished  according  as  they  are  pleasiu-ablo  or  paintid, 
prospective  or  retrospective,  selfish  or  sympathetic,  active 
or  passive,  and  possibly  in  many  other  ways,  but  each 
mode  of  arrangement  will  be  indefinite  and  unsatisfactory 
when  followed  into  details.  As  a  general  rule,  the  emo- 
tional state  of  the  mind  at  any  moment  will  be  neither 
pure  anger  nor  pure  fear,  nor  any  one  pure  feeling,  but 
an  indefinite  and  complex  aggregate  of  feelings.  It  may 
be  that  the  state  of  mind  is  really  a  sum  of  several  distinct 
modes  of  agitation,  just  as  a  mixed  colour  is  the  sum  of 
the  several  distinct  rays  of  the  spectrum.  In  this  case 
there  may  be  more  hope  of  some  method  of  analysis  being 
successfully  applied  at  some  future   time.     But  it  may 


be  found  that  states  of  inmd  really  graduate  into  each 
other,  so  that  rigorous  clasBification  would  prove  to  he 
hopeless. 

A  little  reflection  will  show  that  there  are  whole  worlds 
of  existeiiees  which  in  like  manner  are  incapable  of 
logical  analysis  and  classification.  One  friend  may  be 
able  to  single  out  and  identify  another  friend  by  his 
countenance  among  a  million  other  countenances.  Faces 
are  capable  of  infinite  discrimination,  but  who  shall 
classify  and  define  them,  or  say  by  what  particular  shades 
of  feature  he  does  judge*  There  are  of  course  certain 
distinct  types  of  face,  but  each  type  is  connected  witli 
each  other  type  by  infinite  intermediate  specimens.  We 
may  classify  melodies  according  to  the  major  or  minor 
key,  the  character  of  the  time>  and  some  other  distinct 
points ;  but  every  melody  has  independently  of  such  cir- 
cumstances its  own  distinctive  character  and  effect  upon 
the  mind.  Siniiltir  remarks  might  be  made  concerning  a 
multitude  of  other  circumstances.  We  can  detect  dif- 
ferences between  the  styles  of  literary,  musical,  or  artistic 
compositions.  We  can  even  in  some  cases  assign  a  picture 
to  its  painter,  or  a  symphony  to  its  composer,  by  a  subtle 
feeling  of  resemblances  or  difierences  of  character  and 
expression,  which  may  be  felt,  but  cannot  be  described. 

Finally,  it  is  apparent  that  in  buman  character  there  is 
unfathomable  and  inexhaustible  diversity.  Every  mind 
is  more  or  less  like  every  other  mind ;  there  is  always  a 
basis  of  similarity,  but  there  Is  a  superstructure  of  feelings, 
impulses,  or  motives  which  is  distinctive  for  each  person. 
We  can  often,  indeed,  predict  the  general  character  of  the 
feelings  or  actions  which  will  be  produced  In  a  given 
individual  well  known  to  us,  by  a  given  external  event, 
but  we  also  know  that  we  are  often  inexplicably  at  iault 
in  all  our  inferences.  No  one  can  safely  generalize  upon 
the  subtle  variations  of  temper  and  emotion  which  may 
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arise  even  in  a  person  of  ordinary  character.     As  human  I 
knowledge  and  ciyilization  ]>rogress,  these  characteristic' 
differences  tend  to  develop  and  multiply  themselves  rather 
than  decrease.      Character  grows  more  evidently  many- 
sided.     Two  w^ell  educated  Englishmen  are  far  better  dis- 
tingiiLshed  from  each  other  than  two  common  labourers, 
and    these    are    better    distinguished,    again,   than    two 
Australian  aborigines.      Thus  the  complexities  of  exist- ! 
ing  phenomena   develop   themeelves   more   rapidly   than 
scientific  method  can  overtake  them.     In  spite  of  all  the 
boasted  powers  of  science,  we  cannot  really  apply  method  ^ 
to  those  existences,  namely,  our  own  minds  and  characters,  f 
which  are  more  important  to  us  than  all  the  stars  and 
nebulae. 


BOOK    VL 


CHAPTER  XXXL 


REFLECTIONS   ON   THE    RESTJLTS  AND  UMTTS   OF 
SCIENTiriC    METHOD, 

Before  concluding  a  work  on  the  Principles  of  Science, 
it  will  not  be  inappropriate  to  add  some  remarks  upon 
I      the  limits  and  ultimate  bearings  of  the  knowledge  which 
I      we  may  acquire  by  the  constant  employment  of  scientific 
method.     All  science  consists,  it  has  several  times  been 
stated,  in  the  detection  of  identities  and  uniformities  in 
the  action  of  natural  agents.     The  purpose  of  inductive 
inquiry  is  to  ascertain  the  apparent  existence  of  necessary 
connexion  between  causes  and  eflfects,  the  establishment 
of  naturid  laws.     Now  so  far  as  we  thus  learn  the  in- 
variable course  of  nature,  the  futiure  becomes  the  neces- 
I      eary  sequel  of  the  present,  and  we  are  brought  beneath 
I      the  sway  of  powers  with  which  nothing  can  interfere, 

iBy  degrees  it  is  found,  too,  that  the  chemistry  of 
organized  substances  is  not  widely  separated  from,  but  is 
rather  continuous  with,  that  of  earth  and  stones.  Life 
itself  seems  to  be  nothing  but  a  special  form  of  that 
energy  which  is  manifested  in  heat  and  electricity  and 
mechanical  force.     The  time  may  come,  it  almost  seems, 
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when  the  tender  mechanisin  of  the  brain  ^11  be  traoed 
out»  and  every  thought  reduced  to  the  expenditure  of  a 
d^arminate  weight  of  nitrogen  and  phosphorus.  No 
apparent  limit  exista  to  the  success  of  scientific  method 
in  weighing  and  measuring,  and  reducing^  beneath  the 
fiway  of  kw,  the  phenomena  both  of  naatter  and  of  miiuL 
And  if  mental  phenomena  be  thus  capable  of  treatment  by 
the  balance  and  the  micrometer,  can  we  any  longer  hoW 
tliat  mind  is  distinct  from  matter  ?  Must  not  the  same 
inexorable  reign  of  law,  which  is  apparent  in  the  motioM 
of  brute  matter,  be  extended  to  the  most  subtle  feelings 
of  the  human  heart  ?  Are  not  plants  and  animals  and 
ultimately  man  himself,  merely  crystals,  as  it  were,  of  a 
complicated  form?  If  80»  our  boasted  Free  WUl  becomes 
a  delusion,  Moral  Besponsibility  a  fiction.  Spirit  a  mere 
name  for  the  more  curious  manifestations  of  material 
energy.  All  that  happens,  whether  right  or  ^%T^ng,  plea- 
surable or  painful,  is  but  the  outcome  of  tlie  neeessarjf 
relations  of  time  and  space  and  force,  and  of  the  laws  rf 
matter  emer^ng  from  them,  which  are  fixed  in  the  vwy 
nattu^  of  things. 

Materialism  seems,  then,  to  be  the  coming  religion,  and 
resignation  to  the  nonenity  of  human  will  the  only  duty* 
Such  may  not  generally  be  the  reflections  of  men  of 
science,  but  I  believe  that  we  may  thus  describe  the 
secret  feelings  of  fear  which  the  constant  advance  of 
scientific  investigation  excites  in  the  minds  of  many  who 
view  it  from  a  distance.  Is  science,  then,  essentially 
atheistic  and  materialistic  in  its  tendency  ?  Does  the 
uniform  action  of  material  causes,  which  we  learn  with 
an  ever  increasing  approach  to  certainty,  preclude  the 
hypothesis  of  an  intelligent  and  benevolent  Creator,  who 
has  not  only  designed  the  existing  universe,  but  who 
still  retains  the  power  to  alter  its  course  from  time 
to  time  \ 


To  enter  actually  upon  theological  disciissiuns  would  be 
evidently  beyond  the  scope  of  this  work.  It  is  with  the 
scientific  method  common  to  all  the  sciences,  and  not  with 
any  of  the  separate  sciences,  that  we  are  coneemed. 
Theology  therefore  would  be  at  least  as  much  beyond 
my  scope  as  chemistry  or  geology.  But  I  believe  that 
grave  misapprehensions  exist  as  regards  the  very  nature 
of  this  scientific  method.  There  are  scientific  men  who 
assert  that  the  interposition  of  Providence  is  impossible, 
and  prayer  an  absurdity,  because  the  laws  of  nature  are 
inductively  proved  to  be  invariable.  Inferences  are  drawn 
not  so  much  from  particular  sciences  as  from  the  logical 
foundations  of  science  itself^  to  negative  the  impulses  and 
hopes  of  men,  Now  I  may  properly  venture  to  stat« 
that  my  own  studies  in  logic  lead  me  to  call  in  question 
all  such  negative  inferences.  Those  so-called  laws  of 
nature  are  uniformities  observed  to  exist  in  the  action 
of  certain  material  agents,  but  it  is  logically  impossible 
to  show  that  all  other  agents  must  behave  as  these  do. 
The  too  exclusive  study  of  particular  branches  of  physical 
science  seems  in  some  cases  to  generate  an  over  confident 
and  dogmatic  spirit.  Rejoicing  in  the  success  with  which 
a  few  groups  of  facts  are  brought  beneath  the  apparent 
s^vay  of  laws,  the  investigator  hastily  assumes  that  he  is 
close  upon  the  ultimate  springs  of  being.  A  particle  of 
gelatinous  matter  is  found  to  obey  tlie  ordinary  laws  of 
chemistry  ;  yet  it  moves  and  lives.  The  world  is  therefore 
asked  to  believe  that  chemistry  can  resolve  the  mysteries 
of  existence. 


The  Meaning  of  Naitiral  Law. 

Pindar  speaks  of  Law  as  the  Euler  of  the  Mortals  and 
the  Immortals,  and  it  seems  to  be  commonly  supposed 
that  tlie  so-called  Laws  of  Nature,  in  like  manner,  rule 


wBXi  and  his  Creator.  The  course  of  uatxire  is  regarded 
M  being  determined  by  iBTariable  principles  of  mechamcs 
wbidi  imre  acted  smce  the  world  began,  and  will  act  for 
infinite  ages  to  come.  Even  if  the  origin  of  all  things  be 
attributed  to  an  intelligent  creative  mind,  that  Being  is 
regarded  as  having  yielded  np  arbitrary  power,  and  as 
being  subject  like  a  human  legislator  to  the  laws  which 
be  baa  himself  enacted.  Such  notions  I  should  describe 
as  superficial  and  erroneous,  being  derived,  aia  I  think, 
firom  false  \Hew8  of  the  nature  of  scientific  inference,  and 
the  degree  of  certainty  of  the  knowledge  which  we  acquire 
by  inductive  investigation, 

A  law  of  nature,  as  I  regard  the  meaning  of  the 
expression,  is  not  a  uniformity  which  must  be  obeyed  by 
all  objects,  but  merely  a  uniformity  which  is  as  a  matter  of 
feet  obeyed  by  those  objects  which  have  come  beneath 
our  observation.  There  is  nothing  whatever  incompa- 
tible with  logic  in  the  discovery  of  objects  which  should 
prove  exceptions  to  any  law  of  nature.  Perhaps  the  best 
established  law  is  that  which  asserts  an  invariable  cor- 
relation to  exist  between  gravity  and  inertia,  so  that  all 
gravitating  bodies  are  found  to  possess  inertia,  and  all 
bodies  possessing  inertia  are  found  to  gravitate.  But  it 
would  be  no  reproach  to  our  scientific  method,  if  something 
were  ultimately  discovered  to  possess  gravity  without  in- 
ertia. Strictly  defined  and  correctly  interpreted,  the  law 
Jtself  would  acknowledge  the  possibility  ;  for  with  the 
itemeiit  of  every  law  we  ought  properly  to  join  an  esti- 
mate of  the  number  of  instances  in  which  it  has  been 
^rved  to  hold  true,  and  the  probability  thence  caleu- 
tliat  it  will  hold  true  in  the  next  case.  Now  as  we 
Vfifbre  found  (vol  i.  p.  299)  no  finite  number  of  instances 
^g^  warrant  us  in  expecting  with  certainty  that  the  next 
jlglAsnoe  will  be  of  like  nature  ;  in  the  formulas  yielded 
W  th^    inverse    method    of  proljabilities  a  unit   always 


appears  to  represent  the  probability  tliat  oiir  inference 
will  be  miBtakeu.  I  demur  to  the  assumption  that  there 
is  any  necessary  truth  even  in  such  fundamental  laws  of 
nature  as  the  Indestructibility  of  Matter,  the  Conservation 
of  Force,  or  the  Laws  of  Motion.  Certain  it  is  that  men 
of  science  have  recognised  the  conceivability  of  other  laws, 
or  even  investigated  their  mathematical  conditions.  Sir 
George  Airy  investigated  the  mathematical  conditions  of 
a  perpetual  motion  (voL  i.  p.  256),  and  Laplace  and  New- 
ton discussed  various  imaginary  laws  of  forces  incon- 
sistent with  those  so  far  observed  to  operate  in  the 
univei-se  (vol  ii.  pp.  304,  392). 

The  laws  of  nature,  as  I  venture  to  regard  them,  are 
simply  general  propositions  concerning  the  correlation  of 
properties  w^hich  have  been  obsei'ved  to  hold  true  of 
bodies  hitherto  observed.  On  the  assumption  that  our 
experience  is  of  adequate  extent,  and  that  no  arbitrary 
interference  takes  place,  we  are  then  able  to  assign  the 
probability,  always  less  than  certainty,  that  the  next 
object  of  the  same  apparent  nature  will  conform  to  tlie 
same  law, 

I  Injiniteness  of  the  Uni verse. 

We  may  safely  accept  as  a  satisfectory  scientific  h}^o- 
tliesis  the  doctrine  so  grandly  put  forth  by  Laplace,  who 
asserted  that  a  perfect  knowledge  of  the  universe,  as  it 
existed  at  any  given  moment,  would  give  a  perfect  know- 
ledge of  w^hat  was  to  happen  thenceforth  and  for  ever 
after.  Scientific  inference  is  impossible,  imless  we  may 
regard  the  present  as  the  necessary  outcome  of  what  is 
past,  and  the  necessary  cause  of  what  is  to  come.  To 
the  view  of  Perfect  Intelligence  nothing  is  uncertain.  The 
astronomer  can  ailculate  the  positions  of  the  heavenly 
bodies  when  thousands  of  generations  of  men  shall  have 


432 


THE  PRINCIPLES  OF  SCIENCE. 


^ 


Dliistra-  m 


4 


passed  away,  and  in  this  fax^t  we  have  some  Dhistra- 
tion,  as  Laplace  remarks,  of  the  power  which  scientific 
prescience  may  attain,  DoiibtlesSj  too,  all  efforts  in  the 
investigation  of  nature  tend  to  bring  us  nearer  to  the 
possession  of  that  ideally  perfect  power  of  intelligence. 
Nevertheless,  as  Laplace  with  profound  wisdom  adds^,  we 
must  ever  remain  at  an  infinite  distance  from  the  goal  of 
our  aspirations. 

Let  us  aissume,  for  a  time  at  least,  as  a  highly  probable 
hypothesis,  that  whatever  is  to  happen  must  be  the  out- 
come of  what  is  ;  there  then  arises  the  question,  What  is  ? 
Now  our  knowledge  of  what  exists  must  ever  remain  im-  fl 
perfect  and  fallible  in  two  respects.  Firstly,  we  do  not 
know  all  the  matter  that  has  been  created,  nor  the  exact 
manner  in  which  it  has  been  distributed  tlirough  space. 
Secondly,  assuming  that  we  had  that  knowledge,  we 
should  still  be  wanting  in  a  perfect  knowledge  of  the 
way  in  which  the  particles  of  matter  will  act  upon  each 
other.  The  power  of  scientific  prediction  extends  at  the 
most  to  the  limits  of  the  data  employed.  Every  con- 
clusion is  purely  hypothetical  and  conditional  upon  the 
non-interference  of  ngencies  previously  undetected.  The 
law  of  gravity  asserts  that  every  body  tends  to  approach 
towards  every  other  body,  with  a  certain  determinate 
force,  but  even  supposing  the  law  to  hold  true,  it  does 
not  assert  that  tlie  body  tintl  approach.  No  single  law 
nor  science  can  warrant  us  in  making  any  one  absolute 
prediction.  We  must  know  all  the  laws  of  nature  and  all 
the  existing  agents  acting  according  to  those  laws  before  we 
can  say  what  will  occur*  To  assume,  then,  that  scientific 
method  can  take  ever}4hing  within  its  cold  embrace  of 
uniformity,  is  to  imply  that  the  Creator  cannot  outstrip 
the  intelligence  of  his  creatures,  and  that  the  existing 

»  *  Th<^*orie  Analjiitjue  dcs  Probabilit^s,'  quot-ed  by  Babbage,  '  Nmth 
Bridgwater  Treutke/  p.  173, 
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universe   is   not   infinite   in   extent   and   complexity,  an 
assumption  for  which  I  can  see  no  logical  basis  whatever. 


The  Indeterminate  Problem  of  Creation. 

A  second  and  very  serious  misapprehension  concern- 
ing the  import  of  a  law  of  nature  may  now  be  pointed 
out.  It  is  not  uncommonly  supposed  that  a  law  deter- 
mines the  character  of  the  results  which  shall  take  place, 
I  as,  for  mstance,  that  the  law  of  gravity  determines  what 
force  of  gravity  shall  act  upon  a  given  particle.  Surely 
a  little  reflection  must  render  it  plain  that  a  law  by  itself 
determines  nothing.  It  is  a  law  pii/^  agents  obeying 
that  law  which  have  results,  and  it  is  no  part  of  the 
law  to  govern  or  define  the  number  and  place  of  its 
own  agents.  Whether  a  particle  of  matter  shall  gravi- 
tate, depends  not  upon  the  law  of  Newton  only,  but 
upon  the  distribution  of  surrounding  particles.  The 
theory  of  gravitation  may  perhaps  be  true  throughout 
all  time  and  in  all  parts  of  space,  and  even  the  Creator 
may  never  find  occasion  to  create  those  possible  excep- 
tions to  it  which  I  have  asserted  to  be  conceivable.  Let 
this  be  as  it  may,  and  our  science  cannot  certainly 
determine  the  question,  yet  the  theory  of  gravitation 
itself  gives  no  indication  of  the  forces  which  may  be 
brought  to  act  at  any  point  of  space.  The  force  of 
gravitation  acting  upon  any  particle  depends,  as  we 
have  seen,  upon  the  number,  mass,  distance,  and  rela- 
tive position  of  all  the  other  particles  of  matter  within 
the  bounds  of  space  at  the  instant  in  question*  Even 
assuming  that  all  matter  when  once  distributed  through 
space  at  the  Creation,  was  thenceforth  to  act  in  an  in- 
variable manner  without  subsequent  interference,  yet 
the  actual  configuration  of  matter  at  any  moment,  and 


VOL.  IL 


F   f 


I 


I 


Aikxify  pointed  oat  Out  tlie 
of  die  wiltiiil  iporid  sre  at  leasl 
m  Hx  Isws  wUdi  llie  ofcyeets  obey.  He 
thst  a  eextun  daae  of  wzifcets  eotirelj  orer* 
look  tlie  Atmrtigm,  and  fiDrget  tliat  mere  laws  witlioat 
eoBoMtaoae  would  hxwe  aiixded  110  aeciirity  against  a 
tmiiid  ai^  dboideilj  iJiaoaK  Mr.  J.  &  MiU  has  reoog- 
oiaed^  the  troth  of  Cfaafaaeta'  statements,  withoat  draw- 
ii^  the  prefer  mferensea  fiom  it.  He  sajs^  of  the  dia- 
tribatka  of  matter  thrcmgh  ^aoe,  *We  can  discoTer 
DOthii^  regular  in  the  distribntioii  itself;  we  can  reduce 
it  to  DD  unifofmitT,  to  no  hw/  Mcate  lately  the  Buke 
of  Argyle  in  his  well  known  work  oo  the  *  Keign  of  Law' 
hao  drawn  attention  to  the  profound  distinction  between 
laws  and  collocations  of  causes. 

The  original  confoimation  of  the  material  universe  wasv 
00  far  as  we  can  possiblv  tell,  free  from  all  restriction. 


There  was  unlimited  space  in  which  to  frame  it,  and  4^| 
unlimited  number  of  material  particles,  each  of  which 
could  be  placed  in  any  one  of  an  infinite  number  of 
different  positions.  It  must  also  be  added  that  each 
particle  might  be  endowed  with  any  one  of  an  infinite 
number  of  degrees  of  vis  viva  acting  in  any  one  of  an 
infiiutely  infinite  number  of  different  directions.  The 
problem  of  Creation  was,  then,  what  a  mathematician 
would  call  an  indeterminate  problem,  and  it  was  inde- 
terminate in  an  infinitely  infinite  number  of  ways*  In- 
finitely numerous  and  various  universes  might  then 
liave  been   fashioned  by  the  various  distribution  of  the 


^  *  First  BrklgwaterTreatifle'  {1834),  pp.  16-24. 

0  '  Byrtem  of  Logic/  5th  edit.  bk.  IlL  clmp.  V.  §  7.     Chap.  XVI.  $  3, 

<*  Ibid.  vol.  i,  p.  384. 
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original  nebulous    matter,  although  all  the  particles  of 
matter  should  obey  the  one  law  of  gravity. 

Lucretius  tells  us  how  in  the  original  rain  of  atoms 
some  of  these  little  bodies  diverged  from  the  rectilineal 
direction,  and  coming  into  contact  with  other  atoms  gave 
rise  to  the  various  combinations  of  substances  and  phe- 
nomena  which  exist.  He  omitted,  indeed,  to  tell  us  whence 
the  atoms  came,  or  by  what  force  some  of  them  were 
caused  to  diverge,  but  surely  these  omissions  involve 
the  whole  question.  I  accept  the  Lucretian  conception 
of  creation  when  properly  supplemented.  Every  atom 
w^hich  existed  in  any  point  of  space  must  have  existed 
there  previously,  or  must  have  been  created  there  by  a 
previously  existing  Power.  When  placed  there  it  must 
have  had  a  definite  mass  and  a  definite  energy,  kinetic 
or  potential  as  regards  other  existing  atoms.  Now,  as 
before  remarked,  an  unhmited  number  of  atoms  can  be 
placed  in  unlimited  space  in  an  entirely  luilimited  number 
of  modes  of  distribution.  Out  of  infinitely  infinite  choices 
which  were  open  to  the  Creator,  that  one  choice  must 
have  been  made  which  has  yielded  the  universe  as  it 
now  exists. 

It  would  indeed  be  a  mistake  to  suppose  that  the  law 
of  gravity,  when  it  holds  true,  is  no  restriction  in  the  dis- 
tribution of  force.  That  law  is  a  geometrical  law,  and  it 
would  in  many  cases  be  mathematically  impossible,  as  far 
as  we  can  see,  that  the  force  of  gravity  acting  on  one 
particle  should  be  small  while  that  on  a  neighbouring 
particle  was  great.  We  cannot  conceive  that  even  Omni- 
potent Power  should  make  the  angles  of  a  triangle  less 
or  greater  than  two  right  angles.  The  primioy  laws  of 
thought  and  the  fundamental  notions  of  the  mathemati- 
cal sciences  do  not  seem  to  us  to  admit  of  any  alter- 
ation. Into  the  metaphysical  origin  and  meaning  of  the 
apparent  necessity  attaching  to   such  laws  I  have   not 
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attempted  to  inquire  in  this  work,  and  it  is  not  requisite 
for  my  present  purpose.  If  the  law  of  gravity  were  the 
only  law  of  nature  and  the  Creator  had  chosen  to  render 
all  matter  obedient  to  that  law,  there  would  doubtless 
be  restrictions  upon  the  effects  derivable  from  any  one 
distribution  of  matter. 


Hierarchy  of  Natural  Latvs. 
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A  further  consideration  inevitably  presents  itself.  A 
natural  law  hke  that  of  gravitation  expresses  a  certain 
uniforraity  in  the  mode  of  action  of  agents  submitted  to 
it,  and  this  uniformity  produces,  as  we  have  seen,  certain 
geometrical  restrictions  upon  the  effects  which  thoae 
agents  may  produce.  But  there  are  other  forces  and 
laws  besides  those  of  gravity.  One  force  may  override 
another,  and  two  laws  may  each  be  obeyed  and  may 
each  disguise  the  action  of  the  other.  In  the  intimate 
constitution  of  matter  there  may  be  hidden  springs  of 
force  which,  while  acting  in  accordance  with  their  own 
fixed  laws,  may  lead  to  sudden  and  unexpected  changes^ 
So  at  least  it  has  been  found  from  time  to  time  in  the 
past,  and  so  them  is  every  reason  to  believe  it  wiU  1j6 
found  in  the  future.  To  the  ancients  it  seemed  incredible 
that  one  lifeless  stone  could  make  another  leap  towards 
it,  A  piece  of  iron  while  it  obeys  the  magnetic  forces 
of  the  loadstone  does  not  the  less  obey  the  law  of  gravity. 
A  plant  also  gravitates  downwards  as  regards  every  con- 
stituent cell  or  fibre,  and  yet  it  persists  in  growing 
upwards.  Life  altogether  is  an  exception  to  the  simple 
phenomena  of  mineral  substances,  not  in  the  sense  of  ■ 
disproving  those  laws,  but  in  that  of  superadding  forces  " 
of  new  and  inexplicable  character.  Doubtless  no  law  of 
chemistry  is  broken  by  the  action  of  the  nervous  ceUs.  _ 


I 
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and  no   law  of  physics   by   the   pulses  of  the  nervous 


fibres,  but  something  requires  to  be  added  to  oiu'  sciences 
in  order  that  we  even  explain  these  subtle  phenomena. 

Now  there  is  absolutely  nothing  in  science  or  in  scien- 
tific method  to  warrant  us  in  assigning  any  limit  to  this 
hienircliy  of  laws,  Wlien  in  many  undoubted  cases  we 
find  law  overriding  law,  and  at  certain  points  in  our 
experience  producing  unexpected  results,  we  can  never 
venture  to  affinn  that  we  have  exhausted  the  strange 
phenomena  which  may  have  been  provided  for  iii  the 
original  constitution  of  matter.  The  Universe  might 
have  been  so  designed  that  it  should  for  long  intervals 
go  through  the  same  round  of  almost  unvaried  existence, 
and  yet  so  tliat  events  of  exceptional  character  should 
from  time  to  time  be  produced.  Charles  Babbage  showed 
in  that  most  profound  and  eloquent  work,  *  The  Ninth 
Bridgwater  Treatise/  that  it  was  theoretically  possible 
for  human  artists  to  design  a  machine,  consisting  of 
metallic  wlieels  and  levers,  which  should  work  invari- 
ably by  one  simple  law  of  action  during  any  finite 
number  of  steps,  and  yet  at  a  fixed  moment,  however 
distant,  should  manifest  a  single  breach  of  law.  Such 
an  engme  might  go  on  counting,  for  instance,  the  natural 
numbers  until  they  might  reach  a  number  requiring  for 
its  expression  a  hundred  million  digits,  *  If  every  letter 
in  the  volume  now  before  the  reader  s  eyes,'  says  Babbage®, 
'  were  changed  into  a  figure,  and  if  all  the  figures  con- 
tained in  a  thousand  such  volumes  were  arranged  in  order, 
the  whole  together  would  yet  fall  far  shoil  of  the  vast 
induction  the  observer  would  have  had  in  favour  of  the 
truth  of  the  law  of  natural  numbers  .  .  ,  Yet  shall  the 
engine,  tiiie  to  the  prediction  of  its  director,  after  the 
lapse  of  myriads  of  ages,  fulfil  its  task,  and  give  that  one, 
the  first  and  only  exception  to  that  time-sanctioned  law. 
What  would  have  been  the  chances  against  the  appear- 
<?  *  Ninth  Britlg^^'ttter  Trealiee/  p.  140. 
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ance  of  the  excepted  case,  imrnediately  prior  to  its  occur- 
rence 1* 

As  Babbage  further  showed*",  a  calculating  engine, 
after  proceeding  through  any  required  number  of  motions 
according  to  a  first  law,  may  be  made  suddenly  to  suffer 
a  change,  bo  that  it  shall  then  commence  to  calculate 
according  to  a  wholly  new  law.  After  giving  the  natural 
numbers  for  any  finite  time^  it  might  suddenly  begin  to 
give  triangular,  or  square,  or  cube  numbers,  and  these 
changes  might  theoretically  be  conceived  as  occurring 
time  after  time.  Now  if  such  occurrences  can  be  designed 
and  foreseen  by  a  human  artist,  it  is  surely  within  the 
capacity  of  the  Divine  Artist  to  provide  for  similar 
changes  of  law  in  the  mechanism  of  the  atom,  or  the 
construction  of  the  heavens.  h 

Physical  science,  so  far  as  its  highest  specidations  can  V 
be  trusted,  gives  some  indication  of  a  change  of  law  in 
the  past  history  of  the  Universe.     According  to  Sir  W* 
Thomson's   deductions    from    Fourier's   Theory    of   Heat» 
w^e  can  trace  down  the  dissipation  of  heat  by  conduction  _ 
and  radiation  to  an  infinitely  distant  time  when  all  things  | 
wiU  be  uniformly  cold.     But  we  cannot  similarly  trace 
the  heat-history  of  the  Universe  to  an  infinite  distance  in 
the  past.     For  a  certain  negative  value  of  the  time  the 
formulas  give  impossible  values,  indicatmg  that  there  was 
some  initial  distribution  of  heat  which  could  not  have  re- 
sulted, according  to  known  laws  of  nature,  from  any  pre-  fl 
vious  distribution^.     There  are  other  cases  in  which  a" 
consideration  of  the  dissipation  of  energy  leads  to  the 
conception  of  a  limit  to  the  antiquity  of  the  present  order 
of  things^*.     Human   science,  of  course,  is   fallil)le,  and 

*■  *  NintE  Bridgwater  Tretiise/  pp.  34-43. 

K  Tait*a  *  Tliermodynamics/  p.  38.     'Cambridge  Mathematical  Jour- 
nal/ vol  ill.  p.  174, 

1»  Clerk  Maxwell's  *  Theory  of  Heat/  p.  245. 
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Bome  oversight  or  erroneous  simplification  in  these  theo- 
retical ctilculatioDs  may  afterwards  be  discovered ;  bnt  bb 
the  present  state  of  scientific  knowledge  is  the  only  ground 
on  which  eiToneous  interpretations  of  the  iinifonnity  of 
nature  and  the  reign  of  law  are  founded,  I  am  right  in 
appealing  to  the  present  state  of  science  in  opposition  to 
these  interpretations.  Now  the  theory  of  heat  places  ns 
in  the  dilemma  either  of  believing  in  Creation  at  an  assign- 
able date  in  the  past,  or  else  of  supposing  that  some 
inexplicable  change  in  the  working  of  natural  laws  then 
took  place.  Physical  science  gives  no  countenance  to  the 
notion  of  infinite  duration  of  matter  in  one  continuous 
course  of  existence.  And  if  in  time  past  there  has  been 
a  discontiniiity  of  law,  why  may  there  not  be  a  similar 
event  awaiting  the  world  in  the  future.  Infinite  ingenuity 
could  have  implanted  some  agency  in  matter  so  that  it 
might  never  yet  have  made  its  tremendous  powers  mani- 
fest. We  have  a  very  good  theory  of  the  conservation  of 
energy,  but  the  foremost  physicists  do  not  deny  that  there 
may  possibly  be  forms  of  energy,  neither  kinetic  nor  poten- 
tial, and  therefore  of  unknown  nature  I 

We  can  imagine  reasoning  creatures  dwelling  in  a  world 
where  the  atmosphere  was  a  mixture  of  oxygen  and  in- 
flammable gas  like  the  fire-darap  of  coal  mines.  If  devoid 
of  fire,  they  might  have  lived  on  through  long  ages  in 
complete  unconsciousness  of  the  tremendous  forces  which  a 
single  spark  could  call  into  phty.  In  the  twinkling  of  an 
eye  new  laws  might  have  come  into  action,  and  the  poor 
reasoning  creatures  who  were  so  confident  in  their  know- 
ledge of  the  imiform  conditions  of  their  w^orld,  might  have 
had  no  time  even  to  speculate  upon  the  overthrow  of  all 
their  theories.  Can  we  with  our  finite  knowledge  be 
sure  that  such  an  overthrow  of  our  theories  is  impossible  1 

i  Maxwell's  *  Theory  of  Heat,*  p.  91. 
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The  Amhigiioiis  Expressmi. —  Uniformity  of  Nature. 

I  have  asserted  that  a  seriouB  misconception  arises  from 
an  ambiguous  interpretation  of  the  expression  Uniformity 
of  Nature,  Every  law  of  nature  is  the  statement  of  a 
certain  uniformity  observed  to  exist  among  phenomenti, 
and  since  the  laws  of  nature  are  supposed  to  be  invariably 
obeyed  it  seems  to  follow  that  the  course  of  nature  itself 
is  uniform,  so  that  we  can  safely  judge  of  the  future  by 
the  present.  Tins  inference  is  supported  by  some  of  the 
most  profound  results  of  physical  astronomy.  Laplace 
proved  that  the  planetary  system  was  stable,  so  that 
no  one  of  the  perturbations  which  planet  produces  upon 
planet  shall  become  so  great  as  to  cause  a  disruption,  and 
a  permanent  alteration  in  the  planetary  orbits,  A  full 
c^>mpreliension  of  the  law  of  gravity  shows  that  all  such 
disturbances  ai-e  essentially  periodic,  so  that  after  the  lapse 
of  millions  of  years  the  planets  will  all  return  to  the 
same  relative  positions  and  a  new  cycle  of  disturbances  will 
commence. 

As  other  branches  of  inquiry  progress,  we  seem  to  gain 
assurance  that  no  gi'eat  alteration  of  the  world's  condition 
is  to  be  expected.  A  conflict  with  a  comet  has  long  been 
a  cause  of  fear  to  some  persons',  but  now  it  is  credibly 
asserted  that  we  have  passed  through  a  comet's  tail  with- 
out the  fact  being  known  at  the  time,  or  manifested  by 
any  more  serious  a  phenomenon  than  a  shght  luminosity 
of  the  lieavens.  More  recently  still  the  earth  is  said  to 
have  actually  touched  the  comet  Biela,  and  the  only  result 
was  a  beautiful  and  perfectly  harndess  display  of  radi- 
ating meteors.  A  decrease  in  the  heating  power  of  the 
sun  seems  to  Ije  tlie  next  most  probable  circumstance 
from  wliicli  we  might  fear  an  extinction  of  life  on  the 
earth.     But  calculations  founded  on  rearonable  physical 


data  show  that  no  appreciable  change  can  be  going  on, 
and  experimental  data  to  indicate  any  change  are  wholly 
wanting.  Geological  investigations  show  indeed  that  there 
have  been  extensive  variations  of  climate  in  past  times; 
vast  glaciers  and  icebergs  have  swept  over  the  temperate 
regions  at  one  time,  and  tropical  vegetation  has  flonrished 
near  the  poles  at  another  time.  But  here  again  the  vicis- 
si  tildes  of  climate  assume  a  periodic  character,  so  that 
the  ultimate  stability  of  the  earths  condition  does  not 
seem  to  be  affected. 

All  these  statements  may  be  reasonable,  but  they  do 
not  in  the  least  establish  the  Uniformity  of  Nature  in  the 
sense  that  extensive  alterations  or  sudden  catastrophes 
are  impossible.  In  the  first  place  Laplace's  theoiy  of  the 
stability  of  the  planetary  system  is  of  an  abstract  character, 
as  paying  regixrd  to  nothing  but  the  mutual  gravitation 
of  the  planetary  bodies  and  the  sun*  It  overlooks  several 
physical  causes  of  change  and  decay  in  the  system  which 
were  not  so  well  known  in  his  day  as  at  present,  and  it  also 
presupposes  the  absence  of  any  interruption  of  the  course 
of  tilings  by  conflict  with  foreign  astronomical  bodies. 

It  is  now  commonly  acknowledged  by  astronomers  that 
there  are  at  least  two  ways  in  whicli  the  vis  viva  of  the 
planets  and  satellites  may  sutler  loss.  The  friction  of  the 
tides  upon  the  earth  produces  a  small  amount  of  heat 
which  is  radiated  into  space,  and  this  loss  of  energy  must 
result  in  a  decrease  of  the  rotational  velocity^  so  that 
ultimately  the  terrestrial  day  will  l>ecome  identical  mth 
Ihe  year  J  just  as  the  periods  of  revolution  of  the  moon 
upon  its  own  axis  and  around  the  earth  have  ah^eady 
become  equal.  Secondly,  there  can  now  be  little  doubt 
that  various  manifestations  of  elcctjicity  upon  the  earth  s 
surface  depend  upon  the  relative  motions  of  the  planets 
and  the  sun,  which  give  rise  to  various  periods  of  in* 
creased  intensity.     Such  electrical  phenomena  must  result 
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in  tbe  production  and  dissipation  of  heat,  the  energy  of 
which  muBt  be  drawn,  partially  at  least,  from  that  of  the 
moving  bodies.  This  effect  is  probably  identical,  as  I 
have  suggested  (vol  ii.  p.  213),  with  tbe  very  evident  loss 
of  ener^  of  comets  attributed  to  a  so-called  resisting 
medium.  But  whatever  be  the  theoretiKd  explanation  of 
tliese  phenomena,  it  is  almost  certain  that  there  exists  a 
tendency  to  the  dissipation  of  the  energy  of  tbe  planetary 
system,  which  will  in  the  indefinite  coume  of  time  result 
in  the  fall  of  tbe  planets  into  the  sun. 

It  is  hardly  probable,  however,  that  tbe  planetary 
system  w^ill  be  left  undisturbed  throughout  the  enormous 
period  of  time  required  for  the  dissipation  of  its  energy 
in  this  way.  Conflict  with  other  bodies  is  so  far  from 
being  improbable,  that  it  becomes  approximately  certain 
Tvhen  we  take  very  long  intervals  of  time  into  account. 
As  regards  cometary  conflicts,  I  am  by  no  means  satisfied 
w^itb  the  negative  conclusions  drawn  from  the  remarkable 
display  on  the  evening  of  the  27th  of  November,  1872* 
We  may  often  have  passed  througli  the  tails  of  comets^ 
which  are  probably  electrical  manifestations  no  more 
substantial  than  the  aurora  borealis.  Every  remarkable 
shower  of  shooting  stars  may  also  be  considered  as  pro- 
ceeding from  a  cometary  body,  so  that  we  may  l>e  said  to 
have  passed  through  the  thinner  parts  of  various  comets. 
But  the  earth  has  probably  never  passed,  in  times  of  which 
we  have  any  record,  through  the  nucleus  of  a  comet,  which 
consists  perhaps  of  a  dense  swarm  of  small  meteorites.  We 
can  only  speculate  upon  the  effects  which  might  be  pro- 
duced by  such  a  conflict,  but  it  would  probably  be  a  much 
more  serious  event  than  any  yet  registered  in  history,  fl 
The  probability  of  its  occurrence,  too,  can  hardly  be 
assigned  ;  for  thougli  the  probability  of  conflict  w^ith  any 
one  cometary  nucleus  is  almost  infinitesimal,  yet  the 
number  of  comets  is  immensely  cfreat  (voL  ii.  ]x  1 1 
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It  is  far  from  impossible,  again,  that  the  planetary 
system  may  be  invaded  by  bodies  of  greater  mass  than 
any  comets*  The  sun  seems  to  be  placed  in  so  extensive  a 
portion  of  empty  space,  tliat  its  own  proper  motion  would 
not  bring  it  to  the  nearest  known  star  (a  Centaiiri)  in  less 
than  139,200  years.  But  in  order  to  be  sure  that  tliis 
long  interval  of  undisturbed  life  is  granted  to  our  globe, 
we  must  prove  that  there  are  no  stars  moving  so  as  to 
meet  ns,  and  no  dark  bodies  of  considerable  size  flying 
through  intervening  space  unknown  to  us.  The  intrusion 
of  comets  into  our  system,  and  the  fact  that  many  of  them 
have  hyperbolic  paths,  is  sufficient  to  show  that  the  sur- 
rounding parts  of  space  are  occupied  by  midtitudes  of 
dark  bodies  of  some  size.  It  iB  quite  probable  that  small 
suns  might  have  cooled  sufficiently  to  become  non- 
luminous  ;  for  even  if  we  discredit  the  theory  that  the 
variation  of  brightness  of  periodic  stars  is  due  to  the 
revolution  of  dark  companion  stars,  yet  there  is  our  own 
globe  as  an  unquestionable  example  of  a  smaller  body 
which  has  cooled  below  the  luminous  point. 

Altogether,  then,  it  is  a  mere  assumption  that  the 
Uniformity  of  Nature  involves  the  unaltered  existence 
of  our  own  globe.  There  is  no  kind  of  catastrophe  which 
is  too  great  or  too  sudden  to  be  theoretically  consist^ent 
with  the  reign  of  law.  For  aJl  that  our  science  can  tell, 
human  history  may  be  closed  in  the  next  instant  of  time. 
The  world  may  be  dashed  to  pieces  against  some  intruding 
body ;  it  may  be  involved  in  a  nebulous  atmosphere  of 
hydrogen  to  be  exploded  a  second  after^'ards ;  it  may  be 
scorched  up  or  dissipated  into  vapour  by  some  great  ex- 
plosion in  the  sun  ;  there  might  even  be  within  the  globe 
itself  some  secret  cause  of  disruption,  which  only  needs 
time  for  its  manifestation. 

There  are  even  some  indications,  as  already  noticed 
[vol.  ii.  p.   327),   that  some   violent   disturbances   have 
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actually  occuiTed  in  the  history  of  the  solar  system.  Olbers 
sought  for  the  minor  planets  or  asteroids,  on  tlie  8iip- 
position  that  they  were  fragments  of  an  exploded  or 
fractured  ]ilanet,  and  he  was  rewarded  with  the  discovery 
of  some  of  them.  The  retrograde  motion  of  the  satellites 
of  tlie  more  distant  planets,  the  abnomial  position  of  the 
poles  of  Uranus  and  the  excessive  distance  of  Neptune,  are 
other  indications  of  some  violent  event,  of  which  we  liave 
no  other  evidence,  I  adduce  all  these  facts  and  argu- 
ments, not  to  show  that  there  is  any  appreciable  proba- 
bility, so  far  as  we  can  judge,  of  actual  interruption 
witliin  the  scope  of  human  histoiy,  but  to  prove  that  the 
Uniformity  of  Nature  is  theoretically  consistent  with  the 
most  unexpected  events  of  which  we  can  form  any  con- 
ception. 

Possible  Staler  of  the  Universe. 

When  we  give  the  rein  to  scieutific  imagination,  it 
becomes  apparent  that  conflict  of  body  with  body  must 
not  be  regarded  as  the  rare  exception,  but  as  the  general 
rule  and  the  incvdtable  fate  of  each  star  system.  So  far 
as  we  can  trace  out  the  results  of  the  law  of  gravitation, 
and  the  dissipation  of  energy,  the  universe  must  be  re- 
garded as  undergoing  gradual  condensation  into  a  single 
cold  solid  body  of  gigantic  dimensions.  Those  who  so 
frequently  use  the  expression  Uniformity  of  Nature,  seem 
to  forget  that  the  universe  might  exist  consistently  with 
the  laws  of  nature  in  the  most  diverse  conditions.  It 
might  consist,  on  the  one  hand,  of  a  glowing  nebulous  mass 
of  gaseous  substances.  The  heat  might  be  so  intense 
that  all  elements,  even  carbon  and  silicon,  would  resemble 
permanent  gases,  and  all  atoms,  of  whatever  nature,  would 
be  flying  about  in  chemical  independence,  diffusing  them- 
selves almost   uniformly    in    the   neighbouring   parti 

unless   we 
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apply  that  name  to  the  passage  through  each  part  of 
space  of  similar  average  trains  of  atoms,  the  particular 
successions  of  atoms  being  governed  only  by  the  theoiy 
of  probability,  and  the  law  of  divergence  from  a  mean 
exhibited  in  the  Arithmetical  Triangle,  Such  a  universe 
would  correspond  partially  to  the  Lucretian  rain  of 
atoms,  and  to  that  nebular  hypothesis  out  of  which 
Laplace  proposed  philosophically  to  explain  the  evolution 
of  the  planetary  system. 

According  to  another  extreme  supposition,  the  intense 
heat  energy  of  this  nebulous  mass  might  have  been 
mostly  radiated  away  into  the  unknown  regions  of  outer 
space.  The  attraction  of  gi^avity  would  then  have  shown 
itself  between  etich  two  particles^  and  the  energy  of 
motion  thence  arising  woiUd,  by  incessant  conflicts,  be 
resolved  into  heat  and  dissipated. 

Inconceivable  ages  might  be  required  for  the  com- 
pletion of  tliis  process,  but  the  dissipation  of  energy  thus 
proceeding  could  end  only  in  the  production  of  a  cold 
and  motionless  stone-like  universe.  The  relation  of  cause 
and  effect,  as  we  see  it  manifested  in  life  and  growth, 
would  then  degenerate  into  the  constant  existence  of 
every  particle  in  a  fixed  position  relative  to  every  other 
particle.  Logical  and  geometrical  resemblances  would  still 
exist  between  atoms,  and  between  groups  of  atoms  crys- 
tallied  in  their  appropriate  forms  for  ever  more.  But 
time,  the  groat  variable,  would  bring  no  variation,  and 
as  to  human  hopes  and  troubles,  they  would  have  come  to 
eternal  rest. 

Science  is  not  really  adequate  to  proving  that  such 
is  the  inevitable  fate  of  the  universe,  for  we  can  seldom 
trust  our  best  established  theories  and  most  carefid  in- 
ferences far  from  their  data.  Nevertheless,  the  most 
probable  speculations  which  we  can  form  as  to  the  history, 
especially  of 
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nated  in  a  heated  revolving  nebulous  mass  of  gas,  and 
is  in  a  state  of  almost  infinitely  slow  progress  towai'ds  the 
cold  and  atony  conditioa  Other  speculative  hypotheses 
might  doubtless  be  entertained.  Every  hypothesis  is 
pressed  by  difficulties.  If  the  whole  universe  be  cooling, 
where  does  the  heat  go  to  %  If  we  are  to  get  rid  of  it 
entirely,  outer  space  must  be  infinite  in  extent,  so  that  it 
shall  never  be  stopped  and  reflected  back.  But  not  to 
speak  of  metaphysical  difficulties,  if  the  medium  of  heat 
undulations  be  infinite  in  extent,  why  should  not  the 
materiid  bodies  placed  in  it  be  infinite  also  in  number  and 
quantity.  It  is  cjuite  apparent  that  we  are  venturing 
into  speculations  which  altogether  surpass  our  powers 
of  scientific  inference.  But  then  I  am  arguing  nega- 
tively ;  I  wish  only  to  show  tliat  those  who  speak  of 
the  miiformity  uf  nature,  and  the  reign  of  law,  often 
misinterpret  entirely  the  meaning  involved  in  those 
expreBsions.  Law  is  not  inconsistent  with  extreme  di- 
versity, and,  so  fiir  as  we  can  read  the  history  of  this 
planetary  system,  it  did  most  probably  originate  in  heated 
nebulous  matter,  and  man  s  history  forms  but  a  moment 
in  its  progress  towards  the  cold  and  stony  condition.  It 
is  by  very  doubtfid  and  speculative  hypotheses  alone  that 
we  can  avoid  such  a  conclusion,  and  I  depart  least  from 
undoubted  facta  and  well-estabHshed  laws,  when  I  assert 
that,  whatever  imilbrmities  may  underfie  the  phenomena 
of  nature,  constant  variety  and  ever-progressing  change  is 
the  real  outcome. 
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Speculations  on  the  Reconcentratimi  of  Energy, 

Tliere  are  unequivocal  indications,  as  I  have  said,  that 
the  material  universe,  as  we  at  present  see  it,  is  pro- 
gressing from  some  act  of  creation,  or  some  discon- 
tinuity of  existence  of  which  the  date  may  be  approxi- 
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mately  fixed  by  scientific  inference.  It  is  progressing 
towards  a  state  in  which  the  available  energy  of 
matter  will  be  dissipated  through  infinite  snrrouuding 
space,  and  all  matter  will  become  cold  and  lifeless.  This 
constitutes,  as  it  were,  the  historical  period  of  physical 
science,  that  over  which  our  Bcieutific  insight  may  more 
or  less  extend.  But  in  this,  as  in  other  cases,  we  have 
no  right  to  interpret  our  experience  negatively,  so  as  to 
infer  that  because  the  present  state  of  tilings  began  at 
a  particular  time,  there  was  no  previous  existence.  It 
may  be  that  the  present  period  of  material  existence  is 
but  one  of  an  indefinite  series  of  like  periods.  All  that 
we  can  see,  and  feel,  and  infer,  and  reason  about  may 
be,  as  it  were,  but  a  part  of  one  single  pulsation  in  the 
existence  of  the  universe. 

After  Sir  W.  Thomson  had  pointed  out  the  prepon- 
derating tendency  which  now  seems  to  exist  towards  the 
conversion  of  all  enei-gy  into  heat-euergy,  and  its  equal 
diflusion  by  radiation  throughout  space^  the  late  Pro- 
fessor Rankine  put  forth  a  remarkable  speculationK  He 
suggested  that  the  ethereal,  or  rather,  as  I  have  called  it, 
the  adammitine  medium  in  which  all  the  stars  exist,  and 
all  radiation  takes  place,  may  have  bounds,  beyond  which 
only  empty  space  may  exist*  All  heat  undulations  reach- 
ing this  boundary  will  be  totally  reflected,  according  to  the 
theory  of  undulations,  and  will  in  all  probabihty  be  recon- 
centrated  into  foci  situated  in  many  parts  of  the  medium* 
Whenever  a  cold  and  extinct  star  happens  to  pass  through 
one  of  these  foci,  it  wiU  be  instantly  ignited  and  resolved 
by  intense  beat  int<3  its  constituent  elements.  A  discon- 
tinuity will  occur  In  the  historj"  of  that  portion  of  matter, 
and  the  stiir  will  begin  its  histoiy  afresh  with  a  renewed 
store  of  energy. 

This  is  doubtless  a  mere  speculation,  incapable  of  veri- 
*  Report  of  the  British  Association'  (1852),  Report  of  Sections,  p.  12. 
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fioatioii  by  obeenratiaii,  and  almost  free  fram  anj 
fiiriciknis  afibrded  by  preeent  knowled|ge*  We  might  m 
bate  vanoiia  sbapa  to  the  whole  body  of  adamaDt 
medium,  and  the  ooosequences  would  be  Tariou& 
ih&re  m  thb  Talue  in  such  speculations,  that  thev  di 
atUfDtion  to  the  finiimesg  of  our  knowledge.  We  can 
deny  the  powble  troth  of  such  an  hypothesis,  nor  can 
place  a  limit  to  the  scientific  imagination  in  the  fratni 
of  other  like  hrpothesee.  It  is  impossible,  indeed, 
follow  out  our  scientific  inferences  without  falling  i 
speculation.  If  heat  be  radiated  into  outward  space 
must  either  proceed  ad  uifinkum,  or  it  must  be  6top| 
somewhere.  In  the  latter  case  we  fall  upon  Kankin 
hjrpotheffls.  But  if  the  material  universe  consist  of  a  fin 
collection  of  heated  matter  situated  in  a  finite  portion 
an  infinite  adamantine  medium,  then  either  this  imivei 
must  have  existed  for  a  finite  time,  or  else  it  must  ha 
cooled  down  during  the  infinity  of  past  time  indefinite 
near  to  the  absolute  zero  of  temperature,  I  objected 
Lucretius'  argiunent  against  the  destructibility  of  matt< 
that  we  have  no  knowledge  whatever  of  the  laws  accon 
ing  to  which  it  would  undergo  destruction*  But  we 
know  the  laws  according  to  which  the  dissipation  of  be« 
appears  to  proceed,  and  the  conclusion  inevitably  is  that 
finite  heated  material  body  placed  in  a  perfectly  coi 
infinitely  extended  mediuin  would  in  an  infinite  tin: 
become  infinitely  approximated  to  zero*  Now  our  ow 
world  is  not  yet  cooled  down  near  to  zero,  so  that  physio 
science  seems  to  place  us  in  the  dilemma  of  admittin 
either  the  finiteness  of  past  duration  of  the  world,  or  eh 
the  finiteness  of  the  portion  of  medium  in  wliich  we  exid 
In  either  case  we  become  involved  in  metaphysical  an 
mechanical  difficulties  surpassing  our  mental  powers. 
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The  Divergent  Scope  for  New  Discovery, 

In  the  wi'itings  of  some  recent  philosophers,  especially 
of  Auguste  Comte,  iukI  in  some  tlegree  John  Stuart  Mill, 
tljere  is  an  erroneous  and  hurtful  tendency  to  represent 
our  knowledge  as  assuming  an  approximately  complete 

I  character.  At  least  these  and  many  other  wTitei-s  fail  to 
im|)ress  upon  their  readers  a  truth  which  I  think  cannot 
be  too  constantly  borne  in  mind,  namely,  that  the  utmost 
successes  which  our  scientitic  method  can  accomplish  will 
not  enable  us  to  comprehend  more  than  an  infiniteBimal 
fraction  of  what  there  doubtless  is  to  comprehend.  Pro- 
fessor TjoidaU  seems  to  me  open  to  the  same  charge  in  a 
less  degree.  He  remtu'ks^  that  we  can  probably  never 
bring  natural  phenomena  completely  tmder  mathematical 

,  laws,  because  the  approach  of  our  sciences  towards  com- 
pleteness may  perhaps  be  asymptotic,  so  that  however  far 
twe  may  go,  there  may  still  remain  some  facts  not  subject 
to  scientific  explanation.  He  thus  likens  the  supply  of 
novel  phenomena  to  a  convergent  series,  the  earlier  and 
larger  terms  of  w^hich  have  been  successfully  disposed  of, 
so  that  only  comparatively  minor  groups  of  phenomena 
remain  for  future  investigators  to  occupy  themselves  upon. 
On  the  contraiy,  as  it  appears  to  me,  the  supply  of  new 
and  unexplained  facts  is  divergent  in  extent,  so  that  the 
more  we  have  explained,  the  more  there  is  to  explain. 
Tlie  further  we  fulvance  in  any  generalization,  the  more 
numerous  and  intricate  are   the   exceptional   cases   still 

I'     demanding  further  treatment.     The  experiments  of  Boyle, 

'  Mariotte,  Dalton,  Gay-Lussac,  and  others,  upon  the 
physical  properties  of  gases  might  seem  to  have  ex- 
hausted that  subject  by  showing  that  all  gases  obey  the 
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Bame  lawg  as  r^ards  temperature,  pressune;  ami  Tolumep 
But  in  reality  t^ese  lawa  are  only  approximatelv  true, 
and  the  divergences  have  afforded  a  wide  and  yet  quite 
unexhausted  field  for  further  generalization-  The  maie 
recent  discoveries  of  Cagniard  de  la  Tour  and  Professor 
Andrews  might  seem  to  have  simimed  up  many  of  these 
exceptional  facts  imder  a  wider  generalization,  but  in 
reality  they  have  opened  to  us  vast  new  r^ons  of  in- 
teresting inquiry,  and  they  leave  wholly  untouched  the 
question  why  one  gas  or  one  substance  behaves  differently 
fVom  another. 

The  science  of  Crystallography  is  that  perhaps  in  which 
the  most  precise  and  general  laws  have  been  detected,  but 
it  would  be  utterly  untrue  to  assert  that  it  has  lessened 
the  area  of  future  discovery.  We  can  show  that  each  one 
of  the  seven  or  eight  hundred  forms  of  calcite  is  derivable 
by  plain  geometrical  modifications  from  an  hexagonal 
prism,  but  who  has  attempted  to  explain  the  molecular 
forces  producing  these  modifications,  or  the  chemical  con- 
ditions in  wliich  they  arisej  The  law  of  isomorphism  is 
an  important  generalization,  for  it  establishes  a  general 
resemblance  between  the  forms  of  crystallization  of  natural 
classes  of  elementa  But  if  we  examine  a  little  more 
closely  we  find  that  these  forms  are  only  approximately 
alike,  and  the  divergence  peculiar  to  each  substance  is  an 
unexplained  exception. 

By  many  similar  illustrations  it  might  be  readily  shown 
that  in  wluitever  direction  we  extend  our  investigatiouB 
and  succef^sfiilly  harmonize  a  few  facts,  the  result  is  only 
to  raise  up  a  host  of  other  unexplained  facts.  Can  any 
scientific  man  venture  to  state  that  there  is  less  opening 
now  for  new  discoveries  than  there  was  three  centuries 
ago  ?  Is  it  not  rather  true  that  we  liave  but  to  open  a 
cientific  book  and  read  a  page  or  two,  and  we  shall  in  all 
*  probability  come  to  some  recorded  phenomenon  of  which 
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10  precise  explanation  can  yet  be  given  ?  In  every  such 
let  there  is  a  possible  opening  for  new  discoveries,  and  it 
m  only  be  tbe  fanit  of  the  investigators  mind  if  he  can 

Took  aroimd  him  and  find  no  scope  for  tbt;  exercise  of  his 

liacnlties. 


The  Injinite  Incomjyleteness  of  the  Mathematical 
Sciences, 

There  ie  one  privilege  which  a  certain  amount  of  know- 
ledge should  confer;  it  is  that  of  becoming  aware  of  the 
indefinite  w^eakness  of  our  powers  compared  with  tlie  tasks 
which  they  might  undertake  if  stronger.  To  the  poor 
savage  who  cannot  count  twenty,  the  arithmetical  accom- 
plishments of  the  ordinary  echoolboy  are  miraculously 
great  in  comparison.  The  schoolboy  camiot  comprehend 
the  almost  infinitely  greater  powers  of  tlie  student,  who 
has  acquired  facility  with  algebraic  processes.  The  student 
can  but  look  ^vith  feeUngs  of  surjjrise  and  reverence  at 
the  powers  of  a  Newton  or  Laplace.  But  the  question  at 
once  suggests  itself,  Do  the  powers  of  the  highest  human 
intellect  bear  any  moderate  ratio  to  the  things  which  are 
to  be  understood  and  calculated  ?  How  many  fui'ther 
steps  must  we  take  in  the  rise  of  mental  ability  and  the 
extension  of  mathematical  method  before  we  begin  to 
exhaust  the  knowable  1 

I  am  inclined  to  find  fault  with  mathematical  writers 
because  they  often  exult  in  what  they  can  accomplish,  but 
omit  to  point  out  that  what  they  do  is  but  an  indefinitely, 
nay  an  infinitely,  small  part  of  what  might  be  done.  They 
exhibit  a  general  inclination,  with  few  exceptions,  not  to 
do  60  much  as  mention  the  existence  of  problems  of  an 
impractiaible  character.  This  may  be  excusable  so  far  as 
tlie  immediate  practical  result  of  their  researches  is  in 
luestion,  but  the  custom  has  the  effect  of  misleading  the 
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general  public  into  the  fallacious  notion  that  mathematics 
is  a  perifect  science,  which  accomplishes  what  it  under- 
takes in  a  complete  manner.  On  the  contrary,  it  may  be 
lid  that  if  a  mathematical  problem  were  selected  by  pure 
^chance  oat  of  tJie  whole  variety  which  might  be  proposed, 
the  probability  is  infinitely  slight  that  a  human  mathe- 
matician could  solve  it.  Just  as  the  numbers  we  can  coimt 
or  frame  to  the  mind  are  literally  nothing  compared  with 
the  numbers  which  might  exist,  so  the  whole  accomplish- 
ments of  a  Laplace  or  a  Lagrange  are,  as  it  w^ere,  the 
little  comer  of  the  multiplication  table,  which  has  really 
an  indefinite  extent. 

I  have  sufficiently  pointed  out  that  the  rude  character 
of  all  our  observations  prevents  us  from  lieing  aware  of 
the  existence  of  the  greater  number  of  efiects  and  actions 
of  nature.  It  must  be  added  that,  if  we  perceived  them, 
we  should  usually  lie  incapable  of  iDchidiog  them  in  our 
theories  from  want  of  mathematical  power.  Some  persons 
may  be  surprised  tliat  though  nearly  tw^o  centuries  have 
elapsed  since  the  time  of  Newton's  discoveries,  we  have 
yet  no  general  theory  of  molecular  action.  Some  approxi- 
mations have  been  made  towards  such  a  theory.  Joule 
and  Clausius  have  measured  the  velocity  of  gaseous 
atoms,  or  even  determined  the  distance  between  the  col- 
lision of  atom  and  atom.  Sir  W.  Thomson  has  approxi- 
mated to  the  number  of  atoms  in  a  given  bulk  of  sub- 
stance. Rankiiie  has  formed  some  reasonable  hypotheses 
as  to  the  actual  constitution  of  atoms,  but  it  w^oidd  be  a 
mistake  to  suppose  that  these  ingenious  results  of  theory 
and  experiment  form  any  appreciable  approach  to  a  com* 
plete  tolutiun  of  molecular  motiona  There  is  every 
reason  to  believe,  judging  from  the  spectra  of  the  elements, 
and  from  other  reasons,  that  even  chemical  atoms  are  very 
complicated  structures.  An  atom  of  pure  iron  is  probably 
a  v^istly  more  compliciited  system  ttian  that  of  the  planets 
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and  their  satellites,  A  compound  atom  may  perhaps  be 
compared  with  a  steDar  system,  each  star  a  minor  system 
in  itself*  The  smallest  particle  of  solid  substance  will 
consist  of  a  vast  number  of  such  stellar  systems  imited 
in  regular  order,  each  Iwunded  by  the  otber,  communi- 
cating with  it  ill  some  manner  yet  wholly  imcomprehen- 
sible.  Now  what  are  our  mathematical  powers  in  com- 
parison with  tliis  problem  ? 

After  two  centuries  of  continuous  labour,  the  most 
gil'ted  men  have  succeeded  in  calculating  the  mutual 
effects  of  three  bodies  each  upon  the  other,  under  the 
simple  hypothesis  of  the  law  of  gravity.  Concerning 
these  calculations  w^e  must  further  remember  that  they 
are  purely  approximate,  and  that  the  methods  would  not 
apply  where  four  or  more  bodies  are  acting,  and  all  pro- 
duce considerable  effects  each  upon  the  other,  Tliere  is 
every  reason  to  believe  that  each  constituent  of  a  chemical 
atom  must  go  through  an  orbit  in  the  millionth  part  of 
the  twinkling  of  an  eye,  in  which  it  successively  or  simul- 
taneously is  under  the  influence  of  many  other  consti- 
tuents, or  possibly  comes  into  collision  with  them.  It  is, 
I  apprehend,  no  exaggeration  to  say  that  mathematicians 
have  scarcely  a  notion  of  the  way  in  whicli  they  could 
successfully  attack  so  difficult  a  problem  of  forces  and 
motions.  Each  of  these  particles  is  for  ever  solving  dif- 
ferential equations,  which,  if  wiitten  out  in  full,  might 
perhaps  belt  the  earth,  as  Sir  J.  Herschel  has  beautifully 
remarked  "\ 

Some  of  the  most  extensive  calculations  ever  made,  were 
those  required  for  the  reduction  of  the  measurements 
executed  in  the  course  of  the  Trigonometrical  Survey  of 
Great  Britain.  The  calculations  arising  out  of  the  prin- 
cipal triangidation  alone  occupied  twenty  calculators 
during  three  or  four  years,  in  the  course  of  which   the 

tn  *  Famlllnr  Lectures  on  Scientific  Subjecta,*  p.  458, 


oomputesB  had  to  ealve  simnlteiieoiiB  equations  iDTolving 
Beventj-^ereti  anknown  qoaotities.  The  redoction  of  the 
lereUings  again  reqiniBd  the  salotion  of  a  syBtem  of 
nmdty-ooe  eqnaticMis.  But  these  vast  calculatioiis  pioamt 
DO  approach  whatever  to  what  would  be  requisite  for  the 
complete  treatment  of  anj  one  physical  proUeai.  The 
motion  of  glaciers  is  supposed  to  be  moderate j  well 
understood  in  the  present  day.  A  glacier  is  a  iriscid, 
slowly  yielding  maa%  neither  aheolately  solid  nor  abso- 
lutely rigid,  but  it  is  expressly  remarked  by  Forbes", 
that  not  even  an  approximate  solution  of  the  mathe^ 
matical  conditions  of  such  a  moving  mass  can  yet  be  poflr 
eible,  *  Every  one  knows/  he  says,  *  that  such  problems 
are  beyond  the  compass  of  exact  mathematics;'  but 
though  mathematicians  may  know  this,  they  do  not  often 
enough  impress  that  knowledge  on  other  people. 

The  problems  which  are  solved  in  our  mathematical 
books  consist  of  a  small  selection  of  those  which  happen 
from  peculiar  conditions  to  be  practicable.  But  the  veiy 
simplest  problem  in  appearance  will  often  give  rise  to 
impracticable  calculations.  Mr.  Todhunter*'  seems  to 
blame  Condoroet,  because  in  one  of  his  memoirs  he  men- 
tions a  problem  to  solve  which  would  require 


I 
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successive  integrations.  Now  if  our  mathematical  sciences  , 
are  to  pretend  to  cope  with  the  problems  which  await  solu-  fl 
tion,  we  must  be  prepared  to  effect  an  unlimited  number  " 


prepared 

of  successive  integrations ;  yet  at  present,  and  almost 
beyond  doubt  for  ever,  the  probability  that  even  a  single 
integration,  taken  haphazard,  will  be  found  to  come  within 
our  powers  is  exceedingly  Bmall. 

la  some  passages  of  that  most  remarkable  work,   the 

"  '  Philosophical  Mflgazine,*  3rd  Series,  vol.  xxvi.  p.  406. 
«  *  History  of  the  Theory  of  Probability/  p.  398, 
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*  Ninth  Bridgwater  Treatise  f','  Mr.  Babbage  has  pointed 
out  that  if  we  had  power  to  follow  and  detect  the  minutest 
efiects  of  any  disturbance,  each  particle  of  existing  matter 

ImuBt  be  a  register  of  all  that  has  happened,  '  The  track 
of  every  amoe — of  every  vessel  that  has  yet  disturbed 
the  sm-face  of  the  ocean,  whether  impelled  by  manual 
force  or  elemental  power,  remains  for  ever  registered 
in  tlie  future  movement  of  all  succeeding  particles  which 
may  occupy  its  place,  Tlie  fiu'row  whiuh  it  left  is,  indeed, 
I  instantly  filled  up  by  the  closing  waters ;  but  they  draw 
^kifter  them  other  and  larger  portions  of  the  surrounding 
~  element,  and  these  again,  once  moved^  communicate  mo- 
tion to  others  in  endless  succession.'  We  may  even  say 
that  *  The  air  itself  is  one  vast  library,  on  whose  pages 
are  for  ever  written  all  that  man  has  ever  said  or  even 
wliispered.  There,  in  their  mutable  but  unerring  charac- 
ters, mixed  wath  the  earliest,  as  well  as  the  latest  sighs 
of  mortality,  stand  fur  ever  recorded,  vows  unredeemed, 
promises  unfulfilled,  perpetuating  in  the  united  move- 
ments of  each  particle,  the  testimony  of  man's  changeful 
wiU'S' 

When  we  read  truthful  reflections  such  as  these,  we 
ay  congratulate  ourselves  that  we  have  been  endowed 
ifch  minds  which,  rightly  employed,  cim  form  some  esti- 
mate of  their  incapacity,  to  trace  out  and   account  for 
all  that  proceeds  in  the  simpler  actions  of  material  nature. 
It  ought  to  be  added  that,  wonderful  as  is  the  extent 
of  physical   phenomena  open  to  our  investigation,  intel- 
lectual phenomena  are  yet  vastly  more  extensive.      Of 
this  I  might  present  one  satisfactory  proof  were  space 
available  by  pointing  out  that  the  mathematical  functions 
mployed  in  the  calculations  of  physical  science,  fonn  an 
infinitely  small  fraction  of  the  ftmctions  which  may  be 

1'  *  Ninth  Bridgwater  Treatise/  p.  115. 
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ntTentecL  CoBUDoa  trigonoiDetiy,  for  intstamee,  coofiisia 
of  a  great  eeriea  of  mefal  fimniilafi^  all  of  which  arise 
out  of  the  ranple  fimdamental  reklMi  of  the  ame  and 
costoe  exporea^ed  in  the  oine  eijnatiofi 

«n  ^  +  ooe*ap=  I.  _ 

Bot  th»  is  not  the  onlj  trigooooieizj  which  Eiiaj 
malhematicians  also   recognise  the  so-called    hTperbolie 
trigODometiy  of  whidi  the  fandameDtal  eqxmtion  is 

COS  *x— sin  *jr=  i. 
De  Morgan  has  pointed  oat  that  the  symbols  of  ordinaiy 
algebra  form  but  three  of  an  interminable  sc^es  of  con- 
ceiTable  Bystenis\  As  the  logarithmic  operation  is  to  addi- 
tion or  addition  to  multiplication,  so  is  the  latter  to  a 
higher  operation,  and  so  on  without  limit 

We  may  rely  upon  it  that  indefinite,  and  to  us  incon* 
ceivable,  advances  will  be  made  by  the  human  intellect,  in 
the  aljsence  of  any  unforeseen  catastrophe  to  the  species 
or  the  glol>e.  Almost  within  historical  periods  we  can 
trace  the  rise  of  mathematical  science  firom  its  simplest 
germs.  We  can  prove  our  descent  from  ancestors  who 
counted  only  on  their  fingers,  but  how  almost  infinitely 
is  a  Newton  or  a  Laplace  above  those  simple  savages. 
Pytliagoras  is  said  to  have  sacrificed  a  hecatomb  when 
he  discovered  the  Foriy*seventh  Proposition  of  Euclid,  and 
the  oocasiori  was  wortliy  of  the  sacrifice.  Archimedes  was 
be«ide  himself  when  he  first  perceived  his  beautiful  mode 
of  determining  specific  gravities.  Yet  these  great  dis- 
coveries are  the  simplest  elements  of  our  schoolboy-know- 
led^^e.  Step  by  step  we  can  trace  upwards  the  acquirement 
of  new  mentid  powers.  What  could  be  more  wonderful 
and  unexpected  than  Napiers  discovery  of  logarithms,  a 
wholly  new  mode  of  calculation  which  has  multiplied 
perhaps  a  hundredfold  the  working  powers  of  every 
computer,  and  indeed  ha-s  rendered  easy  calculations  which 

*  Trignnometr}^  (ind  Dotiljlo  Algebra/  cliap.  IX. 
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were  before  almost  impracticable.  Since  the  time  of 
Newton  and  Leibnitz  whole  worlds  of  problems  have 
been  solved  which  before  were  hardly  conceived  as  matters 
of  inquiry.  In  our  own  day  extended  methods  of  mathe- 
matical reasoning,  such  as  the  system  of  quaternions, 
have  been  brought  into  existence.  What  intelligent  man 
will  doubt  that  the  recondite  speculations  of  a  Cayley 
or  a  Sylvester  may  possibly  lead  to  some  new  methods, 
at  the  simplicity  and  power  of  which  a  future  age  will 
wonder,  and  yet  wonder  more  that  to  us  they  were  so 
dark  and  difficult.  May  we  not  repeat  the  words  of  Seneca  ; 
*  Veniet  tempus,  quo  ista  quae  nunc  latent,  in  lucem  dies 
extrahat,  et  longioris  sevi  diligentia  :  ad  inquisitionera 
tant/orum  setas  ima  non  sufficit.  Veniet  tempus,  quo  pos- 
teri  nostri  tam  aperta  nos  nescisse  mirentur.* 


The  Reign  of  Law  in  Mental  and  Social  Phenomena. 

After  we  pass  from  the  so-called  physical  sciences  to 
those  which  attempt  to  investigate  mental  and  social 
phenomena,  the  same  general  conclusions  will  hold  true. 
No  one  will  be  found  to  deny  that  there  are  certain  uni- 
formities of  thinking  and  acting  which  can  be  detected 
in  reasoning  beings,  and  so  far  as  we  detect  such  laws 
we  successfully  apply  scientific  method.  But  those  who 
attempt  thus  to  establish  social  or  moral  sciences,  soon 
become  aware  that  they  are  dealing  with  subjects  of 
enormous  perplexity.  Take,  for  instance,  the  science  of 
Political  Economy.  If  a  science  at  all,  it  must  be  a  mathe- 
matical science,  because  it  deals  with  quantities  of  com- 
modities. But  so  soon  as  we  attempt  to  draw  out  the 
equations  expressing  the  laws  of  variation  of  demand  and 
supply,  we  discover  that  they  must  have  a  complexity 
entirely  surpassing  our  powers  of  mathematical  treatment. 
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the  general  form  of  the  equations,  ex- 
aad  supply  for  two  or  three  commo- 
nmg  two  or  three  trading  bodies,  but  all  the 
iaTobred  are  of  so  complicated  a  character  that 
|j|m#  ii  not  much  fear  of  scientific  method  making  a 
mf^^  nnioT«g6  in  this  direction.  If  such  be  the  prospects 
of  a  atively  formal  science,  like  Political  Economy, 

wllikt  shall  we  say  of  Moral  Science?  Any  complete 
ibiory  of  morals  must  deal  with  quantities  of  pleasure 
litfl  pain,  418  Bentham  pointed  out,  and  must  sum  up  the 
gSB^Eiftl  tendency  of  each  kind  of  action  upon  the  good 
id  the  oummmiity.  If  we  are  to  apply  scientific  method 
lo  moralsv  we  must  have  a  c^culus  of  moml  effects,  a 
^ini  of  physical  astronomy  investigating  the  mutual  per- 
lnilMbtionH  of  individuals.  But  as  astronomers  have  not 
Y^  ftiUy  solved  the  problem  of  three  gravitating  bodies^ 
whvu  t^hall  we  have  a  solution  of  the  problem  of  three 
fwurttl  bodies  ? 

Xv»w  the  sciences  of  political  economy  and  morality  are, 
v\»ankuratively,  abstract  and  general,  treating  mankind 
Ckvuu  nimple  points  of  view,  and  attempting  to  detect 
Ij^vu^i'^d  grounds  of  action.  They  are  to  social  phenomena 
^Wt  the  general  sciences  of  chemistry,  heat,  and  electri- 
^\\  ai'o  to  the  concrete  science  of  meteorology.  Before 
|v  VHti  investigate  the  actions  of  any  aggregate  of  men, 
fS"  u^\u<t  have  fairly  mastered  all  the  more  abstract 
W*  ^PP'y'^g  ^  them,  somewhat  in  the  way  that 
\^^yv  acquired  a  fair  comprehension  of  the  simpler 
of  cliemistry  and  physics.  But  all  our  physical 
<Wii  do  not  enable  us  to  predict  the  weather  two  days 
sMtli  any  great  probability,  and  the  general  problem 
^'^oity  is  almost  miattempted  as  yet.  What  shall 
»  of  tlie  general  problem  of  social  science,  wliich 
d4o  us  to  predict  the  course  of  events  in  a  nation  ? 
hf^^im  Imuvc  indeed  been  several  writers  who  have  pro- 
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posed  to  lay  the  foundations'  of  the  science  of  history. 
The  late  Mr.  Buckle  undertook  to  write  the  'History  of  ^ 

Civilisation  in  England/  and  showed  how  the  character 
of  a  nation  could  be  explained  by  the  nature  of  the 
climate  and  the  fertility  of  the  soil.  He  omitted  to 
explain  the  contrast  between  the  ancient  Greek  nation 
and  the  present  one  ;  either  there  must  have  been  an 
extraordinary  revolution  in  the  climate  and  the  soil,  or 
some  more  complex  causes  must  be  imagined  to  have 
come  into  operation,  Auguste  Corate  detected  some  very 
fimdamental  and  simple  laws  of  development  through 
w^hich  nations  pass.  There  are  always  three  phases  of 
intellectual  condition, — -the  theological,  the  metaphysical, 
and  the  positive ;  and  applying  this  general  law  of 
progress  to  concrete  cases,  Comte  was  enabled  to  predict 
that  in  the  hierarchy  of  European  nations,  Spain  would 
necessarily  hold  the  highest  place.  Such  are  the  paro- 
dies of  science  ofiered  to  us  by  the  so-called  positive 
philosophers, 

A  science  of  history  in  the  true  sense  of  the  term  is 
an  absurd  notion*  A  nation  is  not  a  mere  sum  of  in- 
dividuals whom  we  can  treat  by  the  method  of  averages ; 
it  is  an  organic  whole,  held  together  by  ties  of  infinite 
complexity.  Each  individual  acts  and  re-acts  upon  his 
.€wn  smaller  or  greater  circle  of  friends,  and  those  who 
acquire  a  public  position,  exert  an  influence  on  much 
lai'ger  sections  of  the  nation.  There  w^iU  always  be  a 
few  great  leaders  of  exceptional  genius  or  opportunities, 
the  unaccountable  phases  of  whose  opinions  and  incli- 
nations svvav  the  whole  bodv,  even  when  thev  are  least 
aware  of  it.  From  time  to  time  arise  critical  positions, 
battles,  delicate  negotiations,  internal  disturbances,  in 
which  the  slightest  incidents  may  profoundly  change 
the  course  of  history*  A  rainy  day  may  hinder  a  forced 
march,  and  change  the  course  of  a  campaign ;   a  few  in- 
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judicious  words  in  a  despatch  may  irritate  the  national 
pride  ;  the  accidental  discharge  of  a  gun  may  precipitate 
a  collision,  the  effects  of  which  will  last  for  eentnriea 
It  is  said  that  the  history  of  Kurope  at  one  moment 
depended  upon  the  question  whether  tlie  look-out  man 
upon  NelBons  vessel  would  or  woidd  not  descry  a  ship 
of  Napoleon's  expedition  to  Egypt  which  waa  passing 
not  far  off.  In  human  affairs*  then,  the  smallest  effects  ■ 
may  produce  the  greatest  results^  and  in  such  cirtrum-  ^ 
staricen  the  real  application  of  scientific  method  is  out 
of  the  question. 


I 
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The  nieory  of  Evolution. 

Very  profound  pliilosophers  have  lately  generalized 
concerning  tlie  production  of  living  forms  and  the  mental 
and  moral  phenomena  regarded  as  their  highest  develop- 
ment- Mn  Herbert  Spencer^s  Theory  of  Evolution  pur- 
ports to  explain  the  origin  of  all  specific  differences^  so 
that  not  even  the  rise  of  a  Homer  or  a  Beethoven  would 
escape  from  his  broad  theories.  The  homogeneous  is  tin- 
stable  and  must  differentiate  itself,  says  Spencer,  and  hence 
comes  the  variety  of  human  institutions  and  characters. 
In  order  that  a  living  form  shall  continue  to  exist  and 
propagate  its  kind,  says  Mr.  Darwin,  it  must  be  suitable 
to  its  circumstances,  and  the  most  suitable  forms  will 
prevail  over  and  extirpate  those  which  are  less  suitable. 
From  these  fruitful  ideas  are  developed  theories  of  evo- 
lution and  natural  selection  which  go  far  towards  ac^ 
counting  for  the  existence  of  immense  numbers  of  living 
creatures — plants,  and  animab.  Apparent  adaptations  of 
organs  and  limlis  to  useful  purposes,  w^hich  Paley  and  ■ 
other  theologicans  regarded  a^  distinct  products  of  cre- 
ative  intelligence,  are   now    seen   to   foUow   as   natural 
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effects  of  a  constantly  acting  tendency.  Even  man, 
according  to  these  tlieories,  is  no  distinct  creation,  but 
rather  an  extreme  speeiraen  of  brain  development.  His 
nearest  cousins  are  the  apes,  and  his  jiedigree  ext-ends 
backwards  until  it  joins  that  of  the  lowliest  zoophytes. 

The  theories  of  Darwin  and  Spencer  are  doubtless  not 
demonstrated  ;  they  are  to  some  extent  hy])uthetieal,  just 
as  all  the  theories  of  ph}'sical  science  are  to  some  extent 
hypotlietical,  and  open  to  doubt  But  I  venture  to  look 
upon  the  theories  of  evolution  and  natural  selection  in 
their  main  features  as  two  of  the  most  probable  hypo- 
theses ever  proposed,  harmonizing  and  explaining  as  tliey 
do  immense  numbers  of  diverse  facts.  I  question  whether 
any  scientific  works  which  have  appeared  since  the  *  Prin- 
cipia'  of  Newton,  are  corapturable  in  importance  with  those 
of  Darwin  and  Spencer,  revoluttonizing  as  they  do  all 
our  views  of  the  origin  of  bodily,  mental,  mor;il,  and  social 
phenomena. 

Granting  all  this,  I  cannot  for  a  moment  admit  that 
the  theory  of  evolution  will  alter  our  theological  views. 
That  theory  embraces  several  laws  or  uniformities  which 
are  observed  to  be  true  in  the  production  of  living  forms ; 
but  these  laws  do  not  determine  the  size  and  figiu'e  of 
living  creatures,  any  more  than  the  law  of  gravitation 
determines  the  magnitudes  and  distances  of  the  planets. 
Suppose  tluit  Daiwin  is  correct  in  saying  that  man  is 
descended  from  the  Ascidians  :  yet  the  precise  form  of 
the  human  body  must  have  been  influenced  by  an  infinite 
train  of  circumstances  aflecting  the  reproduction,  growth, 
and  health  of  the  whole  chain  of  intermediate  beings. 
No  doubt,  the  circumstances  being  what  they  were,  man 
could  not  be  otherwise  than  he  is,  and  if  in  any  other 
part  of  the  universe  an  exactly  similar  earth,  furniRhed, 
with  exactly  similar  germs  of  life,  existed,  a  race  must 
have  grown  up  there  exactly  similar  to  the  human  race. 
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By  a  different  distribution  of  atoms  in  the  priniseval 
world  a  different  series  of  living  forms  on  this  earth  must 
have  been  produced.  From  the  same  causes  acting  accord- 
ing to  the  same  laws,  the  same  results  will  follow  ;  but 
from  different  causes  acting  according  to  the  same  laws, 
different  resdts  will  follow.  So  far  as  we  can  see,  then, 
infinitely  diverse  living  creatures  might  have  been  cre- 
ated consistently  with  the  theory  of  evolution,  and  the 
precise  reason  why  we  have  a  back-bone,  two  hnnds  with 
opposable  thumbs,  an  erect  stature,  a  complex  brain,  about 
223  bones,  and  many  other  pecuUarities,  is  only  to  be 
found  in  the  original  act  of  creation,  I  do  not,  any  less 
than  Paley,  believe  that  the  eye  of  man  manifests  design, 
I  believe  that  the  eye  was  gradually  developed,  and  we 
can  in  fact  trace  its  graduiJ  development  from  the  first 
geiTQ  of  a  nerve  affected  by  light  rays  in  some  simple 
zoophyte.  In  proportion  as  the  eye  became  a  more 
delicate  and  accurate  instrument  of  vision,  it  enabled  its 
possessor  to  escape  destruction,  but  the  ultimate  result 
must  have  been  contained  in  the  aggregate  of  the  causes, 
and  these  causes,  so  far  as  we  can  see,  were  subject  to 
the  arbitrary  choice  of  the  Creator* 

Although  Professor  Agassiz  is  clearly  wrong  in  holding 
that  every  species  of  animals  or  plants  has  appeared  on 
earth  by  the  immediate  intervention  of  the  Creator,  which 
would  amomit  to  saying  that  no  laws  of  coimexion  be- 
tween forms  are  discoverable,  yet  he  seems  to  be  right  in 
asserting  that  living  forms  are  entirely  distinct  from  those 
produced  from  purely  physical  causes.  '  The  products  of 
what  are  commonly  called  physical  agents,'  he  says",  *are 
everywhere  the  same  {i.e.  upon  the  whole  surface  of  the 
earth)  and  have  always  been  the  same  (/<  t%  during  all  geo- 
logical periods) ;  while  organized  beings  are  everywhere  dif- 
ferent and  have  differed  in  all  ages.  Between  two  such  series 
"  Agaesiz,  •  Essay  on  Classificatioii/  p.  75. 


of  phenomena  there  can  be  no  causal  or  genetic  connexion.* 
Living  forms  as  we  now  regard  them  are  essentially 
variable.  Now  from  constant  mechanical  causes  constant 
eflects  would  ensue-  If  vegetable  cells  are  formed  on 
geometrical  principles,  being  first  spherical*  and  then  by 
mutual  compression  dodecahedral,  then  all  cells  should 
have  similar  forma  In  the  Foraminifera  and  some  other  of 
the  more  lowly  organisms,  we  do  seem  to  observe  the  pro* 
duetion  of  complex  forms  on  pure  geometrical  principles. 
But  from  similar  causes  acting  according  to  similar  laws 
and  principles,  only  similar  results  could  \ye  produced.  If 
the  original  life-germ  of  eaeli  creature  is  a  simple  particle 
c*f  protoplasm,  uneuilowod  with  any  distinctive  forces,  then 
the  whole  of  the  complex  phenomena  of  animal  and  vege- 
table life  are  effects  without  causes.  Protoplasm  may  be 
chemically  the  same  substimce,  and  the  germ-cell  of  a 
man  and  of  a  fish  may  be  apparently  the  same,  so  far  as 
the  microscope  can  decide ;  but  if  certain  cells  produce 
men  and  others  as  uniformly  produce  a  given  species  of 
fish,  there  must  be  a  hidden  constitution  determining  the 
extremely  diSerent  results.  If  this  were  not  so,  the 
generation  of  every  living  creature  from  the  uniform 
germ  would  have  to  be  regarded  as  a  distinct  act  of 
arbitrary  creation. 

Theolugians  have  dreaded  the  establishment  of  the 
theories  of  Darwin  and  Spencer,  as  if  they  thought  that 
those  theories  could  explain  everything  upon  the  purest 
mechanical  and  material  principles,  and  exclude  all  notions 
of  design.  They  do  not  see  that  those  theories  have 
opened  up  moi*e  questions  than  they  have  closed.  The 
doctrine  of  evolution  gives  a  complete  explanation  of  no 
single  living  form.  While  showing  the  general  principles 
which  prevail  in  the  variation  of  living  creatures,  it  only 
points  out  the  infinite  complexity  of  the  causes  and  cir- 
cumskmceB  which  have  led  to  the  present  state  of  things. 
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Any  one  of  Mr.  Darwin  s  books,  admirable  thougli  they  all 
are,  consists  but  in  the  setting  forth  of  a  multitude  of 
indeterminate  problems.     He  proves  in  the  most  beautiful 
manner  that  each  flower  of  an  orchid  is  adapted  to  some 
insect  which  frequents  and  fertilizes  it,  and  these  adapta- 
tions are  but  a  few  cases  of  those  immensely  numerous 
ones  which  have  occurred  throughout  the  life  of  plants  A 
and  animals.     But  why  orcliids  should  have  been  formed 
so  diflerently  from  other  plants,  why  anything,  indeed,  ^ 
should  be  as  it  is,  rather  than  in  some  of  the  other  in-  | 
finitely  numerous  possible   modes   of  existence,  he  can 
never  show.      The  origin    of  everything   that   exists   isi 
wrapped    up  in   the  past   history  of  the  universe.      At 
some  one  or  more  points  in  past  time  there  must  have 
been  arbitrary  determinations  which  led  to  the  produc-| 
tion  of  things  as  they  are. 

Possihility  of  Divine  Interference, 

I  will  now  draw  the  readers  attention  to  pages  168-17X 
of  the  first  volume.  I  there  pointed  out  that  all  inductive 
inference  involves  the  assumption  that  our  knowledge  of  J 
what  exists  is  complete,  and  that  the  conditions  of  things 
remain  unaltered  between  the  time  of  om*  experience  and 
the  time  to  wliich  our  inferences  refer.  Reciuring  to  the 
illustration  of  a  ballot-box,  employed  hi  the  Chapter  on 
the  Inverse  Method  of  Probabilities,  we  assume  when 
predicting  the  probaljle  nature  of  the  next  drawing,  that 
our  previous  drawings  have  been  sufficiently  numerous  to  I 
give  us  nearly  complete  knowledge  of  the  contents  of  the 
box  ;  and,  secondly,  that  no  interference  with  the  ballot- 
box  takes  place  between  the  previous  and  the  next  draw- 
uigs.  The  results  yielded  by  the  theory  of  probabilities 
are  quite  plain.  No  finite  number  of  casual  d^a^ving8  can 
.give  us  sure  knowledge  of  the  contents  of  the  box,  so  that. 


even  in  the  absence  of  all  disturbance,  our  inferences  ai*e 
merely  the  best  which  can  be  made,  and  do  not  approach 
to  infallibility.  If,  however,  interference  be  possible,  even 
the  theory  of  probability  ceases  to  be  applicable,  for,  the 
amount  and  nature  of  that  interference  being  arbitrary 
and  unknown,  there  ceases  to  be  any  connexion  between 
premises  and  conclusion.  Many  years  of  reflection  have 
not  enabled  me  to  see  any  way  of  avoiding  this  hiatus  of 
Bcientitic  certauity.  The  conclusions  of  scientific  inference 
appear  to  be  always  of  an  hypothetical  and  purely  pro- 
visional nature.  Given  certain  experience  the  theory  of 
probability  yields  us  the  true  interpretation  of  that  ex- 
perience  and  is  the  surest  guide  open  to  us.  But  tlie  best 
calculated  results  whicli  it  can  give  are  never  absolute 
probabilities ;  they  are  purely  relative  to  the  extent  of 
oiu;  information.  It  seems  to  be  impossible  for  us  to  judge 
how  far  our  experience  gives  us  adequate  information  of 
the  nnlveme  as  a  whole,  and  of  all  the  forces  and  pheno- 
mena which  can  have  place  therein. 

I  feel  that  I  cannot  in  the  space  remaining  at  my  com- 
mand in  the  present  volume,  sufficiently  follow  out  the 
lines  of  thought  suggested,  or  define  with  precision  my 
own  conclusions.  This  chapter  contains  merely  Rejieciionn 
upon  subjects  of  so  weighty  a  character  that  I  should 
myself  w^ish  for  many  years — nay  for  more  than  a  lifetime 
of  fiu-ther  reflection.  My  purpose,  as  I  liave  repeatedly 
said,  is  the  purely  negative  one  of  showing  that  atheism 
and  materialism  are  no  necessary  results  of  Scientific 
Method.  From  the  preceding  reviews  of  the  value  of  our 
scientific  knowledge,  I  draw  one  distinct  conclusion,  that 
we  cannot  disprove  the  possibility  of  Divine  interference 
in  the  course  of  nature.  Such  interference  might  arise,  so 
far  aa  our  knowledge  extends,  in  two  ways.  It  might 
consist  in  the  disclosure  of  the  existence  of  some  agent  or 
spring  of  energy  previously  unknown,  but  which  effects  a 
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given  purpose  at  a  given  moment.  Like  the  pre-arranged  ^ 
change  of  law  in  Babbage  s  Imaginary  Calculating  Machine,  ■ 
there  may  exist  pre-arranged  surprises  in  the  order  of 
nature,  as  it  presents  itself  to  us.  Secondly,  the  same 
Power,  which  created  material  nature,  might,  so  far  as 
I  can  see,  create  additions  to  it,  or  annihilate  portions 
which  do  exist  Such  events  are  doubtless  inconceivable 
to  us  in  a  certain  sense  ;  yet  they  are  no  more  inconceiv- 
able than  the  existence  of  the  world  as  it  is*  The  in- 
destructibility of  matter,  and  the  conservation  of  energy, 
are  very  probable  scientific  hypotheses,  which  accord  very 
satisfactorily  with  experiments  of  scientific  men  during 
a  few  years  past,  but  it  would  be  a  gross  misconception 
of  scientific  inference  to  suppose  that  they  are  certain 
in  the  sense  that  a  proposition  in  geometry  is  certain^ 
or  that  any  fact  of  direct  consciousness  is  certain  in  it- 
self. Philosophers  no  doubt  hold  that  de  nihilo  nUUl 
fit^  that  is  to  say,  their  senses  give  them  no  means  of 
imagining  to  the  mind  how  creation  can  take  place. 
But  we  are  on  the  horns  of  a  trilemraa ;  we  must  either 
deny  that  anything  exists,  or  we  must  allow  that  it  was 
created  out  of  nothing  at  some  determinate  date,  or  that 
it  existed  from  past  eternity.  The  fn^st  alternative  is 
absurd ;  tlie  other  two  seem  to  me  equtdly  conceivable. 


Conclusion. 

It  may  seem  that  there  \^  one  point  where  our  specu- ' 
lations  must  end,  namely,  Avhere  contradiction  begins.  The 
hxws   of  Identity   and  Diflerence  and  Duality  were  theJ 
very  foundations  from  which  we  started,  and  they  are,  bo 
far  as  I  can  see,  the  foundation  which  we  can  never  quit. 
Scientific  Method  must  begin  and  end  with  the  laws  of] 
thought,  but  it  does  not  follow  that  it  will  save  us  IVom^ 
encountering  inexplicable,  and  at  least  appai'ently  contra- 
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dictory  results.  The  very*  nature  of  contimious  quantity 
leads  us  into  extreme  difficulties.  Any  finite  length  is 
composed  of  an  infinite  number  of  infinitely  small  spaces, 
each  of  which,  again,  is  composed  of  an  infinite  number  of 
spaces  of  a  second  order  of  infinite  smallness;  these  spaces 
of  the  second  onler  are  composed,  again,  of  infinitely  small 
spaces  of  the  third  order.  Even  these  spaces  of  the  third 
order  are  not  absolute  geometrical  points  answering  to 
Euclids  definition  of  a  point,  as  position  without  mag- 
nitude. Go  on  as  far  as  we  will,  in  the  subdivision  of 
continiious  quantity,  yet  we  never  get  down  to  the  ab- 
solute point.  Thus  Scientific  Method  leads  me  to  the 
inevitable  conception  of  an  infinite  series  of  successive 
orders  of  infinitely  small  quantities.  If  so,  there  is  nothing 
impossible  in  the  existence  6f  a  myriad  universes  within 
tlie  compass  of  a  needle  a  point,  each  with  its  stellar  sys- 
tems, and  its  suns  and  planets,  in  number  and  variety 
unlimited.  Science  does  nothing  to  reduce  the  number 
of  strange  things  that  we  may  believe*  When  fairly 
pursued  it  makes  large  drafts  upon  our  powers  of  com- 
prehension and  belief. 

Some  of  the  most  precise  and  beautiful  theorems  in 
mathematical  science  seem  to  me  to  involve  apparent  con- 
tradiction. Can  we  imagine  that  a  point  moving  alongl 
a  perfectly  straight  line  towards  the  west,  would  ever 
I  get  round  to  the  east  and  come  back  again,  having 
performed  a  circuit  through  infinite  space,  as  it  were, 
yet  without  ever  diverging  from  a  perfectly  straight 
direction  ?  Yet  this  is  what  happens  to  the  intersecting 
point  of  two  straight  lines,  when,  being  in  the  same 
plane,  one  line  revolves  about  a  fixed  point.  The  same 
principle  is  exhibited  in  the  hyperbola,  which  may  be 
regarded  as  an  infinite  ellipse,  one  extremity  of  which 
has  passed  to  an  infinite  distance  and  come  back  in 
the  opposite  direction,     A  varying  quantity  may  change 
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that  the  wonders  aod  subtleties  of  possible  existence  sur- 
pass all  that  our  mental  powers  allow  us  clearly  to  per- 
ceive, The  study  of  abstract  logical  and  mathematical 
forms  has  seemed  to  convince  me  that  even  space  itself  is 
no  requisite  condition  of  conceivable  existence.  Every- 
thing, we  are  told  by  materialists,  must  be  here  or 
there,  nearer  or  further,  before  or  after,  I  deny  this^^ — 
and  point  to  logical  relations  as  my  proof 

There  formerly  seemed  to  me  to  be  something  highly 
mysterious  in  the  denominators  of  the  binomial  expansion 
(vol.  L  p,  216)  which  are  reproduced  in  that  strange 
natural  constant  t%  or 
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and  in  many  results  of  mathematical  analysis.  I  now 
perceive,  as  already  partially  explained  (vol.  i.  pp.  40-42, 
180,  181,  443,  444),  that  they  arise  out  of  the  fact 
that  the  relations  of  space  do  not  apply  to  the  logical 
conditions  which  govern  the  numbers  of  combinations  aa 
contrasted  to  those  of  permutations.  So  far  am  I  from 
accepting  Kant's  doctrine  that  space  is  a  necessary  form 
of  thouglit,  that  I  regard  it  as  an  accident,  and  an  im- 
pediment to  pure  logical  reasoning-  Material  existences 
must  exist  in  space  no  doubt,  but  intellectual  existences 
may  be  neither  in  space  nor  out  of  space ;  they  may  have 
no  relation  to  space  at  all,  just  as  space  itself  has  no  re- 
lation to  time.  For  all  that  I  can  see,  then,  there  may  be 
intellectual  existences  to  which  both  time  aod  space  are 
nullities. 

Now  among  the  most  unquestionable  rules  of  Scientific 
Method  is  that  first  law  that  whatever  phenomenon  is,  is. 
We  must  ignore  no  existence  whatever  ;  we  may  variously 
interpret  or  explain  ils  meaning  and  origin,  but  if  a  phe- 
nomenon does  exist  it  demands  some  kind  of  explanation* 
If  then  there  is  to  be  a  competition  for  scientific  reoog- 
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nition,  the  world  without  us  must  yield  to  the  undoubted 
existence  of  the  spirit  within.  Our  own  hopes  and  wishes 
and  determinations  are  the  most  undoubted  phenomena 
within  the  sphere  of  consciousness.  If  men  do  act,  feel» 
and  live  as  if  they  were  not  merely  the  brief  products  of  a 
casual  conjunction  of  atoms,  but  the  instruments  of  a  far- 
reaching  purpose,  are  w^e  to  record  all  other  phenomena  and 
pass  over  these  1  We  mvestigate  the  instincts  of  the  ant 
and  the  bee  and  the  beaver,  and  discover  that  they  are  led 
by  an  inscrutable  agency  to  work  towards  a  distant  pur- 
pose. Let  us  be  faithful  to  our  scientific  method,  and 
investigate  also  those  instincts  of  the  human  mind,  by 
which  man  is  led  to  work  as  if  the  approval  of  a  Higher* 
Being  were  the  aim  of  life. 
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320;  use  of  hypothesis,  137;  experi- 
mentum  cruds,  149;  latens  proces- 
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ments on  density  of  earth,  i.  430, 
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positions, 57. 

Interpolation,  ii.  120. 

Inverse,  operation,   i.   140;    problem, 

154. 
Iodine,  ii.  155,  366. 
Iron,  magnetic  power  of,  ii.  40. 
Isomorphism,  ii.  31 2,  330. 

J. 

Jet  of  water,  ii.  9,  58,  60. 

Jevons,  W.  S.,  cirrous  clouds,  ii.  15  ; 
elevated  rain-guage,  40;  experiments 
on  liquids,  60 ;  experiments  on 
muscular  exertion,  114;  cometaiy 
retardation,  213  ;  microscopic  move- 
ments, 264. 

Joule,  ii.  179,  182,  187,  197;  thermo- 
pile, i.  349;  heat  of  compression, 
350 ;  temperature  of  air,  398 ;  ex- 
periments on  heat,  402;  measure- 
ment of  temperature,  ii.  47 ;  gases, 
56;  equivalent  of  heat,  21  r. 

Jupiter,  satellites  of,  ii.  398,  332 ; 
eclipses  of  satellites,  i.  433 ;  figure 
of,  ii.  196. 
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KAut,  on  aoftlo^,  Ih  345. 

Kater^B  pendulum,  i.  370. 

KeiU,  law  of  eiuanatiun,  ii.  %%  ;  axiom 
of  simplicity,  281. 

Kepler«  on  star  discH,  u  454 ;  comett* 
it  la;  law  J*  of,  72;  refraction,  128: 
philoBopbiC  method  of,  221,  280, 

Kmd,  derivRtion  of  word,  ii.  406. 

L. 

Lngrftng«,  formula  for  interpolation,  ii. 
123  ;  character  of,  282  ;  on  algebraic 
geonietij,  291. 

Luigiiiige,  ii.  184,  305. 

lAplaoe,  probaUlity,  i.  227,  247;  mJe 
of  inveme  metho^l,  279^  plancjtnry 
morements,  2S8,  389 ;  uolution  of 
inverse  probJem,  396,  511  ;  lomg 
inequality  of  Jupiter  and  Saturn, 
343  :  atmospheric  tides.  426 ;  obser- 
vation of  tides,  433  ;  law  of  error, 
438 ;  workti  on  probability,  460 ; 
dark  stars,  ii.  7;  hyi>erboUc  cometti, 
11;  knowledge,  13;  velocity  of 
gravity,  45  ;  fitability  of  planetary 
eyatem,  6t,  44]  ;  pbaaea  of  Venus, 
63;  otJrpuacular  theory,  I53;  figure 
of  Jupiter,  196 ;  figure  of  earth, 
507  ;  velocity  of  sound,  214 ;  chemical 
affinity,  368 ;  laws  of  force,  393 ; 
on  Universe,  431. 

Latent  beat  of  steam,  ii.  80. 

Lavoisier,  oxygen,  i.  274;  ii.  ,^3^1 
decompiTBitiou  of  water,  3  ;  aira|>lifi- 
cation  of  experiments,  31  ;  definition 
of  element,  36. 

Law,  of  identity,  difference,  duality, 
excluded  middle,  of  thougbtj  &c.,  i. 
6,  7.  87,  88,  95 ;  of  tbinga,  8 ; 
disjunctive  relation,  85  ;  coromu ta- 
li veiiese,  85,  180,  aooj  BodeX  165, 
397  ;  bomog«neity,  1 79  ;  error^  434 ; 
exact,  ii.  79  ;  discovery  of,  90  ; 
Dalton'«»,  82,  91,  374,  329;  empirical 
matliematical,  l  fO  ;  empirical  quan- 
titative, 125;  of  emanation,  82;  of 
nature.  143;  Dove's,  168;  Draper's 
257;  Gamut's,  257;  of  continuity, 
2G8,  419;  of  motion,  270;  reign  of, 
418  ^  natural,  429. 

Least  square8,^  method  of,  i.  437>  45^* 

Legendre,  geometry,  i.  3»9I  least 
squares,  43  7. 

Leibnitz,  L  19S,  244;  ii.  135;  on  con- 
tinuity, 372. 

Leslie,  i.  400;  ii.  33,  104. 

Lexclfa  Comet,  ii.  315. 

Light,  unit  of,  i.  377  ;  medmm  of,  iL 
'41*  '45'  predictions  in,  1 73;  wave- 
lengths, 198 ;  velocity  of,  302  ;  ma^. 
nctic  inHuence  on,  334  ;  colours,  423. 


Lindft.\Y*  T.  M.,  i.  i6. 
Linmeiui,  iL  399,  415,  416. 
Liquids,  ti.  251,  267,  320,  334. 
Locke,  on  numbef,  i.  1 76 ;  probability, 

246 ;  power,  254, 
Logarithms,  errors  in  tabl^  0(1.  378  ; 

i^cuLition  of,  ii.  6. 
Logical  Abeoedanum,  I.  107.  109,  314, 

334 ;    ii-  367,    380,    387 ;  abacus,    1, 

119;  slate,  no;  machine,  133. 
Lucretiua.  atoms,  L  256  ;  ii,  435  1   to- 

deatructibility  of  matter,  377 ;  gravity » 

M. 

Machine,  logical,  i.  133  ;  Smee^s,  124. 

Macleay's  system,  ii.  407, 

Magnetism,  and  Light,  ti.  334;  attme* 
tion  of,  256;  univerBality  of,  174; 
animah  342. 

Mall«t,  on  earthquakes,  i.  36S. 

Ma]u9,  polarization  of  light,  ii.  163. 

Mammalia,  ii.  354,  373. 

Mansel,  i.  83  ;  ii.  384. 

Manotte,  law  of,  ii.  91,  374* 

Mars,  poles  of,  ii.  245,  300. 

Maakelyne,  personal  error,  i.  401 ;  d«a> 
sity  of  earth,  ii.  309* 

Mnfw,  unit  of,  i.  372. 

Materia!ii«m,  iL  438. 

Math€matic<;,  reasoning  in,  i«  i75»  I70  I 
empirical  disci:* very  in,  366 ;  nega* 
tive  inductive  aiguments  io,  ii.  20; 
incompleteness  oC  451. 

Maxwell,  Clerk,  on  Balancea^  ^'355  * 
speed  of  electricity,  ii.  54  ;  on  ^ar&- 
day.  334. 

Mean,  method  of,  L  4141  den^ivtton 
of  word,  418  ;  fictitious,  43  3  ;  precise, 
424 ;  probable,  447. 

Measurement,  exact,  i.  313  ;  oonditiona 
of  accurate,  328  ;  instruments  of,  330  ; 
by  natural  coincidenc*?,  341  ;  modes 
of  indirect,  345  ;  systematic  perform- 
ance of,  351;  attainable  accuracy, 
354 ;  unita  and  standards  of,  357 ; 
explained  results  of,  n.  193 ;  accord* 
anee  of,  301 ;  best  mode  of,  304; 
agreement  of  distinot  modea,  306, 

Melvill,  Thomas,  ii.  38. 

Metak,  i.  398  ;  ii.  365. 

Meteorology,  interpolation  in,  ii.  1%1  ; 
results  in,  191. 

Meteors,  obaervatton  of,  1.  431 ;  ii.  I<5  ; 
number  of,  12. 

Method,  inverse,  i.  379 ;  of  measnre- 
ment,  333  ;  repetition,  335;  indireoi 
measurement.  345  ;  of  avoidnnce  of 
error,  393  j  differential,  398  ;  correc- 
tion, 400 ;  compenHation,  406 ;  ro* 
versal,4io;  meanA,4i6;  least f»quAre«, 
437  ;  ii.  116;  variations,  iL  50;  graphi- 
cal^ 116. 
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Metre,  error  in,  1.  368 ;  standard,  404. 

Michdl,  on  probabilitieB,  i.  341 ;  star- 
systems,  385  ;  star-discs,  455  ;  torsion 
balance,  ii  ao8 ;  Pleiades,  299. 

Milky  Way,  ii.  399. 

Mill,  J.  S.,  on  exclusive  alternatives,  i. 
83;  probability,  327,  345;  cause, 
254 ;  inductive  inference,  361 ;  ii. 
243 ;  deductive  method,  i.  307 ;  ii. 
136;  erroneous  remarks  on  mean,  i. 
448  ;  joint  method  of  agreement,  &c., 
ii.  34 ;  method  of  concomitant  varia- 
tions, 106 ;  collocations,  434. 

Mineralogy,  classification  in,  ii.  349, 
406. 

Momentum,  unit  of,  i.  375. 

Moon,  fallacy  concerning,  ii.  14 ;  atmo- 
sphere of,  45 ;  periods  of,  63 ;  motions 
of,  107. 

Muscular,  susurrus,  i.  348 ;  exertion,  ii. 
114. 

N. 

Negative  terms,  i  17,  88;  premises, 
75;  arguments,  ii.  16,  370 ;  results 
of  experiment,  45. 

Newton,  Sir  Isaac,  binomial  theorem, 
i.  366;  planetary  movements,  388; 
intervals  of  octave,  303 ;  velocity  of 
sound,  344;  ii.  87,  31 4;  measure- 
ment of  liffht  waves,  i.  346 ;  tides, 
347  ;  pendulum  experiments,  354 ; 
ii.  55»  254;  absolute  time,  i.  360; 
impact,  403  {  experiments  on  spec- 
trum, iL  35,  38,  33  ;  Newton's  rings, 
27,  59,'  60,  89 ;  inflexion  of  light,  37 ; 
gravity,  39;  achromatic  lenses,  43; 
rerasting  ether,  46;  absorption  of 
light,  58 ;  theory  of  planetary  motions, 
73*  84*  86;  resisting  media,  86; 
d^erential  calculus,  99 ;  alchemy, 
133:  knowledge  of  Bacon's  works, 
134;  on  hypotheses,  144;  natural 
colours,  147;  vortices,  147;  corpus- 
cular theory,  151;  fits  of  easy  re- 
flection, &c.,  154;  combustible  sub- 
stances, 159;  discovery  of  gravitation, 
194;  rules  of  philosophizing,  358, 
380 ;  undulatory  theory,  395  ;  nega- 
tive density,  304. 

Newtonian  method,  ii.  336. 

Noble's  chronoscope,  i.  360;  ii.  370. 

Nomenclature,  ii.  418. 

Numbers,  prime,  141 ;  of  Bemouilli, 
143 ;  nature  of,  1 75  ;  concrete  and 
abstract,  1 78 ;  triangular,  309 ;  figu- 
rate,  313. 

Numerically  definite  reasoning,  i.  190. 

O. 

Observation,  ii.  i ;  distinction  firom  ex- 
periment, 3 ;  mental  conditions  of,  4; 


instrumental  and  sensual  conditions 
of,  7 ;  external  conditions  of,  10 ; 
weighted  observations,  i.  449. 

Odours,  ii.  424. 

Oersted,  ii.  164,  169,  184. 

Order,  of  terms,  i.  40  ;  of  premises,  131. 

Oscillation,  centre  of,  i.  433. 

Osteusive  instances,  ii.  359. 

Ozone,  ii.  331. 

P. 

Parabola,  ii.  74 ;  orders  of,  95  ;  approxi- 
mate, 133. 

Pan^x  of  sun,  ii.  303. 

Parallel  forces,  i.  43  a  ;  ii.  317. 

Paralogism,  i.  75,  x  18. 

Purity  of  reasoning,  L  310. 

Partial  identities,  i.  47 ;  inference  from, 
64,  66,  70,  71 ;  induction  of,  149. 

Particular  reasoning,  ii.  24a. 

Pascal,  arithmetical  machine,  i.  133; 
arithmetical  triangle,  306,  31 1  ;  prob- 
ability, 344,346;  barometer,  ii.  149. 

Passive  state  of  steel,  ii.  336. 

Peculiar  property,  ii.  377. 

Peirce,  i.  37. 

Pendulum,  i.  339,    353,   369,  433 ;  iL 

79.  254- 
Perfect  induction,  i.  164. 
Perigon,  i.  358. 

Permutations,  of  verses,!.  197;  alpha- 
bet, 303  ;  cards,  377. 
Perpetual  motion,  i.  356  ;  ii.  377. 
Personal  error,  i.  403. 
Physical  astronomy,  ii.  76. 
Plagihedral  crystals,  ii.  387. 
Planets,  conjunctions  of,  i.  305,  313; 

ii.   333 ;   coincidences  concerning,  i. 

304  ;  ii.  356. 
Plateau's  experiments,  ii.  36. 
Plattes,  Gabriel,  on   divining  rod,    ii. 

45 ;  gradual  effects,  49. 
Plumbline,  divergence  of,  i.  439. 
Poisson,  on  probability,  i.  380 ;  sidereal 

day,  363;  works  of,  460;  Newton's 

rings,  ii.  89  ;  inflexion  of  light,  1 74 ; 

crystals,  180. 
Polarized  light,  ii.  163,  334,  387,  396, 

318. 
Pole,  of  magnet,  i.  434 ;  of  battery,  ii. 

39. 
Pole-star,    use   of,   i.    435;    errors   of 

observation  of^  446;   singularity  of, 

ii.317. 

Porphyry,  Isagoge,  ii.  376;  tree  of,  381. 

Port  Royal  Logic,  i.  36. 

Pouillet's  PVrheliometer,  i.  390. 

Powell,  Bacfen,  ii.  378,  337. 

Predicables,  ii.  375. 

Prediction,  ii.  15 7,  171 ;  in  science  of 
light,  1 73  ;  in  theory  of  undulations, 
176;  in  other  sciences,  178;  by 
inversion  of  cause  andefibot,  x8i. 
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Prime  numbers,  i»  141,  265. 

Principia,  iU  337. 

Principle,  of  probability^  i,  228;  of 
ill  verse  method,  279  ;  of  forced  rib™* 
tionii,  ii.  65,  33a;  of  coexbieiice  of 
wnall  vibmti 01X8,97;  of  super-position 
of  eniaU  tjfTectd,  g8> 

Pptjtiability,  meaning  of,  I  334  ;  princi- 
pled of,  338;  rules  oC  231;  oam» 
parison  with  experieTjce*  338 ;  tJiffi- 
eultioa  of  theory,  343;  inductive 
AppUcntiou  of»  376;  inverse  method 
of,  379 ;  ii.  344  ;  application  to 
astronomy,  i.  385 ;  inverse  problem, 
289  J  general  solution,  395;  rules  of 
inverse  method^  397  ;  works  oiij  459. 

Probahle  error,  1.  451  ;  ii,  194, 

Procluft,  commentaries  of,  i,  367. 

Proctor,  R.  A.,  on  star  drifts,  i.  387* 

Projectiles,  theory  of,  ii.  85. 

Properties,  generality  of,  Si.  349 ;  uni- 
form, 354 ;  vnnable,  3 58  ;  extreme, 
359 ;  correlation  of,  353. 

Proi)erty,    logical,    ii.    377;     peculiar, 

PropoBitionB,  L  43  ;  negjitive,  53  ;  con- 
veraion  of,  55,*  twofold  interpretrttion 
of,  57 ;  diBJunctive,  89 ;  equivalency 
of,  133. 

Protean  verses,  t  T97. 

ProtopUsm,  il.  155. 

Proot,  law  of,  i.  304  ;  11.  82. 

Pytbagom^  on  duality,  i,  1 10  ;  on 
number  seven,  ii.  379. 


Quadric  vanatioDs,  ii.  95. 
Quantification  of  pretlicate,  i.  49 ;    ii. 

387^ 
Quantity,  continuous,  i.  318;  ii.  I08*; 

of  revolution,  L  358. 
Quartz  cryatala,  L  367  ;  ii,  361*  287. 
QuaterniooB.  i»  iSo;  ii.  457. 
Quetelet,   on  average,   \,  314;   experi- 

ments  on   probability,   337:    use   of 

mean,  411  ;  law  of   error,  441  ;   ii. 

321;  crrorB    of  obaer\'ation,   i.  446  ; 

letters  on  probability,  459. 

B, 

Hainbow,  ii,  159,  167,  147. 

Boin-guoge,  ii.  40. 

Ramean  tree,  ti.  385. 

Rankine,   ii.    197 ;    reconoentration    of 

energy,  447. 
Ratiomd  formtita?,  ii.  113. 
Keduetiou,  indirect,  i.    100 ;  ad  ab»ur- 

dum,  W,  30. 
Reflection,  total,  li.  314. 
Refraction,    atmospheric,    1.    413;    it. 

196;  double,  ii.  34 ;  law  of,  118. 


Regnault,    dilatation    of    menrury,    i 

396 ;    meai«urement    of    beat,    405 ; 

dilatation    of    gaaes,    463 ;    iL    87  ; 

latent  heat  of  steam.  1 1 1  ;  grapbioU 

method,  iiS;  specific  heat  of  air,  I97. 
Regular  Kvwtem  of  cryBtals,  ii.  360. 
Eeign  of  law,  ii.  42H. 
Rejection  of  obaervations,  i*  456. 
Relation,  sign  of.  i.  20 ;  logic  of.  37, 
Repetitiuu,  method  of,  i.  335,  336,  353. 
Representative  hypothesoe,  ii.  156, 
Retndiaal  phenomena,  ii,  199,  30i, 
Resisting  mefiium,  1.  363;  ii.  155,  313, 
Retrograde  motion,  ii.  337. 
Revtreal,  method  of,  i,  410. 
Revolution^  qnantity  of^  i-  358, 
Robison,  electric  curves,  ii.  58. 
Rock-salt,  ii.  40,  261. 
Koemer,  divided  circle,  i,  4II;  velocity 

of  light,  ii.  169. 
Eof!coe,   chemical   action   of  light,    t. 

316 ;  exp^rim  eats  on  tfolubility,  335  ; 

standard   unit  of  tight,  378;  ii.   53; 

re-se^ircbeit  on  I'anadium,  i.  457;    ii. 

313  ;  abporption  of  g&se«,  135. 
Rotation  of  plane  of  polarized  lights  li. 

318, 
RouHseau  on  geometry.  L  368. 
Rules,  for  calculation  of  oombinations, 

L  304;  of  probabilities,    331  ;  of  ]n> 

veree  method,   397 ;   for  elimination 

of  error,  409. 
Rumford,  1.  397,  405  ;  li.  86. 
Ruminant  animal h,  iL  356,  39 1« 


Sandetuan,  perigon,  i.  358:  approxinmte 

arithmetic,  IL  104. 
Saturn,    satellite    of,  t.   341 ;    rings  of, 

ii.  319. 
Secular  variationa,  ii.  6[. 
Selenium,  il.  330,  341. 
Seven,  fallacies  concerning  number^  i, 

303;  ii.  379. 
Sidereal  day,  i.  337,  362. 
Simple  identity,  i.  44  ;  inference  vitli, 

6t  *,  contnipo,'»itive  of»  lot ;  induction 

of.  T46. 
Simplicity,  law  of,  i.  39,  85,  87,    181  j 

axiom  of,  ii.  380. 
Slate,  logical,  i.  no. 
Smeaton,    experiments    on    Motion^   L 

403  ;  on  windmills,  ii.  4.  53. 
Smee,  Alfred,  logical  machinos,  i.  1 14. 
Smell,  sense  of,  ii.  47,  434. 
Socrates,  error  of,  ii.  363  ;  on  hindf  406. 
Sodium-light,  ii.  39,  47.  261. 
S'jlar  day,  1.  337,  355  :  system,  ii.  356, 
S4»lirl>*,  ii.  353. 
Solubility,  i,  314. 
Some,   indeterminate  acfjoctive,   I.   49, 

67,  71,  100. 
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SoriteH,  i.  7a. 

BouricK  ii*  97i  371  ;  volooity  of,  i.  413; 

ii.  113;  interference  of,  1 76 ;  clafisi* 

ficatiftn  of,  433. 
Species^  ii.   376;  iaiima,  380;  nntural, 

414. 
Specitic  heat  of  air,  ii.  1 97, 
Spo<2trum,  i.  329,   348;  ii.   9,  97,  119, 

251  ;  Thomas  Mdvill  on,  38. 
Spencer,  Herbtfrt,   lawa  of  thonghtj,   L 

9;  eijfn  of  €r|uiality,   18;  rhythm icjil 

motion,  ii.  6j  \  abstraction  and  gene* 

ralization,     390;    theoriea    of,    405; 

quantification  of  predicate,  387, 
Spontafie«m»*  generatioo,  ii,  43. 
Standartla,  i,  365. 
Stars,  motion  of,   i.  335,  348;    ii,  93^ 

95i  315  ;  vftriablo,  i,  326  ;  11,64,  358; 

di»cs»  i,  464 ;  coloured,  ii,  358  ;  heal 

of»  i.  430 ;  conflict  with,  443. 
Stevinus,  ii.  a 76. 
Stewart,    Balfour,    aun-apots,    ii.    67 ; 

ethereal  friction,  113. 
Stifelfl,  1,  306. 
Stokes,   on    resietanoe,    ii.    96;    Huor- 

esceuce,  333. 
Stone,   E,  J.,  rndiiint  heat  of  atars,  i, 

430 ;    temperature    poriodB,    ii.   67 ; 

transit  of  Venua,  304, 
Strutt,  J,  W.,  grftpJiicftl    mothod,    \u 

119* 
Sabfitantial  termSi  i,  34. 
Substitution  of  oimilara,  i.   11,  3^  ;  n* 

345  ;  of  weight*,  i,  23.  399. 
8ui  geutiris,  ii,  286,  418. 
Sulphur^  ii.  341. 
Biimiiuim  genus,  i,  108;  ii,  379, 
Sun,  dii^Unce,  ii*  304. 
Swan,  W,,  sodium  light,  ii,  39. 
Syllogism,  Bjirbtira,   i.    66,    103.  lai  ; 

Celarent,  67;  Darii,   Fcrio.  67,   68? 

Dan4}Li,  71  r  Cameatren,  Gesaro,  99  ; 

Barokoi   Bocardo,   iQo;  diMjtuictivo. 

93-        ^     .        . 
S>TnbolB,  logical,  \.  39. 
Sjntbeiiia,  of  terma,  i,  36  ;  of  laws,  J  40. 
Syren,  L  ii,  348;  ii.  28. 


Table-tuniiug»  ii.  342. 

Tastes,  ii.  423, 

Tautologoug  propo!iition«,  i.  T38. 

Teeth,  a»  criteria  of  daBdificAtton,  ii, 

395* 

Temperature,  ii,  68, 

Terms,  i.  19;  substantial,  34;  coltec- 
tive,  35 ;  fljTitbeais  of,  36 ;  abstract, 
58 ;  logical  and  numerical,  180. 

Test  exiperrment8.  i,  402. 

TetractvH,  i.  1 10, 

Thnle8,"ii.  171. 


Theory,  results  of,  ii.  168  ;  facts  known 
^y*  '85  J  <li»antitative,  189, 192  ;  dift- 
cordnnce  of,  198. 

Thermometer,  differential,  i  400;  read^ 
ing  of,  404;  chunge  of  sem,  455. 

Thennopile.  i.  348. 

Thomson,  Jamca,  ii,  1 78. 

Thomson,  Sir  W.,  size  4»f  atoma.  i,  222 : 
tides,  ii.  64;  thermal  phenomena, 
180,  197  ;  capillary  attraction,  267  j 
magnetism,  333;  heat-bistory  of  uni- 
Vfjrae,  438. 

Thomson  and  Tait,  chronomctry,  \,  z^A  * 

fjrciblera  of  bars,  ii,  77 ;  [mlanded 
ight,  318. 

Tide-guj*ge,  i.  427. 

Tides,  ii.  64,  ^6,  98,  17S.  195;  atmo- 
spheric, L  425,  426  ;  ii.  192, 

Time,  measurement  oU  b  359 ;  equal 
timet,  36a. 

Todhunter,  on  MicheU's  speculations,  b 
386  ;  hia  History,  460, 

Torricelli,  ii.  336  ;  theorem  of,  67.  256, 

Torsi  on-balfttjce,  i,  354 ;  ii.  78. 

Transit,  irwtrumcnt,  i.  4 1 1  ;  of  Venua, 
»•  343t  399  t  ii*  30i. 

Tree  of  Porphyry,  ii.  381* 

Triangle,  arithmetical,  i,  to8,  439,  444  ; 
of  forces,  ii,  293, 

Tnangidar  numbers,  i,  209. 

Trigonometrical  survey,  i.  351 ;  ii.  453. 

Tycho  Brnhe,  on  star  diHCS,  i.  314,  321  ; 
obliquity  of  earth's  axi**,  337  ;  cir- 
cumpolar  atan*.  415  ;  Sinus,  454, 

Tyndall,  natural  constaiitn,  i.  3S0; 
precautions  in  experiment,  ii.  41; 
singing  flames,  109  ;  u#e  of  hypo* 
theniM,  134;  ntagnetism,  188;  scope 
for  diAC<;ivtfry,  499, 

Types,  cl;idsificatioii  by,  ii.  409,  4I  i. 


U. 


Undiiitributed  middle,  i,  77. 
Undulations,  ii.  176,  293,  433. 
Undulatory  theorv,  ii.   150,  174,  315, 

Uniformity  of  nature,  ii.  440. 

Unit,  definition  of,  i.  176  ;  of  time,  359; 
af  iipace,  365 :  of  denctity,  371  ;  of 
imiB9,  373  ;  Bubsidiary,  374;  derived, 
375  ;  provisionally  JDdependent,  377. 

Unity,  law  of,  i.  86,  176,  183. 

V. 

Yapour-densitieSf   ii.    186;   anomalmia, 

339- 
Variable,  vanant,  u.  51,  no. 
Variation,  instance  of,  i,  324  I  method 

of.   ib    50 ;   periodic,   61 ;   combiiiiKl 
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